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Physics. — “A contribution to our knowledge of the solarization 
phenomenon and of some other properties of the latent image’. 
By A. P. H. Trivetii. (Communicated by Prof. S. Hoogewerrr). 


(Communicated in the Meeting of March 28, 1908). 


I. The image. 


In order to enquire into the density gradation a photographic 
plate may be exposed in two ways: 

a. with constant light intensity and varying time of exposure; 

b. by equal exposures, with different light intensities. 

In order to climinate the possibility of other circumstances being 
different, particularly those under which development is carried out, 
the first method has been adopted, a plate being divided into strips, 
and each succeeding strip receiving a longer exposure than the 
preceding one. This is combining several trial plates into one. In 
my opinion an “image” cannot be said to appear in this case; it 
only appears if the second method is adopted. 

The results obtained by equal exposures with different light inten- 
sities I will call copies. A copy always shows an image, which may 
be positive or negative. 

By a normal or non-polarized copy I understand copying positive- 
negative-positive- etec., which may be represented by 

= —>..3E 

By a polarized copy I understand copying positive-positive-ete. or 
negative-negative- etc., which may be represented by 

tot 


According to the investigations of Warnerke'), W. Apnry *), 
K. Scnaum and V. Betiacn’), R. Nevnaus*), and W. Scuerrur 5), 
the differences in density which appear in a photographic plate 
after exposure and development, may be ascribed to differences in 
the depth of the reduced silver haloid, So the image must have a 


mere 


1) Phot. Archiv. 1881; S. 85 u. 119. 
Phot. Mitt. Bd, 18; S. 65, 98 u. 286, 
J. M. Ever, Handb. d. Phot. 1902; Bd. Ill; S. 106 u. 108, 
*) J. M. Even, Hand. d. Phot. 1902; Bd. Ill; S, 102, 
) Phys. Zeitech. 1902; Bd. IV; S. 4, 
J. M. Even, Handb. d. Phot. 1908; Bd. Ill; S. 819, 
4) Wied. Annal. d. Phys. u. Chem. 1898; Bd. 65; S. 164. 
% Phot. Chronik, 1904; 8S. 866, 
Phot. Rundschau. 1904; S, 121, 
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plastic shape similar to that formed by the pigment-gelatine printing 
process, the insoluble part being a normal copy, the soluble part a 
polarized one (monochrome pinatypy). 

It is characteristic of the normal copy, if exposed and developed 
normally that the portions where the density is greatest show a 
duller surface when seen by light reflected at an angle than the 
clearest portions. This is to be attributed to the presence of reduced 
silver-haloid grains immediately under the free surface. 

‘If the image lies against the free surface, it may be called a 
surface image, in opposition to a ‘‘depth” image, with which this is not 
the case. 

The cause of the appearance of the surface image has been ascribed 
by P. H. Eyxman and myself’) to the surface tension of the wet 
gelatine. So a silver-haloid gelatine layer may be looked upon as 
consisting of a series of layers, of which the top one, i.e. tht one 
at the free surface, is the most sensitive, while every succeeding 
one lying under it, is less sensitive. The exposure required to render 
a beginning of reduction by the developer visible, the liminal value 
(“Schwellenwert’’) consequently seems to increase in proportion to 
the depth; that of the topmost layer is equal to the liminal value 
of the plate itself. We will call this the ‘absolute’, that of the 
succeeding layers the “relative” liminal value. 

Leaving aside, for clearnes’s sake, the mutual differences in 
sensitiveness of silver-haloid grains in one single layer, to which 
J. M. Eper*) and J. Piener*) have drawn attention, the differences 
in size and shape and the topographic situation of the grains, the 
normal copy may be represented as is shown in cross section and 
graphically in fig. 1. 

The shape of the image of a polarized copy might be represented 
as indicated in fig. 2. I have found that this explanation cannot be 
applied to a single photographic image, but it is applicable to chemi- 
graphic processes, catatypy and the silver-pigmentgum process. 

In the case of some polarized copies, as the counter-positive and 


-negative, a normal copy is developed first, the reduced silver haloid 


of which is dissolved and, after a diffused exposure, redeveloped. 
Now a depth image originates (fig. 3). Owing to the diffused exposure 
the base of it, leaving aside slight differences in light absorption, 
will everywhere be about equally distant from the free surface. 


1) Drude. Annal. d. Phys. 1907; Bd. 22; S. 119. 

®) J. M. Eyer, Handb. d. Phot. 1902; Bd. Ill; S. 64. | 
Phot. News. 1883; p. 81. 

8) Phot. Korresp. 1882; S. 306. 
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According to the investigations of E. Enenisn') and J. M. Eprr’) 
there are two images in the case of solarization. This question has 
not yet been satisfactorily cleared up, and a certain amount of con- 
fusion prevails as to the distribution of the normal and the polarized 
copy. 

If the time of exposure, resp. the light intensity is increased, the 
reducibleness of the silver haloid increases in depth, finally to such 
a degree that provided the time of development be sufficient, the 
reduction extends to the glass, as is shown by the excellent micros- 
copic preparations of W. Scuerrer®). If solarization sets in, it will 
first occur in the apparently most sensitive layers, i. e. those at the 
free surface ; consequently the reducibleness decreases from there, and 
on the time of exposure, resp. the intensity of the light being increased, 
it constantly extends further down. Thus an image is obtained as is 
graphically shown by fig. 4, from which it is at once apparent that 
the solarized image is a normal copy and a surface image. Under 
this image there is a polarized copy of greater density with AB for 
its base and from there to the glass there is a strip of fog, the den- 
sity of which depends on the thickness of the emulsion. : 

That after all, in the case of solarization, the copy appears polar- 
ized, is therefore owing to the normal copy being of less density 
than the polarized one. It will, however, more or less reduce the 
contrasts and the wealth of detail. J¢ 7s consequently contrary to fact 
to understand polarization by solarization, as is always done. 

(In the figure the section of the solarized image is indicated by 
finer granulation, which is meant to show that the density has been 
reduced in that portion). 

This at once accounts for the phenomenon occurring in the case 
of solarization of silver iodide gelatine discovered by Liipro-Cramrr *) 


) Phys. Zeitschr. 1900; Bd. 2; S. 62. 
J. M. Ever, Jahrb. f. Phot. u. Repr. 1902; S. 79. 
Archiv. f. wiss. Phot. 1900; Bd. Il; 8. 260. 
*) Zeilechr. f. wiss. Phot. 1905; Bd. Il; S. 840. 
4. M. Even, Handb. d. Phot. 1906; Bd. 1; T. 2; S, 287. 
Sitzungsber. d. Kaiserl. Akad. d. Wiss, za Wien. Mathem-Naturw. Klasse; Bd. 
CXIV; Abt. tla; Juli 1905, 
*) J. M. Even, Jahrb, f. Phot, u. Repr. 1907; S, 81. 
*) | cannot omit quoting this experiment, which so clearly confirms the above : 
*Eine auffallende Eracheinung beobachtete ich endlich noch bei einem Solarisie- 
*rungeversuch mit Jodsilbergelatine. Unter einem Negativ ergaben die Platten in 
*drei Sekunden bei diffusem Tageslicht cin ausexponiertes Bild. Eine sechs Stunden 
*lang unter demeclben Negativ belichtete Platte schien sich in Amidolpottasche, 
*in welecher sie neben der drei Sekunden belichteten Platte entwickelt wurde, zuerst 
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and which points to the very rapid decrease in reducibleness of 
silver iodide when solarized. 


Il. A few phenomena occurring with solarization accounted for 
by considering the form of the image. 


From the form of the image in fig. 4 it appears how impregnation 
of the silver-haloid gelatine plate with bichromate before exposure 
may influence the result obtained, which was pointed out by Bouas *). 
J. M. Eper and G. Pizzicue..i*) attributed the result exclusively 
to hardening of the gelatine, by which development in the normal 
image is disturbed, and in which solarization acts bardly any part. 
It is evident that this image in the hardened gelatine more or less 
coalesced with the solarized image, in proportion to the strength 
of the bichromate solution employed, by which the development of 
the latter is suppressed to a greater extent and the polarized copy 
appears richer in contrast and detail. The fog, however, is not done 
away with. 

While in the case of normal copies the latter may be removed 
with Farmer’s reducer *), this treatment does not succeed in the case 
of polarization. The slight diffusion of this reducer discovered by 
W. Scuerrer*), by which the action slowly progresses downwards 
from layer to layer, at once accounts for this phenomenon. 

Of more significance to our knowledge of the latent image is the 
so-called neutralization of solarization by retarded development. That 
the said phenomenon is regarded as such is only attributable to the 
ideas of solarization and of polarization being confounded. 

Development is retarded-either by decreasing the amount of alkali 


_ “gar nicht zu reduzieren, wibrend das kurz exponierte schon in allen Einzelheiten 
-“erschienen war. Nach einiger Zeit merkt man indes, dass auch auf der tiberbe- 
- “lichteten Platte ein Bild vorhanden ist; «lasselbe sitzt nur in den tieferen Schichten 
“allerdings als normales Diapositiv, d. h. noch nicht solarisiert wahrend in der 
“Aufsicht erst nach lingerer Entwicklung etwas zu sehen ist. Beim Fixieren merkt 
“man deutlich, dass in der obersien Schicht der lange belichteten Platte kein Bild 


er _ ‘vorhanden ist, inJem nach kurzem Fixieren das Bild auch in der Aufsicht krif- 
“tiger wird, offenbar weil das unreduzierte Jodsilber der obersten Schicht wegge- 


“nommen wird”. (J. M. Eprr, Jahrb. f. Phot. u. Repr. 1903; S. 46. Zeitschr. f. 


wise, Phot. 1903; Bd. I; S. 17). 


__- 3) J. M. Ever. Handb. d. Phot. 1902; Bd. Ill; S. 115. 
__ Phot. News. 1880; Vol. 24; p. 304. 
*) J. M. Ever. Handb. d. Phot. 1902. Bd. Ill; S. 115. 
J. M. Epgr. Handb. d. Phot. 1902 Bd. Ill; S. 555. 
4) Brit. Journ, of Phot. 1906; p. 964. 
’ J. M. Epgr. Jahrb. f Phot. u. Repr. 1907; S. 26. 
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in the developer or by the addition of potassium bromide. That only 
the rapidity “of reaction of the developer is reduced, [ was able to 
ascertain by the so-called neutralisation of solarization with a de- 
veloper (rodinal 1 in 10) at a lower temperature. First a normal 
copy is developed, which when development is continued, turns into 
a polarized one. 

However, the normal copy obtained in this way, differs very 
much from an ordinary one. When viewed by light reflected at an 
angle, it is just in the densest portions that the surface is found to 
have the highest gloss; consequently here the grains do not lie 
against the surface. After the copy has changed into a polarized 
one, in which the polarized depth image predominates, the surface 
remains unchanged, and now shows the highest gloss in the clear 
portions. Consequently the surface image has not undergone a rever- 
sion of density proportions, from which it foliows that the normal 
copy obtained by retarded development must be the solarized image’). 
This cannot be ascribed to a change of the solarization, i.e. to a 
change in the substance of the solarized latent image. 

Consequently in the surface glass we have a means of ascertaining 
in the case of solarization, whether an agent reacts upon the sub- 
stance of the latent image or upon the development. Thus I could 
ascertain inter alia, that chromic acid mentioned by J. M. Epnr ’*) 
and ammonium persulphate referred to by K. Scuaum and W. Brau, 
which both exercise a hardening influence upon the gelatine, at the 
same time also react upon the substance of the latent image in the 
case of solarization, by which it is reduced to the substance of the 
ordinary latent image. 


UI. Sapatier’s polarization. 


If during the development of a plate light is admitted, three 
different phenomena may occur: 

1. If a very slight amount of light is admitted, the plate in the 
developer shows an increase of reducibleness, 


1) It stands to reason that during the appearance of the normal copy in the 
developer, consequently before polarization sets in, development of the non-solarized 
silver haloid in the lower layers may take place, Consequently it is better to say 
that the solarized image is only formed within a certain definite time of development. 
%) Phot. Korresp. 1902; 8. 647. 
J. M. Even. Jahrb. f. Phot. u, Repr, 1903; 8S, 23. 
J. M. Eown. u. BE. Vavewra. Beitriige zur Photochemie, 1904; Il; S. 168, 
J. M. Even. Handb, d. Phot. 1903, Bd, Ill; 8, 828, 

% Phot. Mitt. 1902; S, 224. 
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2. If more light is admitted the image partly disappears, and a 
more or less fogged plate is obtained with partly a normal and 
partly a polarized copy, which shows great resistance to further 
development. 

3. If still more light is admitted, the copy is polarized. 

This last phenomenon | call Sasatier’s polarization. 

J. M. Eper*) credits Sapatier with first observing it, and says 
that Srety gave the following explanation of it: The beginning of 
the development takes }lace at the surface; by the secondary expo- 
sure this developing image is copied upon the silver haloid under- 
neath it, and as this exposure is more powerful than the first, the 
second image also develops more strongly, and total polarization results. 

From the experiments carried out by me it appeared that the . 
secondary exposure stopped the development of the surface image, 
for by reflected light it was seen that it did not increase in density 
any more, while total development of the whole surface might be 
expected. In order to ascertain to what extent the copying action of 
the developing surface image is operative in polarization, | effected 
the secondary exposure, at the advice of P. H. Eykman, on the glass 
side of the plate. eee 

The exposed plate was developed for a short lime, and just after 
the appearance of the image it was, while still in the developer, 
covered with a piece of opaque, black paper, which was everywhere 
pressed tightly against the emulsion to prevent the formation of air- 
bells, from which uneven development might arise, and then the 
glass side was exposed to direct daylight. As the quantity of developer 
soaked up by the paper was small and the temperature was below 
the normal one, the plate, to save time, was put in the developer 
again in the dark room, great care being taken to prevent light 
from reaching the front of the plate. After fixation a polarized copy 
appeared. 

This shows that the copying of the developing image at most acts 
a very secondary part in the appearance of polarization. 

The latter can only be ascribed to the further development of the 
surface image being stopped, and to the reducibleness of the silver 
haloid underneath it being increased. Consequently here again two 
images are formed, one under the other: at the top a normal copy 
of little density, and under it a polarized one of greater density, 
corresponding to that of the polarized copy in fig. 3 in the case of 
solarization. 


1) J. M. Eper Handb d. Fhot. 1898; Bd. If; S. 82. 
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The similarity between Sasatier’s polarization and solarization is 
so great, that R. Lye‘) attributed the phenomenon mentioned sub 2 
to the first zero condition of JANssEN’s periodicities of solarization being 
reached*). In one of my experiments it appeared to me that this 
similarity only existed in so far as no image was to be observed. 
The first zero condition is characterised by the maximum of density 
obtainable, whilst the plate in question remained very thin. Conse- 
quently the cause of the disappearance of the image cannot lie in this. 

By transmitted light, too, the plate does not show polarization in 
the portions exposed most intensively by the primary exposure, 
but in the portions that received the smallest amount of light. 
(Therefore SaBatier’s polarization cannot be ascribed to solarization). 
It is easy to understand that the relative liminal value of a lower 
layer is first reached in those portions where the absorption of the 
surface image is the least, and where this layer, at the same time, 
is situated nearest to the free surface. So in this case the copying 
quality of the surface image exercises its influence. 


IV. Herschel’s effect. 


By Herscuew’s effect I understand polarization by double exposure. 
It differs from polarization by solarization in that much smaller 
amounts of light-energy are sufficient to produce it, and in the 
reducibleness of the primarily exposed silver haloid decreasing at 
once on a secondary exposure. 

The duration of the primary exposure must always exceed the 
liminal value of the plate. After the secondary exposure has exceeded 
a certain maximum (the critical exposure), the plate shows a normal 
copy again. The value of the critical exposure depends entirely on 
the primary exposure. This has led to the so-called CLaypxn’s effect *) 
(black lightning) being looked upon as a new phenomenon of the 
photographic plate. 

The first observation dates from 1839, and was made by J. Hurscuxt, 
who stated that the red and the yellow rays of the spectrum could 


1) Phot. Centralbl. 1902; S. 146. 
*) Compt. rend. 1880; T. 90; p. 1447, T. 91; p. 199. 
Moniteur de la Phot. 1880; p. 114. ° 
Beibl. z. d. Annal. d. Phys. u. Chem. 1880; S, 615. 
J, M. Even, Handb, d. Phot, 1906; Bd. 1; T. 2; S, 806. 1898; Bd. II; S. 78. 
4. M. Eoen, Jahrb. f. Phot. u. Repr, 1894; S. 878, 
*) J. M. Even. Jahrb, £. Phot. u. Repr, 1901; S. 610. 
Camera Obscura, 1901; bldz, 513. 
J. M. Even. Handb. d. Phot. 1906; Bd. 1; T, 2; S, 812, 
P . » e« 1903; Bd. Ill; S. 834, 
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destroy the latent image of the blue and violet ones. At the same 
time a change in the degree of colour sensitiveness was ascertained. 
This was confirmed by Ctauper’), H. W. Voce.*), W. Asner ‘), 
P. Viiarp*) and R. W. Woop‘). E. Eneniscn*), H. W. Voce. and 
W. Asney, however, considered this phenomenon to be solarization. 
An experiment published by P. Vittarp clearly shows that in the 
case of very advanced exposures the critical exposure does not appear 
any more, and the whole phenomenon coalesces with solarization. 
The highest sensitiveness of the plate is manifested towards red, the 
lowest to green. 

Waknerke ’) observed Herscuet’s effect in images obtained by print- 
ing, and P. Vittarp, R. W. Woop, R. Lurner and W. A. Uscukorr *) 
with Réntgen rays in the case of primary exposure. At the same 
time they demonstrated that the phenomenon did nut appear if these 


exposures were reversed, 


J. Srerry *) communicated another variety, viz. that certain kinds 
of chemical fog can be neutralized by weak light. 

Some time ago one of my friends showed me a few camera 
exposures on Eastman films‘), which I recognized as the phenomenon 
observed by J. Srerry. They had been exposed once, but had been 
in the camera for about 3 years without any precautions having 
been taken except that light had been prevented from reaching them. 
Consequently in this case the diffused exposure had been replaced 
by a chemical process of analysis, which had acted similarly, and 
had been exercised upon the silver bromide by the vapours given 
off by the celluloid, which had been diffused in the silver bromide 
gelatine. 

Fig. 5 is an outdoor subject; it had a short exposure and shows 
various abnormalities. Nearly the whole copy is polarized, with the 
exception of the sky near a, where the critical exposure had been 
exceeded. The dogs in the foreground, reflecting the greatest amount 


_ of light there, show the beginning of the formation of a normal copy, 


1) Amal. d. Chimie et de Phys. 1848; 3e série; T. XXII. 

2) H. W. Voget. Handb. d Phot. 1890!; Bd. 1; S. 221. 

®) Phot. Archiv. 1881; S. 120. 

4) Soc. d’encourag. pour |’Industrie nation. Extr. d. Bulletin; Nov. 1899. 

5) Astrophys. Journ. 1903;-Vol. XVII; p. 361. 

6) J. M. Ever. Jahrb. f. Phot. u. Repr. 1902; S. 73. 

7) Phot. Arch. 1881; S. 120. 

8) Phys. Zeitschr. 1903; S. 866. | 

®) This I only know from a resumé in J. M. Ever. Jahrb. f. Phot. u. 
Repr. 1903; $. 425. 


1) The lens of the camera was a slow aplanat, and was used with full opening 
for the interior; for the outdoor exposure it was stopped down. 
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and so do the shoulders of the female figure to the right, owing to 
which especially the left shoulder shows a false relief. Consequently 
the critical exposure is reached after the greatest transparency of the. 
image has been obtained. 

Between these beginnings of a normal copy and the polarized copy 
there is a clear strip, which is narrower where the exposure has been 
stronger. The dog to the left shows greater density of the normal 
copy than the one to the right, where the bright strip is broader. 
This strip occurs in the brighter parts in a manner that is the exact 
opposite of the way it occurs round the outlines of the leaves of the 
tree and of the bare trunk in the background; a few shoots are 
even quite white. Here the strips are found in the darkest parts, and 
decrease in width towards the right of the tree top, round which a 
smaller light intensity has been active. 

The wall was more strongly lighted to the left than to the right, 
and appears slightly darker there, but still it remains polarized, which 
is easier to see in the original film than in the reproduction. The 
left side of the tree top shows more halation than the right, while 
no halation whatever is to be seen in the part of the sky uear a, 
which was subject to the action of light with greater contrasts. Here, 
however, one would have expected that halation would have acted 
in the opposite direction, viz. not decreasing in density in the darkest 
portions, but increasing in the lighter ones. 

The comparatively slight density of the sky near a is striking, and 
so is the low colour sensitiveness to green (grass and foliage), while 
the dark blond and dark brown hair of the two female figures show 
a stronger action of the light, which can be seen better in the original 
copy. The wall in the background is white, so that here the 
colour sensitiveness to the red of the bricks cannot be ascertained 

Fig. 6 renders the critical exposure still more strikingly. It repre- 
sents an interior; the film was exposed a few seconds, and shows 
every object in the room polarized, even a large portion of the 
halation owing to the light from the left window. What is seen outside 
through the windows has been copied normally ; here, consequently 
the critical exposure has been exceeded. The halation has partly made 
the lead setting of the coloured glass appear normal again, while to 
another portion it has given greater density owing to the action of 
the light being stronger. A large part of the right half and a smaller 
part of the left bottom section show differences in density, which 
must be ascribed to uneven action of the chemical reactions during 
the time the film was kept. Fig. 5 also shows this, but ina slighter 
degree ; here, however, it is less noticeable on account of the wealth 
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of detail of the image. The action being slighter to the right, the 
images are seen to be thinner accordingly. 

The same thing is to be observed in a Réntgenogram placed at 
my disposal by P. H. Eyxman. The plate was exposed to Réntgen 
rays with a so-called intensification screen (calcium wolframate screen), 
and laid aside some time before development. Calcium wolframate 
postluminesces*) owing to which a plate is consequently further 
exposed. The objects photographed with Réntgen rays were a piece 
of bone, a piece of thin and a piece of thicker, insulated copper 
wire. Fig. 7 gives a reproduction of the negative. The places of the 
thin copper wire show development of the silver bromide which is 
nearly as strong as in the field, where the Rénigen rays and the 
luminescence together have acted most strongly. A narrow strip 
along the edge indicates how far the screen covered the plate ; con- 


sequently there only the R. rays have acted. The place of the thin 


copper wire does not show a trace of development there ; conse- 


quently the exposure remained below the liminal value. 


The development of this place cannot be put down to irradiation 
through the screen; in that case the same thing would have to be observed 
in the case of the thick copper wire and the edge of the screen. 
Consequently the R rays must really have acted in such a way in 
that place, that the screen luminesced and this acted upon the 
silver bromide, while the exposure to R: rays remained below the 
liminal value. 

P. H. Eykman also showed me a negative in the case of which the 
screen after irradiation had only been brought into contact with an 
unexposed plate*). It showed a very thin image, from which it follows 
that the strongest action of the screen takes place immediately after 
the transformation of the absorbed Réntgen energy. Consequently if 
in the case of a rénigenogram with a calcium wolframate screen 
the action of the R. rays could be prevented, much shorter exposures 
would be sufficient to aay a good image. Hitherto this has 
proved to be impossible. 

Another fact important for our -knowledge of the latent image 
may be gathered from fig 6. The right bottom corner shows that 
the thinner the fog of diffused exposure becomes, the thinner also 
the polarized copy is. From this it follows that in the case of secon- 


dary exposure the liminal value is lower than in the case of pri- 


mary exposure, i.e. the amount of light necessary to effect the begin- 


1) Fortschr. a. d. Geb. d. R-Str. 1901; Bd. IV; S. 180. 
2) The calcium wolframate screen was exposed to the R rays at the same 
time as the negative of Fig. 7. 
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ning of a decrease in reducibleness is smaller than is necessary for 
a beginning of an increase of this power with the original condition 


of the silver bromide. 
V. The theory of the latent image. 


In the case of the theory of the latent image two facts have to 
be observed, which are directly connected with each other: 

1. The action of the light upon the silver haloids; 

2. The physical or the physical and chemical changes in the silver 
haloid resulting from this action. 

The theory proper of the latent image is only restricted to the 
latter, consequently comprises only secondary phenomena. Of all 
the theories enunciated, only the subhaloid theory of CaolsenaT and 
Ratet') bas maintained itself, especially owing to the subsequent 
investigations of M. Carry Lea?*), H. Wriss*), J. M. Ener‘), and 
others. While J. M. Epger*) looks upon silver subhaloid as a 
molecular compound, M. Carry Lea’), E, Bauer’), L. Gunruxr *), 
and Lippo-Cramer *), consider it an absorption compound of colloidal 
silver and silver haloid, thus practically maintaining Arago’s old 
silver-germ theory in a new shape. However, it is impossible yet to 
point out a single fact in photography from which it appears which 
of these two theories is to be preferred; all chemical reactions on 
the latent image might be accounted for by either theory and 


') Compt. rend, 1843: T. 16; Nr. 25. 
MAD ie, 

J. uM. Ere. Handb. d. Phot. 1898; Bd. Il; S, 111. 
*) Americ. Journ. of Science. 1887; Vol. 33; p. B49. 

Phot. Korresp. 1887; S. 287, 844 u. 371. 
*) Zeitschr. f. phys. Chemie 1905; Bd. 54; S. 305. 

Chem. Centralbl. 1906; Bd. I; S. 807. 

J. M. Ever. Jahrb, f. Phot. u. Repr. 1906; S, 473. 
*) Sitzungeber. d kaiserl. Akad, d Wiss. zu Wien. Mathem.-naturw. Klasse. 
Bd. CXIV; Abt. Ia; Juli 1905. 
Zeitechr. {. wise. Phot. 1905; Bd. Ill; 8, 829. 
J. M. Epen. Handb d. Phot. 1906; Bd. I; T. 2; S, 277. 
Phot. Korresp. 1905; S. 425 u. 476. 

" ” 1906; S. 81, 184, 181 u, 231, 

° as 1907; S. 79. 


, phys, Chemie. Bd. 45; S. 618, 
ad Abhand. 4. neturk. Ges. Nirnberg. 1904; Bd. 15; 8. 26, 
% Phot. Korresp. 1906 u. 1907, 

Lérro Cuamen. Photogr. Probleme, 1907; S. 193. 
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neither of them has hitherto afforded a definite explanation of the 
various photographic phenomena. 

As the photo-chemical process of analysis upon the silver haloid 
is only characterized by a continuous reduction process, it is quite 
natural to assume this also in the cases of the solarized latent image 
Still there are a few phenomena which seem to contradict this. 

Thus W. Asney') assumed the formation of an oxybromide, and 
founded this assumption on the fact observed that potassium bichro- 
mate and potassium permanganate, perhydrol and a few anorganic 
acids promote solarization. The anti-solarizing action, also pointed 
out by him, of reducing agents, like pyrogallol, ferrous sulphate, 
ferrocyanide of potasium, nitrites, and sulphites, has only been judged 
from the appearance or non-appearance of polarization, and may be 
entirely reduced to retarded development. 

Lipro-Cramer*) considers the oxidation theory of solarization 
absurd. He points to the solarization of the plate even if no oxygen 
is admitted, and to the circumstance that all the agents that prevent 
solarization, are halogen-absorbing substances. As a characteristic 
example he mentions silver nitrate, the anti-solarizing action of which 
is, according to him, to be ascribed to halogen-absorption, not to 
oxidation, and considers this action analogous to that of nitrites, 
sulphites and hydroquinone. 

This view is at variance with his criticism of the oxidation theory, 
in which he also points to the continuous loss of halogen in the 
case of continued exposure of the silver haloid, and to his obser- 
vation that a bromide solution counteracts solarization, and may even 
entirely neutralize the latent image’). Consequently halogen-absorption 
must promote solarization. The promotion of solarization mentioned 
by W. Asner, and referred to above is not to be ascribed to oxida- 
tion, but to halogen absorption. 

That oxidation of the substance of the latent image neutralizes 
solarization, has been ascertained by J. M. Eper‘*) with his chromic 
acid reaction, and by K. Scuaum and W. Braun‘) with their ammo- 
nium persulphate reaction. That in this case we really have not the 


1) Proc. Roy. Soc. 1873; Vol. 27; p. 291 a. 451. 
2) Lippo-Cramer. Phot. Probleme. 1907; S. 138. 
8) J. M. Eper, Jahrb. f. Phot. u. Repr. 1902; S. 481. 


4) Phot. Korresp. 1902: S. 647. 
J. M. Ever, Jahrb. f. Phot. u. Repr. 1903; S. 23. 
J. M. Eper, u. E. Vauenta, Beitriige zur Photochemie. 1904; Il; S. 618, 
J. M. Eper, Handb. d. Phot. 1903; Bd. III; S. 828. 


5) Phot, Mitt. 1902; S. 224. 
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phenomenon of retarded development I could observe through the 
formation of a dull surface image. Further Liippo-Cramer') proved 
that the silver subhaloid of Porrevin’s photochromics undergoes 
regression to silver haloid by oxidation. J. M. Ener’) described the 
same thing in his investigations of the latent image with the nitric 
acid reaction. 

Quite a different view of the progressive photochemical analysis 
of silver haloids, was given by H. Luaern*). He stated that in the 
case of more intensive exposure, also a proportionately greater 
amount of formed silver haloid, under the influence of the increasing 
halogen pressure takes from the silver haloid the power of afiording 
germ-points for the deposit of metal, and that consequently halogen- 
absorbents (chemical sensitizers) would be the best means of keeping 
the halogen pressure as low as possible, and so of preventing solari- 
zation. Consequently he considers solarization as a phenomenon con- 
sisting in the prevention of germ-formation. His statement: “The 
beginning of solarization may often be obviated by selecting smaller 
stops and increasing the exposure accordingly,” is confirmed in the 
case of silver iodide gelatine ‘). 

Still this proposition that halogen absorption prevents solarization 
is at variance with what goes before. I have therefore investigated . 
this matter more closely. 

Silver haloid is decomposed by the action of light, but a polished 
silver bar exposed in the light to halogen vapours, at once combines 
with it to form halogen silver. Consequently in the presence of an 
excess of halogen the silver haloid is not decomposed. 

A highly sensitive silver bromide gelatine plate, which was partly 
coated with collodion, was exposed to direct daylight. It was observed 
that the photo-chemical decomposition under the collodion remained 
considerably behind that of the free surface, and had not even 
increased appreciably after an exposure of several weeks. The violet 
brown discolouration appeared only at the free surface, and could be 
removed by the plate being rubbed carefully. A plate, exposed at the same 
time on the glass side, also showed retardation as to the photo- 
chemical decomposition process, and against the glass the silver 
bromide seemingly remained unaltered. Consequently the fact that 
halogen prevents diffusion counteracts decomposition. In the case of 


ED ee, 


1) Phot. Korresp. 1907; S, 439, 

%) See note 4, p. 

% J. M. Bown, Jahrb. f, Phot. u. Repr, 1898; S, 162, 

% J. M. Eoxn, Handb. d. Phot. 1906, Bd, I; T. 2; S, 809, 
Lérro-Caamen, Phot. Probleme. 1907; S. 152, 
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an excess of liberated halogen the opposite reaction takes place, which 
is quite in accordance with the regression of the latent image by 
a bromide solution in the case of silver bromide, as found by 
Lipro-CraMer. 

The diffusion of liberated halogen will always take place in a 
smaller degree in the series chlorine, bromine, iodine, on account of 
the atomic weight rising. 

H. Luaern’s rule must, therefore, be modified to the effect that in 
the case of a certain definite light intensity the progressive and 
regressive reduction get into a condition of equilibrium, which is 
only got over by a loss of halogen (absorption by the chemical 
sensitizer and diffusion). 

The same thing was said in other words before now by J. Precut’), 
but on the ground of the appearance of solarization. 

With this modified proposition of H. Luce the deviations*) from 
R. Bunsen’s and H. Roscor’s reciprocity rule *) can be accounted for, 
to which also belong the phenomena in the case of silver iodide 
gelatine just mentioned. 

The knowledge of the latent image is arrived at by development. 
While the exposure causes decomposition of the silver haloid accom- 
panied by a quantitative increase in silver subhaloid, a decrease of 
reducibleness appears during development after a certain maximum 
of exposure. The solarization phenomenon is, therefore, a development 
phenomenon in the sense that development, owing to the modified 
properties of the latent image, shows a change. 

Consequently in order to account for solarization a knowledge of 
the nature of development is requisite. Without it solarization remains 
an unsolvable problem. 

Two methods of development are distinguished: The physical and 
the chemical method‘). Physica) development is characterized by a 
deposit of a reduced silver compound from the developer on the 
exposed silver haloid; chemical development by reduction of the 
exposed silver halogen itself. 


) Zeitschr. f. wiss. Phot. 1905. Bd. III; S. 75. 
*) J. M. Ever, Handb. d. Phot. 1906; Bd. I; T. 2; S. 48 u. 49. 
| 3 » » » 1902; Bd. III; S, 228. 
‘ Soe @ toec; Ba I: 8S, 8 uw 5B. 
Phot. Mitt. 1890; S. 261. 
Proc. Roy. Soc. 1893; Vol. 54; p. 143. 
*) PogaenporF Annal. d. Phys. 1862; Bd. 117; S. 538. 
*) J. M. Eper, Handb. d. Phot. 1898; Bd. II; S. 29. 
2 a » » 1906; Bd. I; T. 2; S. 250. 
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By W. Osrwatp'), K. Scuaum and W. Braun’) it was supposed 
that the reduction of the silver bromide with chemical development 
was in the first instance brought about by a minimum amount of 
silver bromide dissolving as positive silver- and negative haloid-ion, 
after which the reduced substance was precipitated upon the germs. 
Lipro-Cramer*) succeeded in showing that a number of developing 
processes which were formerly looked upon as being purely chemical 
in their nature, not only in reality proceed physically, but that 
every chemical development is also partly of a physical character. 
W. Scuerrer*‘) was the first to show by a microscopical investigation 
that the entire chemical development is physical in its nature, i.e. 
it is bronght about by molecular attraction between the photo- 
chemically reduced silver haloid, the germ, and the reduced feeding- 
substance. This, consequently, accounts for the altered structure of 
the exposed silver bromide gelatine plate before and after development’). . 

Still the development of the photographic plate by the so-called 
chemical method really shows a difference from the physical method. 
Ltpro-Cramer‘) succeeded in demonstrating that the substance of the 
image in the case of a negative developed by the so-called chemical 
method, still contained bromine by the side of ordinary silver, which 
bromine he supposed to be a constant solution of silver in silver . 
bromide. From this he infers that during the development, beside 
the silver another intermediate product must originate. It is only 
natural to assume, on the analogy of the reduction process of the 
silver haloid to silver through subhaloid, that also in the case of 
so-called chemical development the reduction takes place in the same 
way. Thus it appears that between chemical and physical develop- 
ment there is only this difference that the former keeps the subhaloid 
in solution with more difficulty than the latter, owing to which 
perfect reduction cannot take place. This at the same time accounts 


1) W. Osrwap. Lehbrb. d. allgem. Chemie. 1898; Bd. 2; S. 1078 
%) J. M. Ever. Jabrb. f. Fhot. u. Repr. 1902; S. 476. 
Phot. Mitt, 1902; S, 229. 
*) Lérro-Cuamen. Phot. Probleme 1907, S. 159, 
* Phot. Rundschau 1907; S, 142. 
Phot. Korresp. 1907; S, 884. 

%, 8, E. Sumpranp and C. E. K. Mees, (Zeitsch. f. wiss. Phot. 1905; Bd. III; 
S. 855) consider V. Bettact’s observation that the size of the grain of the 
developed image decreases during the drying of the emulsion, to be in accordance 
with G. Quixcxs's foam-structure theory of the silver haloid grains which, according 
to him, contain gelatine, The non-coalescence of the exposed with the developed 
grain shows the incorrectness of this view. 

*) Phot. Korresp. 1906 8 819. 
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for the fact that the image developed with certain developers loses 
density in the fixing bath; this loss of density is analogous to what 
is observed in the case of P. O. P. papers with silver chloride. 

This further explains another apparent contradiction. While with 
silver chloride a lower and with silver bromide a higher degree of 
sensitiveness to light is observed, in other words, while quantitatively 
the same photochemic decomposition of silver bromide takes place 
with less absorption of light energy than ‘in the case of silver chloride 
the exact opposite is seen to take place with the increase in density 
during development, which has been pointed out by H. and R. E. 
LieseGanG '), Kénic*) and Lipro-Cramer*). Considering that silver 
chloride possesses a higher solubility, resp. has the power of bringing 
a greater number of ions into solution than silver bromide, it is 
easy to understand that quantitatively reduction can take place ina 
larger measure per unit of time, notwithstanding silver chloride 
is a more constant compound than silver bromide. 

With silver iodide the same thing is observed still better. The 
reducibleness, resp. solubility is still less in this case, which has often 
occasioned the unjustified conclusion, that silver iodide is less sensitive 


to light than silver bromide, while the exact opposite is observed in 


the case of daguerreotypy and the wet collodion process, since here 
the feeding substance for development is introduced from without. 
Accordingly Lipro-Crawer could use with silver iodide developers 
like amidol potassium carbonate, triamidophenol, diamidoresorcin, 
and triamidoresorcin, which show a far too great rapidity of reaction 
for silver bromide plates. 

The higher sensitiveness of silver iodide-bromide plates as compared 
with silver bromide plates, owing to which more detail can be obtained 
in the darkest parts of the image, may therefore be ascribed to the 
more rapid formation of germs in the case of silver iodide, while the 
silver bromide serves as feeding substance for the developer. This further 
appears from the optical sensitizing of silver iodide-bromide plates. 

While silver bromide can easily be made colour sensitive, this is 
not the case, with silver iodide, which has been pointed out by 


J. M. Epxr*), Lipro-Cramer *), and others. Still both may be dyed 


1) Phot. Mitt. 1901; S. 362. 

Phot. Wochenbl. "1901; S. 405. 

J. M. Ever. Jahrb. f. Phot. u. Repr. 1902; S. 572. 

2) Phot. K . 1908; S. 14. 

8) J. M. Ever. Jahrb. f. Phot. u. Repr. 1903; S. 401. 

4) J. M. Ever. Handb. d. Phot. 1906; Bd. I; T.2; S. 269. 

5) J. M. Eper. Jahrb. f. Phot. u. Repr. 1903 ; S. 46. 
1904; S. 390. 

Zeitschr. f. wiss. Phot. 1963; Bd. I: S. 17. 
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by optical sensitizers, but in this case the silver iodide-bromide plate 
behaves more like a silver iodide plate. 

At the 79 German Physigal and Medical Congress held in Dresden 
in 1907 W. Scuerrer’) communicated a solarization theory founded 
upon his microscopic investigations *), which explains solarization in 
quite a simple way. 

When the exposed silver bromide gelatine plate is being developed 
certain grains (‘‘Ausgangskérner”) send ont germs, upon which the 
reduced substance is deposited, because other grains (“Nahrkérner’’, 
formerly called “Lésungskérner’’) are dissolved in the developer and 
cause the growth of the germs. In an overexposed emulsion too 
many germ-producing grains “explode’’, and an insufficient number 
of “feeding” grains remain, so that no image of sufficient density 
can be formed. Consequently this theory is founded upon the transition 
of ‘“‘feeding’”’ grains into germ-producing ones by exposure, or rather 
of silver haloid into silver subhaloid. 

This theory cannot be reconciled to the fact found by J. Srerry*), 
‘J. M. Ener‘) and Litppo-Cramer *), that solarization can also appear 
with primary fixation, for in this case the feeding substance is sup- 
plied from without. The same holds good with regard to daguer- 
reotypy. 

B. Homo.ka’s solarization theory °): ‘In the decrease of the amount 
of silver bromide I recognize the primary cause of solarization’”’, is 
irreconcilable to the above, not to mention the circumstance that 
these two theories cannot explain the second reversion of solarization, 
and cannot account for the fact that even with the strongest over- 
exposures an excess of silver haloid, i.e. of feeding substance, can be 
proved to be still present in the emulsion. 

From the solarization with primary fixation it therefore appears, 
that the silver haloid germ loses this germinating property on further 
exposure, i.e. through the continued photochemical decomposition it 
has passed into another subhaloid containing less halogen, which 
possesses no germinative property. O. Winner’) proved the possibility 
of the existence of more subhaloids. Let us call the first the «-silver 
subhaloid and the second the £-silver subhaloid. | 


1) Phot. Korresp, 1907; S. 487. 
%) Phot. Rundschau. 1907; S. 65 u. 142, 
Phot. Korresp. 1907, S. 233 u. 884, 
*), J. M. Ever, Jaheb. f. Phot. u. Repr, 1899; S, 289. 
*) J. M. Ever. Handb, d. Phot, 1906; Bd. 1; T. 2; S. 312. 
*) Larpro-Cramer. Phot. Probleme, 1907; S. 150. 
*) Phot. Korresp, 1907; S, 168. 
7) J. M. Eoen. Jahrb. f..Phot. u. Repr, 1896; S. 55. 
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The reappearance of reducibleness in the case of continued exposure, 
the so-called second reversion of solarization might then again be 
attributed to a newly formed y-silver subhaloid, or, as the third 
reversion has not been observed, to a metallic silver germ or what 
is also possible, to both. 

It must be emphasized at the very outset, that it is by no means 
impossible that before the «-silver subhaloid one or more other sub- 
haloids, richer in halogen, are formed, which possess no germinative 
property, for a primary exposure below the liminal value of the 
plate points to photochemical decompositions taking place through 
the occurrence of auto-sensitizing'), so that the liminal value cannot 
be considered identical with the photochemical induction. Nor must 
it be inferred from the above that the a- or the #-silver subhaloid 
does not consist of more than one silver subhaloid. 

Consequently it appears from all this that sensitiveness to light 
and reducibleness must on no account be identified, as is generally 
done. 

The untenableness of the existing theories of Herscaet’s effect by 
Ciaupet, P. Virtarp, R. W. Woop and Warnerke is accounted for 
by this faulty identification of reducibleness with sensitiveness. 

For the appearance of Herscue.’s effect it is necessary that the 
primary exposure should exceed the liminal value of the plate. Con- 
sequently a-silver subhaloid must have been formed. 

That by the secondary exposure a regressive reaction occurs 
between the a-silver subhaloid and halogen, cannot be assumed, 
because in the case of prolonged exposures HerscuEL’s effect coalesces 
with solarization, in connection with which the formation of the 
B-silver subhaloid without germinative property has already been 
stated. The experiments of W. Asney mentioned above, also prove 
that. halogen absorption promotes the phenomenon. Consequently 
the secondary exposure acts in such a way that the a-silver sub- 
haloid formed photochemically by the first exposure is reduced to 
@silver subhaloid more rapidly than it has been possible for an 
equal quantity of «-silver subhaloid to be formed afresh. (In this 
case it may happen that the silver subhaloid has already entirely 
been photochemically dissolved, before the silver haloid has been 
able to supply it). This appears from the discussion of fig. 6. The 
photochemical induction of the @-silver subhaloid is, therefore, lower 


1) Vide: J. M. Ever. System der Sensitometrie phot. Platten. Sitzungsber. d. 
kais. Akad. d. Wiss. in Wien 1899; Ila; Bd. 108; S. 1407. J. M. Ever u. E. 
VALENTA, Beitriige z. Photochemie. 1904; Bd. Il; S. 48. 


2* 


( 20 ) 


than the liminal value of the silver haloid. Consequently the a-silver _ 
subhaloid is a substance of greater sensitiveness to light than the 
silver haloid. 

If with the secondary exposure the amount of ea silver subhaloid 
originally present is exceeded, a normal copy is obtained again. The 
critical exposure, therefore, is that secondary exposure by which the 
same amount of e@ silver subhaloid is formed as was present after 
the primary exposure. So the best gradation of the polarized copy 
in the case of Herscue.’s effect is obtained, if lower: light intensities 
are employed, as is shown by experiments. 

The amended proposition of H. Lueein states that with a certain 
definite light intensity the progressive and the regressive reaction 
in the silver haloid arrive at a state of equilibrium, if the liberated 
halogen is not removed. This removal of halogen, either by diffusion 
or by chemical sensitizers, is therefore of paramount influence upon 
the origination of Hxerscue.’s effect: Consequently the most successful 
experiment is obtained with an emulsion which immediately absorbs 
the liberated halogen, or what is better even, if between the primary 
and the secondary exposure the plate is put aside for a considerable 
time, by which the liberated halogen is diffused out of the emulsion. 
It is still simpler to treat the plate after the primary exposure with 
a halogen absorbent, as was done by W. Asney, and we therefore 
regard judson blue, mentioned by H. W. Vocg.') as a substance 
probably behaving analogously. 

Therefore the direct decomposition of the silver haloid by reducers 
as in the case of J. Serry’s experiments and fig. 5 and 6, in which 
the liberated halogen enters into combination, acts so favourably 
upon Herscue.’s effect. 

This makes P. VitLarn’s statement clear that not all emulsions 
are equally suitable for experiment, as in the various emulsions 
there are different chemical sensitizers (both in quality and in quantity). 

At the same time the nature of the phenomena in the case of 
intermittent exposure becomes clearer now. 

That the effect of development upon silver bromide gelatine (but 
not necessarily the photochemical decomposition) is always slightly 
less than with a continuous exposure of the same duration was 
observed by W. Asner’), K. Scnwarzscuipy’), and others. Many 


') H. W. Voorn. Handb, d. Phot. 1890; Bd. 1; 8, 221. 
*) Photography 1893; p. 682, 

Phot. Archiv. 1893- 8, 339, 

J. M. Even. Jahrb. f. Phot. u. Repr. 1894; 8, 378. 
») Phot. Korresp. 1899; S. 171. 
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beginners in photography have observed the same thing when having 
made two exposures of different objects on the same plate. In this 
ease it is easy to observe that not the sum of the two images is 
obtained, but that in one place one object dominates, in another 
place the other object. 

According to K. Scuwarzscuitp the result in the case of the 
exposure being intermittent depends, inter alia, upon the relation 
between the interval and the duration of the separate exposures; 
the longer the interval the better opportunity the halogen has of 
escaping by diffusion, or of being absorbed by a chemical sensitizer, 
and the more readily the next exposure will photochemically 
decompose the a silver subhaloid germ, which is more sensitive to 
light than the silver haloid, into @ silver subhaloid and halogen, 
owing to which the result of development, apart from the photo- 
chemical induction which is to be exceeded again, will remain below 
the sum of the components. 

The difference in sensitiveness to light between silver haloid and 
the a silver subhaloid appears, according to the above experiments, 
to depend largely upon the kind of light with the seconday exposure. 
The less sensitive the silver haloid and the more sensitive the « 
silver subhaloid is to a given colour, the more pronounced Herschel’s 
effect will be. The smaller this difference, the more rapidly the 
silver haloid will produce fresh @ silver subhaloid germs; it is true, 
in this case polarization is observable, but the minimum reducibleness 
is soon reached. Further this is, of course, also dependent upon the 
amount of @ silver subhaloid, i.e. upon the duration of the primary 
exposure. Perfect neutralization of reducibleness need not occur then. 

Consequently the colour sensitiveness occurring in the case of 
Herscuet’s effect is to be ascribed to the colour sensitiveness of the 
a silver subhaloid. Not one of the theories of the latent image 
enunciated hitherto can account for the phenomenon in such a 
_ simple way as the subhaloid theory. The subhaloids are dyes of 
quite different colours from silver haloid, and consequently with 


quite different spectra, owing to which the possibility exists of quite 


different colour sensitiveness, as in fact actually appears from the 
experiments of O. Wiener *). 

P. Vim.arD proved spectroscopically that the greatest difference 
between the liminal value of the silver haloid and the photochemical 
induction of the a-silver subhaloid is situated in the red 


1) Probably these photochemical decompositions proceed according to an expo- 
nential formula. 
*) J. M. Ener. Jahrb. f. Phot. u. Repr. 1896; S. 55. 
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and consequently that the a-silver subhaloid is a substance sensitive 
to red. If @ silver bromide gelatine plate is exposed to the action of 
a continuous spectrum, the reducibleness in the case of increasing 
exposure will proceed from blue to red. While after development it 
is observed that with increased exposure the density of the plate 
increases about and in the spectral blue, the yellow, the orange, 
and especially the red obtain only very slight densities. Consequently 
it is evident that the cause why the density of the image in the 
red, yellow, and orange portions cannot increase above a maximum, 
which is very low, lies in the @ silver subhaloid possessing a far 
greater sensitiveness to red than the silver. haloid, so that very soon 
a state of equilibrium has been reached, in which in a progressive 
process as much a-silver subhaloid is formed as destroyed. 

The substance of the developable latent image is considered identical 
with M. Carey Lea’s photohaloid. Now how does this behave in | 
red light? 

M. Carry Lea’) exposed his pink photohaloid to the action of a 
spectrum; while under all colours the photohaloid changed, it remained 
unchanged in the red. From this it appears that the subhaloid germ 
of the latent image must be another substance than M. Carzry Lra’s 
photohaloid. 

The behaviour of Réntgen rays differs from that of other kinds 
of light. According to P. Vituarp, R. W. Woop, R. Luruer, and ° 
W. A. Uscnxorr they show no Herscnet’s effect in the case of 
secondary exposure. This cannot be ascribed to total non-sensitiveness 
of the @ silver subhaloid to Réntgen rays. It is true, F. HavsMANN *) 
and others stated that Réntgen rays produced no solarization, and 
consequently that there was no formation of £ silver subhaloid, but 
P. H. Eykman*), and subsequently K. Scuaum and W. Braun ‘) 
could show that they do. So the silver subhaloid is also sensitive to 
Rénigen rays, and the non-appearance of Herscunt’s effect must be 
put down to the cause that for Réntgen rays the silver haloid has 
a liminal value as great as, or greater than the photochemical 
induction of the a silver subhaloid. It is therefore assumed that in 
the case of réntgenography the intermittent exposure, apart from the 
photographie induction to be exceeded each time, does not produce 
a photographie effect that remains below that of a continuous 
irradiation. 


1) Americ. Journ. of Science 1887; Vol. 33; p, 363, 

*) Fortschritte a. d. Geb. d, R.-Str. 1901; Bd. V; S. 89. 
*) Fortechr. a. d. Geb, d. R-Str, 1902, Bd, V, Heft 4. 
*) Zeitechr. f. wise. Phot, 1904; Bd. 1; 5, 382, 
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From H. Lueein’s modified proposition it appears clearly, how the 
chemical sensitizers promote the photochemical decomposition process 
of the silver haloids by halogen absorption. They consequently pre- 
vent regression. 

Lippo-Cramer *) describes the following experiment, which confirms 
this. Precipitated silver chloride shows neither with silver nitrate, 
nor with ammonia, both chloride absorbents, any increased sensi- 
tiveness to light when photochemically decomposed ; in an emulsion 
where the rapid escape of the liberated halogen is prevented, the 
action of the chemical sensitizer is therefore observed. From this 
it follows that the chemical sensitizer does not react upon the silver 
haloid itself at all. 

Even from the considerable deviations from the reciprocity rule 
in a silver bromide gelatine plate with very low light intensities it 
follows that gelatine is not a chemical sensitizer, which has also 
been proved in another way, experimentally, by Lippo-Cramer.’) 

While the chemical sensitizers act very favourably in the printing- 

out process, they have no, or even a detrimental influence in the 
case of silver haloid emulsions intended for development, as has 
been pointed out by Lippro-Cramer*). If it is borne in mind that 
the a@ silver subhaloid germ itself is a substance very sensitive to 
light, which with loss of halogen, passes into the 9 zilver subhaloid 
without germinative property, it is clear that a too active chemical 
sensitizer does not promote reducibleness. 
A number of chemical sensitizers, however, are oxidizers at the 
same time. From what has been said above it has appeared that 
oxidation transforms the £8 silver subhaloid into @ silver subhaloid 
(neutralization of solarization), which may be thus represented : 
6 silver subhaloid + oxygen = silver oxide (Ag,O?) + a silver 
subhaloid. 

This reaction seems to proceed very slowly in the case of sub- 
bromides. 

Owing to this complications may arise, so that the chemical sen- 
sitizer, while on one hand promoting the photochemical reduction, 
on the other hand again partly oxidizes the silver subhaloid that 
has been formed. Here the action of the chemical sensitizer is 
favourable for the process of development, as in the case of the 


1) Phot. Korresp. 1901; S. 224. 
Liippo-Cramer. Wissensch. Arbeiten 1902; S. 87. 
J. M. Eper. Jahrb. f. Phot. u. Repr. 1906; S. 648. 
*) Lippo-Cramer. Phot. Probleme. 1907; S. 33. 
8) Phot. Korresp. 1903; S. 25. 
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silver iodide collodion plate with silver nitrate, which in the pre- 
sence of light is a powerful oxidizer*), and the question is whether 
the so-called neutralization of solarization by silver nitrate is not to 
be ascribed to this as well, and consequently is real neutralization. 


If silver haloids are allowed to be photo-chemically decomposed, 
the great influence of the size of the grain at once becomes evident. 
While fine grain silver chloride or bromide is decomposed rapidly, 
the latter even more rapidly than the former, the directly visible 
decomposition in the case of course-grain silver haloids is slower. 
This can at once be accounted for by H. Luaein’s modified rule. 
At the surface of the silver haloid grain the liberated halogen can 
escape more easily, or enter into composition; inside the grain it 
acts regressively, so that the progression will decrease from the 
surface to the centre. : 

H. Lueein*), too, refers to the same thing in the case of silver 
iodide. But even if it is in a very finely divided condition, the directly 
visible photo-chemical decomposition does not take place rapidly. 
Owing to its greater atomic weight the liberated iodine not only 
diffuses more slowly, but moreover it is a solid substance. By 
absorption of this iodine, e.g. by silver nitrate, the directly visible 
photo-chemical decomposition at once becomes more rapid, so that 
it is clear why a silver haloid which is more sensitive may all the 
same yield a less advanced photo-chemical decomposition. 

The surface decomposition of the silver haloid grain at the same 
time points to the fact that here, too, the seat of the latent image 
is to be looked for. This is also to be inferred from further data. 
Thus the deposits of reduced silver haloids discovered by W. Scuer- 
rer*) always start from the surface of the silver haloid grain, which 
appears from a microphotograph published by him. Further Lippo- 
Cramer‘) pointed to the dependence of the quantity of dye in the 
case of optical sensitization upon the surface to be coloured (i. e. 
upon the size of the grain) with silver chloride and silver bromide. 

When it has been pointed out that in the appearance of solarization 
by primary fixation and secondary development the existence of a _ 


1) M. Carey Lea (Phot, Korresp, 1887; 8, 346) and Lippo-Cramer (Phot. 
Korresp. 1907; S. 588) showed that silver subiodide is a substance which is 
extremely easily oxidized. ; 

*) Zeitechr. f. phys. Chemie, 1897; Bd, 23; S. 611. 

*) Phot. Rondschau, 1907; Heft 6. 

4) J. M. Even. Jahrb. f. Phot. u. Repr. 1902; 8S. 58. 

’ » 2 » » » 1905; 8. 61. 
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silver subhaloid can be proved, this is not enough to account for 
the solarization phenomenon. : 
In order to illustrate this let us assume a photo-chemical ge 
position with direct recomposition of the liberated halogen. 
If the exposure of a photographic plate is prolonged, the silver 
haloid will keep forming a silver subhaloid, which is the germ for 
development. From Herscnet’s effect, however, it appears that this 
a silver subhaloid in itself is-a highly light-sensitive compound, so 
that it is not to be assumed that a continual accumulation of germs 
is taking place. Consequently the a silver subhaloid rapidly decom- 
poses into # silver subhaloid and halogen. At the surface of the 
silver haloid grains a condition therefore arises in which the number 
of germs present depends upon formation and destruction. 
If the quantity of the remaining grain surface silver subhaloid 
_ decreases, the quantitative formation of a@ silver subhaloid will also 
_ decrease, and as the latter itself is highly sensitive to light, the 
consequence of this will also be a quantitative decrease of the number 
of remaining germs, in other words, the reducibleness will decrease, | 
i.e. solarization will set in. 
This phenomenon in, therefore, entirely Speen’ upon the avail- 


various makes of plates "a chemical sensitizers which differ from 
each other (qualitatively and quantitatively). This, together with the. 
ie prevention of diffusion, is the reason why the different commercial 
plates begin to get solarized after mutually different exposures. 

The thiosulphate reaction shows peculiarities which can be accounted 
for now. The subhaloids are decomposed by the action of thiosul- 
phate into silver and halogen silver, which after being converted 
into silver thiosulphate, dissolves as a double salt. The place of the 
a silver subhaloid germ and the @ silver subhaloid is consequently 
taken by silver, which also possesses the property of germination, 

as appears from the development of primarily fixed plates. Strong 
solarization, however, still produces solarization during development 
after primary fixation, so that the reaction between @ silver subhaloid 
and the thiosulphate in the binding material is a slow one, as is the 
Bi gedaan process piready.? referred to. So if a highly sensitive course 


"1 Phot. Korresp. 1901 S. 350. 
Liipro-Cramer. Wissensch. Arbeiten. 1902; S. 41. 
"Lappe GRaam. Phot. Probleme 1907; S. 146. 
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grain plate, i.e. one with a small grain surface, in other words, 
with a small quantity of 8 silver subhaloid, which has been exposed 
till solarization has set in, is treated, the reaction in the gelatine will 
be complete sooner than with a greater quantity of 8 silver subhaloid 
in the same gelatine plate, as is the case with fine grain emulsions. 
The reducibleness will consequently show an increase (not to be 
confounded with acceleration), so that in proportion to the strength 
of the thiosulphate solution employed, and the duration of the action, 
the solarization will be removed, either to a smaller or to a greater 
extent, or totally. 

This phenomenon was observed experimentally by KocELMaN °), 
Vipar.*) and E. Ene.iscu*), while Liprpo Cramer‘) could not demon- 
strate solarization at all with primarily fixed, highly sensitive, coarse- 
grain plates, which fix more slowly than fine-grain ones. 

Sulphocyanides act analogously in reducing solarization. 

In the case of Sapatier’s polarization the strong decrease (dis- 
appearance?) of development of the image after it has appeared is 
not to be ascribed to the decrease of the number of germs, as they 
have already fulfilled their function *): So the decrease of develop- 
ment can only be a reduction of the speed of development, which is 
to be accounted for by a strong decrease in the supply of feeding 
substance. From the theory given above of the so-called chemical 
method of development it has appeared that the silver subhaloid 
proves to be less soluble in the developer than the silver haloid. 
Therefore the more soluble silver haloid can, after reduction, be 
precipitated upon the germ, which still remains unchanged in its 
place. Consequently if the secondary exposure is of an intense nature, 
the feeding substance will be enveloped by subhaloid, by which 
development is retarded. This will take place in the developer all 
the more readily, because it is an absorbent of halogen, 

In conclusion reference may be made to a possible explanation of 
the variations in the optical sensitizing of the photographic plate 
which is characterized by a considerable decrease in reducibleness 
being noticeable in the places where the power of absorption is spec- 


1) J. M. Ever. Jahrb. f. Phot. u. Repr. 1895; S, 419. 
*) Bull. Soc. frang. Phot. 1898; p. 583. 
5) J. M. Eornr. Jahrb, f. Phot. u. Repr. 1901; S, 608. 
P "dad ae jee. ene OE day 
» tee ten at eee ee | i 
*) Lirro-Cramen. Phot. Probleme. 1907; S. 150, 
*) So far there is not a single reason for assuming that this reduced substance 
consists exclusively of « silver subhaloid germs, which pass into @ silver subhaloid 
by the secondary exposure, by which further development would be checked. 
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trally highest. From M. AnprEsEN’s experiments‘) it appears that the 
photo-chemical decomposition products remain in contact with” the 
dyestuff, so that the @ silver subhaloid obtains a different colour sen- 
sitiveness. In this case complications may occur, if the dye is at the 
same time an absorbent of halogen (a chemical sensitizer)," by which 
it changes or loses its absorption spectrum, and a consequent promo- 
tion of the photo-chemical decomposition action sets in. 


VI. Conclusions. 


From what has been said a few conclusions may be drawn, 
which may be of importance in practice. 

Both a silver subbromide and iodide are substances of a much 
greater sensitiveness to light than the corresponding silver haloid. 

Consequently if it was possible to compose emulsions in which 
these substances were present side by side with the silver haloid 
which as feeding substance is indispensable for development, plates 
would be obtained not only of a higher sensitiveness than the present 
ones, but in them a chemical sensitizer would be practically desirable 
in every respect to prevent regression. Such plates would entirely 
comply with the reciprocity rule, and would render the light grada- 
tions of the objects to be photographed much more correctly, which 
may be of great value to astronomical photography, e.g. for the 
determination of the light intensity of stars by the photo-chemical 
method (Photometry). 

The a silver subhaloid can be optically sensitized, so that its ap- 
plication might obtain a great extension. The exact colour sensiti- 
veness of the a@ silver subhaloid separately is not yet known exactly. 
(That in the case of secondary exposure the highest sensitiveness is 
situated in the red, the lowest in the green, points with great pro- 
bability to the @ silver subhaloid being a green substance). The 
experiments mentioned indicate everywhere only the difference in 
light sensitiveness between silver haloid and the ea silver subhaloid. 
The greater this difference, the more favourable the result obtained. 
Consequently the best expectations might be entertained with respect 
to silver chloride plates with @ silver subiodide, and it is an open 
question whether the latter may not be allowed to ripen too. The 
B-silver subhaloid seems to possess, photo-chemically, an extremely 
low sensitiveness, which can only be advantageous in practice. 

This process yields directly polarized copies (positives through the 


®) Phot. Korresp. 1898; S. 504. 
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camera). On one hand this seems an objection, as all printing methods 
are based upon the production of normal copies (the negative process). 


But it should be borne in mind that hitherto very few researches 


have been made in this domain. 
For direct colour photography’) with colour elements lying side 
by side under the emulsion, according to L. Ducos pv Hauron’s system 


(which especially lately has given promise of a great future), which | 


requires directly polarized copies, and which so far has only succeeded 
in obtaining them in an indirect way, this method would also be 
practically valuable. 
In this direction little experimenting has hitherto been done from 
a photo-chemical point of view, and even in what has been done 


it has been impossible to account for the phenomena that occurred, - 
so that for the present there is no need for us to take too pessimistic 


a standpoint with reference to this. 
VII. The shape of the image in the case of Herschel’s effect. 


As to the shape of the image in the case of Herscuet’s effect 
fig. 8 may be referred to. 

It is clear that after the critical exposure the normal copy is 
again a surface image. If a considerable portion of the surface 
silver haloid present has already been decomposed into a silver 
subhaloid and halogen, the secondary exposure will not be able 
again to form as much a silver subhaloid as would have been 
the case if the primary exposure had not taken place. A negative 
is obtained then the density of which is less than that of a plate 
not previously exposed. This case presents itself in the sky a in fig. 5. 

Advanced primary exposure may result in solarization, in which 
ease the surface silver haloid can no longer supply the same quantity 
of germs as was present before: Herscuet’s effect then coalesces 
with solarisation, and the critical exposure can no longer be ascertained. 

The greater light sensitiveness of the « silver subhaloid as compared 


1) Lexpressly call this method “direct”, because I cannot agree to the judgment 
of a number of others, who want to classify it among the indirect methods. They 
say that it is not direct colour photography, but three-colouwr photography, 
ignoring the fact that the bleaching method which is reckoned to belong to the 
direct. methods, is also three-colour photography. Nor can I agree to A. v. Hiist’s 
classification (Phot. Rundschau, 1908, p. 2), by which the bleaching process 
would be assigned to the indirect methods. The fact of the matter is that the 
difference is only a question of method, i.e. whether the colours are obtained 
directly after exposure (with development), or only through subsequent addition, 
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with that of silver haloid is also shown in the amount of halation. 
In fig. 5 the foliage of the tree is affected by it, while the houses 
round the sky near a do not show any; there the halation was too 
slight to exceed the liminal value of the silver haloid. In fig. 6 the 
dark lead frame of the window also shows the destruction of the 
germ owing to halation; on the other hand on the right side it was 
able to form fresh germs through a more powerful action. 

That the difference in light sensitiveness between the germ and 
the silver haloid is great, appears from the backs of the dogs, and 
from the shoulders of the female figure to the right in fig. 5. The 
narrow white strip indicates that after the germs had been totally 
destroyed at the free surface, for some time longer the silver haloid 
again began to supply germs, first in the most strongly exposed 
portions, and then gradually also in those which received less expo- 
sure. Consequently if the action of the light increases, these strips 
must become narrower, which is also shown by the figure, as the 
dog to the left was more glossy than the one to the right. 

The white strips along the edges of the black objects in the back- 
ground are of quite a different nature. These are to be ascribed 
entirely to irradiation, for in the case of stronger light intensities 
occurring side by — wip they are broader than where the intensity is 
less great. 

If observed very closely by light reflected at an angle, these bright 
strips are seen to possess a greater gloss than the portions immediately 
adjoining them. To the left of the tree top this is easier to see than 
to the right. The light from the wall has acted more intensely to 
the left than to the right, and notwithstanding the polarization a 
copy of greater density is shown there. That the critical exposure 
‘should have been surpassed, is out of the question here. 

_ This phenomenon, too, can be accounted for according to the theory 
given, for in this theory it has been stated, that the critical exposure 
is not surpassed till the secondary exposure has formed a greater 
amount of a silver subhaloid than is present in consequence of the 
primary exposure. Consequently after the liminal value of the silver 
haloid has been surpassed, a new surface image can originate, the 
density can increase afresh, and still at the same time the copy 
will remain polarized. 

All the abnormalities in the figures 5 and 6 have thus been 
accounted for. | 
In conclusion I wish to express my best thanks to Mr. P. H. 
Erxman for finding materials and placing them at my pianos, 
and for his constant interest in my work. * 
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Physics. — “Jsotherms of diatomic gases and their binary mixtures. 
VIII. The breaking stress of glass and the use of glass tubes 
in measurements under high pressure at ordinary and low 
temperatures”. By Dr. H. Kameruinen Onnes and Dr. C. Braax. 
(Communication n°. 106 from the Physical Laboratory at 
Leiden by Dr. H. Kamertincu ONNES). 


(Communicated in the meeting of April 24, 1908). 


§ 1. Introduction. With former determinations of isotherms (Comms. 
n®*. 78 April 1902, 97¢ March 1907, 99* Sept. 1907, 1007 and 100% 
Dec. 1907, 1024 Dec. 1907 and 102° Febr. 1908) we could not 
raise the pressure above 60 atm. For in order to reach the required 
accuracy of about */,,,, we want a manometer which is reliable to 
the same degree. And till now we could only reach this degree of 
accuracy by means of a calibration with the open manometer de- 
scribed in Comm. n°. 44 (Nov. 1898) which reads to 60 atm. only. 
Already long ago we intended to include the higher pressures in our 
investigation. As a first step in that direction we have raised the 
upper limit of the pressure to 120 atmospheres. For while keeping 
the same arrangement we could easily complete the existing 
open manometer to one of the same accuracy reading to 120 
atmospheres by merely adding a number of new manometer tubes 
of greater resisting power than those we had. 

The new manometer and also the other apparatus intended for 
pressures to 120 atmospheres are nearly completed and will soon 
enable us to determine the isotherms to 120 atm. Afterwards we 
hope that these will be followed by measurements at still higher 
pressures. It seems even possible to reach 500 atmospheres with 
almost the same accuracy. 

For all these investigations it is a great advantage when the 
piezometer- and barometer tubes can be made of glass. Therefore 
we have investigated in how far this would be possible with regard 
to the breaking stress of glass. 

The breaking stress of glass has been investigated most at ordinary 
temperature, because it is in the first place desirable that the 
reservoirs of the manometer tubes of the open manometer and the 
divided stems of the piezometer tubes should be made of glass. 

To these measurements we have added a series of determinations 
at lower temperatures in order to judge to what extent glass piezo- 
meter reservoirs could be used for the higher pressures at these 
temperatures. 
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Investigations on the maximum strain of glass have been made 
by Gauirzin*) and by Winketmann and Scuorr’). The former has 
determined the inner pressure which cylindrical glass tubes can 
resist, the latter two have determined the maximum strain of 
glass rods. Ga.irzin’s determinations, however, were made only at 
relatively small pressures, those of WINKELMANN and Scxorr only 
at ordinary temperature. 

In our investigation we partly follow the method of Gatirain. 
From the theory of elasticity we can derive in connection with 
the dimensions of the apparatus the maximum tension in the glass 
from the maximum pressure which the glass tube resists. The results 
obtained in this way were compared with the direct data obtained 
in a second series of measurements, where the maximum strain of 
glass rods was determined. If we take into consideration the material 
investigated, it is not astonishing that the results of the two series 
show irregular differences. These differences however are of no 
influence upon some general conclusions that may be drawn from 
the measurements. 


_ § 2. Determinations at ordinary temperature. 

Survey of the observations and arrangement of the measuring 
apparatus. 

1. Determination of the maximum inner pressure. 

The experiments were made with ordinary Thiringer glass. A 
cylindrical reservoir of the glass to be investigated was fused 
on to a thick walled glass capillary. The capillary was provided at 
its end with a steel nut with a hexagonal part by means of which 
_ it could be screwed on to a steel capillary which is connected to 
a pressure pump with a metal manometer. For measurements to 
200 atms. it was fixed on the glass by means of sealing wax, for 
higher pressures it was soldered to the glass (comp. Comm. N°. 99¢ 
§ 15, October 1907). If carefully made this connection proved able to 
resist the highest pressures (1200 atms.) The tubes were previously 
annealed carefully. 

According to their dimensions they can be divided into three kinds: 

a. thick-walled tubes with large inner bore. 

b. thick-walled capillaries. 

c. thin-walled tubes with large inner bore. 

It will appear that these three kinds of tubes give results different 
for each group. 3 

1) Bull. de l’Acad. Imp. des Sciences de St. Pétersbourg, Ve Serie, B. XVI N®. 1. 

*) Wied. Ann. 61. 
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The accuracy of the manometer is about 2 °/,, which is quite suf- 
ficient for our purpose. 

2. Direct measurement of the maximum strain T,, by the deter- 
mination of the breaking stress. 

In order to prevent as much as possible unequal strain during 
the suspension we have used here glass threads of at the most 
0.6 mm. thickness *). 

In order to reduce the tensions to minimum the glassrod was 
bent to a hook at either end. It was then suspended by the upper 
hook and the rod was drawn out in the middle to a thread by 
applying a certain force to the lower hook in about the same way 
as in the actual experiment. The weight used was a beaker into 
which water flowed. , 


§ 3. Results. 
1. Determinations with cylindrical tubes and internal pressure. 
In order to facilitate a comparison with Gatirzin’s results we 


1 ; 
take the same value ; for the coefficient of contraction. Let P,, be 
the maximum internal pressure, 2R the external diameter, 2R’ the 
. ad ; R 
inner diameter (this is further on expressed in mm), and letn = R 


then we can represent the maximum tension 7;, in the glass, (in 
this case that of the internal portions of the glass in a direction 
perpendicular to the axis of the cylinder) by: 

—l 
5Pa + 1(= “si 1)}. 


T2 = — oe 


4 
If, as is the case in the following tables, P, is expressed in 
atmospheres, we find 7, expressed in KG/mm?* (as it is given in 
the following tables) by multiplying the value found above by 0.01033. 
For the three series mentioned in $2 sub a, 6 and ¢ the results 
have been combined in the table below. The meaning of the columns 
will be clear after what has just been said. Where several results 
are given under one number we have after the tube had partly 
burst (for instance so that only the end had broken off, or the tube 
had broken near the steel piece) used the same tube again for the 
following experiment. 
The results for 7), are lowest for series a and highest for series d. 
In the last series this is especially the case for the tubes with a very 


1) In the experiments of Winxeumann and Scuorr where thicker rods of 10—20 
mM‘, section were used this required great care, 
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TABLE I. Maximum internal pressure and tension 
of cylindrical glass tubes. 
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small inner bore if we except nos. 12 and 13 where the soldering 
was ineffective. Helped by the experience made we have treated 
the following tubes more carefully. With the tubes which have burst 
under a too low pressure the existence of irregular tensions appears 
clearly from the way of bursting, where the break has a transverse 
or irregular direction and not, as theory requires, parallel to the axis. 


2. Mazimum strain of glass threads. 


The diameter of the threads lies between 0.1 and 0.6 mm. The 
results are combined in the two following tables. The bore was 
determined by a measurement of the diameter in two directions at 
right angles. The mean of these two measurements is given in the 
tables. The first table contains the results obtained with glass threads 
which have undergone only the operation mentioned sub § 2. To 
investigate the influence of irregularities which thus may remain in 
the structure of the glass we have made a series of measurements 
by means of threads which had beforehand been heated to incan- 
descence and then cooled very slowly. The results of this series are 
combined in table III. : 


TABLE II. Maximum strain of uncooled glass threads. 

Stress Diameter Tm Stress Diameter Tm 
in grams in mm in KG/mm*|| in grams inmm. |in KG/mm* 
257.6 0.119 23.4 2615 0,424 18.4 
496.5 0.192 17.5 2785 0.446 47.8 
457.8 0.159 22.9 1425 0.351 44.7 
2325 0.384 19.8 1635 0.370 47.5 
4175 0.257 22.7 1325 0,325 16.0 
1475 0.325 17.6 1555 0,298 22.4 
1695 0.314 22.4 2335 0.370 21.5 
MOS 0.487 22.4 


Except the thread for which 7), is lowest viz. 14.7 all the threads 
of table Il show where broken a sharply ridged structure while 
we find at the edge a small semicircular smooth spot as was found 
by WinkeLMANn and Sonort;'). 


1) p. 718 loc, cit. 
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TABLE III. Maximum strain of cooled glass threads. 
Stress Diameter Tn Stress Diameter Tm 
in grams inm.m. |in KG./mm*) in grams in mm. |in KG./mm'* 
2920 0.438 19.4 1940 0.325 23.4 
3530 0.597 12.6 1760 0.322 21.6 
2120 0.532 9.5 2850 0.445 18.3 | 


With regard to the series of table III we may remark the following. 


. In order to prevent changes of form of the threads suspended in the 


furnace and softened by the heat under the influence of gravitation, 
which afterwards during the measurements might give rise to irre- 
gular tensions, we have shaped the extremities (cf. § 2) not into 
hooks as in the former series but to closed rings in such a way 
that the whole becomes as symmetrical as possible with regard toa 
plane through the longitudinal axis. A comparison of the tables II 
and III shows that the two methods lead to the same results. 

Of the glass thread with the lowest 77, (cf. table III) the section was 
little ridged but smooth, to the next value of 7m (= 12.6) belonged | 
a relatively large smooth semicircular spot, while for the highest 
Tn (= 23.4) no spot was to be seen, but the whole section showed a 
very sharply ridged structure. All these facts agree with what has 
been found by WINKELMANN and Scuorr *). 

On the plate we show the structure of the sections of a couple 
of threads at the place where the thread has broken. They both 
clearly show the smooth parts and the structure radiating thence. The 
smallest diameter of the sections is 0.530 and 0.555 mm. respectively. 


§ 4. Conclusions. 

Table I shows that as to the series a and ¢ our results agree 
tolerably well with those of Ga.rrzin °). 

Those of the series b, however, show that the result derived by 
him for the maximum internal pressure, viz. 623 atms. is too low, 
because the highest pressure observed by us is 1200 atms. For the 
tubes of the series 5 7;, appears to lie higher than would be expected 
from the observations in the two other series. Probably this must 
be explained as follows. From a comparison between the 3 series 


1) loc. cit. 
*) Table I p. 12 and 13, loc. cit. 
3* 
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it appears that series a gives the lowest results for Z,, series 6 the 
highest. The fact that the values for a are lower than for c, must 
probably be ascribed to the circumstance that with almost equal in- 
ternal bores the wall is thickest for the first series and hence the 
chance of abnormal stresses is greater. For series 6 the wall is 
thicker than for c, but the inner bore is much smaller, and hence the 
existence of inequalities and scratches on the surface which unfavourably 
influence the breaking stress') are reduced to a minimum. For the 
tubes for which 2R’ = 1mm. it seems that the two factors neutralize 
each other, for those with the smaller inner bore the favourable 
influence of the surface being smaller preponderates. 

In order to investigate in detail in how far the above mentioned 
two unfavourable factors influence 7, we have applied the direct 
determination with thin glass threads of which the surface is as 
smooth as possible and where owing to the small bore abnormal ten-— 
sions are necessarily small. The results which are much higher than. 
those of WINKELMANN and Scuort, agree with those found by means 
of the first method and seem to justify the supposition made above 
about the unfavourable influence of a not perfectly smooth surface | 
and inner abnormal stresses. They point to an upper limit. for 
P, = 1700 atms. gi : ; 


§ 5. Determinations at low temperatures. | 

The determinations in liquid air were made in the same way - 
as those at ordinary temperature.. The lower hook of the glass 
thread was fastened to a wooden bearer, placed beside the thread 
in a vacuum glass with liquid air. The first determinations gave | 
results which differed much from the later ones. Their mutual 
agreement is very bad and they are characterized by very high 
values for the maximum strain, which vary from 44 to 73 KG. 
per mm.* while for the ordinary temperature the highest strain was 
23 KG. per mm.*. Also the structure of the section was totally different, 
being scarcely ridged but smooth. The smooth spot on the section was 
as a rule missing. In these measurements the threads were pulled 
asunder almost immediately after they had been placed in liquid air, 
Before the following measurements they were left at least 20 mi- 
nutes in the bath of low temperatures, The latter gave lower results 
with a better mutual agreement. The structure of the section is 
similar to that at ordinary temperature, generally a little less distinct. 
The results are combined in the following table. 


') Cf. Wiwxetmann and Scnorr, loc. cit. 


Dr. H. KAMERLINGH ONNES and Dr. C. BRAAK. Isotherms of diatomic gases and their 
binary mixtures. VIII. The breaking stress of glass and the use of glass tubes in 


measurements under high pressure at ordinary and low temperatures.” 


Fig. 1. Fig. 2. 


*roceedings Royal Acad. Amsterdam. Vol. X. 
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TABLE IV. Maximum strain of glass threads at the temperatu 


of liquid air. . 
Stress Diameter Tm Stress Diameter Tm 
in grams. inmm. |in KG/mm?] in grams. in mm. in KG/mm* 
1993 0.280 32.4 2498 0.297 35.9 
2653 0.372 24.3 2055 0.286 31.9 
2523 0,290 38.2 3550 0.359 35.4 
1263 0.226 29.5 3865 0.396 31.3 


4 


The results are still much higher than for the ordinary tempera- 
ture, a very favourable result for measurements at low temperature. 

Lastly a single determination in liquid hydrogen was made. Fifteen 
minutes after the thread had adopted the temperature of the bath 
it was pulled asunder. The total weight was 3013 grams, the 
diameter 0.271 m.m., hence the maximum strain in ®&/,,,,:— 52.1 
again much higher than at the temperature of liquid air. The structure 
of the section was striated, unridged and no smooth part occurred. 


Zoology. — ‘“Poterion a Boring Sponge.” By Prof. G. C. J. Vosmarr. 
(Communicated in the meeting of May 30, 1908). 


In 1822 Harpwicke published") a short notice on a remarkable 
“Zoophyte, commonly found about the Coasts of Singapore Island.” 
The author stated that it belonged to the Sponges, and called it 
Spongia patera. Evidently not acquainted with this publication 
Scutece, 1858*) proposed the name Poterion neptuni for a sponge, 
which universally is considered to be identical with Harpwicxe’s 
sponge. According to the rules of nomenclature the object has, conse- 
quently, to be called Poterion patera (Harvw.), as first pointed out 
by Sox.as *). 

Both Harpwicke and Scuiecet state that the sponge is fairly 
common. No wonder that this object, which presents itself as a 
gigantic cup, with a height of more than 1 M. and an aperture of 
30 cm. or more, drew the attention of sailors. It is also found in 
many museums, especially in Holland. The Leyden Museum of Natural 
History, the Museum of the Utrecht University and the Museum 
of the Amsterdam Zoological Gardens (‘Artis’) possess beautiful 
specimens, together more than 30. This rich material induced Harrine 

1) Asiatic Researches XIV, p. 180. 


®) Handleid. Dierkunde II, p. 542. 
3) Ann. en Mag. Nat. Hist. (5) VI, p. 441 (1880). 
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to study the sponge, as far as the dry specimens allowed it. Hartine 
published in 1870 his well-known “Mémoire sur le Genre Potérion’’,’) 
the result of an examination of 27 specimens. Since that time the 
sponge has hardly been mentioned. It seems indeed strange that since 
ScHLEGEL’s publication — half a century ago — these gigantic 
specimens which obviously were far from rare were never or 
hardly ever sent to any of our museums, and that none of the 
numerous expeditions of later times brought home even a single 
specimen of Foterion. As far as I can judge even the Siboga- 
expedition is no exception. My request to several people in our 
colonies in the Malay Archipelago remained unanswered, till last 
year, when I received a letter from Dr. P. N. vAN Kampen, assistant 
Zool. Mus. Buitenzorg, mentioning, that in his presence three spe- 
cimens of Poterion were dredged off Bantam at a depth of about 
25 M. Thus the sponge was found again at last. Dr. vAN KAMPEN was 
kind enough to send me fragments, well preserved in 96°/, alcohol; 
he also told me from time to time when new specimens were collected 
all from the West part of the Java-sea. We learn from this, that 
the sponge is not rare. 

Since nothing was known about the anatomy of the “soft parts” 
of Poterion, 1 was rather anxious to study microscopical sections of 
well-preserved specimens. It struck me at once that the structure 
of this Poterion closely resembles that of the so-called Osculina 
polystomella O.S. of which I prepared a description and drawings 
many years ago’). 

Now this Osculina is nothing but the “free form” of a boring 
sponge, as first pointed out by Carrer’); Lenprenretp afterwards 
(1895)*) proclaimed O. polystomella as the free form of Vioa viridis 
O.S. Independently of Lunpenreip I arrived at about the same result. 

It was, therefore, but a logical conclusion to suppose that Poterion 
patera was likewise the free stage of a boring sponge, and I begged 
Dr. van Kampen to look whether in the localities where Poterion 
was dredged, shells, corals, limestone or similar substances occurred 
which were attacked by Clionidae. Meanwhile I reexamined the 
specimens of Poterion in the Leyden Museum. The director of the 
Museum, Dr, F. A. Jentink was so kind as to allow me to cut 


1) Natuurk. Verhandel. Prov. Utr. Gen. 

*) MS. for Fauna and Flora of the Bay of Naples. By unforeseen events the 
publication had to be postponed more than once. | am indeed very glad to be 
able to | that the bulk of the MS. is ready and | hope that no serious inter- 
ruptions will prevent me from going to press soon. 

*) Ann. d. Mag. Nat. Hist. (4) V. 

*) Zool. Anzeig. p. 160, 
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one specimen across for further examination. This I did with a 
specimen to which I gave the number 338. At the base of the 
sponge, which is somewhat broadened, I found between the “roots” 
much sand, rather large pebbles and a number of shells. One of 
these is a Voluta scapha Gmel. of about 10 cm. x 5 em.; it 
shows on its surface numerous holes of a boring sponge, which has 
pierced the shell a good deal and which has already destroyed a 
portion of the surface. Microscopical examination of the dried 
sponge-substance in the interior of the Voluta proved that the 
spiculation closely resembles that of the Poterton 338. The sponge 
substance on the surface of the shell is continuous with that of 
the Poterien. My supposition that Poterion represents the free stage 
of a boring sponge is hereby proved. I am not yet prepared to 
say whether it is identical with one of the numerous known species. 
I hope to be able to settle this later on and to give a full 
account (with illustrations) of the subject. I shall then discuss why 
only a small portion of Voluta is destroyed and the possible mode 
of growth. As to the anatomy of the spirit-specimens now at my 
disposal, a brief account may follow here. 

A longitudinal section through the wall of the cup, somewhat 
nearer its basis than its border, where the wall has a thickness of 
about 25 mm., shows that the cortex has on both sides about the 
same thickness, viz. 1—5 mm. The parenchyma shows large incurrent 
and excurrent canals, both surrounded by a transparent tissue. The 
main incurrent canals have a diameter of 0.5 mm., the main ex- 
current canals of 0.5—1 mm.; with the transparent tissue the former 
are, on an average, 3mm. the latter 5 mm. Both enter deeply into 
the parenchyma; the former 15—20 mm., the latter 10—15 mm. 
In their course through the parenchyma the incurrent canals show 
several round apertures — the beginnings of secondary canals. 
The mass between these main canals and the surrounding tissue 
is composed of a-crumb-of-bread like substance, and the trabecular 
_ network of the skeleton. At this part of the cup the incurrent 
apertures, stomions, are situated on the outside. They are congregated 
into pore-areas of indistinct outline; these areas are nevertheless clearly 
visible as dark brownish spots on a buff-coloured background. The 
areas have a diameter of a little more than a millimeter, and are 
situated at about the same distance from each other. In some places 
the areas are somewhat sunken; in dry specimens this shrinkage goes 
a good deal farther. I have not been able to detect the stomions on 
the surface; but sections clearly show that they are placed more or 
less in rows which start from a common centre. They are the apertures 
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of narrow and short canals which open just under the dermis into 
wider canals of which generally 5—6 unite in a common centre. These 
canals cause the star-like figures, already described by Hartine. Tan- 
gential sections show this plainly; it becomes then obvious that these 
cortical canals sometimes ramify; but the final result is always that 
on an average five unite into a common wider canal, at right angles 
to the surface which runs through the rest of the cortex. It is evi- 
dent that this latter canal corresponds to the incurrent chone ') of 
Tetraxonia, as sections at right angles to the surface prove. 

The incurrent chones lead into the main incurrent canals; some 
of these, as stated above, run more or less straight on for about 
15—20 mm. at right angles to the sponge surface; they then bend and 
run in a direction almost parallel to the sponge-surface. In their course 
they give off branches, which ramify and terminate between a 
group of the mastichorions. These are ellipsoidal in shape and 
open with wide apopyle into the excurrent canals, the system being 
eurypylous. A certain number of excurrent canals flow together 
and finally open into the main canals, mentioned above; they traverse 
the cortex with excurrent chones, which open by procts on the inner 
surface of the cup. 

The soft tissue, surrounding the main canals, excurrent as well 
as incurrent, is very remarkable. I found the same sort of tissue in 
many sponges, but especially well developed in the so-called Osculina 
polystomelia, L¥NDENFELD has seen this tissue, and in his description 
of “Papillella suberea” says*): “Das hyaline Gewebe, welches die 
Hauptkanile umgiebt .... besteht aus einer glashellen Grund- 
substanz, in welcher zahlreiche multipolare und auch bipolare Zellen 
liegen, deren lange und schlanke, verzweigte Auslaiufer tiberall mit 


1) Of course | use here the term chone in the sense of Soutas, and not in the 
sense Of Lenvenrety. This latter author is entirely wrong in using chone as a 
synonym for sphincter. Soutas wrote in 1880 (Ann. & Mag. Nat. Hist. (5) v. p. 135): 
“The cortex is traversed by the intermaginal cavities of Bowerbank, or, as I 
shall term them, the ‘cortical funnels” or “‘chonae”. They consist essentially of a 
tube divided by a sphincter ihto a shorter proximal and a longer distal part, the 
“ectochone” and ‘“endochone’’ respectively”, Apart from the evident lapsus that 
in this sentence the words ecto- and endochone stand in the wrong place Soxtas’s 
meaning is plain enough and this definition is generally accepted. However LenpEnreLp 
has another opinion. Thus, for instance, he writes in 1897 (Die Clavulina der 
Adria, p. 102—103): “In halber Héhe der Rinde..,.. vereinigen sich diese Sam- 
melkanile zu vertikalen Stammkanilen..... " And further: “Oben ganz diinn, 
verdickt sich diese schlauchfOrmige Kinfassung des Stammkanales..... nach unten 
hin sehr betriichtlich und bildet proximal, in der Umgebung der erwiihnten 
Verengung, miichtig verdickt einen starken Sphincter, der als eine Ghone aufzufassen 
ist", | do not wish to discuss the matter here at length, The quoted passages leave 
no room for misunderstanding. 


*) Clavalina der Adria p. 104—105, 
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einander anostomosiren, so dass hier ein engmasschiges, spongidses 
Netz zu Stande kommt. In einigen der Knotenpunkte dieses Fadennetzes 
liegen die Zellleiber mit ihrem kugligen Kern, in anderen trifft man 
nur unbedeutende Plasmaanhdiufungen an.” In my MS. description 
of this tissue in Clionidae I differ somewhat from LENDENFELD’s 
interpretation; in Poterion I find the same sort of tissue, only still 
more pronounced. The fact is that the reticulum is by no means 
simply formed by a network of “Ausldufer” of cells, as it becomes 
clear by careful focussing that a number of the supposed thread- 
like processus are really membranes. In Poterion these membranes 
are sometimes of enormous size, even larger than in Cliona (Osculina). 
The tissue has a close resemblance to the so-called lymphoid or 
reticular tissue, as Ranvier and PEKELHARING conceive it. 

As to the skeleton of Poterion, this is formed by a trabecular 
very firm network of bundles of closely packed tylostyles. I found 
in Osculina that in some portions of the skeleton the spicula were — 
united by a little spongin. The same holds true for Poterion. This 
is, however, only the case in the centre of the pillars or trabeculae; 
there is a mantle of spicules at the periphery which is devoid of 
spongin. The spicula of Poterion are tylostyles; the spicule for which 
I proposed’) the name spinispira I did not find in the specimens of 
Poterion I examined. We know, however, that in the genus Cliona 
itself spinispirae are often very rare or absent, especially in the 
so-called free stage. I am of opinion that Papillina suberea O.S. is 
identical not only with Osculina polystomella O.S., but also with 
Papillina nigricans O.S. and Vioa viridis O.S. They are all nothing 
but modifications of the very variable Cliona celata, as I hope to 
prove in my “Sponges of Naples”. Lenpenreip (1897 |.c. p. 99) 
considers Papillina suberea O.S. as a species different from Papillina 
nigricans O.S. This is especially on account of the absence of 
Spinispirae in the former, in a type-specimen of which LENDENFELD 
failed to find them. I found, however, in the collection of the 
Zoological Station at Naples a sponge labelled by Scumwr P. suberea; 
in this specimen I did find spinispirae. I found them likewise ‘in 
some of the specimens I collected near Trieste. For these reasons 
I cannot distinguish nigricans from suberea. Consequently there is 
in the absence of spinispirae in Poterion no ground for not placing 
this sponge in the same group as Cliona, since in every respect 
the anatomical structure of Poterion resembles that of Osculina. 

Leyden, May 14, 1908. 


') On the shape of some Siliceous Spicules of Sponges.. (Kon, Akad. v. Wetensch, 
Amsterdam, 1902. Proceedings p. 104—114). spot itu 
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Chemistry. — “Reduction of aromatic nitro-compounds by sodium 

disulphide.” By Dr. J J. Branxsma, (Communicated by Prof. 

A. F. Hoieman). : 
(Communicated in the meeting of May 30, 1908). 


I have pointed out previously ') that sodium disulphide may act 
on aromatic nitro-compounds in two different ways, namely by sub- 
stitution or by reduction. 

1. Substitution occurs when halogen atoms or nitro-groups are 
present which under the influence of ortho- or para-placed nitro- 
groups have become moveable. These on being treated with sodium 
disulphide are readily replaced by S, and the disulphides thus formed 
may be converted by oxidation into sulphonic acids. A fairly large 
number of these cases have been communicated previously '). 


2. Reduction takes place when the nitro-compounds do not contain 
any moveable halogen atoms or nitro-groups; a nitro-group is then 
reduced to an amido-group, whilst generally a small quantity of 
azo-oxycompound is also produced according to the equations: 

RNO, + Na, S, + H,O = RNH, + Na, S, O, 
2 RNO, + Na, S, = RN — NR + Na, 8, O, 


A preliminary investigation had shown me previously that alcoholic 
solutions of nitrobenzene and o-nitrotoluene are readily converted by 
Na,S, into aniline and o-toluidine, the Na,S, being oxidised to . 
Na, S, 0,. m-Dinitrobenzene and p-dinitrobenzene when treated with 
Na, S, yielded, respectively, m-dinitroazo-oxy benzene and p-dinitroazo- 
benzene. It was then’) our intention to further investigate the 
reducing action of Na, §,. 

Meanwhile, however, a patent hus been granted to Kunz‘) for the 
reduction of aromatic nitro-derivatives to amido-derivatives by means 
of sodium disulphide in aqueous solution and afterwards sodium 
disulphide has been used by Brann‘) as a partial reducing agent. 

I have now studied the reduction of aromatic nitro-compounds by 
Na,S, in alcoholic solution in a number of cases. The reduction is 
carried out as follows: 

Six grams of nitrobenzene are added to a boiling solution of 12 
grams of crystallised sodium sulphide and 1.6 gram of sulphur in 


1) Dissertation. Amsterdam 1900; Rec. 21, 121, 141. 
%) These Proc. 1900, (Oct.) 

*) Chem, Centr. 1903 Il 818, 

*) Journ. f. pract Chem, 1906, (2) 74, 499, 
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300 ce. of 96°/, alcohol. After boiling for 6 hours, the alcohol is 
recovered by distillation and the aniline which still contains a little 
nitrobenzene is distilled in a current of steam. It is then converted 
into the hydrochloride to separate it from the admixed nitrobenzene ; 
about 5 grams of aniline hydrochloride are obtained. In the same 
‘manner were treated o-m- and p-nitroanisol, m-chloro- and bromo- 
nitrobenzene and dichloro- and dibromonitrobenzene 1. 3. 5. from 
which were readily obtained the corresponding amido-derivatives to 
the extent of about 70 °/, of the theoretical quantity. 

In the case of ortho- and para-chloronitrobenzene where the halogen 
atom is replaced by S, a simultaneous reduction takes place to a 
slight extent with formation of 0- and p-chloroaniline. 

Ortho- and m-nitrotoluene readily yield ortho-and meta-toluidine ; 
with para-nitrotoluene a secondary reaction occurs, p-amidobenzal- 
dehyde being formed as well as p-toluidine *). 

Besides the above mentioned mononitro-compounds a few dinitro- 
compounds were subjected to a partial reduction. From sym-dinitro- 
toluene we readily obtain by means of alcoholic Na,S, 3-nitro-5- 
amidotoluene ; sym-dinitroanisol yields 3-nitro-5-amidoanisol; from 
2-4-dinitroanisol (or phenetol) is obtained 2-amido-4-nitroanisol (or 
phenetol) whilst sym. trinitrobenzene yields 3-5-dinitraniline. A small 
quantity of the azo-oxycompounds is generally formed in addition 
to the amido-derivatives. I will also point out that in the reducion 
with Na,S, the formation of chlorinated byproducts, which are often 
generated in the reduction of aromatic nitro-compound with Sn and 
HCl, is avoided. The fact that sodium disulphide may be weighed 
also gives it an advantage over ammonium sulphide as a reducing agent. 

From the above facts it is obvious that an alcoholic solution of 
Na,S, may be used as a convenient reducing agent. 


Physiology. — “About the determination of hardness in muscles.” 
By A. K. M. Noyons, Assistant in the Physiological Laboratory 
at Utrecht. (Communicated by Prof. H. ZwaarDEMAKER.) 


(Communicated in the meeting of May 30, 1908). 


At an inquiry into the causes and qualities of the autotonus it 
struck me how a muscle seemed to become harder, as its autotonus 
increased. Hitherto the hardness of a muscle was always estimatively 
determined by digital touching. The above mentioned fact caused 


1) Chem. Centr. 1900. I. 1084. I hope to communicate more analogous cases of 
intramolecular oxidation later on. 
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me to look for means of expressing such changes in hardness more 
accurately in measure and number, as an approximate determination 
would not do here. 

_ A communication by J. von Usxxiitn') on the 18 of April last 
“Die Verdichtung der Muskeln”, led me to a separate description of 
my investigations about the determination of hardness in muscles. 
In this communication he says: ‘‘wir besitzen zwar kein geeignetes 
Instrument, um das Hartwerden der Muskeln zu messen’’, while he 
winds up as follows: “Ich habe geglaubt, auf diese wichtige, aber 
allzusehr vernachlassigte Eigenschaft der Muskeln hinzuweisen, in 
der Hoffnung, dass sich jemand findet der einen brauchbaren Apparat 
konstruiert, um die Muskelverdichtung unabhangig von der Muskel- 
verdickung zu registrieren.” | 

For many decades together mineralogists have made determination 
of the hardness of materials, in which a number of methods were 
employed, which, however, in that form could not be applied 
to living objects. The literature only gathers for what is called 
hardness in general, data, for which I refer to some authors”) in 
behalf of those who wish to become more thoroughly acquainted 
with the subject. 

Hardness is a collective idea, including and typifying an amount 
of qualities: cohesion, elasticity, plasticity, gliding, splitting and 
fracture. It is on the value which in a concrete case is assigned 
more especially to one of the qualities mentioned, that depends the 
general definition which shall be given of hardness. For living 
objects gliding, splitting and fracture need not be taken into account. 
I desist from a more detailed separate description of the three 
remaining qualities: cohesion, elasticity and plasticity. But if these 
three qualities are paid attention to, AUERBACH’s*) definition of hardness 
will no doubt be agreed to: “Harte ist eine Art von Festigkeit, 
nimlich der Widerstand gegen die Bildung von Unstetigkeiten oder 
dauernden Deformationen beim Drucke zweier sphirischer Oberilachen 
gegen einander, und kann EKindringungsfestigkeit genannt werden... 
Sie ist quantitativ durch den Grenzeinheitsdruck im Mittelpunkte 
der Druckflache bestimmt.” 


ewe se ee ee 


) J. v. UsxxOtt. Die Verdichtung der Muskeln. Originalmitteilung. Zentralblatt 
fir Physiologie. Bd, XXII N°, 2, 
*) H. Rosexsuscn und E. A, WOtrine. Physiographie Allgemeiner Teil. Stuttgart 


1904. 
G. Tecuenmax. Lehrbuch der Mineralogie. Wien 1905. 
Eoon MOtien. Ueber Hirtebestimmung Inaug. Dissert. Jena 1906. 


%) F. Avensacu. Kanon der Physik pag. 119, Leipzig 1899, 
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The determination of hardness may give absolute and relative 
values. Among the methods of relative determination that of TuouLEt’) 
appeared to be useful also to defermine the relative hardness of 
living objects. 

-Tuoutet examined the elasticity of rocks and found points of 
comparison for this in the number of reflections and in the angle of 
reflection of a swinging ball suspended in the air. Indeed, if we 
drop a hard, elastic object upon an other, it will among others 
depend on the hardness of the surface that is hit, how often and 
how far the reflection will take place. Now, if this principle is put 
into practice with a much weaker object like a muscle, these reflec- 
tions will, though in a smaller degree, yet take place in the same 
manner, which is corroborated by experience. 

The angle of reflection of a falling globule resp. the number of 
its perceptible taps or reflections depends: 

1. on the cohesion, elasticity and plasticity of the falling globule. 

2. on the cohesion, elasticity and plasticity of the object hit, in 
this case the muscle. : 

Now as in case of comparing determinations sub 1 remains constant, 
sub 2 must be the only changeable, determinative factor. 

The investigation takes place as follows with an apparatus that I 
call physiological sclerometer. 


eg va | 


Physiological Sclerometer. Schematic drawing. 
Fig. 1. 


+) M. J. Tuouter. Recherches sur l’élasticité des mineraux et des roches. Comptes 
rendues de !’Academie des sciences. Paris. Tome 96. 1883. 
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A small pendulum with a fixed turning-point, of which the short 
beam points upwards to a height of 6 cM., bears on the head of that 
short arm a handled glass-tear, whilst the other longest arm, 15 cM. long, 
is provided with a small, movable weight, in consequence of which 
the moment of that lever-beam is variable. By this way the force with 
which the head of the glass-tear hits the object, can be made variable. 
In order to enlarge the living force of the falling object, the pendulum 
may be given different initial amplitudes. On a scale along which 
the longest lever moves, this height of falling is expressed in degrees. 

The muscle to be examined is by means of its two tendons 
attached to a somewhat rough surface, here a hard cork-plate, to 
prevent removal of the muscle by the falling, tapping object. It 
is advisable in this way to determine the hardness of a muscle under 
isometric conditions, for, when the muscle is examined under isotonic 
conditions, the data are getting far less trustworthy, as: 4. in 
shortening the muscle, the point that is to be touched, by not shor- 
tening changes its place and can only be found back by marking 
it beforehand with colouring matter; 2. the weight necessary for 
the stretching seems to make the differences in hardness smaller. 

The number of times that the glass-tear is reflected by the muscle 
before it is at rest, is determined either acoustically or by means 
of photography. The photographic registration has this advantage that 
at the same time the width of the reflections can be followed. 

The photographic registration takes place as follows: the light of 
an are-lamp of 220 volt and 10 ampere is by a condenser more or 
less pressed together into a cone of rays having its focus in a dia- 
phragm. This focus in its turn serves as a source of light and pro- 
cures by means of a biconvex lens the parallel bundle of rays 
emitted. This bundle reaches the removable slit of a small box which 
in its opposite side is provided with a cylinder-lens of Garrun. 
The light that has entered through the slit, is by the cylinder- 
lens, which is graduated, nipped together to an horizontal line of 
light, which falls through another slit into a second larger box 
on a drum that is in rotatory motion and to which sensitive bromide- 
paper of Dr. ScnAvreten is fixed. The box containing the drum is 
impenetrable to light by means of light-free axes. This drum is 
moved on by a clock, as it is used in the telegraphic Morse-apparatus. 
Between cylinder-lens and the larger box is placed the long beam 
of the lever of the sclerometer which during its movements removes 
a silhouette on the sensitive silver-paper. 

The following experiment was made: M. sartorius of Rana 
temporaria is alternately passed through by an electric current, arising 
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by a potential difference of 1.4 volt. For this purpose two brass 
plates serving as electrodes for the current, had been sunk in the 
cork sub-stratum of the muscle, whilst by means of a commutator 
the direction of the current can be changed. At the beginning of the 
experiment the anode is found at the distal tendon; afterwards the 
current is turned and ends in its original direction. In the subjoined 
table occur the widths of the first 4 reflections in mM. 


Anode at the Kathode at the Anode at the 
Reflection distal tendon distal tendon distal tendon 
I 52.5mM.) 52mM./|54mM.)58 mM.) 54mM. 53mM.//50 mM.)50 mM. 
Il 29.5 29 31 30 31 341 29.5 29 
Ill 21 21 23 22.5 22 22 29.5 21 
IV 16 16 18 17 17 17 16 415.5 


The following table gives the difference between the M. sartorius 
of Rana temporaria through which a galvanic current has passed 
and another through which it has not passed. 


—_—_ 
Reflection || Muscle through which no ¥ Muscle through which a current is 
current is passing passing Anode at the distal tendon 
= 
I 40 mM. | 40.5mM. | 40.5mM. || 45 mM. |43. mM.| 43° mM.| 43 mM. 
Il 24.5 25 5 28 26.5 26 27 
Il 16.5 17 17 18 17.5 17 17.5 
IV it 41 11 12 11.5 41.5 12 


That abundant moistening of a muscle with mutually equimolecular 
salt-solutions, the effect of which on the autotonus is antagonistic, 
can alter the hardness, appears from what follows, also holding good 
for the M. sartorius of Rana temporaria. 


gs Moistening _ __ Moistenin Moistenin 

22 with kaliumchloride with natriumchloride with kaliumchloride 
1 |g lasla [40540 |37 33 a8 38 38 [38 [sa lao 
HH 1/33 | 25.5| 95.5 | 26.5|/25.5/24.5|92.5/24 /93.5//03 [92 [92 /|93 

Wi 24 [47 (46.5)47 146.5)17.5/16.5)46 [45 [45 [44 144.5/44.5 
W #/47.5/44 [40.5/44.5/42 |42.5/12 [40 [10 |] 9.5) 9 | 9 | 95 
¥42.51 8.518 |8 i9 |9 |9 |75/8 18 |s8 | 8/8 

Vie? | 7.5] 7.5175) 8 | 8 | 7 17 212 7 47 
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For a plain muscle whose fibres are parallel asin the M. sartorius 
of Rana, the above method is a rather fit one, though not in all 
respects. For the shortening of the muscle is accompanied by a 
thickening, in consequence of which the distance between muscle 
and glass-tear is somewhat altered. This is not of much importance 
for the thin M. sartorius, but if the experiment is made with muscles 
like M. gastrocnemius, this difference becomes. more considerable, so 
that it ought to be taken into account. Besides the peculiar rounding 
of the surface of the muscle may somewhat alter the place of tapping, 
and in the end the glass-tear sometimes slightly sticks to the muscle, 
when we are tapping with a small load on the longer beam of the lever. 

To meet these and similar drawbacks the following alterations 
were made. Between muscle and tapping glass-tear is inserted a thin 
glass plate, which intercepts the taps and transfers them to the 
muscle. In these circumstances the angle of reflection resp. the 
number of collisions depends on: 

1. the cohesion, elasticity, plasticity of the tapping glass-tear ; 

2. the cohesion, elasticity, plasticity of the inserted glass plate ; 

3. the cohesion, elasticity, plasticity of the object to be examined. | 

Sub 1 and 2 remaining constant, only sub 3 is variable. 

In order to come to a determination, the following technical 
precautions ought to be taken into consideration. The glass plate, a 
covering glass, is hanging, slightly movable, on a couple of rather 
stiff horse-hairs. Now the muscle presses this glass plate against an 
immovable metal fork, so that the glass plate can only make move- 
ments in one direction, viz. in the direction of the muscle, as soon 
as the glass plate is hit by the tapping glass-tear. At every touch of 
the covering glass the glass globule produces a clearly audible tap. 
The number of taps is easy to count and isa pretty accurate measure 
for the number of real movements of the glass, without agreeing 
with it in number. In proportion as the covering glass is pressed 
more against the fork by a harder mass of muscles, the oscillations 
of the little lever will retain a longer and wider amplitude and will 
also occur more frequently. 

The height of falling is of great importance for the effect that is 
to be reached, in the first place with respect to the number and 
amplitude of the oscillations. 

When at different heights of falling the number of corresponding 
audible taps is counted for the same muscle, the latter may be 
represented by a curve, in which the ordinate renders the number 
of audible taps and the abscis the height of falling in = ekg re 
curve thus got shows a peculiar course, f 
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The above experiment was made with a dead muscle, to avoid 
as much as possible all variable factors of the living object. These 
come into operation, as appeared from experiments, in which first 
a curve was produced by observations of a living muscle, and the 
next day a second curve could be formed from observations of the now 
dead muscle, which under a glass cover with saturated vapour of water 
and thymol-vapour was preserved resp. from desiccating and rotting. 
The values denoted by the curve are averages got from at least five 
observations each time, which did not materially differ from each other. 


10 
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Fig. 2. 
Hardness with regard to different heights of falling by a muscle 
in its dead and living situation. 
= living muscle. = - --- -- = dead muscle. 


_ The ordinate gives the number of audible taps and the abscis the 
initial height of falling in degrees. 

_ In different ways the hardness of a muscle can be made to undergo 
changes, which are either permanent, or which exist long enough 
for the determining investigation : 

1. by making a galvanic current pass through a muscle; 

2. by abundant moistening with equimolecular salt-solutions; 

3. by faradaic excitement, either direct or indirect, so that the. 
muscle is in tetanus ; 


__ 4. by heating, resp. cooling. 


An example of the two first mentioned manners was given before; 
one of the two other manners is as follows: a muscle is by indirect 
excitement with a faradaic current alternately brought to tetanus. 
At corresponding moments the determinations of hardness take place. 


4 
Proceedings Royal Acad. Amsterdam. Vol. X1. 
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The subjoined table contains the width of the first 8 reflections 
which were reproduced photographically; at the same time the 
duration of these 8 reflections was calculated. 


M. gastrocnemius of Rana temporaria. 


Normal | Excited to Not Excited to Not Excited 
muscle tetanus excited tetanus excited after rest 
1 56 mM. 61 mM. 56 mM. 57 mM. 56 mM. 59 mM, 
ll 38 4D 39 43 40 44.5 
Ill 29 35 29 33 31 33 
IV 22 28 99.5 26 93.5 26 
V 17 29.5 47.5 | 18 2.5 
VI 43 48.5 43 16.5 44 417 
Vil 41 ~ 45:5 44-5 43.5 42 13.5 
Vill 9.5 42.5 10 44.5 10 41.5 
Duration of the first eight reflections. 
4.4 sec, 4 sec. | 4.3 sec. 4 sec. 4.3 sec. 4 sec, 


From this it appears that in comparing the first 8 reflections not 
only the amplitude changes, but that also the time in which these 
oscillations take place, varies with the greater or smaller degree of 
hardness of the muscle. As the experiment progresses, it may be 
observed in the table that the heights of the reflections are getting 
larger also at the moments when the muscle is not excited. This 
must be connected with the changes in the constant state of con- 
traction (autotonus), which arise in every fatigued muscle. That the 
muscle becomes really tired, is proved by the fact: 1. that the 
muscle visibly contracts less, 2. that changes in duration and height 
of the reflections diminish after repeated excitement, 3. that after the 
rest the effect of excitement agrees again with what was observed 
in the beginning of the experiment. 

We add a tabulated statement of an experiment in which the 
musele at the end of the experiment had become entirely inexcitable, 
as appeared from the absence of visible contractions, both for 
indirect and direct faradaie excitement, though still slight alterations 
in hardness appeared to be perceptible. 
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M. gastrocnemius of Rana temporaria 
becoming inexcitable according to every-day parlance. 


——_—_—_—_— 
Normal ; Not . : Not . 
muscle | Excited excited Excited excited Excited 
I 53 mM. €0 mM. 48 mM. 52 mM. 48 mM. 50 mM. 
Il 40 50 35 38 35 36 
Ill 28 36 24.5 26 24.5 26.5 
ek: HH 27 417.5 48 47.5 419 
Vv 15 21.5 13 414 43 45 
VI 42.5 47 42 42.5 12 12.5 
VII 10.5 13.5 41 41 41 414.5 
VIII 410 41.5 40 10 40 40 
Total duration of the first 8 reflections. 
5.4 sec. | 5.2 sec. 5.2 sec. | 5 sec. | 4.4 sec, | 4.8 sec. 


M. gastrocnemius of Rana temporaria. 


Temperature in temperator 
12.5° Celsius 56° Celsius 
[ 49 mM. 49 mM. 50 mM. 50 mM. 
a he 38 39 “i “i 
Ul 27 97.5 31 30.5 
IV 19.5 20 25 4.5 
Vv 16 16 21 24 
‘ VI 13.5 14 18 18 
: Vil 13 13 16 16 
am VIII 42 42.5 414.5 14.5 
A Audible taps 
7 7 40 | 10 


Total duration of the first 8 reflections in abscis-length 


| 3.6 cM. | 3.8 cM. | 3.2 cM. | 3 cM. 
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If a striated muscle is heated, it shortens: this is accompanied, as 
appears from the experiments, by changes of hardness. In order to 
trace this, the muscle in the sclerometer, instead of to a corkplate, 
was fixed to the thin copper bottom of a temperator, now serving 
as resting-surface. Through this temperator, as THUNBERG pointed out 
for the examination of the cold- and heat-points of the skin, alter- 
nately cold and hot water could be made to circulate. The copper 
bottom communicates the heat to the muscle; the temperature in the 
temperator and that which the muscle gets, will not soon be the 
same, but still is always in close connection with it. 

As a demonstration I give here a couple of photographie repro- 
ductions of the oscillations of the beam of the sclerometer, as they 
were made, and from which among others the above table was partly 
derived. Fig. 3 gives the sclerometric reproduction of hardness of a 
muscle at a temperature of 12.5° C. in the temperator, whilst fig. 4 
shows the reproduction when the same muscle 1s heated to 56° C. 
(See figs 3 and 4). 

If a muscle is heated to not too high a temperature, a decrease 
of hardness manifests itself again after cooling, even though the 
muscle does not quite reach its original degree of hardness. 

The subjoined table makes this clear. 


M. gastrocnemius of Rana temporaria. 


Temperature in temperator 


13° Celsius 61° Celsius 11° Celsius 
I || 49 mM. | 49 mM. || 50 mM. | 50 mM. | 50 mM. || 49 mM. | 49 mM. 
I || 37 88 42 M MM 38 39 
Il |} 28 30 34 33 33 30 30 
V |} 2% %.5 29 28 28 25 25 
Vv |} 2 20 25 25 24 21.5 92 
Vi || 47 17.5 22 22 21.5 18.5 19 
Vil |} 14 15 20 19.5 19 16.5 17 
VIII |} 12.5 12.5 18 17.5 17.5 14.5 15 


Audible taps 


10 | 10 | 15 | 16 | 16 | 13 | 13 


A. K. M. NOYONS. ,,About the determination of hardness in muscles.” 


Fig. 3. Fig 4. 
Sclerometric reproduction of hardness: 


at 12,5° Celsius. at 56° Celsius. 


Proceedings Royal Acad. Amsterdam. Vol. XI. 
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‘Such warming and cooling can be repeated a couple of times, 
whilst in proportion to this the number of reflections continues 
varying, provided the muscle be not for too long a time exposed to 
too high a temperature, as in this case a clearly perceptible perma- 
nent hardness will show itself. 


Physiology. — “On the structure of the ganglion-cells in the central 
nervous system of Branchiostoma lane.” (Second communic.) 
By Dr. J. Borxe. (Communicated by Prof. G. C. J. Vosmazr). 


(Communicated in the Meeting of May 31, 1908). 


a. The infundibular organ. 


The cells of the differentiated part of the ventral cerebral wall of 
Branchiostoma, which I described some years ago in these Pro- 
ceedings'), and which was then called the infundibular organ on 
account of its place and the homology that could be drawn from 
that, are quite different in their structure from the other cells, of 
which I gave a description in my former paper’). 

Among the authors, who in recent years have published researches 
on the central nervous system of amphioxus, Kuprrer*) gives the 
same description of the cells as | gave in my paper in 1902, and 

only mentions the organ as consisting of long cylindrical cells with 
curved cilia and a clear hyaline protoplasm. Kuprrer homologises 
the differentiated epithelium with the tuberculum posterius of the 
craniote embryos. JosEpH*) only mentions the organ without adding 
anything to the description. Epmcer*) who examined preparations 
stained after the method of Bre.scnowsky, calls it ‘das aus grossen 
Flimmer- und Sinneszellen bestehende Infundibularorgan”, without 
mentioning on what is founded the opinion, that there are two kinds 
of cells to be found. In the drawings reproduced in his paper nothing 
is to be seen but a faint striation of the ventral wall of the brain 
at the place of the infundibular organ. According to Wo.rr °) there is a 
striking resemblance between the differentiated epithelium of the 
infundibular organ and the gelatinous tissue that we find in the 


et Proc. Roy. Acad. of Sc. of Amsterdam, Math. Phys. Ci. Meeting of April 07 
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central nervous system of the higher vertebrate animals, but evidently 
he has not seen much of the real structure of the tissue. Besides 
these statements nothing more is to be found about this part of the 
brain of amphioxus, and so we seem to be justified in giving an exact 
description of it here. 

To do this it is necessary to study first of all very thin carefully 
orientated median sections, as well as frontal and cross sections; the 
statements by Epincer made it necessary to examine a great many 
BieLscHowsky-preparations to form a correct opinion in this matter; 
hence we took so long for our research. 

From the very early period at which the infundibular organ is 
‘regularly found and the constancy with which it appears, always in 
exactly the same form and structure, it is evident that it must play 
a distinct and important part in the animal’s life. Already in larvae 
with only three primary gillclefts the differentiated epithelium is 
very obvious. Just where the narrow central canal opens into the 
wider part of the brain-ventricle, we see the ventral limit of the 
central canal rise slightly and sink again to the former niveau 
immediately after. This elevation is caused by the cells in the ventral 
wall growing out into long cylindrical elements, each cell bearing a 
long hair or cilium curving backwards, the cells lying ‘paula! Aes one 
beside the other. 

It is an important feature in the development of the infundibular 
organ that the elongation of the cells first shows itself not in the 
median line but at the left side of the median plane; afterwards the 
cylindrical cells are also found at the right side. It is only at a 
much later stage that the long cells fuse in the median line and 
become one single mass. This and peculiarities in the course of the 
nerve-fibres springing from the cells in the full-grown organ, point 
to a bilateral origin of it. 

The cylindrical elongation of the cells is the only change we find. 
There is no indentation at all of the wall of the brain in front of 
the organ to be found. 

Already in very young animals we see in well-preserved and well- 
stained preparations that the cilia of the long cells point backward 
with a slight curve, the cilia of all the surrounding cells pointing 
forward, to the anterior neuroporus. 

In older specimens we find the same state of things, but the cells 
get still more elongated, and the nucleus, now being small and sphe- 
rica), is lying near the basis of the cell. All cells are directed backwards, 
that is to say, their free surface being turned craniad. (fig. 8), 

For the topographical relations of the differentiated epithelium to 
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the other parts of the brain I refer to my former paper (1902). 

1 can only state here in reference to the contradictory statement 
of Epincer, that even in more developed and in full-grown specimens 
I never found another kind of cells in the organ nor an indentation 
of the brainwall in front of the infundibular organ (Kuerrer). In 
fig. 1 is drawn a median section of the full-grown organ, and here 
we see that the cells are not slanting any more, but are directed 
perpendicularly to the longitudinal axis of the body. In slightly 
younger animals one often finds the greater part of the cell still 
curved backward, while the upper part of the cell has assumed the 
perpendicular direction already (fig. 4a). The cause of this change 
must be sought in the different rate of growth of the surrounding 
tissue, the whole cerebrum becoming shorter, and changing from an 
oblong into a more rounded form. 

As I mentioned before, the cells of the infundibular organ have all 
a backwards curved cilium; these cilia form a plume reaching to 
the narrow part of the central canal. In young animals being examined 
alive under the microscope the transparent tissue all round the brain 
ventricle allows the course of these cilia to be very clearly visible, 
and then the cilia of all the surrounding cells, pointing forward to 
the anterior neuroporus, appear as straight hairs forming a compact 
bundle which runs towards the neuropore, into which the hairs can 
be traced as long as it is open. The back end of this bundle of 
cilia is crossed by the cilia of the infundibular-cells. 

The form of the cells in the full-grown animal is shown in fig. 45. 
The neurofibrillar differentiation in the protoplasm of the cell, as I 
described it already in my former paper, the neurofibrillar network 
round the nucleus and the way, in which the neurofibrilla leaves 
the cell is in Fig. 3 clearly to be seen. The course of the nerve- 
fibres after they left the cell-body I could not trace much farther 
with a sufficient amount of certainty. They all seem to curve back- 
wards (caudal), and from the study of frontal sections it was possible 
to draw the conclusion that the nerve-fibres springing from the cells 
form two bundles, each at one side of the median plane, running 
backwards, but getting lost to view between the other fibres of the 
medulla very soon after. 

I never succeeded in finding an indentation of the ventral cerebral 
wall in front of the infundibular organ, as described by Kuprrer, 
although a large number of serial sections were examined. It is true, 
that, as I mentioned before, often the nuclei in the ventral wall in 
front of and behind the differentiated epithelium lie closer together 
than in the other regions and in a few cases the arrangement of 
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these nuclei made the impression of a solid indentation. But upon 
closer examination I always found that this was only an apparent 
and no real indentation (infundibulum). Here one must be very careful 
not to draw any conclusions from a few series of sections. In a 
median section through the infundibular organ from one of my 
longitudinal series of a 47 mm. long Branchiostoma one would be 
inclined to draw the conclusion that there exists a groove-shaped 
indentation of the brainwall behind the organ, no trace of any 
indentation being found in front of it. So I think it dangerous to 
found a homology on this indentation, as Kuprrer did, and | adhere 
to the denomination ‘‘infundibular organ’, as its structure and develop- 
ment have more resemblance with the epithelium in the saccus 
vasculosus of the ichthyopsidae, to which I gave the same name, — 
than with the tuberculum posterius, which is still somewhat pro- 


blematical. 


b. Shape and development of the brain-ventricle. 

I will here only mention those facts that are important for the 
comparison between the Branchiostoma cerebrum and that of the 
eraniotes, and for the question whether the differentiated epithelium 
mentioned above may be homologised with the infundibular epithe- 
lium, or with the tuberculum posterius. 

The second homology might be concluded from the drawing pu- 
blished by Kuprrer in 1894 and 1903, representing a median section 
through the cerebrum of a 2 ¢c.m. long amphioxus. But this drawing 
seems to me not to represent the real state of things. Neither exactly 
orientated median sections (fig. 8) nor the median sections recon- 
structed from series of cross-sections (fig. 7) ever gave me anything 
like this drawing. 

And yet it is in this case that the reconstruction-method must 
give an absolutely certain result. By this method we are able to 
correct entirely the deviations of the cerebral axis from the longi- 
tudinal axis of the body as they are found in almost every specimen. 
And as the cerebral vesicle has such a simple uncomplicated form 
this method gives us in every case an exact reproduction of the 
median section (which is certainly of the high value for the com- 
parison of the brain Kuprrrer ascribes to it), and at the same time 
allows us to get a sure knowledge of the width of the cerebral 
cavity. I give here three drawings of the median sections recon- 
structed from the cross-sections, one of a very young larva of 
3,4 m.m. (fig. 5), one of a young amphioxus of 10 m.m. (fig. 6) 
and another of a specimen 21 m.m. long (fig. 7), All these are 
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reconstructed from cross-sections of 54, magnified 800 to 1600 fimes, 
and afterwards reduced by means of photography. To fig. 5 I added 
the cross-sections lying on the spots indicated with a, 6, c, d, to 
show the width and form of the cavity at the different spots. In 
fig. 8 I give the reproduction of a real median section through the 
brain of a specimen of about the same age as the one the recon- 
struction of which is given in fig. 7, to show how much they are 
like each other. 

- The reconstruction of fig. 5 shows, that even in very young larvae, 
(larvae of 1.5 to 2 m.m. give about the same picture), in which the 
brain is still larger in diametre than the spinal cord, there exists a 
dorsal dilatation of the cerebral cavity, which may be compared 
with the fourth ventricle of craniote embryos (fig. 5, 6, VQ). It 
represents a dorsal dilatation of the central canal (fig. 5c) and is 
connected with the anterior vesicle by a narrow part (tig. 55). In 
all my specimens this connection of the ventriculus quartus with the 
anterior vesicle could be stated with absolute certainty, contrary to 
the well-known observations by Harscnex. Even in very young 
larvae the connection was very conspicuous. In the caudal part of 
the dorsal dilatation (fig. 5d) the midpart of the narrow fissure-like 


central canal is obliterated, so that this part of the fourth ventricle 


is separated from the ventral central canal which remains open. In 
older animals this obliteration proceeds craniad. The dorsal wall 
of the fourth ventricle is very thin consisting of one layer of flattened 
cells, but it is always visible even in very young larvae, if only 
the specimens are well-preserved. 

In much older individuals, which passed through the meta- 
morphosis long ago (fig. 6), the fourth ventricle is still very con- 
spicuous and connected with the anterior vesicle by a narrow 
dorsal canal. The dorsal wall is still thin and membranous. The 
large dorsal ganglion-cells (vide my former paper) that are now 
developed to a certain extent, are still only visible at both sides of 
the median plane and do therefore not appear in the median section 
through the brain. Afterwards this peculiar group of cells is developed 
to such an extent (fig. 7, fig. 8), that they occupy the entire dorsal 
part of this region of the central nervous system, and so appear also 
in the median section. It is only then that the distinct fourth ventricle 
becomes indistinct, irregular, flattened, alters its shape and even 
disappears here and there. Then we find the peculiar irregular 
dilatations of the central cavity, described by Kuprrer as “quere 
Schenkel” and “blasenférmige Erweiterungen”. They are not seg- 
mental, are only of secondary importance, and are not to be com- 
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pared with special parts and stages of development of the brain of 
craniote embryos. 

After these statements I will add a few words concerning the 
cranial or rostral part of the cerebrum and the adjacent organs. 

In his paper of 1906 Epincer describes a new organ, the “frontal 
organ’’, lying in front of the brain and being innervated by a special 
nerve. I regret to say that I (no more than Wotrr in his paper of 
1907) could find no trace of a frontal organ. Even after a most 
careful study of a number of individuals I can only find in the 
rostrum the often queerly shaped irregular mucous canals (Schleim- 
eaniile) lying ventrally and dorsally of the chorda. They are never 
connected with the epidermis, but all receive very thin nerve-fibres 
from the first cerebral nerve. 

Although the existence of a distinct nerve connecting the olfactory 
groove of K6OLuKker with the brain, is denied by Epincrr, I could 
find it in my preparations as a bundle of fine nerve-fibres, connecting 
the sensory cells of the groove with the dorsal part of the brain. 
In all respects I could affirm the exact observations of Doeirt (1903) ') 
both concerning the sensory cells in the olfactory groove and the 
nervous connection of. them with the brain. 

In the dorsal part of the cerebral wall I find a distinct commis- 
sural system, wherefrom bundles of nerve-fibres curve backwards 
(much like the fasciculus retroflexus of the commissura posterior of 
the craniotes) and a few fibres curve round forward. There are 
more systems of fibres to be found in the wall of the cerebral vesicle, 
but they are rudimentary and composed of only a few fibres. This 
is not the place to enter into details about these things. But when 
we take all this into account | think it is not permissible to consider 
the amphioxus-cerebrum as an “archencephalon” (Kuprrsr), that has 
remained on a very low stage of development, but we must regard 
it as a degenerated cerebral system, which has become rudimentary 
in many of its parts, a brain which has many of the features of the 
brain of the ichthyopsides, but there are entirely lacking the organs 
of the side-line system (lens of the eye; ear, side-line) and because 
of that and of the fact, that the head has not developed as in the 
higher vertebrates, it is degenerated and rudimentary, In connection 
with this and with the elongation of the chorda the foldings of the 
cerebral vesicle do not appear. Even a plica ventralis does not exist. 
The infundibular organ remains in the niveau of the ventral cere- 
bral wall. 

Leiden. Histological part of the Anat. Kabinet. 
3) Anatomische Hefte 21, Ba. 1903, 
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DESCRIPTION OF FIGURES. 


Fig. 1. Median longitudinal section of the infundibular organ of a Branchiostoma 
of 52 m.M. in length, 600: 1. 
Fig. 2. Cross-section through the same of a Branchiostoma of 54 m.M. in length, 
- 600: 1. 
_ Fig. 8. The same as Fig. 1. Neurofibrillae stained with chloride of gold. 

4. Cells of the infundibular organ, a of a Branchiostoma of 22 m.M. in 
length, & of 50 m.M. in length, ¢ cross-section of the upper ends of 
the cells. 

Fig. 5. Median section of the brain of a Branchiostoma larva of 3,4 m.M., recon- 
structed from cross-sections. 
6. The same of a specimen of 10 m.M. long. 
Fig. 7. The same of a specimen of 21 m.M. long. 
8. Median section through the brain of a Branchiostoma of 28 m.M. in 


Mathematics. — “About difference quotients and differential quo- 


tients”. By Dr. L. E. J. Brouwer (Communicated by Prof. D. 
J. Korrewse). 


(Communicated in the meeting of May 30, 1908). 


Different investigations have been made which are very completely 
summed up in the work of Din: “Grundlagen fiir eine Theorie 
der Functionen einer veranderlichen reellen Grésse” Chapt. XI and 
XII, on the connection between difference quotients and differential 
quotients, particularly on the necessary and satisfactory properties 
which the difference quotients must possess in order that there be a 
differential quotient. One however always regards in the first place 
these different difference quotients in one and the same point z, 
together, forming as a function of the increase of x the derivatory 
function in x,. The existence of a differential quotient means then, 
that that derivatory function has a single limiting point in 2, i.o.w. 
that in zw, the right as well as the left derivatory oscillation is 
equal to zero. 

Other conditions for the existence of a differential quotient are 
found when in the first place the difference quotient for constant 
z-increase A is regarded as a function of x and then the set of 
these functions for varying A is investigated. Let f(x) be the given 
function which we suppose to be finite and continuous and let 
ga (x) be the difference quotient for a constant z-increase A. The 
different functions g, (x) form an infinite set of functions, in which 
each function is continuous. We shall occupy ourselves with the 
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case that the set is uniformly continuous, i.e. that for any quantity 
e, however small it may be, a quantity o can be pointed. out. so 
that in any interval of the size of o not one of the functions of the 
set has oscillations larger than ¢. Concerning infinite uniformly con- 
tinuous sets of functions there is a theorem that if they are limited 
(i.e., if a maximum value and a minimum value can be given 
between which all functions move) they possess at least one continuous 
limiting curve, to which uniform convergence takes place’). 

We shall prove, that for the set of functions of the difference 
quotients of a finite continuous function, if it be uniformly continuous, 
follows in the first place the limitedness and furtheron for indefinite 
decrease of the z-increase the existence of only one limiting curve, 
so that holds : reste. 

Theorem 1. If a finite continuous function f(z) has a uniformly 
continuous set of difference quotients, then it possesses a finite con- 
tinuous differential quotient’). 

To prove this we call ,&, (x) the size of the region of oscillation 
between 2 and x-+ A of the difference quotient for an z-increase d. 
If we allow d to assume successively all positive values, then it 
follows from the supposed uniform continuity, that A can always 
be chosen so small as to keep all values ,¢ (2) below a certain 
amount as small as one cares to make it. If we thus call e, (x) the 
maximum of the values ,¢,(«) for definite wand A, then e, (2) tends 
with 4 uniformly to 0. 


We have fartheron if > is a proper fraction : 
n 


9, (2) = “ys (wv) + — 96 (« + = a)+ oe ma Ga | a) a) 
n n n 
Ae 1 1 1 es 
2 (z)= ry e- () + ry valet a A) font pa(e+P— a) (2) 
If we break up each of the n terms of the second member of 
(1) into p equal parts and each of the p terms of the second member 
of (2) into n equal parts, then the difference of those two second 
members can be divided into pn terms, each remaining in absolute 


l 
value smaller than aor &, (#), 80 that the difference of 4 (2) and gy a 4) 


n 
remains smaller than #, (7) in absolute value. 


4) Compare Anzeui, *Sulle funzioni di linee"’, Memorie della Accademia di Bologna, 
serie 5, V, page 225. 
%) We suppose the function to be given in a certain interval of values of the 


independent variable z. 
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So if we regard for any definite x all difference quotients the 
z-inereases of which are equal to proper fractions of 4, then the amount 
t, (x) of their region of oscillation is smaller: than 2¢, (c). The same 
holds for the region of oscillation of all difference quotients for 
definite « with z-increases smaller than A, because these can be 
approximated by the preceding on account of the continuity of /. 

So if we allow A to decrease indefinitely, then also t,(x) decreases 
indefinitely ; as furthermore when A becomes smaller, each following 
region of oscillation is a part of the preceding, the limit of the 
region of oscillation is for each 2 a single definite value, to which 
uniform convergence takes place, which is the limit of the difference 
quotients, the differential quotient. 

That this (forward) differential quotient cannot show any disconti- 
nuities, is evident as follows: If there were a discontinuity, then 
there would be a quantity o which could be overstepped there for any 
interval by the oscillations of the differential quotient; but if the 
value of the differential quotient differs in two points more than 4@, 
then there is also a difference quotient the values of which in 
those two points differ more than 6; so there would be for each 
interval, which contains the indicated discontinuity, a difference 
quotient with a region of oscillation larger than 4, i. o. w. the functional 
set of the difference quotients would not be uniformly continuous. 

Out of the continuity of the forward differential quotient follows 
at the same time that the forward and the backward differential 
quotient are equal. ; 

Analogously it is evident that also a point at infinity in the differential 
quotient would disturb the uniform continuity of the difference 
quotients; in this is at the same time included the limitedness of 
the difference quotients, for they would otherwise on account of the 
finiteness of / be able to tend to infinity only for indefinitely 
decreasing 2-increase, but that would furnish an infinity point in the 
differential quotient. 


Theorem 2. Of a function with finite continuous differential 
quotient the difference quotients are uniformly continuous. 

Let namely « be a definite quantity, to be taken as small as one 
likes. Now we may have each «z included by an interval 7 in 
such a way, that the oscillations of the differential quotient within 
each of those intervals remain smaller than '/, ¢. On account of the 
uniform convergence, evident from the formula y,(z) = /' («+ A), 
a 4' can be pointed out in such a way that all gy, for which A< A' 
differ from the differential quotient less than */,¢ for any x, thus 
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have their oscillations below ¢ in the intervals mentioned. On account 
of the uniform continuity of # we may furthermore have each z 
included by an interval 7’ chosen in such a way that for all A> A’ 
the corresponding g, have within those intervals oscillations below 
é only; to that end we have but to choose 2’ in such a way that 
the oscillations of f remain within the intervals below '*/,¢ A’. If 
thus 2” is the smaller of the two quantities 7 and 2', each x can be 
included by an interval 7” in such a way, that the oscillations of all 
difference quotients within it remain below ¢, with which we have 
proved the uniform continuity of the difference quotients. 


Theorem 3. If there is among the difference quotients of a finite 
continuous function a uniform continuous fundamental series with 
indefinitely decreasing z-increases, there exists a finite continuous 
differential quotient. 

Let namely @a’(z), Par(z), . . . . be the fundamental series of func- 
tions under consideration, then for any quantity ¢ we can point 
out a quantity o in such a way that ,¢) (# + h) — 9) («)<e for 
any z, any h<o and any ». If now the set of all difference quotients 
were not uniformly continuous, it would have to occur that for 
a certain A° not belonging to the fundamental series we should have 
9,0 (a + h)— g,0(x) >. If we now approximate A° by a series 
a,L',a,Q",..., where the a@’s represent integers, in such a way that 
ay LM SLA°<(a,4+I)A™, then also y,o(e + h)—,o(#) is approxim- 
ated by Ps?) (e +h) — Pes”) (z), which last expression always 


remains < « however large p may become, so that p,o(w +- h) — y,°(a) 
cannot be >-«, so the set of all difference quotients is uniformly 
continuous, and there is a finite continuous differential quotient. 
Theorem 1 is applied when building up the theory of continuous 
groups out of the theory of sets, (where one remains independent of 
Lie’s postulates), in a certain region finite and continuous functions 
of one or more variables occurring there, whose difference quotients 
are in a certain system of coordinates linear functions of the original 
functions.") As on account of the finiteness of the original functions 
there cannot be a region within which any quantity could be over- 
stepped everywhere by one and the same difference quotient, the 


1) Comp, L. E. J, Baouwen, “Die Theorie der endlichen continuierlichen Gruppen 
unabhingig von den Axiomen von Lie”, Atti del 1V° Congresso Internazionale 
dei Matematici. It is the differentiabilily in one and the same system of coordinates 
of all the functions, which express the different infinitesimal transformations of a 
group, which is proved in this way, 
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coefficients of the above mentioned linear functions remain within 
finite limits, the system of the difference quotients is uniformly con- 
tinuous, and the differential quotients exist. 


Theorem 4. If the conditions of theorem 1 are satisfied and if 
the system of all second difference quotients (of which each is 
determined by two independent 2-increases) forms a uniformly con- 
tinuous system, then there exists a finite continuous “second differential 
quotient” which at the same time is the only limit of the above set 
of functions when both z-increases decrease indefinitely, and the 
differential quotient of the (first) differential quotient. 

To prove this we call e's (2) the maximum size of the regions 
of oscillation of the different second difference quotients between x 
and «+ A; then again e's (2) tends with A uniformly to zero. 

If we represent the difference quotient of g,,() for an 2-increase 


A, by ¥a,o,(#) and if and * are proper fractions then we have: 


1 2 


1 m—In,—! A A 
ous aa ? amt k iam . . . 1 
#0; 4 (*) nn, er G + *n, — n, (1) 
(se) = =z2g¢ Sta hk 2)... 
Feats baba P Ps k\=0k,=0 22 . nm, ; n, ?) 


If we break up each of the n,n, terms of the second member 
of (1) into p,p, equal parts and each of the p, p, terms of the 
second member of (2) into n,n, equal parts, then the difference of 
those two members breaks up into p, p, m,”, terms, each of which 


remaining in absolute value smaller than €'4, 44, (2), so that 


PP; is 
the difference of ga,s, (x) and p,4, p.a, (*) remains in absolute value 
mh My 
smaller than £44, (x). 

So if we consider for any definite x all difference quotients 
whose z-increases are equal to proper fractions of A, and A,, 
then the size t,,s,(«) of their region of oscillation is smaller than 
2e's,4.,(z), from which we deduce as above in the proof of theorem 
1 the existence of one single limit, to which the convergence is 
uniform and which is finite and continuous. 

If we now regard the difference quotient with z-increase A,, on one 
hand for all g,’s, whose A is smaller than A,, and on the other hand 
for the (first) differential quotient, then the former all differ less than 
& a, +a, (%) from the limiting function just deduced, so also the latter, 
which can be approximated by them. This holds independently of A, ; 
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the difference for z-increase A, of the (first) differential quotient can 
therefore not differ more than «',, (z) from the just deduced limiting 


function which is thus differential quotient of the (first) differential 
quotient i.e. second differential quotient. 


Theorem 5. If a function possesses a finite continuous second 
differential quotient, then the system of the first and second difference 
quotients is uniformly continuous. 

To find namely an interval size 27” which keeps the oscillations 
of all second difference quotients everywhere <s, we first take 
the interval size 2, which keeps the oscillations of the second 
differential quotient everywhere <_}¢; then a A’, and a A, in 
such a way, that all ga,a,, for which A, < 4’, and 4,4’, 
differ along the whole course less than '/,e from the second diffe- 
rential quotient’); finally an interval size 2’ which keeps the oscil- 
lations of the function f everywhere < '/,¢4',4',. For 2" we take 
the smaller of the two quantities z and 2’. 


Theorem 6. If there is among the second difference quotients of a 
tinite continuous function with finite continuous differential quotient 
a uniformly continuous fundamental series, in which the two a- 
increases decrease indefinitely, then there exists a finite continuous 
second differential quotient. 

Let namely 9 ay'a,! (x), 9 asa," (z)... be the indicated fundamental 


series, then for any quantity e a quantity o can be pointed out 
in such a way, that P 0) 0) (@ + h)—# (2) <e for any 2, 
i b | 1 2 


any h<o and any v. If now the set of all second difference 
quotients were not uniformly continuous,’then it would be possible 
for a certain 4,° and 4,° not belonging to the fundamental series, 
that n° 4° (a +h) — Pa? no (c) >. Let us now approximate A,° 


by means of a series a,4,',a,4,",.... and A,° by means of a 
series 9,4,',8,4,",..., where the a’s and #’s represent integers, in 
such a way that 


(P) <b? < (ay + 1) O\” and p,A\” < a2 < (8) +1) d™, 


') The uniform convergence of all difference quotients is evident from that of the 
difference quotients, for which 4, = 4, (out of these the other can be approxi- 
mated in the manner indicated in the proof of theorem 6); the latter is evident 
by developing the terms of f(z -+- 2 4) — 2 f (x + &) + / (x) according to Tavtor's 
series, in which we make the second differential quotient form the restterm; the 
terms preceding this resiterm then destroy each other, 


oe ee ee ee 
4 
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then also ao a («x +h)—¢ a2 22 @) is approximated by 
Fa av), af) (w + h) — Fos?) aa) (a) , 


which last expression remains < ¢, however great p may become, 
so that the first can neither be > s,; so the set of all second diffe- 
rence quotients is uniformly continuous and there is a finite conti- 
nuous second differential quotient. 


Theorem 7. If there is among the second difference quotients ofa 
finite continuous function a uniformly continuous fundamental series, 
in which both «-increases decrease indefinitely, the function possesses 
finite and continuous first and second differential quotients. 

For, according to the above given proof of theorem 6 the whole 
system of the second difference quotients proves to be uniformly 
continuous, and out of the above given proof of theorem 4 this 
system proves to possess for indefinite decrease of the two 2-increases 
one single finite continuous limiting function f/"(«) to which they 


‘¢onverge uniformly. Let t’ be the maximum deviation from this limiting 


function of the second difference quotients, whose x-increases are smaller 
than 4’, and 4’,, and let us regard the system ¢ ofall y, (x) whose 
4 < 4’,, then all difference quotients with 2-increase < A’, of the 
system § lie between /" (2) -+-+' and /" (2) —r’', from which may be 
deduced easily, that the system $is uniformly continuous, so that now 
first according to the proof of theorem 1 a finite continuous first 
differential quotient exists and then according to the proof of theorem 
4 a finite continuous second differential quotient. 

Analogous to the preceding are the proofs of the following more 
general theorems : 


Theorem 8. If there is among the n difference quotients of a finite 
continuous function a uniformly continuous fundamental series, in 
which all z-increases decrease indefinitely, then the function possesses 
finite and continuous first, second, up to the n‘" differential quotients ; 
each p differential quotient is here first the only limit for indefinitely 
decreasing x-increases of the p difference quotients to which limit 
a uniform convergence takes place, and then differential quotient of 
the (p—1)** differential quotient. 


Theorem 9. If a function possesses a finite continuous n™ differential 
5 
Pro ceedings Royal Acad. Amsterdam. Vol. XI. 
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quotient, then the system of the first, second, up to the n™ difference 
quotients is uniformly continuous‘). 


Theorem 10. If n,,n,,n,.... is an infinite series of increasing 
integers and if of a finite continuous function the systems of the 
n,*, of the n,™4.... difference quotients are uniformly continuous, | 
then the function has all differential quotients and these are all finite 
and continuous. 


Theorem 11. A finite continuous function of several variables, among 
whose difference quotients of the n** order there is for each kind a 
uniformly continuous fundamental series in which the increases 
of the independent variables decrease indefinitely, possesses all 
differential quotients up to the mn order; these finite and con- 
tinuous differential quotients are first each other’s differential quotients 
in the manner expressed by their form, where the order of succession 
of the differentiations proves to be irrelevant, and then each diffe- 
rential quotient is the only limit of the corresponding difference quo- 
tients for indefinitely decreasing increases of the independent vari- 
ables, to which limit a uniform convergence takes place. 


Theorem 12. If a function of several variables possesses all kinds of 
n“ differential quotients and if these are finite and continuous, 
then the system of the 1%, 2"¢ up to the nm difference quotients is 
uniformly continuous.) 


Finally the observation, that what was treated here leads in- 
finite differentiability back to continuity in a more extensive sense, 
and in this way may somewhat explain, that for so long all finite 
continuous functions were supposed to be infinitely differentiable, and 
may somewhat justify that so many wish to limit themselves in 
natural science to infinitely differentiable functions. 


1) To prove the uniform convergence of the nt” difference quotients for equal 
independent z-increases we break off just as for theorem 5 the Taylor development 
at the n™ term and we apply the formula: 


l a 2 a 
nn —( Jon +( Joma) ae |) 
n n 


(in and a integers; a <n). 

*) To prove the uniform convergence of the n'h difference quotients with equal 
independent increases 4 (these Z indefinitely decreasing) we develop the elements 
of each a difference quotient according to Tayton's series, in which we make the 
nth differential quotients form the restterms. The terms preceding the restterms 
then fall out and of the restterms one kind converges uniformly to the differential 
quotient corresponding to the difference quotient considered and the other converge 
uniformly to zero. 
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Microbiology. — “Fixation of free atmospheric nitrogen by Azoto- 
bacter in pure culture. Distribution of this bacterium” By 
Prof. M. W. Beerinck. 


(Communicated in the meeting of May 30, 1908). 


When carbon hydrates are used as source of carbon in Azotobacter 
cultures, there existed until now some doubt whether the then occur- 
ring fixation of free nitrogen was originally effected by Azotobacter 
itself or by other bacteria found in symbiosis with it, because Azoto- 
bacter in pure culture with carbon hydrates and free nitrogen only, 
does not show any considerable development. 

For this reason I was formerly of opinion that in such cultures 
Bacillus radiobacter, a species closely allied to the bacteria of the 
Papilionaceae, and which is never absent in accumulations of Azoto- 
bacter, would be the real cause of the nitrogen fixation. *). 

Continued research, however, rendered this supposition more and 
more improbable, and the facts which are now to be stated have 
proved beyond any doubt that the said faculty belongs indeed to 
Azotobacter itself. 

These facts have regard to the very peculiar relation between 
Azotobacter and the salts of the organic acids, more in particular to 
calcium malate. 


1. Calewm malate as source of carbon. 


When into a wide ErLenmeyer jar a nutrient liquid is introduced 
of the composition : 100 tap-water, 2 calcium malate, 0.05 K*HPO‘, 
with addition of some 10—20 cM* canal-water, or as much soil 
for infection, care being taken that the layer of liquid in the jar 
be not thicker than 2—5 cM, on cultivation in a thermostat at 
30° C., usually after 2 or 3 days*) a floating Azotobacter film 
appears, consisting of strongly motile individuals, and relatively soon 
obtaining a considerable thickness. Hereby so much calcium carbonate 
is produced that it forms a closed, floating layer, so to say a cover, 
on the surface of the liquid. 

If some of this film is inoculated into another jar containing the 
same medium, corresponding phenomena are seen when the culture 


1) These proceedings of March 1901.Centr.bl. f. Bact. 2te Abt. Bd. 9 pg. 1, 1902. 
Archives Néerl. (2) T. 8 p. 190 and 319, 1903. 


*) Especially in spring and autumn these experiments succeed. In summer and 
winter Azotobacter seems sometimes absent in the said quantity of water. 
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conditions are alike. At first sight already, there can be no doubt 
but under these circumstances fixation of considerable quantities 
of nitrogen must take place, and chemical analysis proves that this 
is really the case. 

The microscopic image of the Azotobacter growth in the malate 
commonly shows smaller individuals of greater motility than the 
formerly described forms which are obtained in the mannite solutions. 
They keep about the middle between A. chroococcum and A. agilis, 
and remind strongly of a variety found in America, which has 
received the name of A. vinlandi. The plate cultures of such a malate 
accumulation again prove not to be pure but to consist of the usual 
mixture of non spore-forming species. They are best grown on a 
medium of the composition: 100 tapwater, 1 calciummalate, 0.05 
K°?H PO‘, 1 wo 2 agar, on which the Azotobacter colonies become 
already visible after 12 hours at 30°C., which is not the case with | 
any other species of microbes known to me. As these plates are 
somewhat cloudy by the produced calciumphosphate and the imper- . 
fectly dissolved malate, it is desirable to mix the ingredients in the 
way as follows. Into a culture tube are first introduced some drops 
of a neutral, concentrated solution of kaliummalate and herein are 
dissolved both the calciammalate and the kaliumphosphate, with a 
little water to dilute, but the smallest quantity possible, as the dissol- 
ving power of the kaliummalate is much stronger in the concentrated 
than in the dilute solution. Then the contents of the tube are mixed 
with the agar solution. 

The malate plates prepared in this way have proved to be better 
for the growth of Azotobacter germs than the mannite and glucose 
plates, so that of a definite number of germs there develop more 
to colonies on the former than on the latter. Hence it has become 
possible more exactly to compute the number of individuals of our 
species present in a sample of soil than after the old method, to 
whieh circumstance we return below. 

Before going further [| wish to notice the following concerning 
other salts of organic acids as carbon food for Azotobacter. 

Except with calciummalate there could be obtained an abundant 
or moderate growth with calciumlactate, calciumacetate and calcium- 
propionate, particularly when using canal water for the first infection. 
It was remarkable that the transport of a malate culture into lactate 
appeared to succeed nearly as well as of malate*into malate, while 
even relatively rich ernde cultures in propionate- or acetatesolutions, 
obtained directly from soil or water when inoculated into corresponding 
media, hardly grow on, if at all, This fact is the more remarkable 
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when we consider that by inoculation of a malate film into propio- 
nate or acetate as abundant cultures are obtained as in the said 
crude cultures in these media. But if it is tried to continue such cul- 
tures by re-inoculating anew into propionate or acetate they also 
soon lose their power of growth. From this we see that the pre-. 
ceding culture conditions to which the inoculation material bas been 
subjected, are by no means indifferent to the vitality of the following 
generations, which are evidently very easily weakened and then 
nearly quite lose the faculty of fixing nitrogen. The importance of 
this fact cannot be denied and certainly deserves a nearer examination. 

Calciumeitrate, calciumtartrate and calciumsuccinate, with either 
garden soil or canal water for infection, give but slowly a mode- 
rately developed bacteria film but it grows during a very long time. 
The film on the citrate is rich in spirilla and the Azotobacter form 
found in it differs in many respects from the ordinary varieties. 
In all these cases the quantity of bacteria grown during the first 
2 or 3 weeks, is still too slight to necessitate a determination of the 
nitrogen, and could by a rough comparison with former computations 
be valued at some tenths of milligrams NV, per gram of the dissolved 
lime salt. After a long time however, the fixation of nitrogen with 
these salts is also considerable. 

With calciumglycolate in absence of nitrogen compounds no 
growth of microbes could be observed at all. 


2. Quantity of the fixed nitrogen. 


Neglecting for the moment the volatile acid, to which we shall 
return below, the analysis of the cultures is performed as follows. 

The whole quantity of the liquid, in which are present the cal- 
ciumcarbonate formed by oxidation from the malate or the other 
organic salt, besides the as yet not decomposed malate, the 
salt of the volatile acid, and the bacteria, is treated with a known 
quantity of normal hydrochloric acid by which the carbonic acid is 
expelled on heating; a then following titration with normal alkali 
and phenolpbtaleine as indicator, shows how much calciumcarbonate 
is produced and consequently how much of the organic salt is oxidised. 

After addition of a little sulphuric acid the liquid is evaporated to 
dryness and after KseLDAHL’s method examined on nitrogen, while 
in each of the materials used the rate of nitrogen is stated separately. 
The calciummalate of Merck, Darmstadt, proved nearly free from 


nitrogen. 
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Now follows a table of some analyses) which give an idea of the 
amount of nitrogen fixed through Azotobacter, when pein salts 
are used as carbon food. (See table). 

These numbers show that the amount of nitrogen which can be 
fixed in the crude culture is at most 4.9 and 2,8 m.g. per gram of 
oxidised caleiumsalt, obtained respectively with calciumpropionate 
and calciumacetate (experiment 10 and 11), while, per gram of 
calciummalate was fixed about 2,6 m.g. (experiment 2), and per 
gram of lactate 1,8 m.g. (experiment 9). It seems that the fixation 
goes on more rapidly at the beginning than later in the course of 
the experiment, whence it follows that when little of the organic 
salt is used proportionately more nitrogen is fixed than by larger 
amounts. This should be taken into consideration in judging the 
favourable results obtained with propionate and acetate, for then 
solutions were used with only 1°/, of the salt. As to these salts, they 
have proved to be in general an unfavourable source of carbon for 

zolobacter if the rapidity of the growth is taken as indicator of the 
process, and only then to be able to give good results, when for the 
inoculation, cultures in malate solutions are used, in which a certain 
variety of our species is present. But also then, as observed above, 
already at the first passage from acetate into acetate the growth stops 
almost entirely. Pure cultures of Azotobacter develop hardly at all *) 
in solutions of calciumacetate and natriumacetate, whatever may 
have been the conditions to which these cultures were previonsly sub- 
jected. Propionates and lactates still require a nearer investigation. 

Of calciummalate, on the other hand, it has decidedly been proved 
that not only the crude cultures succeed very well and fix much nitrogen 
even at repeated passages in the same medium, but that this also 
holds good with regard to the pure cultures of Azotobacter. This is 
the first case in which | got the certainty that no other microbes 
are wanted, neither in the medium nor in the infection materials, 
but Azotobacter alone to cause the said phenomena. Various authors 
surely have repeatedly described the fixation of free nitrogen in pure 
cultures of Azotobacter, among others of late with respect to the acetates, 
but never had 1 been able to confirm the accuracy of these state- 
ments until I made a systematic investigation with calciummalate, 
a salt — had never before been used to this end, although I had 


i) | owe to Me. D. G. J. Minkwan, assistant to my laboratory the determinations 
here referred to. 

*) The different varieties behave, however differently and some will begin to 
grow but the growth soon ceases, 


(71 ) 


already called attention to it as an excellent source of carbon for 
Azotobacter in my papers of 1902. 

It must be allowed that the amount of fixed nitrogen in these 
pure cultures is not considerable, about 1.5 m.g. for each gram of 
oxidised malate, but perhaps here too, will be observed a greater 
production if only the very young cultures are examined; then, 
however, only little of the salt can be oxidised and the absolute 
quantities will of course be small. 

It seems not superfluous here to call to mind that it is by no 
means the same whether a known amount of calciummalate be 
absorbed from a dilute solution or from a more concentrated one. 
In the latter case the malate will be more easily assimilable for the 
Azotobacter cells, which will induce a stronger oxidation and 
thus an increased oxygen assimilation in equal times, so that the 
tension of the oxygen in the liquid will be less than in the less 
concentrated solutions. As the growth of Azotobacter seems favoured 
by this lower tension, and in any case, a rather strong concentration 
of the carbon food proves favourable to the process of nitrogen fixation 
in absolute quantity this circumstance has been taken into con- 
sideration in all the experiments. Further, we did not always 
wait for the moment at which the malate had disappeared from 
the medium, but commonly it was much earlier subjected to the 
analysis for the reason mentioned above. 

The observation that calciummalate can, glucose, cane-sugar and 
mannite on the other hand, cannot form the starting point for nitrogen 
fixation in liquid pure cultures, while yet the said carbon hydrates are in 
the crude cultures much more productive and may even give gains 
of nitrogen of 7 m.g. per gram of decomposed sugar, gives rise to 
the supposition that these carbon hydrates must previously be 
changed by other bacteria into organic acids and that these, at the 
moment of their production, serve as carbon food for Azotobacter 
and primarily cause the fixation of the nitrogen. 

Of course it cannot be malic acid which hereby originates from 
the sugar; but the important growth of Azotobacter to which also 
the acetates, the propionates and lactates may give rise, suggest the 
question whether perhaps the acids of these salts may be first pro- 
duced from the carbon hydrates and then govern the nitrogen fixation. 

It is to be remarked that as well in the malate as in the lactate 
cultures slight amounts occur of a volatile acid, which will perhaps 
prove to be acetic acid, although it is has not been positively demon- 
strated by means of Brnrens’ uranylanatrium-acetate reaction. It is 
of importance to know that this volatile acid is not only found 
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in the crude, but also in the pure cultures of Azotobacter, so that 
it is certainly a product of this species itself. 

In order to ascertain the amount of the volatile acid and the corre- . 
sponding quantity of decomposed malate, it is supposed in the table to 
be acetic acid only and produced after the formula: 


2C* H* U* Ca + 20° = C* H* Of Ca+ Ca CO® + 3 CO*+ H?0 
Calciummalate Calciumacetate. 


But it may also be formed without access of oxygen. The volatile 
acid is determined by distillation with sulphuric acid and silver sul- 
phate and titration the distillate with normal alkali. 

From the table we see that in the crude cultures nitrogen can 
without doubt be fixed with calcium acetate as carbon source. In 
truth we have not succeeded in effecting the same in pure cultures, but 
now that we have the certainty that Azotobacter alone, with malate 
as carbon food, is able to fix nitrogen, it must be admitted that 
this also holds good for the acetate cultures, although it is not 
clear of what nature is the assistance which other bacteria thereby 
must necessarily lend. Besides it should be noted that the fixation 
of nitrogen in the pure cultures, also when malate is used as carbon 
food, is less considerable than when other bacteria, too, can live on 
this substance at the same time. 


3. Distribution of Azotobacter in the soil. 


Earlier, already, | showed that it is possible to detect a few 
Azotobacter colonies among the thousands of those of the other species, 
when fertile garden soil is sown on mannite-kalium-phosphate plates. 
The use of calciummalate instead of sugar has proved to be of 
importance for the examination of the soil in this direction. First 
it should, however, be observed that no solid or liquid medium *) 
could be found on which all the germs of Azotobacter sown out 
really develop into colonies. Thus, by sowing about 2400 germs 
(determined by microscopic counting), on various culture plates, 50, 
12, 1, 30, 8, 20, 10, 20 and 75 colonies developed so that the growth in 
percents was only 2, 0.6, 0.5, 0.3, 0.3, 0.8, 0.4, 0.8 and 0.3. In 
another experiment were obtained of 10.000 germs sown on glucose- 
calcium-malate plates, 20, 25 and 45°/,, and on calcium-kaliummalate- 
plates 32.5, 36 and 65°/,. But in other cases, on agar plates with 
malate only the results were much better. The germs had 


1) The use of thin layers of liquid media for colony-culture of microbes has 
been described in Centralblatt f. Bacteriologie, 2te Abt. Bd 20, 1908, p. 641, 
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been shaken up in sterile tap-water or in malate solutions, of which 
1 cm’ was spread over the plate, care being taken that the water 
was quite taken up into the agar by its power of imbibition, which 
is easily effected by softly heating the plate so that the superfluous 
water evaporates. 

We see from these data that commonly only a small part of the 
sown germs comes to growth. Whether perhaps the water itself has 
a deadly influence on some_ individuals, or that their death 
is caused by their passing on the solid medium, could not yet be 
made out by experiment. Thus, although there be ground to allow 
that more germs occur in the soil used than are found, the possibi- 
lity exists that by continued investigation the experiment may be 
made so as to exclude that source of error. 

But in spite of the uncertainty of the method the following result 
could be stated. By sowing a small quantity, for instance less than 


1 
50 gram of garden soil on calciummalate-kaliumphosphate 1°/, agar, 


after 24 hours at 30°C. commonly no Azotobacter is observed, but 
a moderate number of moist colonies of about 1 mm. in diameter, 
first draw attention by their extension and prove to consist of 
different varieties of Bacillus megatherium, containing many spores. 
They dont cause any considerable oxidation of the malate and as 
the colonies no more grow after the second day, they evidently 
develop at the expense of the traces of nitrogen compounds which 
at first are present in the plates. After the second day a great 
number of Streptothrix alba appear. This microbe is so common in 
all the examined samples of soil that there can exist no doubt as to 
its either favourable or pernicious influence on the fertility; but 
the nature of this influence is as yet wholly unknown. 

In a still later stadium the surface of the plate becomes covered 
with numerous relatively small colonies of bacteria, among which 
some species immediately draw attention by their extension and 
commonness. 

The oxidation of the malate by all these microbes is slight, so that 
even after weeks the plates contain but little calcium carbonate, 
which seems almost entirely produced by the said larger colonies 
and by Streptothriz. All these species seem not to oxidise at all, or 
perhaps it is more accurate to say, not to oxidise any more after the 
last traces of fixed nitrogen have been assimilated. As to Streptothriz, 
from its relatively vigorous oxidising power it follows by no means 
that this should be associated with fixation of nitrogen; this species 
surely does not possess that faculty. If for the experiment soil is 
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used shaken from the roots of garden-plants, which are no Papilio- 
naceae, the result is fairly the same; perhaps the number of the 
above mentioned oxidising forms is more numerous, but this is still 
doubtful. 

Otherwise, however, is the result when the soil is examined 
which adheres to the roots of clover, pease, and beans when these 
plants are cautiously dug up. When the soil adhering to such roots is 
rubbed fine and after dilution in water sown on a malate plate we 
find, after a period of 2 days at 30° C., first that the said oxidising 
colonies have very abundantly developed. But, besides, among these 
colonies much larger ones are distributed, which oxidise much more 
vigorously and prove to belong to Azotobacter, which shows that a 
distinct relation exists between the distribution of this genus and 
the said Papilionaceae. Whether this relation will appear to be 
universal and what may be its signification, further experiments 
have to decide. 


Chemistry. — “Rapid change in composition of some tropical 
fruits during their ripening.” By H. C. Prinsen Guer.ics. 


(Communicated in the meeting of May 30, 1907). 


Some tropical fruits which as a rule are gathered in a green and 
immature state and allowed to ripen afterwards, accomplish this 
ripening process so rapidly that within a few days they become 
tender, well-flavoured and palatable, thus offering a good opportunity 
for studying the still somewhat mysterious problem of the after- 
ripening of fruits. 


1. Phenomena during after-ripening. 
a. Banana (Musa). 


As a rule the bunches of bananas, which contain fruits in various 
stages of maturity, are cut from the plant as a whole when all 
the fruits are still green and are hung up to ripen. At the moment 
when the bunch is cut none of the bananas are fit for food; they are 
hard, tasteless and flavourless, the skin is thick, contains much latex 
and tannin and adheres to the fleshy part. After a few days the 
skin becomes thin and yellow and can easily be detached, whilst 
the edible matter is now tender, sweet and well-flavoured. A couple 
of days afterwards the fruit is unpalatable again owing to overripeness 
and decay which change it into a soft mass. 
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This after-ripening is accompanied by a considerable loss of weight 


.as is shown by the following figures. 


20 bananas broken from the bunch in a green state were placed 
in a relatively cool spot (28° C.) and weighed daily. 
The average weight per fruit was: 
after O 1 2 3 + 5 6 7 days 
145 143 1425 142 141 139 138 137 grammes. 


Further, 10 green bananas of another variety were placed under 
a glass bell jar into which a current of air free from carbonic acid 
was introduced. The air leaving the bell jar was made to pass 
through a drying apparatus and a Liebig potash bulb, which latter 
was daily weighed. 
! The fruits weighed originally 502.5 grammes 
and after 4 days only . . 487.0 4 
therefore lost in weight. . 15.5 grammes 


The weight of the potash bulb increased 
the first day by 0.065 grammes 
the second day by 1.455 
the third day by 0.540 E: 
the fourth day by 0.240 ve 


Total increase 2.300 grammes 


So that the fruits gave off 2.3 grammes or 0.44 °/, of carbonic 
acid in four days. 

The chemical changes taking place during the after-ripening process 
were now studied. Each day a banana was broken off from a green 
unripe bunch of the fruit and when doing this care was taken to 
select the specimen from the same row of the bunch from which 
the previous one had been taken and thus to obtain samples of the 
same initial ripeness. The fruit was first peeled and rubbed to pulp 
in a mortar. I determined the amount of moisture by drying 10 
grammes to a constant weight. Next 100 grammes of the pulp were 
extracted with alcohol and the residue dried and weighed. I evapo- 
rated the alcoholic solution after addition of a little calcium carbonate 
with the object of neutralising the acids. The residue was dissolved 
in water, additioned with a little solution of neutral lead acetate 
and made up with water to 100 cM® in order to get the sugars in 
the solution in the same concentration as that in which they originally 
were present in the pulp. I determined polarisation and reducing 
sugar in this solution both before and after inversion and calculated 
from the figures obtained the amount of sucrose, glucose and fructose 
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after having stated that no other sugars were present in the liquid. 

I pulverised the dried residue left behind after the alcoholic 
extraction of the pulp and extracted part of it with cold water. 
This extract was evaporated to a small volume and precipitated with 
alcohol. The precipitate was collected on a weighed, ashless filter 
washed with alcohol, dried, weighed, incinerated and the loss of 
weight occasioned by the combustion of organic matter was recorded 
as dextrin after I had convinced myself by the- red coloration which 
iodine solution produced in the solution of such a precipitate that 
it really was dextrin. 

A second portion of the residue was hydrolysed with hydrochloric 
acid under pressure and the amount of glucose thus obtained calcu- 
lated as starch. Finally, I determined the percentage of nitrogen and 
ealeulated from this figure the amount of albuminoids by multiplica- 
tion with the factor 6,25. The figures for the different analyses 


follow here: 


pat ote ama | | heh | 
reg in| Unripe | Begins 
Degree of maturity | —- the skin bi hee Ripe pink 
fruit loosens | ripen 
% Skin 45° MM 43 39 | 37.8] 36.2 
% Fleshy matter 55 56 57 61 62.2 | 63.8 
Composition of the pulp 
Moisture 58.24 59 21 | 59 48 | 59.86 | 60.88 | 61.42 
Dry substance 41.76 40.79 | 49 52 | 40.1% | 39.02 | 38.88 
Insoluble in alcohol 39 AI 34.06 | 29.58 | 20 98 | 15.30 | 13 00 
Soluble in alcohol 2 35 6.73 | 10 94 | 19.16 | 23.72 | 25.88 
Sucrose 0.86 4.43 | 6.52 | 10.50 | 13.68 | 10.36 
Glucose me 096; 1.80) 3.48 | 4.72] 6.4 
Fructose 090 | 1.53] 2.70] 3.61] 4.8 
Dextrin trace 0.2 0.59 0.69 0.65 0,65 
Starch 30.08 24.08 | 20.52 | 13.8) 9 59 7.68 
Albuminoids 265 200; 260; 2.58 | 2.58] 2.55 
Ash 0% | 0.96) 0.97.) 0.95] 4.00] 4.01 


The skin contains much rubber, fibre and also a small amount of 
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soluble carbohydrate and its composition calculated in 100 parts of 
dry substance does not vary considerably in the green and in the 
ripe state. The water content, however, diminished greatly during 
ripening so that the shrinkage of the skin is chiefly due to loss 
of water. 

The analysis of the pulp shows large differences during the after- 
ripening because of the starch being rather suddenly transformed on 
a large scale into sucrose. 

That the sugar present in the ripe fruit was really sucrose was 
proved by evaporating to a small volume the clarified alcoholic extract 
from fully ripe bananas and allowing it to crystallise. After some time 
it deposited crystals which were recognised to be sucrose by numerous 
chemical and physical tests. In the ripe fruits this sucrose becomes 
partly inverted or consumed by the aspiration either as such or 
as products of its inversion. The latter possibility is the more pro- 
bable one, as, first of all, much carbonic acid is formed during the 
after-ripening and secondly because the fructose is in every case 
present in a smaller proportion than the glucose. It is evident, 
therefore that these two constituents are not consumed together as 


sucrose, but separately after the splitting up of that body and then 


the fructose more readily so thar the glucose. 
During the saccharification process a little dextrin is formed too. 


b. Mango (Manaifera). 


The mango fruit, as a rule, is picked when still unripe; in this 
state the fruits are internally white, hard, acid and flavourless, but 
within a few days they undergo an after-ripening process which 
renders them tender, full-flavoured, and yellow or orange-coloured. 

This period is, as in the former case, soon followed by over-ripeness 
and decay. 

A few mango fruits, of a variety which bears very sweet and 
well-flavoured fruits when ripe, were picked green, placed on a cool 
spot at a temperature of 28° C. and weighed every day with this result 


NO. 29th Sept. | 1st October | 24 October | 4th October 


I 247 Gr. 243 Gr. 241 Gr. 240 Gr. 
Il 229 226 224 223 
lll 227 223 222 219.5 


IV 249 247 246 244 
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Five green mangos were weighed and placed under a glass bell jar, 
through which a current of air free from carbonic acid was conducted 
which afterwards was made to pass through a Liebig potash bulb. 

This latter was weighed daily and the 5 fruits only after the end 
of the experiment. 


The 5 fruits weighed originally 1139.3 grammes 


After 3 days 1121.3 3 
and therefore lost in 3 days 18.0 grammes 
The potash bulb increased during 
the first day by 1.712 grammes 
the second day by 1.276 oe 
the third day by i , eis 
Or in three days - 4,558 grammes 


The fruits gave off 4.558 grammes or 0.40°/, of carbonic acid in 
three days. 

Just as in the case of bananas a mango fruit from a parcel having 
practically the same initial maturity was daily analysed; and this 
time the analysis extended with a determination of free and total 
citric acid. I had previously stated that the acid in the mango 
really was citric acid and that no other organic acid could be found 
in it. 

I determined the free citric acid by titration with 1/10 normal 
potash in the boiled fruit whilst the amount of total citric acid was 
determined by extracting the boiled fruit with alcohol and precipitating 
the citrie acid in the alcoholic liquid by means of barium acetate. The 
precipitate was filtered off, washed, incinerated and finally, I deter- 
mined the carbonic acid in the ash which was of course equivalent 
to the total citrate in the precipitate. The figures obtained follow 
here. 

The yellow colouring matter, which is produced during the ripen- 
ing process, shows the same reactions as the carotine from carrots, 
the same spectroscopic appearance and in fact resembles it in every 
respect. 

During the after-ripening the starch is transformed into sucrose, 
which later on becomes hydrolysed and splits up into glucose and 
fructose. In the beginning of the process the fruit liberates water but 
this constituent increases afterwards owing to the combustion of the 
carbohydrates, The citric acid is vigorously attacked and the decrease 
in the acid taste during the after-ripening is not due to an increase 
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Date of the analysis 29th Sept. | 1st Octobe 24 October | 4th October 
Degree of maturity Unripe Almost ripe Ripe Over ripe 
Moisture 83.24 82.95 81.95 83.20 
Dry substance 16.66 17.05 18.05 16.80 
Soluble in alcohol 6.36 15.18 15.54 14.70 
Insoluble in alcohol 10.36 1.87 2.51 2.40 
Sucrose 2.57 10.50 12.27 9.31 
Glucose 0 60 4.53 1.30 2.10 
Fructose 1.90 2.10 2.04 2 60 
Starch 8.53 0.55 0 0 
Free citric acid 1.36 0.34 0.25 0.10 
Total citric acid 1.31 0.37 0 21 0.10 
Ash 0.42 0.44 0.41 0.43 
Albuminoids 0.80 0.80 0.75 0.73 


in the sugar content, nor to a neutralisation of the acid but solely 
to combustion and thus destruction of the organic acid itself. 


C. Tamarind (Tamarindus). 


The tamarind fruits remain on the tree untill they are fully ripe 
and thus do not undergo any after-ripening process after being 
plucked or shaken off. In the unripe state the flesh is white and 
hard and fills the whole pod so that the woody skin is firmly attached 
to it. Later on, when the fruit ripens, the flesh becomes tender and 
brown and owing to evaporation, shrinks in-such a way that a large 
empty space exists between the dry pulp and the hard skin. The 
composition of the pulp of tamarind fruits in several stages of 
ripeness is given here. (see p. 80). 

In this case too the starch has become transformed into sugar, 
during the ripening but this time not into sucrose, but into a mixture 
of glucose and fructose. At the same time a great deal of water 
was evaporated, causing the fruit to shrink in its envelope and 
finally much acid was consumed by respiration, since the amount 
of total tartaric acid in the dessicated fruit was smaller than that 
in the so much more juicy one of a month before. The increase 
of the percentage sugar after the period of maturity is due to the 
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Date of the analysis 1ith May 27th May | 20th June 15th July 
Degree of maturity Green Almost ripe Ripe Dessicated 
Dry substance 15.86 38 46 40 92 76.20 
Moisture 84.14 61.54 59.08 33.80 
Glucose 0.40 10.40 20.4 25.40 
Fructose 0.33 5.40 11.6 10.6 
Fibre and pectin 3.27 8.410 7.90 44.57 
Starch 3.33 1.25 0 0 
Free tartaric acid 3 3 15.8 14.6 — 
Total tartaric acid 4.85 18.4 16 4 14.4 
Potassium bitartrate. | 4.00 5.76 4.50 — 


strong concentration by evaporation, becanse no fresh formation of 
sugar can possibly have taken place in so dry a fruit. 
d. Sapodilla (Achras sapota) 

The fruits are plucked tree-ripe; in which state they are green 
and hard, and contain tannin and gutta-percha dissolved in the 
sap, which render the fruit “unfit for eating. After they have been 
preserved in bran, the gutta-percha as well as the tannin, become 
insoluble and the fruit itself gets tender, full-flavoured and palatable. 
On examining sections of the fruit one sees the coagulated gutta- 
percha as a series of white strings, while the tannin is deposited as 
insoluble matter in some cells. 

The analyses of such fruit in a tree-ripe and full-ripe condition 


are given here. 
= ___________________t 


Tree-ripe Full ripe 
Moisture 74.76 75.20 
Dry substance 25.24 24,80 
Sucrose 7,80 7.02 
Glucose 2.85 3.7 
Fructose 2.70 3.4 
Starch Absent Absent 
Pectine 3.34 4,00 
Albuminoids 0,45 0,40 
Ash 1.50 1.50 
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Unlike the after-ripening of the former three fruits, this one is not 
due to saccharification of starch. The amount of sugar before and 
after the full ripening is the same, but in this case the fruit has 
become palatable by the softening of the hard pectin and by the 
deposit of tannin and gutta-percha from the juice as insoluble bodies. 

I have to mention here that I did not find lactose in this fruit 
which has been stated by Bovucnarpat as being one of its constituents. 
They, however, contain much pectin and owing to the presence 
of this body the juice yielded a fair amount of mucic acid on oxidation 
with nitric acid; this renders the supposition probable that this acid, 
considered by BoucnarDaT as an evidence of the presence of lactose, 
has simply come from the pectin. 


IT, Agents of the saccharification during after-ripening. 


When studying the fruits which come first into account in the 
research under consideration, viz. the banana and the mango fruit, 
we found in a certain stage of the development a rather sudden 
transformation of starch into sucrose, followed in a later stage by 
inversion and partial transpiration of the products of inversion. From 
experiments on the determination of the carbonic acid in the atmosphere 
in which this sudden transformation took place, I came to the con- 
clusion that just the period of the rapid saccharification coincided 
with a strong development of carbonic acid, or with a powerful 
oxidation and degradation. At the same time the moisture on the 
inside of the glass bell jar in which the fruits ripened showed that 
a copious evaporation had accompanied the oxidation. 

The figures for the carbonic acid from the bananas showed on 
the second day a strong development which decreased very soon, 
whilst those for the mangos remained somewhat stationary for 
the three days under observation. These data correspond very well 
with the more rapid after-ripening of the former fruits during this 
experiment in which they turned from green into yellow even on 
the second day. 

The transformation is therefore accompanied by oxidation and 
I tried to check it by excluding the fruits from the free access 
of oxygen. To this end I covered a few green mango and banana 
fruits with collodion and kept them together with a few similar 
fruits not covered with an impermeable layer. The fruits covered 
with collodion did not ripen well, and were converted into decayed 
masses, while locally the wrinkles occasioned by the dying off of the 


fruit caused the collodion layer to burst and thus made the experi- 


6 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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ment unreliable. Moreover it might well be that the decay was not 
only to be ascribed to the exclusion of oxygen but to the hindered 
evaporation which would be injurious to the fruit. 

In order to elucidate this point, a few bananas were placed in a 
tube, through which a current of nitrogen passed, while at the 
same time some other bananas from the same part of the bunch 
were kept in the ordinary atmosphere. When the latter had become 
yellow, tender and ripe, those in the nitrogen tube had still retained 
their green appearance. The analyses of the peeled fruits of the two 
parcels yielded these figures. 


_ In nitrogen In air. 
Moisture 70.54 68.36 
Insoluble in alcohol. 25.90 11.06 
Soluble in alcohol. 3.57 20.58 
Sucrose 0.31 13.66 
Reducing sugars 0.94 4.80 


It followed then, that the after-ripening in the air had gone on 
uninterruptedly whilst the fruits kept in the nitrogen atmosphere 
had remained unchanged and had preserved their starch content; so 
that free access of oxygen is an indispensable condition for the 
saccharification of starch in the fruit. 

The following experiments were undertaken with a view to ascer- 
taining whether this saccharification was brought about by a vital 
process or by the action of some diastatic ferment present in the fruit. 

A. jelly consisting of isinglas and agar agar of such a compo- 
sition that it was solid at the ordinary temperature was mixed with 
1°/, of starch, poured into a series of Petri dishes and sterilised. 
Slices of green mango and banana fruit or pieces of half ripe tamarind 
fruit were placed on the stiff jelly in some dishes and on that of 
others figures and letters were traced with a pencil dipped in mango- 
juice. After two, or sometimes more, days the particles of fruit were 
removed and the jelly covered with a very dilute solution of iodine 
in potassium iodide which after having remained there for a minute 
was washed off. In every case not only the spot where the fruit 
had been placed or where the pencil strokes had been applied, remained 
white, bat all round a white stain spread out, lined with a red 
border which gradually faded into the surrounding blue coloration 
of the still unattacked starch. The longer the dishes had been allowed 
to stand, the larger was the white stain, In every one of these cases, 
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therefore, a diastatic ferment had diffused from the fruits and from 
the juice, which had transformed all the starch, it could get hold 
of through the state of dextrin into sugar. 

When the iodine solution was allowed to act too long on the 
jelly, the iodine penetrated through the surface layer and reached 
the lower one, where the starch was still unattacked, thus colouring 
the whole dish blue. Finally pieces of banana and tamarind fruit 
were placed on slices of sterilised potato ; the result was that the sacchari- 
fication of the starch caused more or less deep cavities to appear in 
the places where the fruits had been applied. 

All this however is not yet a direct proof that the saccharification 
has been occasioned by a ferment; and in order to make this clear 
I immersed slices of banana into alcohol, left them there during a 
couple of days, then took them out, expelled the alcohol by means 
of a current of sterilised air and placed them again in Petri dishes 
on a layer of starch emulsion stiffened with isinglass and agar agar. 
Though not so rapid as in the case of the much more juicy fresh 
fruit, yet also here the ferment diffused through and after the application 
of the iodine solution the white stains with the red borders became 
visible. 

A quantity of mango juice was added to a boiled and re-cooled 
solution of 3°/, starch at 50° C. and kept at that temperature for 
some time. The liquid, which, at the outset, had given a deep blue 
reaction with iodine solution only became red when at the end of 
the experiment this test was repeated; this coloration did not undergo 
any change even if the mixture was kept for some time longer or 
if a fresh quantity of mango juice was added. The total amount of 
sugar, contained in the liquid (for the mango juice itself had also 
contained sugar) was higher after the reaction than before, which 
showed that the mango juice had contained a diastatic body with 
power to transform starch into dextrin and into sugar. 

Now the question still remained which sugar is formed in the 
laboratory outside of the living organism. 

The ripening fruits and their juices already contain so much sugar, 
which mixes with the small amount of sugar formed by the sacchari- 
fication of the starch that the proper identification of that latter 
portion is extremely difficult if not impossible. 

In order to eliminate the influence of the already existing sugar, 
ripening banana fruits were peeled and repeatedly triturated with 
alcohol and the extracted pulp, which contained as little sugar as 
possible was pressed and brought into glycerin. After a few days the 
amount of sugar and its nature was ascertained in the glycerin by 

6* 
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polarimetric and copper tests both before and after inversion. Next 
100 grammes of this glycerin were mixed with a 3°/, starch 
solution, warmed to 40° C. and kept at that temperature for a couple 
of hours. After that the dissolved starch and dextrin was precipitated 
with alcohol, filtered, a pinch of calcium carbonate was added to the 
filtrate to prevent inversion by the slightly acid reaction of the 
filtrate, and the alcohol was evaporated off. The syrupy residue was 
dissolved in water, diluted to the volume of 100 cM.* and used for 
the determination of the sugars by the polarimeter and Fehlings 
solution before and after inversion. 

The original glycerin solution had contained 0.17°/, of glucose both 
before and after inversion, while after the treatment with starch 
100 grammes of the solution contained 0.60 grammes of reducing — 
sugars before inversion and 0.67 after that operation, which shows 
that 0.43 grammes of glucose and 0.07 grammes of sucrose (?) have 
been formed from the starch by the ferment. The polarisation of 
the solution was -+-0.9 before and -+ 0.4 after inversion, giving 
evidence, that notwithstanding the precipitation with alcohol, a small 
amount of starch or dextrin has still remained dissolved. } 

At any rate from the fact that the exclusion of oxygen prevents 
the saccharification of the starch in the fruit and from the negative 
results of the experiments on formation of sucrose by means of fresh 
juice and of the precipitated and re-dissolved ferments, it follows that 
the rapid transformation of starch into sucrose during the after-ripening 
of some fruits is a vital process and not a consequence of the action 
of some ferment contained in the fruit which, just as diastase forms 
maltose from starch, could be isolated to form large quantities of 
sucrose from any kind of starch in the laboratory. 


Mathematics. — “Congruences of twisted curves in connection with 
a cubic transformation.” By Prof. Jan pe Vaiss. 
(Communicated in the meeting of May 30, 1908), 
§ 1. If %,#,,4,,”, are the coordinates of a point YX with respect 
to a tetrahedron having O,, O,, O,, O, as vertices, then 
£, 8,6, 8, = 4,2, = 4, 2, 
determines a cubic transformation which transforms the right line 
he = day +- aby 
into a twisted curve w’, represented by 
: 1 
er. 
Jap + pb 
The congruence I of the curves w’ through the five points 
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O;, (k =1,2,3,4,5) is now transformed into a sheaf of rays having as 
vertex the point O’, conjugate to O,. 

To the bisecant b’ through O’, of the curve o’* brought arbitrarily 
through O,, O,, O,,O, corresponds a 8° through O,, O,, O,, O,, O,, 
having the right line s as chord. 

The following will show that the indicated transformation enables 
us to deduce by a simple method a number of well-known properties 
of systems of curves w’. 


- § 2. Let us consider the curves w’ of the congruence I cutting 
the right lines / and m. They are transformed into the right lines 
through O’,, resting on two curves 2’° and p’*. Now the cubic 
cones, projecting these curves out of O’, have besides the right lines 
O’,, Oj (k = 1, 2, 3,4) five edges more in common, which are the 
images of as many twisted curves belonging to I. 

From this is evident that the curves of I cutting a given right 
line 7 form a surface A’ of order five. 

The image of 4° is a cubic cone, projecting 2’° out of O’, and 
having the bisecant 4’ out of O’, as nodal edge. Therefore the curve 
B® of I having / as bisecant is a nodal curve of A’. 

If we bring the right line m through O, its image is a right line 
m’ passing likewise through O, and having therefore with the above 
mentioned projecting cone of 2° besides 0, two points in common. 
From this we conclude that A* has jive threefold points Oy. 

So the section of 4*® with O,0,;0, consists of the right lines 
O,Oi, O1On, OwOx and a conic through O;, O;, On cutting O,0, 
and forming with this right line a cubic curve of I. Consequently 
eleven right lines and ten conics lie on A’*. 


§ 3. The curves g* of I touching a given plane g, are trans- 
formed by the correspondence into tangents ¢ through O', of a 
cubic surface ®* having conic points in O, (k= 1, 2,3,4). The 
polar surface of O' passes through the four double points O, so 
it has as image a quadratic surface through those points. The section 
of the latter with @ is the image of the locus of the points, in 
which ®* is touched by the right lines ¢. This conic contains 
therefore the points in which g is touched by the curves 9°. 

Through O’, pass six principal tangents of ®*, the congruence I 
contains therefore six curves, osculating g. 

The enveloping cone y'* out of O', to ®* has four nodal edges 
O',O.; for a plane through O',0; cuts ®* according to a cubie curve 
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with node Ox, sending but four tangents through O’',, so that in that 
plane (’,O, replaces two edges of the cone. 

So g has with an arbitrary cubic curve through the four points 
OQ, ten points in common lying outside O;,. By applying our trans- 
formation we find from this that the curves of I touching g form 
a surface ®*° of order ten. 

A right line through 0, cuts g* in four more points; on its image 
therefore rest four curves 9° touching g. From this ensues that ®*° 
has five sixfold points Oy. 

The right lines 0,0, lie therefore on *°; it can as follows become 
evident that they are nodal rightlines. A right line resting on O,O, and 
O,O, has six points in common with g'*. So its image must have 
on O,O, and O,O, four points in common with °°. 

The section of ® with O,0,0, consists of the right lines O Of OG. 
O,O, to be counted double and a curve of order four, having nodes 
in O,, O,, O, and in the point of intersection of the nodal line O,0,; 
thus it consists of two conics. These conics form evidently with 0,0, 
two cubic curves of IT, touching g. 

Consequently there lie on #'° ten nodal lines and twenty conics. 

When we regard the tangential cones out of O', to two quadri- 
nodal cubic surfaces ®” it follows readily that I contains i 
curves touching two given planes. 


§ 4. To determine how many curves g* can be brought through 
four points QO, having the right line } as bisecant and resting on 
the right lines ¢ and d, we have but to find the number of right 
lines r’ which cut p* two times and y" and 0d one time, when these 
three curves have four points Ox in common. 

Now the chords of 8° resting on a right line 7 form a biquadratie 
scroll on which gp” is nodal curve, having thus with y" besides the four 
points four more points in common. From this follows immediately 
that the right lines cutting 8° twice and y® once also form a biqua- 
dratic seroll S*. The cones which project these curves out of a point of 
8” having two edges in common, not containing one of the points 
VU, the curve f* is also nodal curve on '*. With od” this scroll has 
besides (, four points in common; so on y' and Jd rest four chords 
of ?*, and by applying the transformation we find that the curves 
oe’ which cut 6 twice and ¢ once form a surface =‘ of order four. 

If we bring d through O,, then its image d has with =" two 
more points in common; consequently d cuts the surface =‘ in two 
points lying outside O,, so that O, is a node. Therefore the surface 
=* has four double points Ox. 
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Evidently 4 is nodal right line of S‘; for, } is the image of the 
nodal curve @” lying on =". 

Through a point S of 6 pass two curves 9’; their two points of 
intersection S’ and S’’ with 6 are the points which 6 has still in 
common with the surface A* determined by c, S and the points OV. 

As the pairs of points S and S’ form a (2,2) correspondence, four 
- curves @* can be brought through four points, which touch a right 
line and intersect an other right line. 

The section of S* with the plane O,O0,O, has nodes in O,, O,, 0, 
and in the intersection with 4; so it consists of two conics. One of 
these conics contains also the intersection of ¢; it is completed to a 
degenerated @* by the right line out of O, resting upon it and 
upon 6. The second conic contains the intersection of the transversal 
drawn out of QO, to 6 and ¢ and forms with this right line a 9’. 

On the surface =‘ lie therefore eight conics, nine simple right lines 


and a nodal line. 


§ 5. The number of curves g* through O, (k = 1, 2, 3, 4) resting 
on the right lines a,b,c,d is evidently as large as the number of 
transversals of four cubic curves a’,s’,y’,d* brought through O,. The 
scroll (a, 8,1), having a’, 8° and a right line / as directrices, is of 
order 14, / being fivefold and each plane through / containing nine 
right lines. If /, passes through VU, a plane through /, contains but 
four right lines, so that the order of the scroll (a, 8, /,) amounts but 
to 9. From this ensues that (@, 8,1) possesses four twofold points O,. 

With y* the scroll (a, 8,/) has 22 points in common outside O; ; 
so (a, 8, y) is of order 22. 

On the scroll (a, 8,/,) we find that O, is fivefold, because a right 
line through QO, cuts four generatrices; on the other hand O,, O, 
and QO, are threefold points, for a right line through QO, cutting the 
fivefold right line /,, meets but one generatrix more. With y’ the 
scroll (a, 8, /,) has still 9 3— 5—3><3=—13 points in common 
besides the multiple points. In connection with the above follows 
from this that O, is a ninefold point on (e, 8, ). 

Of the points of intersection of (a, 8,y) with d* 36 lie in O;; 
conseyuently a’, 8°, y*, d have thirty common transversals. 

Therefore we can bring through four points thirty cubic curves 
resting on four given right lines. 


§ 6. Let us now consider the surface w** formed by the curves 
g* resting on a, & and c. Through a point A of a@ and the points O 
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pass five @* cutting 5 and c. From this is evident that a, b and c are 
fivefold right lines. 

With a right line m through QO, the scroll (a, 8, y) has thirteen 
points lying in QO, in common, so its image m’ (right line through 
O,.) cuts w*® likewise in 13 points lying outside O,. We conclude 
from this that the four points O are seventeenfold on »*’. 

So the right lines O,O; lie on this surface; that they are fourfold » 
right lines can be shown in this manner. 

As Oy and Q; are ninefold on (a, 8, y) the right line O,Q; is cut 
outside those points by 22—18—4 transversals of the curves 4, 8, y; 
the images of these right lines are conics through O, and (; resting 
on OnOn, 6, ¢ and d and forming with O,,0, a 9° of the system. 

The section of y*® with O, O, O, can consist outside the three 
fourfold right lines only of conics; these are easy to indicate. In the 
first place we can bring through 0,,0,,0, a conic cutting b and c; 
it is completed to a @* by each of the two right lines out of O, 
resting on the conic and on d. Then the sections of d and of the 
transversal with O, to 6 and ¢ with O,,0,,0, determine a conic 
forming with the indicated transversal a 9°. So we have in 0,,0,,0, 
three double and three simple conics; with the three fourfold right 
lines they form a section of order 30. 

On w’® lie therefore 4 seventeenfold points, 3 fivefold, 6 fourfold 
and 36 simple right lines, 12 double conics and 36 simple conics. 


Astronomy. — “Contributions to the determination of geographical 
positions on the West coast of Africa. LII.” By C. Sanpzrs. 
(Communicated by E. F. van pe Sanne Baknvyzen). 


(Communicated in the meeting of May 30, 1908). 


I. Introduction. 


After a stay in Europe during the winter 1902—1903 I returned 
io Portuguese West Africa and remained there until the autumn 
1906 when I again went to Europe for some time. 

During this period 1903—-1906 I have once more tried to contri- 
bute to the determination of geographical positions in these parts as 
much as time and circumstances allowed, Circumstances, however, 
were often unfavourable to my observations, and hence the results 
obtained are Jess than I had desired and expected at first. 

The results obtained may be ranged under three heads. 

1. New determinations at Chiloango. \n November and December 
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1903 I made here a new series of determinations of latitude by 
means of zenith distances in the meridian. But I did not succeed 
in securing new data with which to correct the determination of 
the longitude, and at last I have entirely given up this plan, untill 
should possess a telescope of the required dimensions for the obser- 
vation of occultations of stars'), because the observations of the 
latter will certainly lead to a greater accuracy in the determination 
of the longitude than can be attained by means of lunar altitudes 
with my relatively small instrument. 

2. Determinations of astronomical coordinates at different stations 
in the Chiloango district. On two journeys, one to N’Kutu on the 
upper course of the Chiloangoriver from 22 to 31 December 1903 
and a longer journey through Mayombe*) in June 1904, I was 
able to make determinations of latitude and longitude. The reason 
why these could not be made oftener lies chiefly in the peculiar 
difficulties attached to the transportation of the instruments especially 
of the chronometers. The best way of transporting them is by water 
by means of a canoe, and even then one must constantly pay 
attention to avoid shocks caused by trees floating down the river. 
When the chronometers had to be transported by land, I used a 
hammock suspended from a long stick carried by two negroes ; while 
mounting hills they tried to keep the stick as much horizontal as 
possible. 

Another circumstance which makes it difficult to obtain accurate 
results is that these excursions can be undertaken only during the 
dry season, when the nightly sky is as a rule overcast, so that one 
must take recourse to observations of the sun, and lastly in many 
parts one meets with great difficulties in finding a proper dwelling place, 
because prosperous negro villages, which formerly existed, are almost 
entirely depopulated and turned into desert in consequence of the 
trypanosomosis, which has raged there. 

On my journey in December 1903 the instruments were entirely 
transported by water, first by steamer to Mayili then by canoe to 
N’Kutu. At this latter station I secured determinations of latitude and 
longitude. 

The journey through Mayombe in June 1904 also began by steaming 
up the Chiloango- (or Loango-) river to Mayili. We there arrived on 
June 2 and I made a time determination in order to control the 
longitude determined previously. We then travelled by land to 


1) I received for some time past (1907) a telescope of Zetss of 80 mm. aperture 
and 120 em. focal length, with which I have already made some experiments. 
*) The name of a part of the Chiloango district. 
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Chimbete (June 3) and then per canoe up the river to N’Kutu. The 
first transport by land, when the carriers were not yet accustomed 
to their uncommon task, unfortunately caused a perturbation in 
at least one of the two chronometers, which appeared from the com- 
parisons between them. 

Also at N’Kutu I made a time determination on June 5, in order 
to obtain another result for the longitude of that place. On June 6 
we continued our journey by land often along very difficult roads 
through woods and over hills and some times across small streams. 
We first went to the north east as far as N’Vyellele, a village 28,5 
kilometers north east of N’Kutu (June 7), and then we travelled to 
the west during three days until June 10, when we reached Buku- 
Zan, a village on the Luali, a tributary river of the Loango. 

On June 13 and 14 we made an excursion from Buku-Zan to the 
north to M’Pene Kakata, but the rest of the time until June 16 
I stayed in the former place and availed myself of this opportunity 
to determine its longitude and latitude. 

On June 16 we returned from Buku-Zan to N’Kutu. This time 
we went directly to the south east, and after we had covered a 
distance of 38 kilometers we arrived at N’Kutu on June17. Thence 
we returned by the way we had come via Chimbete and Mayili to 
Chiloango (18—23 June). In the mean time I secured determinations 
of latitude and longitude at Chimbete. 

3. Connection of a great number of secondary points with the 
astronomically determined stations, by means of compass directions and 
distances. It was my intention to form by means of my astronomical 
determinations a net of primary points with which I might connect 
a great number of intermediate points whose relative positions I 
had determined on many journeys by means of compass directions 
and distances, in order thus to reach also for the latter a satisfactory 
accuracy. In this I have partly succeeded, but for the southern part 
of the district it is still necessary to make the astronomical deter- 
mination of one and if possible 2 stations on the Lukula river, 
Chipondi and perhaps Pouro, the more so as the preliminary result 
of my secondary determination of the station Lemba on this river 
differs much from that which Mr. Capra had obtained some years 
ago, when he determined the demarcation between the Freestate and 
Portuguese Congo. 

1 shall try to fill up this gap. But the difficulties are especially 
great in these parts, as the trypanosomosis has badly raged here 
of late. At any rate it will be desirable to put off till later the 
communication of my secondary determinations. 
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CORRECTIONS AND RATES OF THE CHRONOMETERS. 


Teno. ig Chron. Hewitt | Chron. Hohwi 

Date |M.T.) ce pas 

Corr. |D, Rate| °°! Corr. —_|D. Rate 
1903 May 45 19 4.47 59 03 4.46 55 03 

» 2 | 8.45 | 24.5 58.98 | 0 43 | —1 95 56.38 | 40 27 
, @ | 8.46 | 40 57.2% | —0.93 | —1.23 57.2% | 10.47 
June 20 | 8.18 | 22.0 38.13 | —0.74 | —1 24 48.13 | —0.35 
» 27 | 8.40 | 49.6 31.41 | —0.96 | —0.86 45.4 | —0.39 
July 3 | 8.32 | 19.6 26 06 | —0.89 | —0.79 40.06 | —0.89 
, 10 | 8.95 | 419.7 48 74 | —1.05 | —0.97 32.74 | —1.05 
» 17 | 8.40 | 20.4 44.17 | —1 08 | —1 10 97.57 | —0.73 
» 2% | 8.50 | 19.4 498 | —1.15 | —0.93 20.48 | —0.89 
Aug. 4 | 8.15| 9.7 | +46 51.06 | —1.09 | —1.04 45.00 | —0.54 
» % | 8.22 | 21.0 41.03 | —0.50 | —0.52 8.53 | —0.33 
Oct. 12 | 8.45 | 24.4 41.88 | 40.02 | —1.08 13.38 | 40.10 
» 19 | 8.40 | 25.6 44 45 | 40.37 | —1.03 17.95 | +0.65 
Nov. 5 | 7.93 | 25.5 54.35 | 40.58 | —0.80 4 85 | 40.93 
» 16 | 8.53 | 96.0 | +47 2.31 | 40.72 | —0.78 22.81 | 40.09 
» 20 | 7.98 | 25.6 432 | 40.50 | —0.90 23.92 | 40.98 
Dec. 20 | 8.05 | 25.3 17.97 | 40.46 | —0.86 48.97 | 40.83 
1904 Jan. 3 | 8.04 28.08 | 40.72 52.08 | +0.22 
Cvgh l 1 -B6S. 1.96.8 28.70 | +0.91 | —1.44 53.20 | +0.37 
» 47 | 7.97 | 95.7 35.56 | +0.62 | —0.80 | +47 0.56 | 40.67 
» 22 | 8.20 | 25.4 37.35 | 40.36 | —0.99 5.35 | 40.96 
» 29 1844) 952 40.79 | 40.49 | - 0.81 40 79 | 40.78 
Febr. 9 | 8.40 | 95.3 45.93 | 40.47 | —0.85 49.43 | 40.78 
» 2 | 8.0 | 25.8 55.41 | +0.86 | —0.59 4.44 | 40.48 
March 4 | 8 23 | 25.8 | +48 8.69 | 44.02 | —0.43 30.69 | +0.74 
» 31 | 8.08 | 95.7 38.47 | 44.10 | —0.32 43.47 | 40.47 
May 12 | 8.08 | 95.5 | 449 13.51 | 40.83 | —0.55 | +48 8.01 | 40.58 
» 2 | 7.80 | 245 44.83 | 40.142 | —1.00 48.33 | +0.94 
» 30 | 8.37 | 24.4 45.66 | 40.44 | —0.99 26.66 | 44.48 
June 24 | 7.70 22.83 | 40.99 47.33¢| +0.83 
Aug. 4 | 8.30 | 20.9 17.42 | 0.14 | - 0.36 | 449 8.92 | 40.57 
Sept. 30 | 7.90 | 21.2 | +48 58.86 | —0.31 | —0.61 20.86 | 40.20 
Oct. 14 | 824 | 23.8 | 449 1.48 | 40.19 | —0.79 | %.98 | $0.37 
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A = esa | —— Hewitt es Chron. Hohwii 
: we Corr. D. Rate ercond Corr. D. Rate 
1904 Oct. 24 | 8°30 | 24.3 449" 5 35 4.0 39 0 69 4.49'33 85 40 79 
Nov. 5 | 8.25 | 24.6 10.03 | +0.39 | —0.76 42.03 | +0.68 
» 40 | 8.95 | 95.4 41.93 | +0.38 | —0.90 44.93 | 10.58 
» 48 | 8.07 | 25.4 15.25 | +0.42 | —0.86 51.75 | 40.85 
» 2 | 7.99 | 5.5 49.97 | 40.43 | —0.95 | +50 3.97 | 44.44 
Dec. 9 | 8.10 | 25.4 96.46 | +0.65 | —0.63 41.96 | +0.80 
, 19 | 8.32 | 25.0 98.54 | 10.21 | —4 03 92.0% | 14.44 
1905 Jan. 2 | 8.12 | 24.6 31.26 | +0.19 | —0.96 84.26} --0.87 
» 44 | 8.40 | 25.7 36.40 | +0.43 | —4.01 46.40 | 44.04 
» om | 9.24 | 25.6 38.64 | +0.32 | —1.08 52.44 | 40.82 
Febr. 12 | 8.43 | 25.9 49.17 | 10.48 | —0.99 | +51 2.17 | +0.46 
» 2% | 8.54 | 26.2 57.37 | +0.63 | —0.91 7.87 | 40.44 
March 5 | 8.03 | 26.4 | +50 2.23 | +0.61 | —41.00 6.73 | —0.44 
» 2% | 7.94 | 26.6 146.72 | +0.72 | —0.99 10.72 | +-0.20 
Apr. 21 | 8.22 | 26.6 36.74 | +0.74 | —0.90 1.2% | —0.35 
June 27 | 8.20 | 24.4 50.70 | +0.21 | —0.82 | +150 57.70 | —0.05 
Sept. 1 | 8.66 | 21.0 29.38 | —0.32 | —0.57 29.38 | —0.43 
» 38 | 8.66 | 22.6 29.36 | —0.01 | —0.65 28.86 | —0.26 
» 7 | 8.85 | 22.6 98.35 | —0.25 | —0.90 24.35 | —1.43 
Oct. 19 | 8.05 | 24.0 33.86 | +0.143 | —0.86 1.86 | —0.54 
» A | 7.99 | 5.2 37.20 | +0.28 | —1.03 | +49 53.70 | —0.68 
Nov. 4 | 8.32 | 25.4 40.33 | +0.78 | —0.50 52.53 | —0.29 
» 2 | 8.39 | 26.4 1.46 | +0.62 | —0.91 39.96 | —0.70 
Dec. 6 | 8.18 | 26.3 | +51 2.00 | +0.76 | —0.99 31.09 | —0.63 
» 16 | 8.20 | 25.6 9.58 | 0.75 | —0.65 23.58 | —0.75 
1006 Jan. 8 | 8.26 | 26.2 26.52 | +0.74 | —0.81 9.02 | —0.63 
Febr. 2% | 8.45 | 26.3 | +52 8.84 | +0.90 | —0.68 | +48 11.34 | —1.93 
March 14 | 8.37 | 97.3 26.09 | +4.15 | —0.67 | +47 58.09 | —0.88 
» 1 | 8.41 | 26.7 33.93 | +0,.78 | —0.90 48.43 | —0.97 
Apr. 3 | 7.00 | 26.6 43,32 | 4.0.72 | —0.92 35.62 | —0.99 
May 6 | 8.45 | 25.8 58.36 | 40.46 | —1.00 0.96 | —1.05 
June 4 | 8.16) 24.2 52.20 | —0.24 | —1,98 | +46 20.84 | —1.91 
» 18 | 8.00 | 29,7 39.07 | —0.77 | 4.48 1.57 | 1.66 
July 19 | 8.52 | 20.8 8.52 | —0.98 | —1.22 | +445 9.59 | 4 68 
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II. Time determinations at Chiloango. Corrections and 
rates of the chronometers. 


In 1903 before I left for Africa I added to my chronometer of 
Hewirr another of Honwi. During my stay at Chiloango from May 
1903 to July 1906 I have regularly controlled both by making at 
proper intervals time determinations in the same way as before by 
altitudes determined with my altazimuth. Moreover I have daily 
intercompared the two chronometers. 

With regard to the time determinations themselves I need only 
add to what has been said before : 

1. that new determinations of the value of a level-part yielded 
5.4, exactly as before ; 

2. that the flexure and the division errors of the instrument were 
regularly taken into account according to the formulae in “Contri- 
butions Y’. 

Here follow the results for the corrections and rates of the chrono- 
meters. The rates, and also the temperatures added to them, refer to 
the interval between the date on one line above and that on the 
line itself. The temperatures for the periods of the two journeys 
are wanting. To the “Rates Hewirr 20° C.” I shall refer later. 

I have first investigated the rates of the chronometers with regard 
to the temperature and to this end I have formed mean rates for 


‘periods of about 2 months, in each summer and winter. 


-Period Temp. Chron. Hewitt. Chron. Hohwi. 
1903 June 20—Aug. 4 -| 19.63 | _ 1 05 _ 073 
Nov. 5—March 31") | 25.58 oo 0-71 + 0 59 
1904 June 24—Sept. 30 | 21.03 — 0.24 + 0.34 
1905 Febr. 12—April 21) 26.42 + 0.70 — 0.01 
June 27—Sept. 1 | 20.95| — 0.32 — 0.43 
1906 Jan. 8—April 3 26.83 + 0.90 — 1.10 
June 18--July 19 | 20.82 | — 0.98 | — 1.68 


For the chronometer of Hewirr I found a very distinct influence 
of the temperature and, in so far as I could find then, no variation 
with time. 


1) I have excluded the period of my journey from Dec. 20 to Jan. 3. 
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For the simple means of the 4 winter and the 3 summer rates 
and of the temperatures belonging to them I find: 


26°.28 + 08.77 
20 .61 — 0.65 
hence : Variation per degree + 08.25") — 


By means of this coefficient of temperature I have reduced all the 
rates to 20°; these reduced rates are given in the table above in 
the column: D. Rate 20°C. The simple mean value of these 
reduced rates is — 0s.87, from which the real mean reduced rate 
— 05.83 differs only little. By forming the differences between the 
reduced rates and their mean I found for the mean error of a daily 
rate, disregarding the different lengths of the intervals between the 
time determinations: 


M.E. + 08.225 


a very satisfactory result, especially in consideration of the fact that 
for the whole period of more than 3 years we have adopted a 
constant rate depending on the temperature only. 

For the chronometer of Honwi the results are somewhat less 
favourable. One sees at a glance a distinct variation with time which 
from 1904 seems to continue in the same sense. 

In order to derive the coefficient of temperature I have compared 
each summer rate with the mean of the two neighbouring winter 
rates and thus found: 


Rate summer—winter + 0.78 
+ 0.03 
— 0.05 


A regular influence of the temperature does not appear from these 
data and the greater value of the first difference must be ascribed 
to an irregular variation in the beginning. Therefore I have accepted 
for the coefficient of temperature 0*.00 and, in order to investigate 
the variation which is independent of the temperature I have formed 
mean rates for periods of about three months. They follow here 
together with the corresponding values for the chronometer of Hnwirtr 
reduced to 20°, , 


') It was impossible to determine also a quadratic term on account of the small 
differences of temperature. For the years 1901—'02 the temperature coefficient 
was found to be + 0°18, 
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DAILY RATES FROM PERIODS OF THREE MONTHS. 


| oo D. Rate Hohwii 
s s 
1903 May 15—Aug. 4 — 1.08 — 0.49 
Aug. 4—Nov. 5 — 0.90 + 0.07 
Nov. 5—Jan. 29 — 0.86 + 0.65 
1904 Jan. 29—May 12 — 0.51 + 0.55 
May 12—Aug. 1 — 0.56 + 0.72 
Aug. 1—Nov. 5 — 0.66 + 0.34 
Nov. 5—Jan. 21 — 0.93 + 0.91 
905 Jan. 21—Apr. 21 — 0.94 ‘+ 0.40 
Apr. 21—June 27 — 0.82 — 0.05 
June 27—Nov. 4 — 0,72 — 0.50 
Nov. 4—Febr. 24 — 0.76 — 0.90 
1906 Febr. 24—May 6 — 0.90 — 0.99 
May 6—July 19 | — 1.29 — 1.54 


The values of this table also show the greater regularity of the 
chronometer of Hewirr for which only the last rate shows a 
greater deviation. The rate of that of Honwé seems _tolerably 
constant during the period 1903 Nov. 5—1905 Jan. 21 for which 
the mean rate amounts to + 0°.61. 

From the differences between the single rates in this period and their 
mean we find, again disregarding the lengths of the intervals: 

M.E. Daily rate Honwi + 0*,30 


still greater than for Hewirr. But on the other hand the large 
coefficient of temperature of the latter is a disadvantage for periods 
for which the temperature is not accurately known. 


III. New determination of the latitude of Chiloango. 


In the months of November and December 1903 I made a new 
determination of the latitude of Chiloango, again by altitudes observed 
with my universal instrument, with the only difference that a much 
greater number of stars was observed, but with only one pointing 
for each of them at the moment of transit over the meridian. The 
observations were arranged so that 2 northern and 2 southern stars 


(96 ) 


1903 DECEMBER 7 


Adopted runcorrection for 10' —0'.66 


m zenith point 


239°59'47".32 


Temperature and barometer for ist star 25.3 759.4 
3 4th ,, 24.9 759.5 
6th ,, 24.6 759.6 
12th ,, 24.0 759.8 
| ee | Level sen as 
Star rani Zenithdist. Refr. | Lat. 
_ Micr. A ee 
: 5°41! 
« Sculptoris | R | 264°40' 15" | 39°54" | — 3"89 | 24°40'49'42 | 9537] 68”01 
15 Bl . 
6 Phoenicis | L | 19758 49 | 5824 | —2.97| 42 114.53] 49.73] 69.94 
48 23 
£ Andromedae, R | 28048 7 | 17 42 0.00} 4018 8.23} 46.82) 64.95 
7 47 
@ Cassiopeiae | L | 175 5 24 | 5 5 | +2.50] 64 54 31.00 4'57.47| 65.87 
23 3 
7 Phoenicis | R | 278 35 57 | 35 33 | +4.08| 38 35 58.96 | 44.13| 67.91 
58 33 
« Eridani L | 187 29 33 | 2915 | — 2.43) 52 30 26.79 14 12.04} 66.67 
34 44 
¢ Persei R | 205 23 16 | 2257 | — 3.78! 55 23 14.98 [4 20.03] 66.74 
12 56 
« Cassiopeiae | L | 171 38 9 | 3756 | + 0.54! 68 21 44.73 |2 18.50] 62.98 
a) 
« Hydri R | 296 49 0 | 4839 | + 0.81) 5649 1.24 |4 24.44) 68.02 
48 58 35 
7 Andromedae) L | 192 56 47 | 5623 | — 4.86 | 47 318.C3| 59.55) 62.48 
re 22 
« Arietis R | 2812 3 | 11 38 — 4.62 | 9812 2.27] 99.75) 50.02 
6 38 
¢ Eridani /L | 193 15 2 | 1455 | 4-29.70 | 46 44 95.38 | 58.91] 64.91 
ve 22 | 56 


a as Bee ies ae 
on He = Latitude 
N. R. NL | SR S. L. 
1903 — 541’ 
November 28 | ¢ Toucani R S 60° 57''42 
Zenithp. 180° | « Phoenicis | L S 38 58"21 
« Cassiop R «| N 61) 66"43 
y Cassiop L |_N 65 7199 
« Sculptoris | R S % 49.73 
8 Phoenicis | L S 42 59.27 
& Androm. R N 40| 65.53 
v Piscium L N 32 71.42 
@ Cassiop R N 65] 67.73 
Mean 66.56 71.70, 53.58 | 58.74 
December 2 7 Cassiop. L N 65 67.85 
Zenithp. 210° | «Sculptoris| R 25 57.£4 
: #Androm. | R | N 40| 67.85 
Mean 67.85 | 67.85 | 57.91 
December 6 « Sculptoris | R $ S 60.98 ° 
Zenithp. 210° | fPhoenicis  L S 4 64.35 
8 Androm. R N 40 | 69.94 
@ Cassiop. L N 65 69.59 
7 Phoenicis | R S 39 63 53 
« Eridani L S 53 59.45 
Mean 69.94 69.59 62.26 61.90 
December 7 | «Sculptoris| R | S 2 68.04 
Zenithp. 240° | 8 Phoenicis | L S 42 69.94 
8 Androm. R N 40} 64.95 
? Cassiop L N 65 65.87 
y Phoenicis | R S 39 67.94 
« Eridani & S 53 66 .67 
? Persei R N 55) 66.71 
« Cassiop. | L | N 68 62.93 7 
7 
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Latitude 


Date Star Des 
ot a, NL | SR th 
— 5° 11! 
Dec. 7 cont. « Hydri R S57? 65!'02 
7 Androm. L N 47 6248 
« Arietis R N 28] 59"02 
? Eridani L S 47 64"91 
Mean 63.56 | 63.76 | 66.98 | 67.17 
December 10 | @ Cassiop. | L N 65 63.11 . 
Zenithp. 270° | 7 Phoenicis | R S 39 68.08 
« Eridani | S 53 d 69.66 
? Persei R N 55 | 61.48 
¢ Cassiop. L N 68 64.79 
« Hydri R S 57 68.58 
6 Trianguli | R N 40} 62.54 
? Eridani A; S 47 71.22 
Mean 61.86 | 63.95 | 68.33) 70.44 
December 14 | 7 Phoenicis | R S 39 62.22 
Zenithp. 300 « Eridani L S 53 62.88 
 Arietis R N 26] 58.44 
« Hydri R S 57 65.99 
7 Androm, L N 47 59.56 
& Trianguli | R N 40 | 64.07 
¢ Eridani L S 47 61.99 
@ Hydri R S 64 "64.13 
i Mean 61.24 59.56 | 64.11 | 62.44 
December 15 | ?¢ Cassiop. . N 65 68 .96 
Zenithp. 330 7 Phoenicis | R S 39 64.05 
« Eridani L S 53 59.03 
¢ Persei R N 55 | 72.49 
« Cassiop. i N 68 68.416 
« Hydri R S 57 57.46 
7 Androm. R N 47 | 67.16 
4 Trianguli | L N 40 68.18 
¢ Eridani L S 47 59.67 
Mean 69.82 | 68.43| 60.76 | 59.35 
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were observed alternately, and of each of these pairs the one in the 
position circle to the right, the other in the position circle to the left. 

The readings were always made with each of the two micros- 
copes both on the preceding and on the following division. 
The corrections for run and for the level reading were applied 
exactly as before (comp. Contrib. I. p. 280), the refraction was 
derived from the tables of Besse, and the declinations of the 
stars were taken as before from the Nautical Almanac, i. e. 
from the catalogue of Newcoms. Only now and then I have 
also observed stars from the Berliner Jahrbuch, namely v Piscium, 
d Cassiopeiae and g Persei. To reduce them to Newcoms I have 
applied to them the following corrections: — 0".1, —0O"8 and 
+ 0".7, according to data communicated to me by Dr. E. F. v. pb. 
SANDE BAKHUYZEN. 

The reading for the zenith was assumed to be constant for each 
night and determined so as to make all the stars agree inter se as 
well as possible. By the regular alternation of the positions of the 
instrument an error in the adopted zenith point was eliminated almost 
entirely. 

The observations were made in 6 positions of the circle, each 
differing from the next by 30°. 

As an example | will first give the observations of one night 
in full. 

I now proceed to give for all the observations the resulting values 
for the latitude in 4 columns: for the north stars circle right and left 
and for the south stars circle right and left. To these I add the 
approximate zenith distances of the stars. 

The observations at zenith point 210° are distributed over two 
nights, Dec. 2 and Dec. 6. Because it is not permissible to consider 
the zenith point for the two as exactly equal, it seemed better 
to exclude from the observations of Dec. 2 the only southern star 
obtained. For the rest no observations are excluded, not even the 
few which deviated rather much. 

For each position of the circle I have combined the results for 
the two positions of the instrument, but I kept apart those from the 
northern and from the southern stars and so I obtained: (see p. 100) 

To the results from the northern and the southern stars I have 
added their differences and their means. In so far as we may 
assume that the north and the south stars had in the mean the 
same zenith distance, the former represent the corrections to the 
measured arcs of 22 for errors of division + double the correction 
to the measured z for flexure (comp. Contrib. 1 p. 285), while on the 

7* 
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Zenithpoint North stars | South stars N—S oo 

— 5° 44! — 5°42! 
480° 69'43 566 — 412"97 2"64 
210 . 68.81 62.08 — 6.73 5.44 
240 63.66 67.08 -+ 3.42 5.37 
270 62.90 69.38 + 6.48 6.44 
300 60.49 _ 63.98 |+ 2.98] 41.84 
330 69.12 60.06 — 9.06 4.59 

Mean 65.67 63.01 — 2.66 4.34 


same supposition the means from the north and the south stars are 
free from these two errors. 

To derive the errors of division and of flexure we obtain, the 
mean zenith distance amounting to 49°, with the same notations as 
before : 


d= On ne OO 
= — Bb ain 98° 
ce= 2c sin 49°— — 2.66 


whence, if @ stands again for the circle reading: 

Correction for division errors to the circle reading —5."18 sin 2a —0."41 cos 2a 
= +5."15 sin (2a—175.°4) 

Correction for jlexure to the zenith distance —1."76 sin z. 


The mean of the values in the last column is: 
y = — 5°12'4".34. 

The formula for the correction for division errors agrees very 
well with that derived from the observations of 1900—01, which is 
of importance for the correction of my other observations of zenith 
distances. For the coefficient of the flexure I had formerly found 
— 0.60; the difference may still be ascribed to accidental causes. | 

Finally 1 give here the 12 separate results for the latitude, each 
corrected for division errors and flexure. (see p. 101). 

Their mean value must of course be equal to that of the uncor- 
rected results. From the comparison of the former with their mean 
we derive for the mean error of the final result + 0."57. Hence 
this is: | 

y = — 5°12'4".34 + O".57. 
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North stars | South stars 
— 5° 12! 
480° 272 2"57 
210 5.30 5.59 
240 5.23 5.54 
270 6.65 5.63 
300 1.25 2.43 
330 4.89 4.29 


This result may be combined with that of 1900—01. For the 
latter I adopt the first value of Contrib. 1 p. (284), but I estimate 
its mean error to be not less than that which I have now found. 

Thus: | 

Latitude of the pier of observation. 

1900—01 — 5° 12'4".01 + 0".6 

1903 4.34+0.6 

Together —5°12'4".2 +0"4 

I think that the agreement is quite satisfactory. 


IV. Determinations of the longitude and the latitude of N’ Kutu, 
| Mayili, Buku-Zan and Chimbete. 


1. Journey of 1903 December 22—31. Observations at N’ Kutu. 

During this journey the chronometers were transported all the way 
by water, hence extraordinary perturbations are not to be feared. 
But the temperature was certainly higher than at the same time at 
Chiloango; it amounted at least to 26° and may have been between 
26° and 30°. A comparison of the rate of Hewirr from Dec. 20 
to Jan. 3 with the mean reduced rate for those months would yield 
a temperature of 26°.4, which is of course an uncertain estimation. 
Although there is no reason to expect any difference in temperature 
between the journey to N’Kutu and the journey back, yet the uncer- 
tainty about this affords a disadvantage for Hewirr and therefore, 
for the determination of the longitude, I have finally given equal 
weights to the two chronometers. 

The computation of the time and the latitude at a place of which 
the geographical position is unknown had of course to be made in 
successive approximations. Here I shall give only the final results, 
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The observations were made in the factory of the firm Harron- 
and Cookson. 


Determination of the longitude. A time determination of 26 Dec. by 
means of 4 observations of 8 Orionis in both positions of the instru- 
ment, each time over 7 horizontal threads, yielded the following 
corrections of the chronometers to the mean time of N’Kutu. Together 
with these I give the corrections to the mean time of Chiloango 
derived by simple interpolation — the best thing to be done — 
between the time determinations of Dec. 20 and Jan. 3, and finally 
the resulting difference of longitude. 


December 26.296 (M. T. Chiloango). 


Hohwii Hewitt 
Correction to M. T. N’Kutu) + 48™48s.85 + 49™228.35 
be » »  Chiloango 46 50 .29 47 22 .27 
Difference of longitude — 1 58 .56 — 1 60.08 


Adopting the simple mean of the two results, we find for the 
longitude of N’Kutu relatively to Chiloango 


— 1™ 59.32. 


Determination of the latitude. On December 29 I secured a deter- 
mination of the latitude by 3 pairs of observed zenith distances, i.e. three 
observations in each position of the instrument, of 8 Andromedae 
(zg = 40° North) and by 2 pairs of @ Eridani (z¢ = 53° South). 

The results were : 


8B Andromedae 18* pair — 4°57' 9".90 


aah 11.06 
BO hg 11.24 
Mean 10.73 


Corrected — 4°57' 5".74 


a Eridani 1st pair — 4°56'57".69 
Qu, 59.81 
Mean 58.75 
Corrected — 4°57' 3".72 


Hence the mean result for the latitude is: 


— 4°57'4'.7 
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2. Journey of 1904 June 2—23. Corrections of the chronometers. 


As this journey was made almost entirely by land the circum- 
stances were much less favourable for the regularity of the chrono- 
meters, in spite of all precautions taken. The intercomparisons, which 
were made at least once every day, clearly show small irregularities 
now and then and once on June 3, when the carriers were not 
yet accustomed to their task, as I have said before, a serious 
perturbation occurred. 

The instruments were almost always carried in the shadow of the 
woods and only a few times they can have been exposed to the sun- 
beams. We must assume, however, that they were subject to the 
general fall of temperature which occurs in these parts in June, and 
thence follows that we may not accept a constant rate for the chrono- 
meter of Hewirr. 

From my regular thermometer readings in 1903 and 1905 I derive 
for the mean fall of temperature during June 2°18, i. e. on an 
average per day 0°.073; this would cause a variation of rate for 
Hewitt of — 0*.018 per day. On this supposition and starting from 
the time determinations at Chiloango of May 30 and June 24, the 
daily rate would have been at the beginning (May 30—31) + 0°.50 
and at the end (June 23—24) + 0.08. 

As the temperature coefficient of Honwi may be considered zero, 
we may gather some evidence on this point from the relative rates 
during the journey. Beginning after the perturbation on June 3, I 
find the following differences between the two chronometers, each 
being the mean result from at least three comparisons, and derive 
from them the relative rates subjoined. | 


Hohwii — Hewitt 


10 Mette. a 
15 See 
20 OO tare dd 
24 i Rh 


As the mean rate of Honwi was about + 0.*9, these values agree 
fairly well with the assumed variable rate for Hewirrt, which I there- 
fore adopt as the most probable. For the middle of the period, June 
12, the chronometer correction derived by means of the latter rates 
differs from that which would follow from the constant rate + 0.*29 
by 1.536. | 

A great difficulty is caused by the perturbation on June 3, when 
the difference between the chronometers seems to have varied abruptly 
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3 secs. It was probable that this must be attributed to the chrono- 
meter Honwi, which supposition seems confirmed by the time deter- 
mination at N’Kutu of June 5 if we reduce it to Chiloango with the 
difference of longitude determined in Dec. 1903, but it is undoubtable 
that we have here a source of uncertainty for the following deter- 
minations of longitude. I already remark here that I bave finally accepted 
no jump in Hewirr and one of 2 seconds in Honwi. For the daily 
rate of the latter we then must accept + 0°.91 instead of + 0.83. 
In addition I remark that also for the determinations in 1904 I have 
assigned equal weights to the two chronometers. 


3. Determinations of longitude mn 1904. 


Mayili. On June 2 I here secured a time determination by means 
of Sirius west, and of e« Bootis east of the meridian. The results 
obtained from the two, corrected for division errors and flexure, 
differ inter se by 0*.37. 

Here follow the mean results, to which I have added the correc- 
tions to the mean time of Chiloango derived by means of the adopted 
rates (+ 0°.91 for Honwi and a variable rate for Hewirr) and the 
difference of longitude derived thence. 


June 2 655 M.T. Chiloango 


Hohwii Hewitt 
Correction to M.T. Mayili -+ 49™50s.89 + 50™36s.39 
¥ » 9» Chiloango + 48 29 .33 + 49 17.08 
Difference of longitude — i 21 .56 — 1 19.31 


Mean — 1™20'.44 
In 1902 I had found — 1™215.3, 


If we had derived the correction of Honwi with a rate of +-0:.83, 
the difference of longitude according to this chronometer would have 
been —1™"21*.80, while Hewirr with an assumed constant rate 
would have yielded — 1™19*,89. 


N’Kutu. Here I was obliged to have recourse to the sun for 
determination of time and on June 5 I obtained the following results 
from 4 observations of the two limbs in the two positions of the 
instrument. I now begin by deriving the correction of Honwi to 
the M. T. of Chiloango, without accepting a jump, and therefore 
with the rate +- 0°83. 
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June 5 3°14 M.T. 


Honwi Hewitt 
Correction to M.T. N’Kutu + 5028.54 + 51™17s.54 
» . 9» Chiloango -+ 48 31 45 + 49 18 .30 
Difference of longitude — 1 57.09 — 1 59.24 


while the result of Dec. 1903 was — 1™59*.32. From this it would 
appear that on June 3 a perturbation occurred in Honwi and 
not in Hewirr and that the jump in the former amounts to about 
2 secs., which agrees sufficiently with the observed abrupt variation 
in the difference between the two. 

For a more accurate investigation of the perturbation I have tried 
to avail myself of the time determination of June 2 at Mayili, after 
having reduced it to Chiloango by means of the difference of longitude 
determined in 1902, but this has not thrown more light on the 
subject. Everything considered I have finally accepted as the effect 
of the perturbation: a jump of 2 seconds in Honwi. 

As to the longitude of N’Kutu itself, it will be best to use for it 
only the determination of Dec. 1903, although the new determination 
by Hxwirr perfectly agrees with il. 


Buku-Zan. My observations were made in the factory of the firm 
Harton and Cookson. For a time determination I could obtain only 
3 pointings at the sun’s limbs on June 14. To their results I have 
added the corrections to M. T. Chiloango according to the adopted 
computation (i.e. with a jump in Hounwé and a variable rate of 
Hewitt) and also the difference of longitude derived from them. 


June 14 4°O M.T. 


Honwt Hewitt 
Correction to M.T. Buku-Zan -+ 50™13543 + 5057593 
ne » » Chiloango + 48 38.12 + 49 21.22 
Difference of longitude — 1 35.31 — 1 36.71 


Mean — 1™36°01 

Computed with constant rates and without an assumed jump the 
results would have been — 1"34°51 and — 1™38*02, hence in less 
good harmony. 

Chimbete. Also here (factory of Harron and Cookson) I could 
observe only the sun for a time determination, but I secured at least 
a complete set of 4 observations of both limbs in both positions ; 
the two pairs computed separately differ by 0.583. 

The results were the following; to these I have added the cor- 
rections to M. T: Chiloango according to the adopted computations, 
and the difference of longitude derived by means of them, 
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June 21 3°6 M. T. 


Honwitt Hewitt 
Correction to M. T. Chimbete + 50™37573 + 51™15°73 
» », Chiloango + 48 44.46 + 49 22.52 


Difference of longitude — 1 53.27 — 1 53.21 
Mean — 1™53s24 
whereas if computed with constant rates without an assumed jump. 
I would have got —1™53°03 and — 1753581. 


Thus the results following from the two computations differ much 
less than for the other places. 


4. Determinations of latitude in 1904. 

Buku-Zan. For a determination of the latitude I could observe 
only on June 15 one star in the south, 8 Centauri. Of this star I 
obtained 8 pointings distributed equally over the two positions. 

The results were: 

1st pair p—— 4° 46’ 4"46 


Qad 5.51 
gr, 8.54 
4h, 6.51 
Mean 6.26 
and after correction for division error and flexure 
yg = — 44611" 1. 


Chimbete. 1 only succeeded on June 20 in securing 10 pointings 
on a Crucis, distributed equally over the two positions, with the 
following results. 


1* pair g = — 35° 1' 18".40 
a4, 18 .65 
alee 21 .83 
ee 20 .53 
eae 19 .52 
Mean 19 .78 


and after correction for division error and flexure 
yg = — 5°1' 24"5 
5. Final results. 

I finally accept the following values as the most probable results of 
my determinations of the longitude and the latitude of the four stations 
in the interior. For the longitude of Mayili I take the mean of the 
two determinations and for that of N’Kutu I use only that of 1903, 
Difference of longitude 


Latitude cat ate 
with Chiloango 
Mayili — 5° 440" — 1™ 20*.9 
N’Kutu —4 57 5 —1 59.3 
Buku Zan —4 4611 —1Jj 36.0 


Chimbete —-5 125 —1 53 2 
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Astronomy. — “(Contributions to the determination of geographical 
positions on the West-coast of Africa. III. Appendix.” By 
C. Sanpers. (Communicated by E. F. vAN DE SANDE Baknuyzen). 


6. Modified computation of the determinations of longitude in 1904. 


For the computation of the corrections of my chronometers to the 
M. T. of Chiloango during my journey of June 1904 I have supposed 
that the chronometer of Hewirr had not been influenced by the 
perturbation on June 3 and that the one of Honwi had advanced 
2 secs. 

I had adopted the value of 2 secs. chiefly in order not to 
exaggerate. But the result of the time determination on June 5 at 
N’Kutu, taking into account the modification of the rate involved 
in the supposition of a jump of a given amount, as well as the com- 
parisons on June 3 render it more probable that Honwi advanced 3 secs. 

I shall therefore give here the results which we obtain on the 
latter supposition, assuming a daily rate for Honwi of + 0°.95. 
I shall also show to what results we should arrive if we adopted 
the extreme supposition in the opposite sense, namely that Honwié 
was not perturbed and that Hewirr had omitted 6 beats = 3 secs, and 
if we again assumed daily rates of both in accordance with the last 
supposition. This supposition is not very probable but neither quite 
impossible, and in this way we may at least form some idea of the 
still remaining uncertainty. For the rest I still hold the supposition 
that the rate of Hewirr has varied during the journey owing 
to the fall of temperature. Here follow the values obtained for the 
difference of longitude between the 4 stations and Chiloango: 

a on the previous supposition ; 

6 adopting for Honwé a jump of 3 secs. ; 

ce adopting a jump of 3 secs. in the opposite sense for Hewirr. 


Honwt’ Hewirr MEAN 
Mayili a —1™21956 19:31 —1™2044 


b 21.45 19.31 20.38 

c 21.80 19.66 20.73 

N’Kutu)s a —1™58°62 59524 — 1™58:93 
b 59.39 59.24 59.32 

; c 57.09 56.94 57.02 
Buku Zan a —1™35531 36871 —1™36901 
b 35.73 36.71 36.22 


c 34.51 35.49 35.00 
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Hoswiti Hewitt MRrAN 


Chimbete a — 1™53827 53521 —1™53s24 
b 53.44 53.21 53.31 
c 53.03 52.83 52.93 


We find in the first place that the longitude of N’Kutu on 
supposition 6 agrees exactly with the result of December 1903 which 
was 59:.32, and on supposition c differs strongly from it, whence 
appears clearly that the latter is less probable. It further appears that, 
with regard to the three other stations, the results on the two extreme 
suppositions 6 and c¢ differ 18.2 for Buku Zan and only 0:.4 for 
Mayili and Chimbete, while the results on suppositions a and 6 
differ for Buku Zan 0°.2 and for Mayili and Chimbete less than 08.1. 
The results from the two chronometers separately accord fairly well 
inter se, Mayili excepted. 

As we reject the result of 1904 for N’Kutu and replace it by 
that of 1903 and as for Mayili we can take the mean of the results 
of 1902 and 1904, we find that the uncertainty caused in the final 
results by the perturbation is less than was to be feared. 


Lastly I give here the final results obtained in this way, assuming 
thereby the most probable supposition 6: 


Difference of longitude with Chiloango 


Mayili — 1™20°.8 
N’Kutu — 1 59.3 
Buku Zan — 1 36 .2 
* Chimbete — 1 53 .3 


The differences with the values adopted before are at the utmost 08.2. 


Astronomy. — “Observation of the transit of Mercury on November 
14, 1907 at Chiloango in Portuguese West-Africa’. By 
©. Sanpers. (Communicated by Dr. E. F. van pr Sanpe 
BAKHUYZEN). 


(Communicated in the meeting of May 80, 1908). 


For a short time I have possessed a telescope of Zuiss of 80 mm. 
aperture and 120 cm. focal length. With this telescope I intend to 
observe in the first place occultations of stars in order to determine the 
longitude of my observing station with greater precision than hitherto 
has been possible. For the present the telescope has an azimuthal 
mounting, which however soon will be replaced by an equatorial 
mounting with slow motions and small divided circles. In the mean time 
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I have been able to use the telescope for observing, at least partly, 
the transit of Mercury on November 14 1907, and I venture to 
publish my results here. 

To give my telescope a firm basis I had a pier built of beton 
surrounded by an isolated floor and provided with a movable roof 
open at the sides, which roof can be entirely moved aside. For the 
transit of Mercury, however, I kept the roof over the instrument in 
order to protect myself from the burning sunbeams and especially 
to keep out the light from outside as much as possible. 

For the observations I had constructed a projection apparatus, a 
kind of camera having the shape of a truncated pyramid, of which 
one side is open and the three others are coated with black paper. 
The base on which the image was to be formed was at a distance 
of about 14 em. from the eye piece. The camera was adjustable in 
distance and in inclination, to secure the proper position of the 
plane of the image. 

With the highest power of the telescope, 133, the diameter of 
the projected image of Mercury was nearly 1 mm. The fine solar 
spots that were present could be sharply observed and those in the 
neighbourhood of the western limb could be seen surrounded by 
very distinct faculae. 

Unfortunately the beginning of the transit was hidden from my 
view by clouds. Towards 1 o’clock mean time of Chiloango it began 
to clear up and, after Mercury had been visible on the sun as a 
well defined disc, its egress could be observed very well. I found: 

third contact at 2®35"38* M.T. Chiloango 
last ¥ ecw Gee fy, ‘ 


The moment of the 4 contact, that at which the last impression on 
the limb seemed to disappear, was difficult to estimate within some 
seconds chiefly owing to the unsteadiness of the images, but I hold that 
but for this unsteadiness the observation of the last internal contact 
could have been made with great precision. The corrections of my 
chronometers were derived from time determinations before and after 
the transit. 

The times computed from the Nautical Almanac for the 3" and 
the 4 contact at Chiloango were 2°35™47* and 2"38™24*. Thence 
follow for the differences observation —- computation: — 9° and — 17s.*) 


1) (Note added by E. F. v. p. Sanpe Baxnuyzen). According to the mean of the 
observations made at Leiden, these differences were —6° and —21s. Hence the 
results of Mr. Sanpers agree very well with these. The greater difference for the 
4th contact must probably be ascribed to the circumstance that all the observers have 
observed this phenomenon too early. 
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Zoology. — “Some results of the investigation of the Cirripeds col- 
lected during the cruise of the Dutch man-of-war “Siboga” 
in the Malay Archipelago.” By Dr. P. P. C. Horx. 


Having explained the position the Cirripeds occupy in the Class 
Crustacea the author emphasized first of all the great advantage os 
possessing Darwin’s well-known Monograph’) when studying the 
animals of this group. This. book may still be considered as a model 
for similar monographs, not only in treating the Sub-Class from a 
general point of view, but also for the description of the different 
species. 

As might be expected the study of the material collected with the 
“Siboga” has considerably increased our knowledge concerning the 
biology, the mutual relations and the anatomy of these animals: a 
few interesting cases have already been communicated to the Academy’) 
and a more detailed treatinent is given in the Report on the group 
published in the Results of the Expeditions edited by Prof. Max 
Weser. The first part of this Report on the Cirripeds was published 
in September 1907, a great deal of the second part and the deter- 
mination of nearly the whole material has been achieved by this time. 

To have an idea of the importance of the material collected by 
the “Siboga” it is worth while to compare it with that obtained 
during the English expedition with the “Challenger”. The English 
man-of-war the “Challenger” made a cruise round the world, which 
lasted about three years and a half, and brought home collections 
from nearly all the oceans and seas of the earth’s surface; the 
Cirripeds collected during that cruise were also worked up by the 
present author, the report on the group was published in 1883. 
From the accompanying table it may now be seen that the material 
collected by the ‘‘Siboga’” in the course of one year, and, comparat- 
ively speaking, in an area of limited extension, is not inferior to 
that of the “Challenger”; the latter, however, collected the greater 
part of its spoil from the bottom of the great oceans of the world 
where as a rule the depth was very important. The “Siboga” on 
the other hand, had better opportunity to investigate coasts, reefs 
ete. Hence it is easily understood that whereas the ‘Challenger’ 
from depths to over 5000 m, obtained a richer collection of true 
deepsea-animals, the “Siboga’”’ succeeded in collecting along with an 


') Danwis, Cu., Monograph of the Subclass Cirripedia (in 2 Volumes), Vol. I. 
The Lepadidae or Pedunculated Cirripedes, 1851; Vol. I. The Balanidae (or Sessile 
Cirripedes); The Verrucidae ete, 1854. London: Printed for the Ray Society, 

*) Proceedings of the Academy of Sc. of June 25th, 1904 and January 27th, 1906, 
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COMPARISON OF THE CIRRIPEDS COLLECTED BY THE “SIBOGA”, 
WITH THOSE OBTAINED BY THE “CHALLENGER”. 


j Siboga: Malay Archipelago Voces peed | 2 world 
; cen | 3H | BS [Bagel ge =i by fsge ce 
‘ de | dy Qeatlst|ds|fs Had 97 
E 32 s |§3os $e Z5\=5 23 =s 
| g | 58 5° a15e5°* 
a s|-| 2] 2] - Ja 
———_—Diichetaspis See ae a 
— Conehoderma Bl Wha he Pee dO 
Me 9 { 4 is 4 1 ~— Me 
Alepas 5 5 eee eo per 
Microlepas n. gen. 4 1 mes ee Nay ea ~ 2 
Iola hee la ek o t S 
Scalpellum 98 39 8 92 || 43 | 43 7 36 
Pollicipes 1 “<= a Sa ES) ae o a 
Lithotrya 4 ee oe 
Bekiess +20*) | 440°) 3 43) |} 40 5 2 1°) 
Acasta 2 ee ye 
Tetraclita ee Pe er le 
Pyrgoma ee ok ek 
Creusia Se - it - i -t - d| 
Coronula sie — - iy 4 = a a 
Chthamalus 2 “3 os a , ; ae 2 
Hexelasma n. gen. 4 i got 2 Sen i ve 
Verruca 7 ¥ ee Pan | o : 
Total oe 8 ad A El me 
50 deepsea-spec. 56 deepsea-spec. 


y Provisional determination. 

Dichelaspis Weberi from a depth of 560 m. 

agerhart from 538 m. and Alepas ovalis from 984 m. 
alatus from 564 m. 

*) Hexelasma arafurae from 560 m. 

*) Poecilasma carinatum from 150 m. and P. gracile from 740 m. 
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important deepsea-material, a greater number of shallow-water forms: 
a richer collection altogether, as many species of Cirripeds belong to 
the coastal fauna. 

However, this table was not compiled especially to show the greater 
number of species collected by the Dutch expedition. Its main object 
is to point out that the deepsea-material of all the oceans and seas of 
the world together, as far as Cirripeds are concerned, has after all no 
other composition than that which was collected in a relatively small area, 
the Malay Archipelago. For both collections that composition comes to 
this, that after all only two genera Scalpellum and Verruca, in deeper 
water, are represented by numerous species and that the other genera 
which do occur in that deeper water are represented there by very 
few forms only. It is true that the genera Scalpellum and Verruca, 
in shallow water, are also represented by several species: we now 
know 125 species of Scalpellum, which are so-called “good” species 
and which in any case, almost without exception, can easily be 
distinguished from one another; of these 90 live at depths of over 
500 m. to ca. 5000 m. and 35 in shallower water. The number of 
known species of Verruca now amounts to 36; of these 5 were 
observed in shallow water and 31 at depths from 500 to ca. 3400 m. 
In deep water, however, only these two genera found circumstances 
specially favourable for the formation of new species, whereas the same 
for other genera holds good in more shallow water. As an instance of 
the latter the genus Balanus may be pointed out: of this genus by 
this time over 60 species are known and, therefore, it can safely be 
considered as one rich in species. However, only 5 of these have 
been observed in water of a depth of 200—500 m. and of the latter 
only 2 at a depth down to 564 m. On the other hand 55 species 
of this genus are known, which inhabit the coast or relatively shallow 
water only. 

The author thinks that at the present moment our knowledge is 
by far too incomplete to permit of an explanation of phenomena of 
this kind; in such cases all we can do is to try to state and to 
control the facts as accurately as possible and we must then confine 
ourselves to considering it as a peculiarity of a few genera that their 
numerous species diyide themselves over so strongly divergent depths, 
whereas it is characteristic of other genera that none, or a single, or 
a few species only have been able to adapt themselves to somewhat 
more considerable depths. 

It is remarkable at the same time, and this holds good for the 
genus Scalpellum especially, but for most of the known species of 
Verruca also, that such richness in species is accompanied by so great 


ae. ey ee CU 
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an isolation of the different forms. Of course, we cannot express 
our opinion on this matter with absolute certainty, as dredging, 
especially in deeper water, always remains an insecure method of 
testing the greater or lesser commonness of a species at the place 
where it occurs. Yet it is very striking, that in the collections made 
the species of Cirripeds from deeper water nearly without an excep- 
tion are represented by one or by a very few specimens only. Especially 
when taking into consideration that the pelagic Cirripeds and those 
living near the coast or in shallow water, are nearly all of them 
characterised by numerous specimens living in the neighbourhood of 
one another, we are brought to admit, that where the depth is more 
considerable, relatively large distances separate the places, where the 
animals of a certain species occur, from one another, or, that specimens 
of such a species are never numerous and not to be found at all 
at very many places. This is also proved by the circumstance, that 
the “Siboga” found again specimens of two species of Scalpellum 
only out of the ten which were collected by the “Challenger” in the 
Malay Archipelago. That the “Siboga’ found again the only species 
of Verruco which the “Challenger” brought home from deeper water 
in that area, would not be in accordance herewith — in both cases, 
however, that species was also represented by very few specimens 
only. Finally, it seems astonishing in this connection that in several 
cases representatives of two and three species of the genus Scolpellum, 
sometimes moreover accompanied by a single specimen of a species 
of Verruca, were obtained with the same haul of the dredge, from 
the very same locality in consequence. Such stations seem to be very 
favourable for the occurrence of these animals: however, for these 
found there the same holds good, viz., that they were collected in 
very few specimens only ‘). 

For some deepsea-species of Scalpellum it was possible to make 
out, that they produced only a few but relatively large eggs, and 
that their metamorphosis was an abbreviated one. There is good 
reason to suppose that these peculiarities are of importance for the 
question of their scarcity —- we cannot say, however, that the one 
is explained by the other. Nevertheless, so far as our knowledge 


1) It is obvious to admit, that the condition of the bottom in such cases is all- 


important. Without denying it. we must point out, however, that to judge from 
the information regarding the condition of the bottom as given in the list of the 


‘stations, its importance for the distribution of the Cirripedia is by no means so 


apparent as might be expected. So we can well say that many species of Scalpel- 


_ lum were found at places where the bottom was muddy, but several other species 


were obtained from a bottom of hard sand, of coarse sand or of coral sand ete. etc. 


8 
Proceedings Royal Acad. Amsterdam Vol. XI. 
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now goes, we must consider the deepsea-species of Scalpellum 
and Verruca as hermits; as the number of species of these genera 
especially is very large, most probably they furnish precious evidence 
for the ideas, about the influence of isolation on the origin of new 
species, which were brought forward originally by Moritz WaGnER’) 
and were criticised and adopted in a much modified form only by 
WEISMANN °). 3 qe 


For the geographical distribution of the Cirripeds the study of 
those collected by the “Siboga’” has also been very instructive. With 
the exception of the pelagic forms, which are found attached to 
floating objects: pieces of wood, vessels, animals swimming at the 
surface : Cetaceans and others, ete. ete. and many of which are found 
in various parts of the world, these Crustaceans live attached to 
stones, shells of molluses, corals ete. ; the latter have good oppor- 
tunity for active locomotion only in larval condition. But even in 
that condition, in consequence of their nearly microscopic size, their 
activity is only very limited; Nauplius- and Zoéa-larvae have limbs 
which enable them to move about, but more important is no doubt 
the distribution they are subjected to in a passive way, i.e. by 
means of the currents. However, even the latter distribution as a 
rule seems to be a very limited one: we only know very few non- 
pelagic Cirripeds which have a world-wide range or which occur in 
several of the eight provinces which were proposed by the present 
author in his Report on the “Challenger” Cirripeds for the animals 
of this group. The East-Indian or Malay Archipelago combined with 
the Philippines, Malacca, New-Guinea and the East coast of (British) 
India is one of these provinces; the investigation of the ‘“Siboga’’- 
material has shown again that this province indeed possesses its own 
Cirripeds, with the exception only of those species, which so to 
say spread themselves over its boundaries into other provinces, per- 
haps also of a few species which are at home in an adjacent pro- 
vince and came over its frontiers into the Malay Archipelago. Of 
the deepsea-Cirripeds we only know one single species, which can 
be said to occur at widely distant places of the earth’s surface : 
Sealpellum acutum. The “Challenger” collected this species in the 
Atlantic Ocean (near the Azores) and in the Pacifie (near the Kermadee- 
Islands) at a depth of 940-1800 m.; the “Talisman” also in the 


') Waonen, Monvrz, Die Darwin'sche Theorie und das Migrationsgesetz der 
Organismen, Leipzig, 1868, 

*) Wewann, Avevsr, Ueber den Einfluss der Isolirung auf die Artbildung, 
Leipzig, 1872, 
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Atlantic (not very far from the coast of Portugal) at a depth of 
1925 m.; the “Siboga’, finally, at three different places in the 
Malay Archipelago and at depths varying from 825 to 1265 m. But 
this does not change the rule, which still can be accepted as general, 
viz. that whereas several genera of Cirripedia, and those of the 
deepsea in the first place, are spread over the whole surface of 
the earth, the species of Cirripeds and especially the deepsea-species 
have been found to possess a very local distribution only. 


To close this article a few words on the relation of the deepsea- 
forms to the extinct Cirripeds of which fossil remains have been 
preserved. The material collected with the “Siboga” in this regard 
also fully confirmed the conclusions arrived at by the working up 
of the material from the “Challenger”. The species of the genus 
Scalpellum, which in the deepsea are so largely represented, have 
their representatives already in relatively old layers of the earth-crust, 
in secondary as well as in tertiary formations. We can even say, 
that a great majority of the species of the deepsea, with regard to 
an important anatomical characteristic (shape and structure of the 
so-called carina), show the greatest affinity to the oldest fossil forms 
(all those found in secondary formations); for this genus, therefore, 
we can safely admit that the deepsea-species, at least to a certain extent, 
show an archaic character. Side by side with the fossil Sca/pellum’s, 
in the same formations and even in the same rocks or stones, numerous 
species of the genus Pollicipes were found. To this genus of which 
Darwin alone enumerated 22 different fossil species belong the oldest 
known fossil Cirripeds and under the living it is still represented 
by half a dozen species. The “Challenger”, however, did not succeed 
in collecting one single species of this genus even from slightly deeper 
water, which, when the author worked up the material of the 
“Challenger”, gave rise to the remark, that the possibility of future 
investigations of the deepsea bringing to light species of the genus 
Pollicipes, could not be denied. Well then, the “Siboga” investigating 
the deepsea very carefully in one of the areas, where one of the 
living species of Pollicipes (P. mitella) is very generally distributed, 
did not obtain from deeper water one single specimen of a species 
of this genus either. So the exactness of the opinion pronounced in 
1883, that, as far as the genus Pollicipes is concerned, the littoral 
‘or shallow water forms have preserved a more archaic character, 
has been completely confirmed by the results obtained with the 
“Siboga’’-expedition. Of the genus Verruca a few species have also 
been found in older formations: one of these (V. strémiu) is still 

8* 
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living and a well-known shallow water form and was also observed 
in glacial deposits and in Red and Coralline Crag in England as 
well; a second species is found according to Darwin in tertiary 
formations in Patagonia; a third (Verruca prisca) in the chalk of 
England and Belgium. As far as we know the last-named species, 
a certain affinity of this extinct species with several of the deepsea- 
species of Verruca cannot be denied. But for V. strdémia, the genus 
Verruca, therefore, in this regard also would show a greater analogy 
with Scalpellum than with Pollicipes. 


Physics. — “Calculation of the pressure of a mixture of two gases 
by means of GiBss’s statistical mechanics.” By Dr. L. S. ORNSTEIN. 
(Communicated by Prof. H. A. Lorentz). ae 


By the method of statistical mechanics I have calculated in my 
dissertation’) the pressure of a mixture of two gases, neglecting 
terms of an order higher than the first with respect to o,°, o,* 
and o*. The quantities 6, and , are the diameters of the mole- 
cules of the gases composing the mixture, and o has been put 
6,+6, 

ee G 

In a recent paper’) H. Happet has determined the pressure of a 
mixture by means of a method due to L. BoLTzmann, retaining terms 
of higher order with respect to the above quantities. 

As the method of statistical mechanics seems to me more exact 
than the one used by Happet, I have been led to apply it to the problem 
which he has treated. 

J. W. Gisss has shown’) that the pressure of a gas is given by 
the equation 


for 


where V is the volume, and WY what may be called the statistical 
free energy. We have therefore to determine this quantity W% 

Let us suppose that the volume V contains n, molecules of the 
first kind with the diameter 6, and the mass m,, and n, molecules 
of the second kind with the diameter ¢, and the mass m,. 


') Toepassing der statistische mechanica van Gipss op molekulair-theoretische. 
vraagstukken. Leiden 1908, 

*) H. Hareet. Zar Kinetik und Thermodynamik der Gemische. Ann. der Phys. 1908 
Bd. 26 p. 95. 

*) J, W. Gtoss. Elementary principles in statistical Mechanics. New-York 1902, 
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We suppose that the molecules are perfectly rigid and elastic and 
that they attract each other with forces acting at distances so great 
that we may consider the sphere of action as uniformly filled with 
matter. 

For this case the value of W is given by the equation 

y 3 3 &q 
e O6=(220m)? (2 xm)?" fe 0 de: (2) 


I shall represent the coordinates of the molecule & of the first kind 
by 2%, ye and 2, and those of the molecule / of the second kind 
by #2, ya and 22. 

The integration has to be extended to a 3 (n, + n,)-dimensional 
space, the notion of which is obtained if we take the 3(n, + n,) 
- coordinates of the centres of the molecules as cartesian coordinates 
of a single point, and give all possible positions to the molecules of 
the gas. 

We must exclude from the space all those points at which a con- 
dition of one of the forms 


(@1z — eu)? + (yak — yu)? + ik — zu)? CG," 
(iz — #21)? + (yk — yal)? + Gre — 221)? [ | - «+ (3) 
(wax — w21)® + (yak — yai)* + (2k — 2x)? < a, 

is fulfilled. 

I have proved‘) in my dissertation that the large majority of the 
systems of a canonical ensemble may be considered as identical in 
all properties that are accessible to our means of observation. For 
all’ these equivalent or identical systems the value of the potential 
energy of the attractive forces is equal. 

The sphere of action being uniformly filled, this quantity (e,, ) can 
be represented by 


at 2 3 a 
eet sat se ea ee a) 


As to the potential energy of the repulsive forces, we need not 
speak of it when we take into account the conditions (3). 

We shall obtain a good approximation, if, in the equation (2), we 
write & instead of ¢, (which differs from «,, only in a small part 
of the systems). By this, the exponential factor becomes a constant 
‘and we may put it before the sign of integration. 

- The quantity ¥ is thus expressed by the equation 


‘ye. p. 14 
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ed 3 a 
e O=(2276m,)2 |‘ (227Om,)2 a | ds, amg. 


and its determination is reduced to the calculation of the integral 
on the right-hand side. Let the function x (n, , 2,) represent this integral. 

In my dissertation I have determined this function to the degree 
of exactitude indicated above. Before proceeding to the determination 
of the terms of higher order I shall repeat the former calculation 
which now only wants further extension. 

The 3 (mn, + n,)-dimensional space of integration can be decomposed 
into n,n, threedimensional spaces, each corresponding to one of 
the molecules. We shall divide these spaces into elements which 
are small in comparison with the volume of a molecule. 

In order to determine the integral defining the function ‘y(n, ,n,)_ 
we decompose it into a sum of products of n, + n, elements chosen 
in the spaces in question, each space being represented in the product 
by one and only one element. 

In order clearly to see the way in which the products are formed 
with the restrictions imposed by (3), we proceed as follows: We 
number the spaces corresponding to the molecules of the first kind 
from 1 to n,, those corresponding to the molecules of the second 
kind from n,+1 to n,-+n,, and we choose the elements in the 
order indicated by these numbers. 

We have to consider that, if we have chosen for the centre of the 
k* molecule (k << n,) an element lying at a point wiz, yir, 21%, we 
must exclude from the &-+ 1" up to the n, space those elements 
which are situated in spheres described with the radius o, around 
the points of these spaces whose coordinates are equal to a4, yik 
and z,. Similarly we must exclude those elements from the spaces 
from n,-+-1 up to n,-+n,, which lie within the spheres of radius 
o described around the points of the spaces having for coordinates 
Lip, Ye and zy. If, further, in the space n,-+ », an element 
has been chosen at a point with the coordinates a,,4.,, Yan-ty» 
Z4m+ we must exclude in all following spaces the elements of 
spheres with radius «, described around the points of those spaces 
having their coordinates equal tO @y,454, Yamtoas Zam-boae 

The elements in the spaces 1 to n, -- n, —1 having been chosen, 
there remains in the last space n,-+-n, a region g,,4,, for the 
choice of the (n, + n,)'" element. 

In determining the sum we can first take together all those cases 
in which the elements of the spaces 1 to n, 4+-n, —1 are the same. 

Considering that mn, and n, are very great numbers, and that the 
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elements have been chosen quite arbitrarily, we easily see that the 
quantity gn,+n, must be the same for the greater majority of the 
possible ways of choosing the elements in the spaces up to the 
(n, +n, — 1), and that we may therefore write 


“(8,, %) = Oty m1). 2... 68) 
Jntn, being now a quite definite quantity, which it remains to 
determine. — 
It is very easy to find a first approximation to its value. For this 
purpose we have only to neglect the fact that the above mentioned 
spheres in the (n, + ,)"* space intersect. Doing so, we find 


4 4 
Yn,+n, = V—n, 13% o’'—(n, =A wees 3 7) 
From (6) and (7) we deduce by successive Tee os 


(n,n muy] [ (rng xo —(v, ~)ix0, a . (8) 


where we have affixed to the sign of the product the highest value 
that we have to give to the number denoted by the corresponding 
Greek letter. A similar notation will be used in later formulae. 

It is easily seen that, with the degree of exactitude to which we 
have now confined ourselves, the value of x (n,) is given by © 


xs) = [](v—» $ x02) ee wee 


In order to push our approximation further, we have to deter- 
mine gn+n, more accurately. We must take into account that the 
spheres mentioned above intersect, and that we have therefore sub- 
tracted too much from the total volume. 

Now three cases are to be distinguished. 

1. Intersection between the spheres of radius o described around 
the points corresponding to the centres of the molecules of the first 
kind. The distance z of the centres cannot be less than o, and must 
be less than 2 o. 

2. Intersection between the spheres of radius o, described around 

the points corresponding to the molecules of the second kind. The 
distance of the centres must lie between o, and 2 o,. 
_ 3. Intersection between the spheres of radius o and o, described 
around the points corresponding to the centres of molecules of the 
first and second kinds respectively. The distance 2 of the centres 
must lie between o and o, + o. 


- [shall determine the parts corresponding to these three kinds of 
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intersections, which have been subtracted too much from V. These 
parts are equal for by far the majority of the possible combinations 
of elements in the spaces from the first up to the (n,-+, —1)". 
We may suppose that the distribution of the points corresponding 
to the centres of molecules from 1 tot n, -+»,—1 is uniform in 


the (n, + n,) space. 
1. The number of pairs of points (corresponding to molecules of 


the first kind) with mutual distance lying between x and x -+ dz 
amounts to 
xv? dz 
, Net act 
The common part of two spheres of radius o having a central 
distance z is given by 


(10) 


22 n,° 


12 


Hence, the total part subtracted too much on account of these 
intersections is equal to 


Sara ears a* 
a(so eet os rey Mea. 68 


22 


Saint 1 6 MN i iy ee See 
rf (gare ort +55 Jee got gata potent — oe) (12 


% 


2. The number of pairs of points (corresponding to the centres 
of molecules of the second kind) with a mutual distance between 


«and «+ dz is 

av'da 
“ane 
The common part of the spheres is found for this case, if in (11) 

we replace 6 by 6,, so that we find for the part subtracted too 

much from V 


2¢5 
s—!)(n,—2 pre re : 17(n,-1)(n,-2)/2 ? 
ont" a (5 6,°2"-6,° a + 4 ao x G=) (14) 


2 (n, — 1) (n, — 2) ie Se 


3. The number of pairs of points such that one point corresponds 
to the centre of a molecule of the first kind and one to that of a 
molecule of the second kind, the mutual distance lying between 
aw and «+ dz, amounts to 
a*da 


7 (15) 


4x n, (n, — 1) 
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The common part of the spheres is now given by 


«| 5o'+ § aes 6, @* +0, — 0’) § a* (a+ 0 — G,’) bir 
24 2a 
(a?+ o6,* — 0’)? _(@? + a? — a,)' 
ak 24 «2° 24 «? } (16) 


and the total part subtracted too much from V by 


+c 
4 n° ee li (o*+6,") #* — * (0'+6,") at — 


— Fo) *« + ya |de =a 0 (- pot o a) (17) 


The value of g»,4,», is found by adding (12), (14) and (17) 
to (7) and substituting the obtained value in (8). By successive 
reductions we get 


x(n, 24) = x(n) || 7 m5 ao" — (v, — 1) xo? + 
\ 
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36 V 
It is easily seen that to the degree of approximation now required, 
x(n,’ is represented by 


x)=] [(¥- bent. ae ~ a o,*). (19) 


Substituting these values in (5), taking the logarithm of the result, 


and developing this logarithm in ascending powers of = we find 
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C being the part which is independent of V. 
Since n, and n, are very large numbers, we easily see that the 


expression (20) can be transformed to 


: § at,n,?+2an,n,+a,n,’ B 5 8;* 
se" amc = aap + (r,-+2,) log — nie — amt, 
Ber 
Mea MB eee ® 

B 

21. 1G 

8n, *n, 3. 3 23 n,*M, 2.443 1 n,n, 2 6 

me Wires ogee eo 

8n, n,? ln, n, 1 by 
ace a oe aa He 2 g,! oo m6,° . . (21) 


2 2 
where £8, has been put for _ x 6,°, B, for at a 6,* and B for x 0°, 


Finally, differentiating ¥% with respect to V, we find the following 
equation for the pressure 


Pi Os +n, . 7,"B, 5 n,*8,?  2,?8, 5 n,*8,° | 2n,n, B 


OV Re ye pe ee a 
sige Wh YY 8) eee 
ye a ( at 4 B, 0, 2 


_ an? + 2an,n, + a,n,? 
20V* 


The quantity @ is proportional to the absolute temperature. 

The expression for p is of course symmetrical in the quantities 
relating to the two kinds of molecules, and it would have been . 
possible to find the same result by arranging the spaces in a different 
order. Our result agrees with that of Happs, the only difference 
being in the notations. 
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Botany. —- “Lindeniopsis. A new subgenus of the Rubiaceae’. By 
Dr. Tu. VaLeton (Buitenzorg). 


During an official journey through the island of Billiton in March 
1907 Mr. Ham, Inspector of Forests in the Dutch Kast Indies, gathered 
a small, but not unimportant herbarium collection, which he gave 
over to me for study. 

The importance of this collection mainly depends on the fact, that 
it was formed on lands, which are extremely rare in the Indian 
Archipelago, and are as yet florally almost unknown. These are the 
socalled ‘“‘padang” lands (compare VeRBEEK in Jaarboek Mijnwezen 
1897, p. 60 and 61). The soil of these lands consists of young, loose 
sediments of recent origin, namely quartz sand and clay, both often 
containing iron and manganese; the soil, however, owes its peculiar 
character to the presence of a mineral, which the Chinese call 
fo sau kak and which consists of quartz sand, which has been moulded 
together by organic acids into a pretty firm, dark brown sand-stone. 

“These padang lands are characterized by a sparse and peculiar 
vegetation, in consequence of the small permeability to water of the 
“fo sau kak’, so that level padang-lands are frequently inundated 
after heavy rains, and the roois of the plants, which can only pene- 
trate with difficulty into the hard “fo sau kak’, rot and die off.” 
(VERBEEK l.c.). 

Besides in Billiton, these padang soils are also found in Banka 
between Doeren and Boekit (Verserk l.c.). In other parts of the 
Archipelago they do not appear to be known. The most important 
of these lands are found in the north and north-east of the island, 
between Boeding and Manggar, and were studied botanically by 
Mr. Ham. 

From verbal information and from the journal of the voyage, 
which Mr. Ham kindly lent me for perusal, I obtained the following 
data : 

The appearance of the padang soils is not everywhere the same. 
Mr. Ham distinguishes: 1 grass padang, often ricb in flint, where 
grasses and sedge-grasses predominate, 2 fern padang where ferns 
(Pieris aquilina L., Nephrolepis acuta Prest.), form almost the whole 
vegetation, being only mixed with Xyris microcephala Hassk., Fim- 
bristylis spec., Melastoma spec., Calophyllum pulcherrimum WaALL., 
Psychotria viridiflora Bu. and 3 sand padang, where the soil con- 
sists of blinding white quartz sand. The white layer varies in thick- 
ness from '/,—5 centimetres; under this the soil is grey, obviously 
through humus, and sometimes it is grey immediately below the 
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surface, when fine, black humus or mosses occur at the bottom. 
The vegetation nowhere forms a compact mass or sod. Groups of 
low and high shrubs, generally with higher shrubs or small trees in — 
the middle, alternate with a lower vegetation, which is also always 
limited to separate spots or clumps, so that the white sand can 
everywhere be seen through it, and in many places even has the 
upper hand. Of the plants which were collected here, the following 
are mentioned as characteristic: 

Drosera Burmanni Vanu. in the dampest parts, forming dark-red 
areas, when seen from a distance, often placed on small columns 
of sand; Fimbristylis spec., Rhynchospora spec., Xyris microcephala 
Hassk. and Xyris bancana Miq.; more rarely Salomonia oblongifolia D.C., 
Lindernia stemodioides Mig., Thuarea sarmentosa Pxrs. 

Of the shrubs the following are prominent: Laeckea frutescens L., 
which in low-lying padangs forms more than half of the vegetation, 
and reminds one very much of the Calluna of European heaths, 
Jambosa buaifolia Mig., Leptospermum jlavescens Sm., Leucopogon 
malayanus Jack., Vaccinium malaccense Wieut, Cratoxylon glaucum 
Kortu., Calophyllum pulcherrimum Wauu., Timonius spec., Garcinia 
bancana Mig., Syzygium varifolium Mig., the last three arborescent. 

On the lowest lying padangs south of Manggar and near Boeding, 
where Baeckea frutescens and fimbristylis spec. formed the chief 
vegetation, Jschaemum spec., Archytaea Vahl Cunoisy, Wormia 
suffruticosa Grirr., Melaleuca minor Sm. and a_ non-determinable 
species of Hugenia were also noticed; in addition mosses and lichens. 
Further there were collected in these localities Rhodomyrtus tomentosa 
Wicut, Nepenthes spec., Tristamia obovata R. Br., Dischidia spec. 
Bromheadia palustris Liyou. [Orchidea|, Jsachne australis R. Br. 
Burmannia bancana Mig., a species of Lucinaea, which is probably 
new, and finally a new Rubiacea, about which I wish to make a 
communication here. 

The above-described formation has in consequence of the predo- | 
minant occurrence of the Calluna-like Baeckea frutescens a super- 
ficial resemblance to the sandy and boggy heaths of Northern Europe. 
Already Junenvnn, in his deseription of the Battak countries I, p. 158, 
refers to an Erica, which above the forest zone characterizes the 
alpine flora in company of other woody Myrtaceae, and he doubtless 
means Baeckea frutescens. From Southern China and the Philippines’ 
to New-Guinea, where Brccart found the plant at Goldfinck Bay 
(altitude?) and WicnMmann on the G. Siép at about 800 Meters, the 
area of distribution of this species extends; it is wanting in Java 
and its nearest allies (numerous Baeckea-species) inhabit Australia. 
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Everywhere it is characteristic of physiologically dry plateaus and 
rarely descends to the low-lying plains, as in the present case. 
Drosera and the Cyperaceae also tend to emphasize the resemblance 
to heaths. 

' Through the other vegetation, of which the sclerophyllous an 
-sclerocarpous Myrtaceae form an important constituent, this formation, 
however, approximates much more to that which was called by 
Scuimper (Pflanzengeogr. p. 538) “Hartlaubformation” and of which 
he describes a number of regions, occurring round the Mediterranean, 
in California, in Chili, in South-Africa and in South-Australia. These 
regions are all characterized by dry and hot summers, alternating 
with moist winters. Hence climatologically there is little resemblance 
between these and the padang-formation of Banka and Biliton, where 
it rains almost the whole year. As regards the condition of the soil, 
there is, on the other hand, a resemblance with the South-Australian 
“scrublands’, described by ScuomBurck in his Flora of South-Australia 
1875. (See Scuimprr l.c. p. 559). 

The dominant influence of the soil on the character of the forma- 
tion cannot here be doubted; this influence, which according to 
Scuimper is relatively rare in the Tropics, has been but little in- 
vestigated. (See Scnumprr |. c. p. 405. Edaphische Wirkungen in den 
Tropen). 

The padang-formation does not correspond even roughly with any 
of the vegetation-pictures and formations, mentioned in that chapter. 
As has been mentioned, it can only, to some extent, be compared 
with tropical: alpine floras and with the ‘ Hartlaubformation’’. 

The plants, collected by Mr. Ham, probably do not represent a 
complete, but nevertheless give a very typical picture of this rather 
poor flora. As regards the distribution of. these plants, it is at once 
noticeable, that not a single one of these occurs in Java, with the 
exception of two wide-spread grasses, which have crept in from the 
beach, namely 7huarea sarmentosa and Isachne australis, and with 
the exception of the two pantropic ferns and of Psychotria viridi- 
flora, which plants were, moreover, not found in the typical sand 
padang. A wide distribution from Malacca to Australia through the 
northern part of the Archipelago, but excluding Java (probably up 
to and including Timor), is observed in the case of Baeckea frutescens, 
and also of Leptospermum jlavescens, Rhodomyrtus tomentosa, Melaleuca 
minor, Drosera Burmanni, Salomonia oblongifolia and Bromheadia 
palustris. From Malacca and Borneo are known: Calophyllum 
puleherrimum, Garcinia-bancana, Vaccinium malaccense, Leucopogon 
malayanus, Archytaea Vuhlii, Wormia suffruticosa, From Banka 
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and Billiton only the following are known: Jambosa buaifolia, 
Syzygium variifolium, Tristania obovata, Schima bancana, Xyris 
bancana and Lindernia (Vandellia) stemodioides; Cratozylum glaucum 
and a Lucinaea spec. nova were only known from Borneo. The 
as yet undetermined Lugenia, Nepenthes, Dischidia and Ischaemum, 
and a few others, are doubtful in this respect. 

Endemic, as far as our present knowledge extends, is only the 
new species, now to be described. Unfortunately data are wanting 
about the dimensions and habit of this plant, but it belongs to the 
suffructicose inhabitants of the low sand-padangs, referred to above; 
it is among the species, poor in individuals, and it reaches a height 
of */,—2 metres. The rod-like erect branches which are often 60 
centimetres long, and bear at their tops the crowded inflorescences 
with grey hairs, the small stiff, aciculate, erect leaves, all these © 
characters indicate a strongly xerophytic nature. 

At the first examination this species seemed to me to constitute 
a completely new genus. It belongs to the tribe Cinchoneae of the 
sub-order Cinchonoideae (K. ScnuMANN), and to the sub-tribe Hillieae. 
On applying the analytical key, prepared by K. Scuumann (Natiirl. 
Pflanz. Fam. IV 4 p. 42) one does not arrive at any genus in parti- 
cular, but in the immediate neighbourhood either of Cosmibuena 
Ruiz and Pavon, or of Coptosapelita Korru., according as to whether 
one takes the style to be little or very much longer than the corolla- 
tube. A closer comparison with the genus Cosmibuena, to which a 
small number of Central- and South-American, epiphytic shrubs 
belong, at once, however, reveals considerable differences in the 
structure of the calyx, stamens, stigma and in the dehiscence of the 
fruit, so that there can be no question of a union with this genus, 
although in habit and in the shape of the flowers the agreement is 
closer than with Coptosapelta. As regards the latter genus, it is 
said in the above-mentioned key: “style quadrangular and hairy”, 
so that, if one were to adhere strictly to this, one would be forced 
fo set up a new genus for our species, in which the style is cylin- 
drical and glabrous. On further comparison with the characters given 
in the generic diagnosis for Coptosapelta, the following differences 
are also found: Calyx, small, saucer-shaped, five-toothed in Copto- 
sapelta ; in the new species much longer than the calyx-tube, divided 
to its base into five lanceolate, pointed, erect divisions. — Corolla- 
tube very short, as long as or shorter than the lobes of the limb, 
and hairy at the tube-mouth, in Coplosapelta; in the new species 
4—6 centimetres long, thin and straight, much longer than the lobes 
of the limb, and glabrous at its mouth, — Anthers almost as 
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long as the lobes of the limb and hirsute on their dorsal side, with 
deeply cleft base, in Coptosapelta; here much longer than the lobes 
of the limb, glabrous, and with a two-lobed base. Seeds with a 
regularly fringed wing in Coptosapelta; here surrounded by an entire 
wing. Finally as regards the habit, the two known species of 
Coptosapelta are high-climbing shrubs with fairly large leaves and 
many-flowered pendulous panicles of small flowers, whereas the new 
species is a small erect shrub with erect cymes of few, prominent 
flowers. 

Superficially there seems therefore abundant reason for setting up 
a new genus for this new species, and on account of the great 
resemblance in habit, leaves, inflorescence, calyx and corolla, to the 
American genus Lindenia, which belongs to the tribe of the Ronde- 
letieae, | gave it the name Lindeniopsis. 

A closer comparison with Coptosapelta flavescens Kortu, which 
occurs in Java, induced me, however, to withdraw this genus and 
to bring the new species under Coptosapelta. Some of the points of 
difference, deduced from the literature, proved to be the result of 
errors in the existing descriptions. For instance, the style in C. 
Jlavescens is not quadrangular and hairy as described by Scuumann, 
but, except at the top, cylindrical and glabrous, as in the new 
species; the calyx is not saucer-shaped, but deeply divided into five 
divisions, and resembles, except in size, that of the new species, 
and the mouth of the tube is not hairy, but quite glabrous. In 
this way a number of the enumerated points of difference already 
disappear. 

There is further perfect similarity in the structure of the ovary 
and fruit of the two plants. The very peculiar stigma, which in 
contradistinction to the neighbouring genera, is not two-lobed, but 
quite entire, and receives pollen on the stigmatic papillae which cover 
the whole of its hairy surface. The anthers are identical in structure 
and in their mode of attachment. Finally, what is very important, 
the pollen of the new species has, like that of C. flavescens, an 
exine with net-shaped thickenings of wide mesh, and, as would 
appear from the figures in the Flora brasiliensis, the plant herein 
differs completely from the other genera of the Hillieae. Having 
regard to all these similarities, there can be no doubt, that our new 
species must be included in the genus Coptosapelta, but forms in it 
a special, monotypic sub-genus. 

As a morphological peculiarity, which confirms the relationship 
to C. flavescens, | here draw attention to the glands, which alternate 
with the calyx divisions, and have, as far as | know, not yet been 


( 128 ) 


described in any other of the Rubiaceae (with the possible exception 
of Dichilanthe Hook.). 

They have the same structure as the colleters, resembling intestinal 
glands, which in this genus, as in most Rubiaceae, are placed at 
the inside of the base of the stipules’) and are also found on 
the leaf base in Apocynaceae and in Loganiaceae. They are found 
in the new species, as in C. flavescens, alternating with the calyx 
divisions singly or two together; in the latter species they are however, 
only ‘/, mm. long and have hitherto been overlooked by investigators ; 
in the new species they are well-over 1 to 1.5 m.m. in length. 

Perhaps, on closer examination, they will also be found to exist 
in other Rubiaceae. Obviously they must be interpreted as rudimentary 
stipules of the sepals. 


Coptosapelta Kortu. Descriptio nova: Calycis tubus ellipsoideus, 
limbus eo nunc brevior nune duplo longior, persistens, dentatus vel 
ad basin usque 5-partitus, segmentis erectis imbricatis cum glandulis 
parvis stipularibus erectis teretibus singulis vel binis alternantibus. 
Corolla coriacea tomentosa, hypocraterimorpha, tubo brevi vel longo, 
gracili, tereti, intus glabro vel fauce hirta, limbi lobi obovato-lineares 
aestivatione contorti. Stamina 5 ori corollae inserta, filamentis brevibus 
subulatis; antherae oblongae vel lineares apice apiculatae, basi sub- 
bilobae vel bipartitae glabrae vel dorso hirsutissimae, dorso prope 
basin affixae, patentes demum saepe tortae. Pollinis granula subglo- 
bosa, poris 3?, insigniter reticulata. Discus carnosus cupularis. Ova- 
rium biloculare. Stylus teres glaber elongatus corollae tubum aequans 
apice exsertus. Stigma magnum integrum, fusiforme velclavatum, in 
alabastro per longitudinem striatum, puberulum; ovula in loculis 
numerosa, placentis magnis septo affixis peltatis linearibus apice et 
basi liberis dense imbricatim affixa, peltata, marginata, ascendentia. 
Capsula obovoidea lateraliter compressa obsolete costata calyce longius 
persistente coronata, glabrescens ad medium versus loculicide bivalvis, 
vel demum saepe quadrivalvis. Semina placentae cylindricae, sub- 
carnosae, loculum implenti extus affixa, peltata, imbricata, erecta, 
testa membranacea in alam hyalinam nunc insigniter fimbriatam 
nune subiniegram crenulatam radiatim striulatam expansa, albumine 
carnoso; embryo rectus parvus radicula tereti infera. 

Frutices nune alte seandentes nune parvi erecti, canescenti-sericeo- 
villosi, ramulis tetragonis foliis coriaceis, subtus + villosulis. Stipulae 
interpetiolares parvae ovato-trigonae. 


') Vide Soueneven, Anat. Charakt. der Rubiaceae 1898, p, 179, 
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Cymae terminales et in axillis superioribus trichotomae nunc den- 
siflorae et ample paniculatae pendentes, nunc pauciflorae erectae. 
Flores brevissime pediceliati, bracteolis (prophyllis) 2, pedicello in- 
sertis calyce appressis eoque brevioribus instructi, nune parvi nunc 
conspicui. 


Subgenus I Lucoptosapelta Va.. Calycis limbus ovario brevior. 
Corollae tubus brevis, limbi lobos aequans vel illo brevior, faucis 
orificium glabrum vel hirsutum. Antherae lineares, basi bifidae, dorso 
dense villosae, demum tortae. Stigma elongato-fusiforme vel quadran- 
gulare. Seminum ala fimbriata. Frutices alte scandentes ramulis 
subteretibus. Foliis majusculis patentibus subtus ad nervos villosis. 
Paniculae terminales foliatae multiflorae, densiflorae, pendentes. 

1. C. flavescens Kortu., (Stylocoryne racemosa haud CavaNILurs, 
Miq.; St. tomentosa Bu.): Corollae tubus limbi lobos circiter aequans, 
faux glabra. Calycis tubus brevis. 

Habitat: Malacca, Burma, Borneo, Java. 

2. C. Griffithii Hoox.: Corollae tubus limbi lobis multo brevior. 
Faux dense hirsuta. Calycis tubus elongatus. 

Habitat: Malacca, Singapore. 

Subgenus II. Lindeniopsis Vau. Calycis limbus ovario plus duplo 
longior, ad basin usque partitus segmentis erectis lanceolatis acutis. 
Corollae tubus gracilis lobos pluries superans, faucis orificio glabro. 
Antherae oblongae basi bilobae, glabrae. Stigma magnum, clavatum. 
Seminum ala subintegra. 

Frutices parvi erecti, ramulis acute tetragonis erectis elongatis, 
foliis parvis erectis rigide-coriaceis, spinuloso-apiculatis subtus appresse 
villosis. Cymae terminales et in axillis superioribus trichotomae, 
pauciflorae, erectae. 

3. C. Hammii Vat. Characteres subgeneris. 

Habitat: Biliton. 


Botany. — “Contribution N*. 1 to the knowledge of the Flora of 
Java.” (Third Continuation)'). By Dr. S. H. Koorpras. 
§ 6. Further data concerning Oreiostachys Pullei Gamble. 

§§ 1. Additions and correctionsto p. 674686 

ofthe “Proceedings”. 

The proof-corrections, which Mr. GamBLe sent me from England 
last April, were, nevertheless, much to my regret, received by the 
printers too late for incorporation in the number of the Proceedings 

1) Continued from p. 773 of the Proceedings of the Royal Academy of Sciences, 
Amsterdam, ordinary meeting of the Math. and phys. section April 9° 1908. 

9 


Proceedings Royal Acad. Amsterdam. Vol. X. 
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of the Royal Academy of Sciences, which appeared in April 24 
1908. I now append these proof-corrections, which date from last 
April and are due to Mr. J. S. Gamsiz, to whom I tender my thanks: 

p. 683 line 11 from bottom: after Kurz, insert: Munro in Trans. 
Linn. Soc. London. XXVI. 146. 

p. 683 line 4 from bottom : before (GAMBLE msc.) imsert: and possibly. 
so establishing a connection between it and the Schizostachyum, the 
description of which by Hasskart and Kurz are somewhat imperfect’. 

p. 683 line 4 from bottom: after additional imsert: material. 

p. 684 line 16 from bottom: before conspecific insert: very probably. 


§§ 2. On the fruits of Oreiostachys GAamBLE, which 
have been discovered by Mr. K. A. R. Bosscna. 


On p. 684 of the English edition of the Proceedings of the Royal 
Academy of Sciences, Amsterdam, meeting of February 28 1908, 
it was pointed out by me, that it might be possible to trace this 
species locally by means of the constant native name, i.a. in order 
to obtain the fruits, as yet unknown. 

I am now privileged to announce the collection of these fruits, as 
yet unrecorded in the literature, and to communicate certain further 
details, taken from a letter of Dr. Ta. Vateton, dated Buitenzorg 
May 12** 1908 and from the enclosures to his letter, for which I 
here wish to thank him. 

“Enclosed I am sending you three fruits of Oreiostachys GAMBLE, 
of which ten were sent me in November 1903 by Mr. K. A. R. 
Bosscua, after I bad received in May flowers from the same station. 
I propose that you should send these to Mr. Gamsn, in order that 
he may complete his generic description, which has been published 
by you. I am also sending you some notes about observations, made 
in the locality by Mr. Bosscna, and further some references to the 
literature, which already exists about this species.” (Dr. Va.rron 
mse. May 12 1908), 

I quote below the paragraphs in the letter referring to the obser- 
vations of Mr. Bosscna. 

“Mr, Bosscua drew my attention to the fact, that the plant bears 
flowers in two ways, namely at*the end of small branches') with 


1) Mr. Gawore and I have not, as yet, had at our disposal these thick-leaved 
branches, flowering at their ends, but only the sterile leafy branches of Junanunm 
and the almost leafless flowering twigs, without fruils, of Putte described by 
Mr Gamoue. 
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thick foliage and also close to the stem on quite leafless lateral 
branches.” 

“Mr. Bosscua also told me, that when he arrived in Malabar in 
1896, old natives, who were thoroughly familiar with the forests of 
the district in which the plant occurs, were ignorant of the fact, 
that this bamboo had ever flowered. In 1902 the flowering began, 
and it recurred fairly regularly until 1906. Since then the species 
has died off in most places, and is now decidedly scarce. This year 
it has again, however, been found in flower in Taloen (a plantation 
on the Malabar) in May 1908.” 

“Now, however, young plants are beginning to appear every where, 
obviously self-sown.” 

“This phenomenon partly agrees therefore with what has been 
observed in the case of other bamboo-species in British India, although 
the flowering period has been especially long in this case”. (Dr. 
VaLeTon msc. May 12** 1908). 

While I here refer with special appreciation to the fact that 
Dr. Tu. VateTon placed the three fruits and the above-mentioned 
data at my disposal, I need scarcely say, that I at once complied with his 
request, and sent the fruifs, received by me on June 17" to Mr. GAMBLE. 
Although the examination of the fruits is not yet complete, and will 
be referred to later, “as soon as the supplementary diagnosis by 
Mr. GamBLE shall have been received, I nevertheless consider the 
discovery, by Mr. K. A. R. Bosscua, of the fruits of this bamboo- 
species of sufficient importance to call for attention here. It is evident 
from Dr. VatxTon’s letter quoted above that the receipt by him at 
Buitenzorg from Mr. Bosscnua of the fruits of Oreiostachys GAMBLE 
with the flowers (the fruits having remained unknown in the literature 
until now) was prior to Mr. Gamsir’s discovery of the type of a 
new genus in the flowers collected by Dr. PuLue. 

It may further be mentioned, that the fruits discovered by Mr. 
Bosscua, and the flowers collected by Dr. Pure on the. Wajang- 
Windoe in 1906, are from the same district; namely the locality 
mentioned on p. 686 of these Proceedings. 

In an enclosure to his letter to me of May 12*® Dr. VaLrron gives 
certain specific names, which he regards as synonyms (Bambusa 
elegantissima Hassk., ete.) and also the other literature references 
relating to this subject. Since these names, and the literature references, 
with the exception of “Munro” (see above, §§1), have already been 
published by Mr. Gamsie and myself in the Proceedings of April 24", 
it seems to me unnecessary to repeat them. 

Although I have not had at my disposal the terminally flowering 

g* 
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branches with thick foliage collected by Mr. K. A. R. Bosscna, on 
which Dr. VatxTon’s addition to GAmBLn’s diagnosis is based, I can 
now conform this amplification of Gampin’s diagnosis, sent me on 
May 12 by Dr. Vaueton, thanks to supplementary material received 
to-day (June 27" 1908) from Dr. A. Purie (Utrecht) and at once 
forwarded to Mr. Gamsie. In order to complete the diagnosis of 
Oreiostachys, and to settle the question of the further probable synonymy 
of this interesting species, a question raised by Mr. GamBie and myself 
in the Proceedings of April 24*® there now only remain as desiderata 
the collection of stem-sheaths and the examination of the authentic 
specimens of Bambusa elegantissima Hassk. and Schizostachyum 
elegantissimum (Hassk.) Kurz, which so far have not been found, either 
by Dr. VatetTon at Buitenzorg, or by myself at Leiden or Utrecht. 


Leiden, June 27% 1908. 


Physics. — “On the law of molecular attraction for electrical 
double points”. By Prof. J. D. van per Waats Jr. (Commu- 
nicated by Prof. Dr. J. D. van Der Waats). 


Several physicists have already urged the supposition that the 
molecular attraction results from the electric forces exercised by 
electrically charged particles which are contained in the molecule. 
One of the simplest suppositions we can make in trying to explain 
the molecular action from an electrical origin is that the molecules 
will behave as electrical double points. This has, in fact, been 
assumed by Mr. Reincanum') and by Mr. SurHErLanp’). 

As the formula for the action between two electrical double points, 
which is the same as that for the action between two magnetic 


l . . 
molecules *), contains — as a factor, — 7 representing the distance 
T 


between the two double points, — these physicists concluded that 
the molecules would attract one another with a force proportional 


to A The opinion that the electron-theory supports the supposition 
r 


1 
of a molecular attraction proportional to — has accordingly been often 


advanced. 


1) M. Resmwoanom, Phys. Zeitschr. 2, 241 (1901); Davpes Ann, 10, 384 (1908), 
2) W. Surueatann, Phil. mag. (6) 4, 625 (1902), 
%) Cf. J. C. Maxwett, A treatise on electr. and magn, Art, 887. 
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On closer inspection, however, this opinion proves to be unfounded. 
If the double points have not yet yielded to the directing couples 
which they exercise on one another, and if therefore the axes may 
be directed in any direction, the mutual action will as often be a 
répulsion as an attraction, i. e. the mean attraction will be zero. If 
on the other hand we might assume that they had perfectly yielded 
to the directing couples, they would attract each other with forces 


1 
proportional to oa It is, however, evident that the molecules will 


only partially have yielded to the couples, and that they will be 
more perfectly directed according as they have approached each 
other more closely and therefore lie in a stronger field of forces. 
The consequence will be that the resulting molecular action will be 
an attraction which with increasing 7 varies more rapidly than 


1 
se This circumstance has not escaped the attention of ReincanuM 
and of Surueruanp. They, however, thought that the law of 
l 
attraction would only slightly deviate from — and assumed this law 
i r 


to be, at least approximately, accurate. 
In 1900 the present writer expressed the supposition that the 


1 
resulting attracting forces would vary more rapidly than —"). It is 
r 


true that he founded his calculation on a somewhat different sup- 
position as to the nature of the molecules, namely that they would 


act not as constant but as periodical double points, but this difference 
is probably not essential, as the law of attraction for vibrating 


double points will not improbably agree in a high degree with the 
law for constant double points, at least when the mutual distance of 
the molecules is small compared with the wave-length, which con- 


_ dition is satisfied in the case of gas-molecules at pressures of the 


order of one atmosphere. 

At present it is my intention to investigate more accurately what 
will be the law of the resulting attraction for constant double points. 
We shall see that the attraction in this case really varies more 


oe 
rapidly than proportional to oi To render a rigorous treatment of 


this problem possible, we shall assume the following condition to be 


satisfied : ; 


1) J. D. van per Waats Jr., Dissertation, Amsterdam, p. 85. 


( 134 ) 

ist. The molecules are electrical double points with a constant 
moment m. 

2d. The mean distance of the molecule is so great that we may 
neglect the cases in which more than two molecules interact. i 

3. The velocities and the accelerations of the molecules have a 
value relatively so small, that we may assume that their field of 
foree does not differ appreciably from the electrostatic field of the 
double points. A consequence of this supposition is that the energy 
of the system may be represented by : 

L—t, =mEcsgt C 
where Z represents the kinetic energy of the system, € the electric 
force, g the angle between the axis of a molecule and the electric 
force at that place, and C a constant which does not depend on the 
velocity and the mutual position of the molecules. 

If this last condition is satisfied the statistical mechanical conside- 
rations of BottzmMann and of Gress are directly applicable to our 
problem. If on the other hand it is not satisfied these considerations 
cease to be applicable and then it is impossible to solve the problem 
before a statistical treatment of a continuum as the electromagnetic 
field has been worked out, which is analogous to Gupss’s treatment 
of systems with a finite number of degrees of freedom ; this however — 
is not the case as yet. A rigorous discussion of the case that the 
molecules are vibrators is therefore as yet impossible and so we 
shall have to confine ourselves to the supposition of constant double 
points. 

Let us imagine a molecule A and at a distance 7 another mole- 
cule B. The angle between the axis of A and the radius vector will 
be called #, then the electric force exerted by A at the point where 
the molecule B is found, will be: 


m m 
€ = {V4 cos? D + sin? B= V8 cos? + 1. 


If again y is the angle between € and the axis of B then the 
potential energy of B is: 


Yo 
— 55 V8 con’ d + 1. cos 


According to the well-known theory of Botrzmann and Gipps the 
probability that the angle g will fall between the limits y and 
y + dy and the angle ® between the limits ® and & + dd is: 

m?V3 cos 2 4-1. cos 9 


'/,singpadp. snd dd.e 7 , 
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where ¢ represents twice the mean kinetic energy for one degree of 
2 : 
freedom or 5 of the mean kinetic energy of the motion of the centre 


of gravity of a molecule. So we find for the mean value of the 
potential energy of a molecule at a distance r from another molecule: 


: : wdink ale LE LF 
B=—f{ 5 a V8c0s* 1 cos p.e is ping dyin ddd. 
or *) 
mV Scoa9SF 1 .cos 9 


t Tn 5d 
B= +2 { ‘vino ao ("cosy de oo" 
0 


2 
3," and 3 cos* + 1—=2, then we find by par- 
tial integration : | 
B= —; { ‘sino do fee 4 ee — (ers) 


If we take into account that : 


‘ 5 
[7 a9-= f tf (0) + (a—9)} aa, 
0 0 


then we see that instead of taking the above integral between the 
limits 0 and + we may take twice this integral between 0 and ; 


Now we ek introduce # as new variable, writing : 


1 wswdez 
— | ae —_ — 
cos F = mE A oe 1, and therefore — sin d dd = VEVBo1 
making use of the following series : 
Je ee 1 = (e mena 4 on” os 3c°x® 
+e e s+ 57 77 br | 
we find : 
2t 2 @d2 (es* 2s S3e°x* 
4. Lae 5/ 7/ +e. 
oy Bod 3c%y? 
“A ea 3/ tptat 


i 1) I am indebted for the reduction of this integral to Prof. Dr. W. Kapreyn 
from Utrecht, to whom I gladly express my thanks for his kind assistance, 
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If again we substitute Vy—1 =< then the different terms assume 
the following form: 


{3 Ja = eG (1 + 2*)kdze = 


1 


k(k—-1) 3? k(k—1) (k—2 38 
vat thet ee et 
So we find for H a series of the following form : 
bo? 4 ee Sct 
o> ee 3) + 5p Pet ay Pet roe ; 
the coefficients p having the following values : 
Pp, = 2V3.2 
27.6 
p, = 2V3 - 
4, > 
st = ave 
Bal 
,=2 3 
é 9 
Me diye 
i sos er 
V Dad oe nike 
In order to investigate whether this series converges or not, we 
4 okd Set 
notice that in ‘i i the factor /y—1 is always positive between 


1 
the limits 1 and 4. So the value of the integral lies between the 
A fee ayf oe io abe vale 
$ peers Se egy | _—- e's ‘ky * - 
values: y'z eras fer yk PS where y' represents the mini 
1 ] 
mum value and ;/" the maximum value of y between the given limits. 
Here we have 7/=1 and y’=4. The value of the term of urder & 
of the series for / lies therefore between the terms of order / of 
the two series : 

7. oe oe 

; —_—_— t om ar oo oy ae: Be We | 
ve ata t 7 | 
and 


E' = — 2 


(2c)?  2.(2c)* 8. (20)? 
“St ot ege 2 

and as the ratio between two consecutive terms of these series 
verges for terms of high degree to zero, the series for / will also 
converge. 
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- Having determined the value of /, we find the law of attraction 
by changing the sign and differentiating with respect tor. Of course 


The value which we find for the 


> 2 
we must first replace c by = x 


force is negative; this indicates that the force represents an attraction, 
as we knew beforehand that we should find. The lowest degree of 
1/r which occurs in the series is the seventh degree, therefore the 


1 
farce will vary more rapidly than proportional to —. 


In connection with this result I wish to make the Salis vitae remarks. 


1st The law for the attraction which we should find on the sup- 
position of vibrating double points whose distance is small compared 
with the wave length, will probably not differ very much from the 
law established here, though this question cannot as yet be answered 
with certainty. 

2nd If we assume that m, without being periodical can yet increase 
or decrease under the influence of ©, then we find a still more rapid 
variation with r. 

Also if we assume that the molecules are not simple double points 
but more complex configurations, quadruple or octuple points for 
instance, we find a more rapid variation with 7. The double points 
assumed here seem to yield the slowest variation with 7 that we can find 
when we interpret the molecular forces by means of equal positive and 
negative electrical charges in the molecules. Much sooner, therefore, 
than to assert that the electron-theory supports the supposition of a 


1 
molecular attraction proportional to — we are justified in declaring 
: = 


that this supposition is excluded by the electron-theory. 


3. If we assume m to be independent of the temperature 7, 
then the attraction which we find, does, indeed, depend upon the 


temperature and that in such a way that at increasing temperature 


. 1 
it decreases more rapidly than rf We have, however, no reason 


for supposing m to be independent of 7’; moreover it makes here 
an enormous difference whether we ure dealing with constant or 
with vibrating double points. It is. therefore impossible to say whether 
the electric explanation of the molecular forces justifies us in assuming 
the attraction to increase or to decrease with 7. 

4%. We may wish to determine the shape of the equation 
of state which follows from the here assumed suppositions as to the 
action of the molecular forces. If we then follow the virial-method 
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the virial of the resulting mean molecular attraction need only be 
taken into account. It is true that the molecules exercise on each 
other still other forces besides this mean attraction, but these forces 
yield a virial zero. The forces normal to the radius vector, namely 
form together a couple, and the virial of a couple is zero. For the 
same reason the directing couples working on the molecules need 
not be taken into account. And from the forces working in the 
direction of the radius vector we need only take into account the 
average value, for attracting and repulsing forces which equally 
often occur between different pairs of molecules, cancel each other. 

In calculating the virial, the influence of the molecular attraction 
on the distribution in space of the molecules must of course still be 
taken into account. ; 


Chemistry. — “Hquilibria in quaternary systems.” By Prof. Dr. 
F. A. H. ScHREINEMAKERS. 


In the system: Copper sulphate, ammonium sulphate, lithium sul- 
phate and water two more solid compounds occur at 30° in addition 
to the three sulphates namely, Cu SO, (NH,), SO,,6 H,O and Li, SO, 
(NH,), SO,. 

We will again represent the equilibria in the wellknown manner 
with the aid of a tetrahedron but now choose quite a different pro- 
jection than that used in the previous communication; we will in 
fact project all saturation lines and surfaces perpendicularly on one 
of the side planes of the tetrahedron. 


Cu 


A projection of this kind is represented in the figure; the points 
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Cu, Li, NH, and W indicate the four components Cu SO,, Li, SO,, 
(NH,), SO, and water; the triangle Cu Li NH, is the side plane on 
which all is projected. The dotted lines Cu W, LiW and NH, W 
are the projections of the rising sides of the tetrahedron and it is 
obvious that the point W must lie in the centre of the triangle. 

The question is now what connection exists between the position 
of a point in the tetrahedron and its projection on the triangle 
Cu Li NH,. 

Let us take a phase with the composition: Cu proportions of 
Cu SO,, Li proportions of Li, SO,, N proportions of (NH,), SO, and 
W proportions of water. The projection of this point on the triangle 
CuLiNH, may then be taken as indicating a phase which only 
contains the three components CuSO,, Li, SO, and (NH,), SO 

Let us call these proportions Cu’, Li’ and N’. It is now easily 
demonstrated that 


Gi=Ci¢S wali4+> wan+e 


so that if the composition of a phase is known its a may 
be readily represented in a drawing. 

The double salt Li,S0,.(NH,), SO, is represented in the figure 
by Dy; it is Bhivinias that it must be situated on the line Li NH, 
as it consists merely of the components Li, SO, and (NH,), SO,. The 
double salt CuSO,. (NH,,50,.6H,O which contains three compo- 
nents must lie on the side plane W Cu NH, and is represented by Dex. 
- Both copper and lithium sulphate occur as hydrates, namely 

Cu SO,. 5H, O and Li,SO,.H, 0; they are represented in the figure 
by Cu, and Li,; of course Cu, must lie on the side Cu W and Li 
on Li W. 

Let us first consider the three ternary equilibria. 

1. Copper sulphate—ammonium sulphate—water. The equilibria 
occurring in this system at 30° have been determined by Miss 
W. C. ve Baat; the results ofthis investigation are represented by 
the saturation lines ah, hpg, and gc; ah indicates the solutions 
saturated with CuSO,.5H,0O; qc is the saturation line of solid 
(NH,), SO, and Apg represents the solutions saturated with Cu SO, 
(NH,), SO,. 6H, O. As the line W De, intersects the saturation line 
hpg, the double salt is soluble in water without decomposition; its 
solubility is represented by p. 

2. Lithium sulphate—ammonium sulphate—water. The equilibria 
occurring in this system at 30° are represented by the saturation 
lines be,eqf and fc; the first is the saturation line of Li, SO,. H, 0; 
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the second that of the double salt Li, SO,.(NH,), SO,, the last that 
of (NH,),SO,. As the line W Dy; intersects the saturation line of the 
double salt it is soluble in water without decomposition. 

As regards the branch de I stated that this indicates solutions 
which are in equilibrium with Li, 50,.H,O; this is not quite correct 
for lithium sulphate, although only to the extent of a few °/,, gives 
mixed crystals with ammonium sulphate. 


3. Lithium sulphate—copper sulphate—water. Whereas in the two 
previous ternary systems a double salt occurs, this is not the case 
in this system at 30°; the isotherm therefore only consists of two 
branches; ad is the saturation line of CuSO, 5 H,O and dd that of 
Li, SO,. H,O. 

These two branches have been determined by Mr. Koopat. ’ 

The quaternary equilibria at 30° are represented by surfaces, lines 
and points. 

The surface ahkd is the saturation surface of Cu SO,, 5 H,O; it there- 
fore indicates the quaternary solutions which are saturated with 
CuSO,.5H,0. 

The surface dkleb is the saturation surface of Li, SO, . H,O. 

The surface c/mg is the saturation surface of (NH,), SO,. 

The three surfaces observed are the saturation surfaces of the com- 
ponents or of their hydrates; in addition we also have the saturation 
surfaces of the double salts; that of Li, SO, . (NH,), SO, is represented 
by elmfq; that of CuSO,.(NH,),S0O,.6H,O by Aklmgph. 

The saturation lines are formed by the intersection of the saturation 
surfaces taken two by two; they consequently represent solutions 
saturated with two solid substances. 

We now see at once that solutions represented by the points of 
the lines : 


hk are saturated with CuSO,.5H,O and Deu 


7 Nie esa , CuSO,.5H,O and Li, SO,.H,0 
kl ” ” ” Li, SO, : H,O and Deu 

le » + , Li, SO,.H,O and Dy; 

lm ” ” ” Dyj and Deu 

mf ” ” PP Dy; and (NH,), so, 

Mae ca » Deu and (NH,), 80, 


The quaternary saturation lines may be distinguished into external 
lines and middle lines; the external lines such as kh, kd, le, mf and 
mg each terminate in a point of a side plane, therefore in a ternary 
solution; the middle lines such as 4/ and /m are situated quite within 
the tetrahedron. 
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In each of the saturation points three saturation surfaces and there- 
fore also three saturation lines meet each other; such a point there- 
fore represents a solution saturated with three solid substances. 

From this it follows that the solution represented : 


by & is saturated with CuSO,.5H,O, Li,SO,.H,O and Deu 
2 l ”? »? ” Dri, Li, SO, ° H,O and Deu 
” ™ ” ” ” Dxi, (NH a SO, and Deu: 


This shows that each of these solutions is saturated with Cu SO,. 
(NH,), SO,.6 H,O. 


With the aid of this figure we may readily draw some conclusions. 
Let us therefore observe the external lines, for instance dk. The 
point d represents a ternary solution saturated at 30° with CuSO,. 
5H,O and Li,SO,.H,O. To this solution we add (NH,), SO,; the 
solution will now alter its composition until at last a third solid 
phase appears. What is this phase? (NH,), SO, forms a double salt 
with copper as well as with lithium sulphate and the question now 
arises which of these two will appear first. The experiment shows 
that CuSO,.(NH,),SO.6H,O is formed. If we start from the 
ternary solution A which is saturated at 30° with CuSO,.5H,O 
and CuSO,.(NH,),50,.6H,O and if Li,SO,.H,O is added the 
solution undergoes the changes represented by points of the line hk 
until finally the third solid phase occurs in & in this case Li, SO, . H,O. 

lf we start from the ternary solution / saturated at 30° with 
(NH,),SO, and Li,SO,.(NH,),SO, and if we add CuSO,.5H,O 
and represent the solution by m CuSO,.(NH,),SO,.6H,O is formed 
as the third solid phase; if we start from the ternary solution g 
which is saturated with (NH,),SO, and CuSO, .(NH,), SO,.6H,O 
and add Li,SO,.H,O, Li, SO,.(NH,),SO, will form in m as the 
third phase. 

If we start from the ternary solution e which is saturated with 
Li,S0,.H,O and Li, SO,.(NH,),SO, and add CuSO,.5H,O the 
solution traverses the branch e/; in / however a new solid phase is 
formed, namely, Cu SO, . (NH,), SO, . 6 H,O. 


Suppose a plane is passed through the points W, Cu and Dy; 
of the tetrahedron; the points of this plane represent solnuiions with 
a constant proportion of the components Li, SO, and (NH,), SO,; this 
ratio is the same as that in which they occur in the double salt. 
This plane intersects the saturation surface leg/fm of this double 
salt, so that this is not only soluble without decomposition in water 
but also in solutions of copper sulphate of a definite concentration. 


~ 
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In order to find the composition of the solid phases which can 
be in equilibrium with definite solutions I have acted in the same 
manner as I did previously with ternary systems; I have applied 
the ‘“residue-method”. 

If the solution is in equilibrium with one solid substance the 
conjugation line solution-residue must pass through the point indicating 
this solid substance; if it is in equilibrium with two solid substances 
the conjugation line solution-residue intersects the communication line 
of the two solid substances and if it is in equilibrium with three 
solid substances it intersects the triangle which has those three solid 
substances as its angular points. : 

These constructions are much facilitated by taking a rectangular 
tetrahedron instead of an equilateral one and projecting the iar 
on two of the side planes. 


Astronomy. — “The investigation of the weights in equations accord- 
ing to the principle of the least squares”. By J.-Wuxeper. 
(Communicated by Prof. H. G. van pe Sanpg BAKHUYzEN). 


When results of measurement deduced from different modes of 
measuring or originating from different observers are equated mutually, 
it is generally advisable to test the weights assigned to these results, 
before equating, with the apparent errors produced by the equation 
in order to be able to judge whether it is necessary to correct them 
and to distinguish in what direction correction is obtained. Let the 
material of observation break up according to its origin into groups 
and let out of the apparent errors of each group separately the mean 
error of the unity of weight be deduced, then it is a necessity for 
the differences of those values to be small, at least they may not 
overstep the limits which can be fixed taking into account the num- 
bers of apparent errors in each group. 

Already at the outset of such investigations the problem thus 
appears how the mean error of the unity of weight can be calculated, 
if one wishes to use but a part of the apparent errors. 

When equating determinations of errors of division of the Leyden 
meridian circle | have applied the following formula: 


Here 
j#== the mean error of unity of weight, 
g =the weight of a result of observation, 
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jf = the apparent error calculated for this result, 

n =the number of errors out of the group, 

k=a number depending on the weights of the results of measure- 
ment and on the coefficients the unknown quantities, determined 
by the equating, are associated with in the equations expressing 
the connection between these unknown quantities and the results 
of measurement of the group. 

In what way & is dependent on the above-mentioned quantities 
will become clear by an example for which I choose the case that 
3 unknown quantities z, y, z are determined by N equations of the 
form av + by + cz=/, whilst to the quantities / appearing in this 
equation and obtained by measurement the weights g are due. In 
this case 

k= 3g (a Que + 2ab Qey + B* Qyy + 2a0 Qee + 2b Qye + 0° Qes) 
where the summations in the formulae for & and wu include expres- 
sions relating to the same results of measuring. In the above for- 
mula the quantities Q, the well-known numbers of weight, can be 
calculated by means of the coefficients of the normalequations. 

For the deduction of this formula we have the same considerations 
which lead to the mean error of the unity of weight out af all 
observations. If the real errors are indicated by A then nu* = 2 gh’; 
this sum is expressed in the apparent errors that can be calculated, 
and in the errors Ax, Ay and Az of the quantities 2, y and z, 
calculated out of the normal equations, by means of the relation 
h= f+ ahz + bAy + c&z, so that 

nu = Sof? + 2(Ae S gfa + Ly = gfb + Lz J gfe) + 
+ (Aa)? = ga* + 2 (Ax) (Ay) = gab + (Ay)? 2" gb? + | 
+ 2 (Ax) (Az) & gac + 2 (Ay) (Az) = ghe + (Az)? & ge* 

If we were to use the whole material of errors, then the first 
three of the unknown terms would fall out on account of [g/a| = 0, 
[gb] = 0 and [gfe] = 90. (Here and for the future I make use of | | 
as sign of a summation extending over all observations). To take as 
well as possible the unknown terms in the above into account we 
replace them by their mean values in the supposition that the same 
complex of observations repeats itself manifold times so that all 
calculable quantities return unmodified in each repetition. In that 
supposition Az, Ay and Az have zero as mean values and the mean 
values of their squares and products are in the above order: 


Quer? Qey u? ’ Quy we” » Qrz mr? , Qyz Bw? and Q.. py’ 


If we connect these mean values having mu’ as factor with the term 
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nu* in the above equation, if we put 
= g(a Qua + 2abQry + BQyy + LacQuz + AheQyz + c*Qzz), 


equal to & and if we solve uw out of the equation, we obtain 


Be gate per ES 
= 7: i. e. the formula of which I made use to determine 
n inte 


the mean error of the unity of weight out of a particular group of 
apparent errors. 

I arrived at about the same result by another consideration putting 
to myself the problem to determine the mean value Ma of a definite | 
apparent error /;, In the relation : 

fi=t —G@ ae, © y— Oj 2 
I substituted for 2, y, z respectively [a/], [87], [,/] to obtain fi in 
the form of a linear expression of the results of measuring / which 
are supposed to be quite independent of each other. 

Then : 


My, = {1—2(@; 4 458 +46 yi: ) 


Mt l@etneta re], 


It would now be the only way of reduction of this equation to 
make use of the well-known relations existing between the coefficients 
a, B, y and a, 6, c and the numbers of weight Q, namely : 


a= g(a Qew + b Qay + ¢ Qaz), 
B= 9 (a Qey + b Qyy + ¢ Qyz) , 
y= 9 (a Quz + b Qyz +. Qez), 
in order to prove that | 
aj a + i BiG Yi 


Jaeto etary] = ; 
9 gi 


I propose however to deduce this equation directly from the 
minimum condition : 

(g (J — ax — by — cz)*| = minimum. 

If here too 2, y, z are replaced by [al], [@/| and [y/], then after 
calculation and combination of the equal powers and products of the 
quantities 7 an expression appears of the form 2 YC, /,l, having 
for the right set of coefficients «, 8, y a minimum value. I observe 
here that the coeflicients «, B, 7 have to satisfy the minimum condi- 
tion independently of the particular values which the measurements 
furnished for the quantities 7. Out of this observation ensues that 
the partial derivatives of C,; with respect to each of the coefficients 
a, B, y furnish zero by substitution of the right values of these 
coeflicients. 
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_ By calculation and arrangement of the terms of the minimum 
condition we arrive at 
Ch = 2 Eg (aay + OB u + 74) (aes + 58 + ey,)] — 
— 2 gu (ayer, + bu B, + eu Yr) — 2 gs (a, Gu + by Bu + 6, yy) 
The expression [9 (aa. + 8.-+-¢7u)(aa, + 6%, + ¢y,)] being put 
equal to F, the conditions for the minimum furnish the following 
equations : 


oF LA 
eon Oe Oe 
OF oF ar 


ja, 9g. = Indu =Julus 


Such an expression F which, as far as the coefficients a, By 
_ appear in it, contains only products of one of the a, 8.7, with one 
of the a,8,y, can be written as linear expression in each of those 
_ sets of 3 eet in Ay following way: 
or . OF. ah: OF 
Paac~ ~ +855 i= qy, et PRE Bag th ay 
So that by substituting the equations resulting from the minimum 
we arrive at the following relations: 


F = gp (aay + 6,8 + Yu) = Yu (Au Os + bu Be + Cu ys). 
In words this relation runs: with equal weights an error in /, 
has equal influence on the apparent error /, as an equally large 
error in /, has on the apparent error f,. If the weights of the two 
results of measuring are unequal, errors in these which are in inverse 


ratio with their weights will cause each other’s apparent errors to 


deviate to the same amount from the true ones. 
Let us put in the condition 
[9 {¢ — a [al] — 6 [8l] — e [yl] }*] = minimum 
J; =1 and all other quantities 70, then from this arises 
gi (1 — 2aja; — biG, — ery;) + [g (aai + 58; + cyi)*] = min. 
from which we deduce putting [g (ae; + 53; + cyi)?] = G 
0G 0G 0G 
— = 2910; —- = 2gibi — 
Oa; _ OB Oy: 
and from this ensues again : 


» 0G =) 66 “8G 
G@= 5% Pi =—-+-— 2 Fxg + 5 vis a Couns“ bids + evr. 


With the aid of the above - theorem each term of the 
summation in the expression [g(aa;+ 68; + ¢yi)*] can be replaced 
10 


= 2gici 


Proceedings Royal Acad. Amsterdam. Vol. X. 
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by a corresponding one in which the constant index 2 is given to 
the coefficients a,b,c, so we have: 


=|f eat hetar | = gi (ai ai + OF Ri + Yi) 


from which results after division by gi* the relation I was to prove. 
Using this relation I find: : 


M? = (1 — aja; — dBi — a) 
t 


If we call aa+58+ cy =x, then f 2 can be calculated 


out of each apparent error and the mean value of this system of 
errors is equal to pw, as that of the system of unknown errors is — 
hY g. It therefore seems to me not only permissible, but for a test 
of the weights even useful, to make use of that system of errors 
which allows the mean error of the unity of weiglit to be deduced 
out of each definite part of these errors. The connection between 
the quantities x and the number & of the above formula applied by 
me can be indicated by the relation = x = k. 


Physics. - “Contribution to the theory of bmary mixtures”. VII. 
By Prof. J. D. vAN DER WAALS. 


ON THE RELATION BETWEEN THE QUANTITIES @,, AND @, AND @,, WHICH 
OCCUR IN THE THEORY OF A BINARY MIXTURE, 


I have already frequently traced the course of the thermodynamic 
curves for the case that for a binary system minimum plaitpoint 
ee dg 
temperature occurs, and so also the quantity 7 has a minimum value 
ax 
for certain value of z. Both the course of the isobars and the course 


d d 
of the lines (2) = 0 and (-—)=0 may be assumed as known 
dz v dv zx 


for that case. And experiment has shown that the shape of these 
lines predicted by theory it at least qualitatively accurate. 

I purpose to demonstrate in these pages that in the case mentioned 
the course of these lines (see among others fig. 1 page 626 Vol. 1X 
of these Proceedings 1907) is not compatible with the supposition 
G,," = G, G,. 
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. d 
J begin with pointing out that the line (2) =onasan asymptote 


db da : 
for such a value of w for which MRT aa which asymptote 


either exists or must be supposed to exist for a value of 2 which 
is negative, and that this curve approaches the line v = 6 asympto- 
tically for continually increasing values of « — at least if a,+a,—2a,, 
is positive. I shall presently come back to this supposition, but on 


: @’ 
_ page 626 I have explicitly stated this supposition in the form _ 


positive. With increase of 7’ this line proceeds to higher value of 
a and v. 


At lower temperatures the line (z -) = 0 consists of two separate 


Ppdv dp 
branches. From a3 a0 ade 0 follows that the liquid branch has 


d@’ 
maximum volume on the line — = 0 and the vapour branch mini- 
v 


: mum Volume on the same curve, which curve has an analogous 


| course to (2 z)= = 0. It has the same asymptotes, but is always con- 


fined to greater volume. For 7’= minimum critical ra: the 

two branches coincide in a point for which both % — and br as 
Lie om  dadv 

is equal to 0, so in such a point of the line = = 0, for which 

i v 

for \ Mp ; oe : ; 

5 ie O and also = 0. Hence in the critical point of the mixture 

z 


taken as homogenous, for which has minimum value. At still higher 


zr 


: value of 7’ the curve (3): =O has split up into a lefthand branch 


and a righthand branch, both which branches possess ie parallel 


d 
to the v-axis, in points for which also — a='f and =? = 0. Among 
U/z 


the special values of this constantly increasing ure of T we must 
mention in the first place that for which the last mentioned point . 


eat d 
has got on the line (2)=o. the point P of fig. 31. This is the 
: ee | 108 
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remarkable point for which plattpoint 


and critical point of the mixture 
(a= | — taken as homogencous coincide. So 
peoattowes ~ A {Z 0 = at this temperature the two curves 
SS io d d 
33 (=) == ‘0 ‘and (3) = 0 still inter- 
,? os da / y du)» 
ng sect in two points. The other point 
ae of intersection lies, of course, at 
i. greater. volume. With further rise of 
: temperature the two curves contract 
‘ 
d, 
: ‘| further. The line (2) =o moves to 
‘ ; vy 
; 1 f PN 
Fig. 31. the right and the line i <= 0" t6 
U/z 


the left. At a certain temperature these two curves touch, and at 
still higher temperature they have got quite detached. This point of 
contact of the two curves lies, of course, on the vapour branch of 


d 
= ;)= 0, and so has a greater volume than the critical volume. 
=z 


dv 
We can calculate the volume in case of contact. The condition of 


d 
contact of & 2) =0 and (Z)=0 is given by equal value of 
as) y 


d : 
— in the two following equations: 


Gpdv ap _ 
dv? da | dadv 
and 
ap dv of = Ft. 
dadv dx 
or from: 
d*p d"p 
691 
dv* du* =( ) (Gee ) 


; ; dp dp 
This latter equation and the two equations (5, )=oam(G, = 9 
v 


‘ v 
form a set of three which is sufficient for the determination of the 
three quantities «, v and 7’ of the point of contact. If we assume 
6 to be constant in the equation of state these equations have the 


following form: 
s d 
MRI (Gz) Ee aT oa 


MRT 8a dav 1 da’ =| dx de t) 
leas Fl eae (v—0)" 7 ge 
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MRT db dal a) 
(v—b)? da dav ; 

Me MRT 2a 
=>: (3) 

(v—b)* v 
If now we make use of (2) and (3) ke the elimination of MRT 

a db : 
and of 53.We get a simple form for ~, viz. : 


ee at (a). Sa eae Wa 


se 


_ We may also get a quadratic equation in ; , but then it appears 


that one of the values of > =1, and that at 7’=O0 the linev =) 


: . may be considered as saute with the branch of the volumes of 


a (F)=0 and also with (Z)=0 In the same way the line v = oo. 
: dv x dz}, 
: eee «ys da ; 
If we now write for the ratio of By anda— the quantity m, 


; dz? 
ees da\? : 
f.._©) 

so that m= “s then (4) becomes: 


* dat 


A enh 

6” 1—m~" 
And drawing - as ordinate when m is laid out along the axis of 
: the abscissae, we get fig. 32. For m= 0 we have —=3 and for 
m=1 we have ; =o. For m>1 ; is at first negative, but for 
ee 7 ==, and for greater values of m + is positive and stead- 
ily increasing. The limiting value is ~ = 2. For negative value of 


m ‘. is always positive, descending from - =3 t — = 2. The 


v 
b 


( 150 ) 
traced curve is. an equilateral hyperbola. So a value of = larger 


than 3 is possible only when v lies between O and 1. Thus md 


requires a value of m= '/,. 
Accordingly it is impossible to account for a minimum plaitpoint 
temperature of substances for which m does not lie between 0 and 1. 


Now I have already repeatedly called attention to the equation: 


Me pe da P| 

PAO ls 

which follows from the supposition that @ is a quadratic form of 2, 
and already in my Molecular Theory for a binary mixture I pointed 
out, realizing the desirability of a relation being found between a,, 
and a, and a,, that the equation of the spinodal line for a binary 
mixture might be very much simplified if we were justified in 
assuming a,,7—a,a,. I also pointed out other relations between 
these quantities; but I have carefully refrained from even giving so 
much as the slightest indication of the greater probability of one 
relation. I have only repeatedly, then and later, assumed as relation 
for mixtures with minimum plaitpoint temperature a, + a, > 2a,,, 
and reversely, when also mixtures with maximum plaitpoint tempera- 
ture might occur: a, + a,< 2a,,. And I have repeatedly pointed 
out that there is no reason whatever for putting e.g. a,,* = a,a,. 
And to this the following considerations have chiefly led me. 

In the equation of state for a simple substance the two constants 
6b and a have not been introduced on equally sufficient grounds and 
with the same certainty. To the existence of the quantity 6 we 
conclude with perfect certainty if we believe that to ocenpy space 
is an essential property of matter Even Maxwet., who would not 
attribute a volume of their own to the molecules, but wanted to 
consider them as so-called material points, understanding that colli- 
sions could not take place between material points, could not but 
attribute to them at least an apparent volume. By assuming a 
repulsive force he had to account for their never meeting, and for 
their behaviour as particles possessing impermeability on approaching 
each other with reversal of motion. A hypothesis whose improbability 
is not to be denied. The foree would be a repulsive one, and pro- 
bably in inverse ratio to the fifth power of the distance. How and 
why the attraction at somewhat larger distance is converted into such 
a repulsive force is a question that was probably never put by him, 
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and at all events was not answered by him. So the introduction 
of the quantity 4 into the equation of state is perfectly natural — and 
for everybody who assumes the existence of matter as real, indis- 
pensable. But this is not, at Jeast not in the same degree, the case 
with the quantity a. Why should molecular attraction be a necessary 
attribute of matter? From the idea: “matter is something that neces- 
sarily occupies space” does not follow that matter will also have to 
possess attraction. Perhaps we shall sooner or later learn to form 
a conception on the nature of a molecule which involves that they 
necessarily attract each other and learn to compute the value of this 
attraction. Of late attempts have therefore been made to get a better 
insight into the nature of molecules, and they are supposed to be 
either vibrating or permanent electrical double points'). But even 
if this supposition appeared to account satisfactorily for the molecular 
atiraction, yet it does not necessarily follow that attraction exists. 
Then the question has changed in so far that it runs: are there 
electrical double points in the molecule or not? It is true that in 
my Thesis for the Doctorate (1873) p. 92, when the question occurred 
whether hydrogen possesses « critical temperature I answered in the 
sense of a high degree of probability, but only on a ground which 
leaves some room for doubt, viz. that “lt may be presumed that matter 
will always have attraction”. It is not to be denied that everything that 
we accept as matter is subjected to gravity; but to derive from this 
that the existence of the Newtonian attraction involves the possession 
of molecular attraction is more than hazardous. All this is not 
intended to raise doubt about the existence of a e.g. for helium, 
for now that all other substances possess a value for a we may 
repeat what I said before for hydrogen, but to draw attention to 
the fact that the value of a does not only depend on the molecular 


weight. If this was the case, = ai =, a relation which is cer- 
1 2 
a a a 
tainly not fulfilled. Then also —-—=—.——“., and a,,?=a,a, 
m, m, m,m, 
which very probably will never be fulfilled either. 

I was convinced from the outset that we should not be able to 
explain a number of phenomena occurring for binary mixtures by 
means of such an unfounded supposition. Already a long time ago 
Kortewre showed in his paper “La surface w dans le cas de symétrie” 
in how high a degree the phenomena exhibited by a binary mixture, 


depend on the value ascribed to a,,. For values of a,, between 


1) See these Proc. p. 132. 
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certain limits not only three phase equilibrium but even four phase 
equilibrium would be possible, then of course always at a single 
value of 7. So the supposition a,,*—=a,a, is not one without far- 
reaching consequences. Yet we see repeatedly that this supposition 
is made. And I have undertaken this investigation to show 
that such a supposition would also render the existence of minimum 
plaitpoint temperature impossible. At the same time I wanted to 
point out how the course of the isobars which I have given in 
fig. 1 of these contributions would be entirely modified on other 
suppositions about a,, than those I have started from. If we put 
in equation: 

aa _ 


‘da \? 
2a ae? (=) + 4 (a,a, — a,,’) 


da’ da . ; peas 2 gu ce) 
for (=) the value ma, in which, if there is minimum plaitpoint 
temperature the value of m lies between 0 and 1 for the point of 


d d 
contact of (Z)=0 and & = 0, we find: 
dz)» dv), 


2 da\? 
(= ate 1) (Z) = 4 (a,a, — a,,’) 
da 


(2 — ma = 4 (a,a, — a,,”) 


da 
Now 2 igs 2(a,-+a,—2a,,). As at the same time we cannot 


have a,a,—a,,’ and a,+a,=2a,,, unless in the case a, = a,, 
this equation cannot be fulfilled but by putting a,a, >a,,’. 
The supposition a,a,—=a,,’ gives for m the value 2, but then 


d d; 
also for — in the point of contact of (2 = 0 and & =0, the 
b da)» dv )» 
value 1 (see fig. 32). — Only when we put a,a,<a,,* does m 


become > 2, and do we find for the point of contact of the curve 
mentioned, values of which are larger than J, and which can there- 
fore exist, but then this value can rise to 2 at the utmost. In such 


d, d 
cases there is contact of (2) =o win the liquid branch of ($)= 0. 


v U/ «x 
And this means for fig. 1 of these contributions that then again the 
d d 
liquid branch of (Z)=0 may approach to (1) =00n the right 
dv Tr da v 
side, but then to that part of this curve that lies beyond the minimum 


——— 
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Fig. 32. 


volume, and where it proceeds again to greater volumes. On the 
supposition that a,,” might rise above a, a,, fig. 1 would not repre- 
sent all possible cases of the course of the isobars with respect to 


(Z) = 0. But I observed already on page 630 in what way fig. 1 would 
v 


have to be extended if other suppositions on a,-+a,—2a,, are 
admitted e.g. a, + a,—2a,,—0 or a, +a, — 2a,, negative, and 
the supposition a, a, < a’,, lies in this direction. 

If we continue increasing a,,, not only above a, a,, but even 


_(@) 


d d 
and 3 for the point of contact of (=)=0 and = =0, and so 


z 


is negative, and ~ lies between 2 


d 
this point of contact always lies on the liquid branch of Bs == 0, 
U/z 


We might also have arrived at the above results by another course, 
which would give us an opportunity of making some new remarks. 
For if we think the quantity v eliminated from the two equations 
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= )= 0 and & \= 0, we obtain a relation between 2 and 7. In 
v 


general we find two values of w for the same value of 7. The 
value of 7, at which these values of z coincide, or in other words, © 
the maximum value of 7, then gives us the value of z for the 
point of contact of the two curves. 


From 
MRT 2a 

, (v—b)? vo 

and 
MRT db_ 1 dv 
(v—b) dev? da 
db da 
da da 

we find ler point of intersection. . (6) 
@ a 


As for values of v which will be realisable, v >6 and v must 
be positive, a point of intersection of the two curves can only occur if 
da Pid 


d wo @ d ss ; 
= is positive, and if —<—. This latter condition may be written 
a 


as 
lita 

a Tie 0. So the two curves can never intersect in a region of in- 

creasing critical pressure. Let us therefore confine ourselves to decreasing 


critical pressure. The locus (6) has as diffevential equation: 


db da da\* 
dedv “dat z=) : 
be mi, y? de at . . . . . ( ) 


d 
So when m= maa; — is negative. Only in a region where 


dax* 
d 
m has become = 1, - will be positive. And if we should assume. 


a,a,—=4,,", 80 if we put m= 2, the locus of the points of inter- 
section of the two curves would move to greater volume with 
increasing «, 80 perfectly different from what happens for mixtures 
with minimum plaitpoint temperature. If we substitute the value of 
v which follows from (6), in: 


Slee 
ns sel eab  oels ob 
: as aE 


b b\? 
mar =~ (1—— 
b v 
we get: 
1 da 1 da\? 
a a dex 2a dx 
sce = 7 
samo b 1 db : 1 db (7) 
db da' b da’ 
a 
d log — 
da 2 db 1 da b? 
For values of « for which —~ = 0 and — s- ee al = = 0, 


the value of 77=0. Thus the same value of 7’ always belongs to 
a couple of values of z which approach each other. And at the 
maximum value of 7’ the two values of « have coincided. By differen- 
tiating (7) we get an equation which may be written in the form: 


d*a da \?* 
wa Mata) 


b de 3 
.- 


from which, taking (6) into Sa we obtain again (4). 


It appears from the foregoing that putting a,,* =a, a, comes to 
the same thing as putting m= 2. For mixtures with minimum plait- 
point the value of m differs much from this value, as it is then 
smaller than 1, and so a,,* will have to differ pretty much from 
a,a,. If we put a,,° = oe a,, in which ? <1, we find from: 


da \? 
oe ==(< +4(1—P)a,, 


(Q—m) aq" = = 4(1—l’) a, a, 


(-F (a, + a, — 2a,,)a = (1 — P)a, a, 


It may be derived from this equation that m may lie near 2, 
even when / differs comparatively much from 1. 


The value of a varying with 2, also the ratio of 1— = and1—? 


will vary with z. If we make a increase with zx, which probably 
will be in general the case, then a, is the smallest value of a and 
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1 
a, the greatest value, whereas the value of a for c= eo will be 


a,-+a,+2a,, 
equal to - ; 
m 
a, 1 
So the ratio is for t= 0, eee and #=1: 
m a 
 Batgeds : SJ 
ees a, 2 a, 
SS Sis eae i 3 
1 l a,+a, 2a,, (\42 eae 1 +. 2 (1—J) VA 
a, | 
Pies 4s: 
2. 4a, a, a, 


1—P ~ +a,)’ —4a’,, a a, : 2\ 2s 
Eyres 


Pcie 
2 


as a, ao 1 
1—/? a,+a,—2a,, Ce 2 1) 4 2(1—D VA 
a, a, 


If we choose the second of these equations, from which it is 
easiest to draw conclusions with regard to the value of m at given 
value of /*, we write it first in the following form: 


4s0—-2)— 


If we always take the same value of 1— /?, but different values 


a 
of —, we find very great differences in the value of m. For instance 


a, 
2 2 
with - we have ——— At == 8 (1 — —f), or ‘“<Tienoth 
2 
ith -= i _— swims = 
with — i = 11, m is found equal to m 140,44 (1-2) With? =1 


we find of course in both cases m= 3%. But for smaller values of 


/ the values of m differ considerably. For /==0 these values are 
2 2 


ty! pad 
tag er 
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If we had discussed the third of the equations, the values of m 
would have been found still higher. According to the first of the 
equations of course smaller. 


: d 
Let us finally examine the course of the line (2) = 0 in the 


cases that there can be no contact with the line (2 >): or only on 


the side of the liquid volumes. We saw already above, that then the 
locus of the points of intersection of the two curves mentioned (cf. 7) 
runs to greater volumes, if # is made to increase. Then at given 7’, 


d, 
only that part of the line (2) = 0 exists, for which this line runs 


to greater volume. The lefthand part, for which this curve may 
reach infinitely large volume lies in the common case at a value of x 

as. mrt ~ 
to be calculated from MRT = =— =, - Then - — 


da 


dz 
and the first part of this equation is then equal to the unity, because 


Sos ©. But oo 


can also be equal to 1 in another case, viz.: if 


6b should be = 0. This can only occur, when extrapolating we also 
admit negative values of 2, and moreover choose for 4 such a func- 
tion of z that it can become equal to O for negative value of x. This 
is the case for a linear function, but putting b= 6, (1—z)+ 4,2 is 
only an approximation. Whether this can also be the case with a 
more exact shape of 6 = /(x), must be left undecided. Moreover it 
is necessary, if we choose always greater negative value of z, that 


da 
we first find 6=0, before finding = = 0. But then the shape of 


the p-lines must also be modified. I shall however not enter into a 
discussion of this, for one reason because Dr. Konnstamm informed 
me, that he had already been engaged in the study of the modified 
course of the isobars, and that he had also come to the conclusion 
that the relative situation of the values of z, for which 6=O and 


da 
= 0, is decisive. Moreover I leave undecided for the present 


whether also on other suppositions than 0< «<1 there can be 
question of minimum plaitpoint temperature, which is to be distin- 


guished from minimum value of =: 
z 
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Botany. — “Contribution N°. 1 to the knowledge of the Flora of 
Java.” (Fourth continuation).’) By Dr. S. H. Koorprrs. 


§ 7. Plantae Junghuhnianae ineditae. I. Notes on some javanese species 
of an as yet unpublished collection of Junghuhn’s plants, in ’s Rijks Her- 
barium at Leiden. 


A few months ago, while searching in ’s Rijks Herbarium at 
Leiden for some herbariumspecimens of JuNeHUHN’s Javanese alpine 
plants, which were required by me, one of the officials of that 
institution found among the separately preserved collections of 
“Indeterminata” a fairly extensive collection made by JuNGHUHN. - 
This collection had already undergone preliminary determination 
by me, in 1896 (during a short stay at Leiden), at the request of 
Dr. J. VALCKENIER SurinGAR, but for the rest remained wholly un- 
determined. 

As I noticed in this collection a number of Javanese alpine plants, 
and as it seemed worth while to study the collection as a whole, 
I resolved to complete the determination, begun in 1896, and to 
publish the results. The latter, as far as an enumeration of the 
Javanese specimens is concerned, are ready for the press, but 
will be published separately; here I only append a few remarks 
on this collection of Junghuhn. 

The whole collection consisted of fifteen large packets and fully 
560 collecting numbers. 

As is the case of very many old herbariumcollections, the labelling 
of a large number of these specimens left much to be desired. On 
the other hand some specimens were provided with detailed col- 
lecting labels, written by JuncHunn himself. With a few exceptions, 
all the specimens were quite undetermined (without determination 
of the genus and order). Most of the specimens were also without a 
collecting number on the label. In consultation with Dr. J. C. Gorraart, 
Keeper of ’s Rijks Herbarium, it was accordingly decided to give 
running numbers to this whole collection of “Plantae Junghuhnianae 
ineditae’, these numbers being independent of the old numbers, 
extant in some cases, but not explained by any list or publication. 
Printed labels have also been added, running partly as follows: 
“Plantae Junghuhnianae ineditae. In insula Java legit Dr. Fr. Juncnunn 
anno 1838—1863 sub n....”’ Except for the substitution of the word 
“Sumatra’’ for “Java’’, the specimens from Sumatra in this collection 
have received a similar label. 


) Continued from these Proceedings p. 182, 
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I have not been able to ascertain, why this extensive collection of 
Junecuunn’s plants has not been worked at during so many decades, 
and apparently was never in the hands of Mique... I surmise, in 
the first place, that it was not received from JUNGHUHN either 
until the period 1855—1864, or until after his death, ze. after 
1864; the receipt of the collection is noted on the outside in an 
unknown handwriting as “from Bandong”. In the second place I 
surmise that this unpublished collection was accidentally mislaid 
among the mass of material in ’s Rijks Herbarium at Leiden, and 
was consequently not found again, when Mique, was Director of 
that Institution (1862—1871). 

For had this collection been in the hands of one, with so good a 
knowledge of the East Indian flora as that possessed by Miquet, 
there can, in my Opinion, be no doubt, that he would at once have 
discovered the 9 species mentioned below, which at the time were 
new to the flora of Java and were found by me undetermined in 
1896. Nor would these 9 species have been omitted from the Javanese 
flora in the publication *) “Plantae Junghuhnianae’ of 1854 or in 
the other publications of Mique. (e.g. Flora Ind. Bat., Ann. Mus. 
bot. Lugd. Bat., etc.). 

_ As such I mention the following species: 

Pl. Jungh. inedit. n. 368, 380, 381, 385 and 394 = Turpinia 
parva Koorp. et Vaueton (first published in 1903) Pl. Jungh. ined. 
n. 545 = Ilex Hookeri Kine (has not yet been mentioned in the 
literature as occurring in Java), [tea macrophylla Wall. var. minor 
K. et V. (at the time not recorded in Java); Pl. Jungh. ined. n. 207 
= Aglaia heptandra Koorp. et VauerTon (first published in 1896); 


1) The title of this publication is: Plantae Junghuhnianae. Enumeratio 
quas in insulis Java et Sumatra detexit Fr. Juncuunn, Leiden, 

1854. In the Index Kewensis it is often quoted as Miguex Pl. Jungh., although 
Miguet’s name does not appear in the title. Most of the phanerogams in this 
publication were treated of by Miguer himself, some other families by others i-a. 
by Benruam (Leguminosae), Morxensoer (Loranthaceae), W. H. ve Vrurse (Pri- 
mulaceae, Dipterocarpaceae, etc.), Hassxan. (Commelynaceae, Amaranthaceae), 
Biise (Graminae), Burcerspux (Violaceae), and A. J. pe Bruyn (Polygonaceae). 
In the catalogue of the University library at Leiden, this publication Plantae 
Jungh. Enumeratio plant. etc. (1854) is stated to have appeared in 1851—1855. 
In the only copy in ’s Rijks Herbarium I found the year 1854 given as the 
date of publication. This bound copy ends with p. 552, where as the copy of the 
Royal Academy of Sciences at Amsterdam is slightly more complete, ending with 
p. 570. The publication seems to have been stopped prematurely, the less incom- 
plete copy of the Royal Academy of Sciences ends on p. 570 im the middle of a 
word and is therefore evidently no more rounded off than the copy | found at 
Leiden. The date of publication is given on the title page of the latter copy as 1853. 
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Pl. Jungh. ined. n. 91 et103 = Mallotus campanulatus J. J. Smita 
(first published in 1907 in Icones Bogoriensis); Pl. Jungh. ined. n. 
113 = Ostodes macrophylla Bruntu. et Hoox (not recorded for Java 
even at the present time); Pl. Jungh. ined. n. 462 = Elaeocarpus 
Griffithii A. Gray (not known for Java at that time); Pl. Jghn. 
ined. n. 488 = Saurauja dasyantha De Vriese (even now not 
mentioned for Java in the literature); Pl. Jghn. ined. n. 256 = 
Eugenia cuprea Koorp. et Vaueton published in 1900); Pl. Jghn. 
ined. n. 426 = Symplocos Junghuhni (published for the first time 
below). ~ 

The specific description is as follows: 

Symplocos Junghuhnii Koorp., nova spec. — Arbor ramulis gla- 
bris. Folia tenuiter coriacea, supra glaberrima, subtus praeter costam 
laxe appresse pilosam glabra; 12—15 cm. longa et 4—5 em. lata, 
subintegra v. valde indistincte serrulata, basi angustata, apice sensim 
vel abrupte acute acuminata; nervis secundariis plerumque impressis, 
petiolo 1—1'/, em. longo. Racemi simplices axillares et terminales 
villosi petiolo 4—5-plo longiores; bracteae ovato-acutae extus basi 
puberulae calycem aequantes; pedicelli calyce paullo breviores, calycis 
tubus extus villosus, lobi rotundati glabri marginibus ciliatis, corolla 
calyce duplo longior utrinque glabra stamina ultra 100 satis distincte 

pentadelpha; filamenta filiformia glaberrima; ovarium 3-loculare gla- 
brum, stylus glaber; fructus ignotus. 

West-Java (Preanger). — Pl. Jungh. ined. n. 426 in Herb. I. B. 

The foliage of this species greatly resembles that of Sympl. Hen- 
schelii Brand [in Engler Monogr. Symploe. Pflanzenw. IV. 242. 
(1901) 89], but the floral structure is different, as is evident from 
the above diagnosis. 

In the system of the Symplocacae of Branp l.c. this species will 
have to be placed in the subgenus Hopea (L. f.) Cuarke, and in the 
section Bobua (DC.) Branp., and probably in the subsection Palura 
(Buch.-Hamilt.) Bewr, et Hoox., immediately near to Symplocos ribes 
Junon. et De Vriese {in De Varese, Pl. nov. Ind. bat. (1845) 11; 
Branp Lc. 39.) Through the extra-ordinarily large number (100) of 
stamens Symplocos Junghuhnii seems to me to differ from S. ribes, 
and from the other more or less closely related Javanese species, 
S. aluminosa Biome Branp lLe., S. odoratissima (Bu.) Cosy and 
S. sessilifolia (Bu.) Gtrxx. 

S. polyandra, Brann. |.¢. 36 of the Philippines, which is also 
related and also has about 100 stamens, is distinguished from the 
Javanese plant since it has panicles instead of simple racemes. 
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In 1856 Mique. evidently resolved to bring out a second part 
of the publication, which appeared in 1854 (Plantae Jungh. Enum. 
pl.). This follows for instance from his quoting in the Flora Ind. 
Bat. Il (1856) p. 1053: “Pl. Jungh.-I. p. 84”. My publication on 
the Pl. Jungh. ined. might therefore perhaps have been called “PI. 
Jungh. II”. Since, however the only part, which appeared in 1854, 
was not specially designated as part N°. I, I have now, for the sake 
of clearness, not called my present publication also “Plantae Jungh.”, 
but “Plantae Junghuhnianae ineditae’’. 

I found this latter designation for the first time in Miguer FI. 
Ind. Bat. I. 2. (1859) p. 356. An authentic herbariumspecimen of 
Flueggea serrata Mig., collected by Juncuuan in the higher mountain 
regions of Java, and found by me in the University Herbarium at 
Utrecht, is published there for the first time and is quoted by Mique. 
le. as Pl. Jungh. inedit. 

The authentic herbarium-labels, preserved at Leiden, which refer to 
the species treated of in the above-mentioned publication (Pl. Jungh. 
Enum. pl., 1854) bear numbers, which correspond with that publi- 
cation of 1854 and are sometimes also quoted in the later publications 
as Pl. Jungh. n. 1, 2, 3, ete. In order to avoid any possible con- 
fusion with these numbers, I have quoted below the specimens in 
the collection now described by me, as follows: P. Jungh. "ined. 
n. 1, 2, ete. ) : 

The number of exclusively alpine Javanese species met with in 
the above collection, is not large. Nevertheless I found several more 
or less characteristic Javanese alpine species represented, sometimes by 
a profusion of specimens. As such the following may be mentioned 
among others: Urtica grandidenta Mig., Thalictrum javanicum Bu., 
Myrica javanica Bu., Euphorbia Rothiana Sprenc., Viola serpens 
Wat., Leptospermum javanicum Bu., Clethra canescens Rrixw., 
Leucopogon javanicus (Juncu.) pe Vriese, Lysimachia ramosa WALL. 
var. typica Knuta., Primula imperialis Juncu., Buddleia asiatica 
Lour., Vaccinium Teijsmanni Mig., Vaccinium varingaefolium Mie., 
Rhododendron retusum Benn., Lonicera oxylepis Mig., ete. 

With some specimens of the collection, now described by me, 
I found labels, on which, presumably about half a century ago, 
was written in the hand-writing of the late Professor W. H. pe Varixsz: 
“legit Junghuhn, herb. de Vriese”. It seems therefore, that before 
’s Rijks Herbarium at Leiden acquired this collection of Junghuhn 
whether by purchase or by donation, it belonged wholly or partly 
to that herbarium. 

The determination of the above-mentioned JUNGHUHN’s collection, 


11 
Proceedings Royal Acad. Amsterdam. Vol. X. 


( 162 ) 


was chiefly carried out by me at Leiden, with the aid of the mate- 
rial for comparison in ’s Rijks Herbarium, and for a few rare species 
with the help of the collections of the University Herbarium at 
Utrecht. 


Leiden, Juni 23"¢ 1908. 


Chemistry. — “The dynamic conception of a reversible chemical 
reaction.’ By Prof. A. Smits and J. P. Wrsaur. (Communi- 
cated by Prof. A. F. HoLLeman.) 


It is generally known that our kinetic views lead to the assump- 
tion, that with every reversible reaction we meet with two reactions, 
which proceed in opposite directions. pas 

The following consideration, however, seemed to show that a direct 
proof for this dynamic conception could not be given. 

Our power of observation only enables us to observe differences; 
so if we observe something of a conversion, this is the consequence 
of this that the velocity of one reaction is greater than that of 
another, and we get an impression as if only one reaction. takes 
place, which proceeds with a velocity equal to the difference of the 
velocities of the two reactions. 

As we shall see, this reasoning, which is perfectly correct for 
conversions in homogeneous systems, does, however, not hold good 
in all respects in a single case for a conversion in a heterogeneous 
system in consequence of particular circumstances. 

The above arguments, however, seemed so convincing that up to 
now the following indirect proof has been considered the only one 
possible. . 

The already indicated conception of a reversible reaction leads to 
a simple relation between the constants of equilibrium and the two 


: k 

constants of reaction, which runs: K =-. This relation, now, sup- 
3 

plied a means to test the kinetie conception of a reversible conver- 


sion, and it is known that experiment has shown for the few cases 
which have as yet been investigated, that this relation is really 
satisfied. 


Yet it seemed very desirable to prove the correctness of our 
dynamie conception of a reversible reaction by a direct way. 

The conversion by means of which we have reached our purpose 
is this 


200 20, +0, 
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That the choice fell on this reaction was due to this that it has 
appeared from the investigations of BovpovarD’) and others that 
when CO is converted into CO, and C, the carbon is deposited in 
the form of graphite, so that it was to be expected that when we 
start from the righthand system, and lead CO, over diamond at 
constantly increasing temperature, graphite, which will be immediately 
visible even in exceedingly small quantities will deposit on the 
diamond, the reaction proceeding simultaneously from left to right. 

[It is hardly necessary to observe here that we discuss the reaction 
in the gas phase, in which the gaseous carbon is one of the reading 
components. 

The circumstance that the system is heterogeneous, and according 
to the molecular theoretical views by. the side of the homogeneous 
reaction two more heterogeneous transformations take place, viz. : 

diamond — Cyapour ANd Cyapour —> graphite, between which the 
homogeneous reaction forms the link, made us suppose, we had 
found in this example a means to test our dynamic conception con- 
cerning a chemical reaction |’). 


It is self-evident that if the experiment is to prove anything, care 
must be taken that the temperature never falls, because in this case 
the depositing of graphite might be ascribed to a shifting of the 
equilibrium from left to right. 

To be sure that this was out of the question it was desirable to 
make the temperature constantly increase during the experiment. 


Before proceeding to the experiment we gladly avail ourselves of 
this opportunity to mention that the diamond powder with which 
the above mentioned investigation was made, had been kindly sup- 
plied to us by Messrs. Asscner, to whom we here express our great 
indebtedness. 

As it was important for our investigation to start from white 
diamond powder, the diamond received by us, which had a grey 
colour in consequence of impurities, was heated in an open china 
mug, by means of which a perfectly white powder was obtained. 

Before now proceeding to the decisive experiment, it was necessary 
to investigate first of all whether at the temperature at which we 
intended to perform our investigation, diamond is already converted 
to graphite. 

For this purpose the white diamond powder was heated for an 


1) Ann. Chim. Phys. (7) 24, 5—85 (1901). 
*) The passage between [ ] is added in the English translation. 
ti hag 
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hour to 900° in an atmosphere of pure nitrogen by means of an 
electrical furnace, on which it appeared that under these circum- 
stances nothing was to be detected of a conversion of diamond into 
graphite. 

When this favourable result had been obtained, a china dish filled 
with diamond powder was placed in a china tube which was slowly 
heated in an electrical furnace, a current of pure CO, passing through 
the china tube. 

The escaping gas was led through a very sensitive solution of 
PdCl,, so that the presence of CO_in it was at once to be detected. 

The experiment showed that under these circumstances the reduc- 
tion of CU, by diamond begins to be noticeable only at about 750°, 
and proceeds rapidly at 850°. 

So after the conversion 


CO, + C—>2C0 


had been shown in this way, we had to ascertain whether the reverse 
reaction 


2C0O—>C0,+C 


had taken place in the course of this process. ; 

For this purpose the CO, stream was suddenly broken while the 
temperature was still increasing, and the gas-mixture in the china 
tube was expelled rapidly and completely by means of pure nitrogen. 
Only then the temperature was lowered, and the furnace cooled 
down to the temperature of the room. 

The contents of the boat showed in an unmistakable way that the 
latter reaction had really taken place, for the colour had become 
grayish, in consequence of the depositing of graphite, which had 
taken place throughout the mass. 

On repetition of the experiment the same result was obtained, so 
that we think that we have given in this way for the first time a 
direct proof of the correctness of the dynamic conception of a reversible 
reaction. 


Anorg. chem. Laboratorium 
Amsterdam, June 1908. of the University. 
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Physics. — “The P-T-X-spacial figure for a system of two com- 
ponents which are miscible in the solid or liquid crystalline 
. state in all proportions.” By Prof. A. Smrrs. (Communicated 

by Prof. J. D. vAN per WaAALs). 


When we project the spacial figure mentioned in the title above 
it appears that its most remarkable feature is this that three two 
_ sheet surfaces must intersect viz. the vapour-liquid sheet, the vapour- 
mixed-erystal sheet, and the liquid-mixed-crystal sheet, of which we 
know that for the simplest case, i.e. for the case that these sheets 
possess neither maximum nor minimum, they show great resemblance 
in form. 

To examine how this intersection takes place we consider first of 
all a p-x-figure for a temperature below the triplepoint temperature 
of the two components. . 

If we call as is usual, the component with the highest vapour 
tension (and the lowest triple-point temperature) A, this p-a-diagram 
has a shape as indicated in fig. 1. 

On line acd we find the mixed-crystal phases, which coexist with 
the vapour phases, which lie on the line ad 6. 

Between these two curves lies the region for vapour + mixed- 
crystal, G'-+ /, and above the line acd the region for the mixed- 
crystals /’, and under adb the region of the vapour G. If now 
we choose a temperature above the triple-point temperature of A, 
but below that of B, and if we assume for a moment that at the 
temperature considered A is found in a solid, so supersolidified 
state, we get a p-a-figure as indicated by afbga in fig. 2, which 
is quite analogous to that represented in fig. |. 

Solid A, however, being metastable at this temperature, part of 
this p-a-figure will be metastable on the A-side, and now the question 
rises what stable equilibria will take the place of these metastable 
equilibria. 

This is immediately seen when we imagine the case, that the two 
components are liquid at the temperature considered, and so B occurs 
in superliquefied state. 

In this case we should find a p-z-figure as indicated by cldgc, 
where we notice that d lies below 6, and c above a, 6 and ¢ 
denoting the vapour tension of metastable states of A and B. 

The line cld indicates here the liquid phases coexisting with 
vapour phases on cgq. 

The p-z-figure afbga being metastable on the side of A and 
cldge being metastable on the side of B, it is at once evident thay 
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the stable p-2-figure will contain the lefthand part of the former and 
the righthand part of the latter p-z-figure, which parts will meet 
where a vapour phase coexists at the same time with a liquid phase 
and with a mixed-crystal phase. 

As follows from the diagram the vapour branches of the two 
p-«-figures intersect in g, so that g is a vapour which does not only 
coexist with the liquid 7, but also with the mixed-erystal phase /. 

So the three-phase-equilibrium G-+ Z-+ F, which is non-variant 
at constant temperature constitutes the transition between the series 
of mixed-crystal phases af, and the series of liquid phases Jd, which 
can coexist at a series of pressures with vapour phases of egos 
concentration. 

We find the region of the liquid Z above the line di and the 
region of the mixed crystals # above the line af. The two regions 
are separated by a region of liquid +- mixed Pict td lying between 
the lines lg and /q. 

If we now draw some p-a-figures corresponding with different 
temperatures in the same graphical representation beginning with the 
triple point temperature of A, and ending with the triple- point tem- 
perature of B, we get what is represented in fig. 3. 

Figure ab corresponds to the triple point temperature of A and a,d, 
to that of B, the p-a-figures a,b, and a,b, referring to intermediate 
temperatures. 

From this collection of p-a-figures we see that when we join the 
corresponding points of the different three-phase-pressure lines glf, 
a three-phase-region is formed composed of two two-phase-regions, 
first of the two-phase-region for the equilibria between vapour and 
liquid, and secondly of a two-phase-region for the coexistence of 
liquid and mixed crystals. 

If we think the p-«-diagrams corresponding with the different 
temperatures placed in succession, the vapour-lines form a vapour- 
sheet, the liquid-lines a liquid-sheet, and the mixed-crystal-lines a 
mixed-cry stal-sheet, 

The line bgg,a, indieates the intersection of the vapour-sheet of the 
mixed-crystals ') with the vapour-sheet of the liquid phases, the line 
bila, that of the liquid sheet of the mixed-crystals with the liquid 
sheet of the vapour phases, and b//,a, the line along which the mixed- 
crystal sheet of the liquid phases intersects the mixed-crystal sheet 
of the vapour phases. 

1) By the vapour sheet of the mixed crystals we must understand here the 
vapour sheet coexisting with the mixed-crystal sheet. 


Sci che lala 
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All this becomes perfectly clear when we consider the spacial 
representation, fig. 4, to the right of the plane », v, v, %,. 
Sa is the triplepoint of the component A 


Sp > o>? 9) 99 3? 3? B 
cS4 is the vapour-pressure-line of solid A 
ies a ' ,, liquid A terminating in the 


critical point Ky. 

aSpg is the vapour-pressure-line of solid B and 

Sh). a ,, liquid B terminating in the 
critical point Az. 

S4S'4 is the melting-point-line of A and SzS'g the melting-point- 
line of B. 

SigSpfSa is the three-phase-region discussed before, and the 
p,a-section drawn between the triple-points S4 and Sg shows that 
Sag Sp is the vapour line, S4/Spg the liquid line, and S4/Szg the 
mixed-crystal line. 

On the two-phase-region S4qg Spl S4 lie the vapour and liquid 
phases which are in equilibrium with the mixed-crystals, and on 
the two-phase-region S4/Spz/S4 are found the liquid and the mixed- 
crystal phases which can coexist with the vapour. 

The two-sheet surface for mixed-crystal: and liquid rests on this 


latter two-phase-region, which surface will in general be very steep. 


It has been assumed in the spacial figure that as is actually the 
d 
case as a rule, = of the melting-point lines of the components is 


at first positive, which causes the two-sheet surface mentioned to 
run to higher temperatures with increasing pressure, which is here 
represented in an exaggerated manner. 

A consequence of this situation is this that, as has been indicated 
in the section, at a temperature lying between the triple-point tem- 
peratures of A and JB, the region for liquid and mixed crystal ceases 
to exist above a certain pressure, 7, so that the three regions of 
two-phase equilibria, mixed-crystal-vapour, liquid-vapour, and mixed- 
erystal-liquid are limited on all sides. 


Sees dp . : 
It is evident that when lle negative for both melting-point lines, 


point 7 will not lie on the melting-point line of the component A, 
but on that of B. 

In the case that the two components pass into the fluid-crystalline 
state before melting, the spacial figure of such a system is represented 
by the whole of figure 4 for the simplest case. 
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The lefthand part agrees then perfectly with Baxnuts RoozeBoom’s 
spacial figure, O4 and Og not representing the melting-points under — 
vapour-pressure, but the transition points of the two components 
under vapour pressure, i.e. the points where the ordinary crystalline 
state passes to the fluid crystalline state under the pressure of its 
vapour. 

If this spacial figure is cut by a plane of constant préedars, we 
get, at least if this pressure is chosen high enough, the simplest 
imaginable 7-X-figure of a system of two components, each of which 
possesses a stable fluid-crystalline modification. 

The other possible cases may be easily derived from this spacial 


figure. 


Amsterdam June 1908. Anorg. Chem. Laboratorium 
of the University. 


Physics. — “The liquefaction of helium’. By Prof. H. Kameriinen 
Onnes. Communication N°. 108 from the Physical pice 75 
at Leiden. 


§ 1. Method. As a first step on the road towards the liquefaction 
of helium the theory of van per Waats indicated the determination 
of its isotierms, particularly for the temperatures which are to be 
attained by means of liquid hydrogen. From the isotherms the critical 
quantities may be calculated, as vAN DeR Waats did in his Dissertation 
among others for the permanent gases of Farapay, which had not 
yet been made liquid then, either by first determining a and 8, or 
by applying the law of the corresponding states. Led by the consi- 
derations of Comm. N°. 23 (Jan. 1896)') and by the aid of the critical 
quantities the conditions for the liquefaction of the examined gas may 
be found by starting from another gas with the same number of 
atoms in the molecule, which has been made liquid in a certain 
apparatus. By a corresponding process in an apparatus of the same 
form and of corresponding dimensions the examined gas may be 
made liquid. 


1) y {Decilonia in view of the statical liquefaction of hydrogen and the obtaining 
of a permanent bath of liquid hydrogen (Comm. N°. 94/) at which I was working 
then]. 

By (} will be designed additions made in the translation. 


hs 


( 169 ) 


The Jovuie-KeLvin effect, which plays such an important part in 
the liquefaction of gases whose critical temperature lies below the 
lowest temperature down to which we can permanently cool down, 
may be calculated from the isotherms, at least if the specific heat 
in the gas state is not unknown, and its determination, though more 
lengthy than that of the isotherms, may be an important test of our 
measurements. If there is to be question of statical liquefaction of 
the gas by means of the Jovu.e-KeLvin effect, this must at all events 
give a decrease of temperature at the lowest temperature already 
reached, which, as was demonstrated in the above communication, 
will be the case to a corresponding amount for gases with the same 
number of atoms’) in the molecule at corresponding states, while a 
mon-atomic gas compared with a di-atomic one will be in more favourable 
circumstances for liquefaction (Comp. also Comm. N*. 66, 1900). 

But the sign of the Joune-Kexvin effect under certain circumstances 
does not decide the question whether an experiment on the statical 
liquefaction of a gas will succeed. Speaking theoretically, when hy the 
Joune-KeLvin effect, at a certain temperature a decrease of temperature 
however slight can be effected, liquid may be obtained by an adia- 
batic process with a regenerator coil and expansion cock with 
preliminary cooling down of the gas to that temperature. But as long 
as we remain too near the point of inversion the JouLE-KxLvin effect 
will have a slight value; accordingly the processes by which really 
gas was liquefied in statical state with an apparatus of this kind, as 
those which were applied to air by Linpe and Hampson, and to 
hydrogen by Dewar, start from a much lower reduced temperature, 
viz. from about half the reduced temperature at which the sign of the 
JouLe-KeLvin effect at small densities is reversed, or more accurately 
from somewhat below the Boy e-point, i.e. that temperature at which 
the minimum of pv is found at very small densities. | Experiments from 
which could be derived at how much higher reduced temperature 
the process still succeeds with mon-atomic gases are lacking]. So 
according to the above theorem it is practically the question whether 
the lowest temperature at our disposal lies below this Boy1z-point *) 


1) [The inversion points of the effect having reference to the amount 0 and 
therefore being independent of the number of atoms in the molecule, are at 
corresponding states, and the inversion point for small densities is at corresponding 
temperature for ali gases as far as they obey the law of corresponding states. 
This is easily deduced from the considerations of Comm. N°. 23]. 

2) [The Boyte point, as well as the Joure-Ketvin inversion point for small 
densities is a corresponding temperature and both temperatures are therefore pro- 


’ portional theoretically. In the present question it is better to refer to the Boyte 


point than to the Joute-Ketvin inversion point considering the deviations of the 
law of corresponding states]. 
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which is to be calculated from the isotherms, and the JouLE-Kxtvin 
effect has therefore a sufficient value to yield an appreciable quantity 
of liquid in a given apparatus in a definite time. 

Three years ago I had so far advanced with the investigations 
which led to the isotherms of helium,') that these determinations 
themselves could be taken up with a reasonable chance of success. 

At first the great difficulty was how to obtain sufficient quantities 
of this gas. Fortunately the Office of Commercial Intelligence at 
Amsterdam under the direction of my brother, Mr. O. KameriineH 
OnnEs, to whom I here express my thanks, succeeded in finding in 
the monazite sand the most suitable commercial article as material 
for the preparation, and in affording me an opportunity to procure 
large quantities on favourable terms. The monazite sand _ being 
inexpensive, the preparation of pure helium in large’ quantities 
became chiefly a matter of perseverance and care. ?) 

The determination of isotherms of helium was not accomplished 
before 1907. 

The results of the determinations of the isotherms were very 
surprising. They rendered it very probable that the JouLe-KeLvin 
effect might not only give a decided cooling at the melting point 
of hydrogen, but that this would even be considerable enough to 
make a LinpE-Hampson process succeed. 

Before the determinations of the isotherms had been performed 
| had held a perfectly different opinion in consequence of the failure 
of Oxzewski’s and Dewar’s attempts to make helium liquid, and had 
even seriously considered the possibility that the critical temperature 
of helium, might lie if not at the absolute zero-point, yet exceedingly 
low. In order to obtain also in this case the lower temperatures, 
which among others are necessary for continuing the determi- 
nations of isotherms below the temperatures obtainable with solid 
hydrogen, | had e.g. been engaged in designing a helium motor (ef. 
Comm. N°’. 23) in which a vacuumglass was to move to and fro 
as a piston in another as a cylindre. And when compressed helium 
was observed to sink in liquid hydrogen (Comm. N°. 96, Nov. 1906) 
I have again easily suffered myself to be led astray to the erroneous 
supposition of a very low critical temperature. 

In the meantime I had remained convinced that only the deter- 


') (Comp. for eryostats: Comm Ns. 14, 61, 83, 94, for thermometry: Comm. 
Ns. 27, 60, 77, 98, 95, 99, 101, 102, for manometers, piezometers and deter- 
mination of isotherms: Comm. Ns 44, 50, 69, 70, 71, 78, 97 99, 100], 

*) [Even the quantity of 200 liters (and 160 liters of reserve) of the extreme 
purity required, though requirmy a great deal of labour, was nol out of reach]. 
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mination of the isotherms could decide how helium could be made 
liquid. Hence we had proceeded with what might conduce to making 
a favourable result for the critical temperature at once serviceable. 
Thus the preparation of a regenerator coil with expansion cock 
in vacuum glass (to be used at all events below the point of inver- 
sion), and the preparation of pure helium was continued. Of the 
latter a.quantity had even been gradually collected sufficiently large 
to render a determination of the JouLe-KeLvin effect in an apparatus 
already put to the test in prelimininary investigations possible, and 
to enable us to make efficient expansion experiments. 

All at once all these preparations proved of the greatest importance 
when last year (Comm. N°. 102a) the isotherms began to indicate 
5°K to 6°K for the critical temperature, an amount which according 
to later calculations, which will be treated in a subsequent paper, 
might have been put slightly higher (e.g. 0,5), and which was 
in harmony with the considerable increase of the absorption of helium 
by charcoal at hydrogen temperatures, on the strength of which Dewar 
had estimated the critical temperature of helium at 8° K. For 
according to the above theorem it was no longer to be considered 
as impossible to make helium liquid by means of a regenerator coil, 
though this was at variance with the last experiments of OLszewskI, 
who put the critical temperature below 2°. 

It is true that the conclusions drawn from the isotherms left room 
for doubt. It seemed to me that the isotherms at the lowest tempe- 
rature yielded a lower critical temperature than followed from the 
isotherms at the higher temperatures, which is due to peculiarities, 
which have been afterwards confirmed by the determination of new 


-points’ on the isotherms. So there was ample room for fear that 


helium should deviate from the law of the corresponding states, and 
that still lower isotherms than those already determined should give 
a still lower critical temperature than 5° K., and according as the 
critical temperature passed on to lower temperatures the chance to make 
helium liquid by means of the JouLz-Kexvin effect beginning at the lowest 
temperatures to be reached with liquid hydrogen (solid hydrogen 
brings new complications with it) became less. This fear could not 
be removed by the expansion experiment which I made some months — 
ago, and in which I had thought I perceived a slight liquid mist. 
(Comm. N°. 105 Postseriptum March 1908). For in the first place 
only an -investigation made expressly for the purpose could decide 
whether the mist was distinct enough, and whether the traces of 
hydrogen the presence of which was still to be demonstrated spec- 
troscopically, were slight enough to allow us to attach any im- 
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portance to the phenomenon. And in the second place the mist was 
very faint indeed, which might point to a lower critical temperature 
than had been derived. 

So it remained a very exciting question what the critical tem- 
perature of helium would be. And in every direction in which 
after the determination of the isotherms in hand we might try 
to get more information about it, we were confronted by great 
difficulties. 

As, however, they consisted in the arrangement of a cycle with 
cooled helium, [this being indispensable to integrate cooling effects 
with a reasonable quantity of helium} the labour spent for years on 
the arrangement of the Leiden cascade of cycles for accurate 
measurements, might contribute to the surmounting of them. Arrived 
at this point I resolved to make the reaching of the end of the road 
at once my purpose, and to try and effect the statical liquefaction 
of helium with a circulation, as much as possible ‘corresponding’ 
to my hydrogen circulation. j 

In this I perfectly realized the difficulty to satisfy at the same 
time the different conditions for success [allowing for possible devi- 
ations from the law of corresponding states]. For [though. the suita- 
bility of the hydrogen cycle for the cooling down of the compressed 
helium to 15° K. was amply proved (Comm. N°. 103)| the preliminary 
cooling to be reached was, as to the temperature, only just within 
the limit at which it could be efficient, nor were the other circum- 
stances which could be realized, any more favourable. 

Of course the scale on which the apparatus intended for the ex- 
periment in imitation of the apparatus which had proved effective 
for hydrogen, would be built, was not only chosen smaller in 
agreement with the value of 6 which was put lower, but taken as small 
as possible. That the reduction of Hampson’s coil to smaller dimen- 
sions does not diminish its action had been found by former expe- 
riments, and has been very clearly proved by what O szgwsk1 tells 
about the efficiency of his small hydrogen apparatus. I could not, 
however, reduce below a certain limit without meeting with con- 
struction problems, about -which the hydrogen apparatus had not 
given any information. We had to be sure that the capillaries would 
not get stopped up, that the cocks would work perfectly, that the 
conduction of heat, friction ete. would not become troublesome. 
When in connection with the available material, the smallest scale 
at which I thought the apparatus still sufficiently trustworthy, redue- 
tion to half its size, had been fixed, the dimensions of the regene- 
rator coil, though as small as those of OLszuwski’s coil, proved 
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still so large that the utmost was demanded of the dimensions of 
the necessary vacuum glasses; which was of the more importance, 
because the bursting of the vacuum glasses during the experiment 
would not only be a most unpleasant incident, but might at the 
same time annihilate the work of many months. 

Besides the difficulties given by the helium liquefactor itself, the 
further arrangement of the cycle in which it was to be inserted, 
offered many more. 

The gas was to be placed under high pressure by the compressor, 
and was to be circulated with great rapidity. Every contamination 
was to be avoided, and the spaces which were to be filled with 
gas under high pressure were to have such a small capacity, that they 
only held part of the available naturally restricted quantity of helium. 

As compressor only CaiLieret’s modified compressor could be used, 
a compressor with mercury piston, which had been arranged for 
experiments with pure and costly gases, and was described in Comm. 
N°. 14 (Dec. 1894) and Comm. N°. 54 (Jan. 1900), and which also 
served for the compression of the helium in the expansion experi- 
ments of last March (Comm. N°. 105) °*). 

That it could only be charged to 100 atms., a fact which I had 
sometimes considered as a drawback in the case of experiments with 
helium, could no longer be deemed a drawback after the determina- 
tions of isotherms had taught that even if the pressure of helium 
compressed above 100 atms. at low temperatures is raised much, 
the density of the gas increases but little. Accordingly I had not 
gone beyond 100 atms. in my expansion experiments. The higher 
pressures which Dewar and O1szewkski applied in their expansion 
experiments, have been a decided disadvantage, because they involved 
the use of a narrower expansion tube. With regard to the circulation 
now to be arranged, with estimation of the critical pressure at 7 
or 5atms.*), according as 6 was put at a third or half that of hy- 
drogen, a pressure of 100 atms. in the regenerator coil had to be 
considered as sufficient according to the law of corresponding states. 

But for a long time it was considered an insuperable difficulty 
that the compressor conjugated to the auxiliary compressor could 
circulate at the utmost 1400 liters of gas measured at the ordinary 


~1) [Just as when it was used to get a permanent bath of liquid oxygen (com- 
pleted 1894 Comm. N®. 14) it was now again in the pioneering cycle and rewarded 
well the work spent on it, especially in 1888 when I was working at the problem 
to pour off liquid oxygen in a vessel under atmospheric pressure by the help of 
the ethylene cycle]. 

*) [The results of the isotherm of helium at — 259° to be treated in a following 
communication were not yet available then; they point to a smaller value]. 
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temperature per hour, '/,, of the displacement with the hydrogen 
circulation. Not before experiments with the latter had been made, 
in which the preliminary cooling of the hydrogen did not take place 
with air evaporating at the vacuumpump (so at — 205°) but under ordi- 
nary pressure (so at — 190°), and moreover the hydrogen compressor 
ran 4 times more slowly than usual, and in these experiments liquid 
hydrogen had yet been obtained, it might be assumed that the cir- 
culation process to be realized would still be sufficient to accumulate 
liquid helium. 

With regard to the parts of the compressors, the auxiliary apparatus, 
and the conduits, which in the course of the experiment assume the 
same pressure as the regenerator coil, their joint capacity was small 
enough to enable us to make the experiment with a quantity of 200 
liters. This quantity of pure helium besides a certain quantity [160 
liters] kept in reserve could be ready within not too long a time’). 

A great difficulty of an entirely different nature than the preceding 
one consisted in this that the hydrogen circulation and the helium 
circulation could not be worked simultaneously with the available 
helpers to work them. It is true that the two circulations have been 
arranged not only for continuous use, but if there is a sufficient 
number of helpers, also for simultaneous use, but in a first experiment 
it was out of the question to look, besides after the helium circulation, 
also after the hydrogen circulation, the working of which requires 
of course, great experience*). So on the same day that the helium 
experiment was to be made, a store of hydrogen had to be previously 
prepared large enough to provide for the required cooling during 
the course of the helium experiment. It was again the law of corre- 
sponding states which directed us in the estimation of the duration 
of the experiment and the required quantity of liquid hydrogen *). 
They remained just below the limit at which the arrangement of 
1) [That suecess was only possible by applying the cycle method is evident from 
the fact that the helium has passed the valve 20 times before liquefaction was 
observed, and the considerable labour expended on the preparation of the pure 
helium would have been increased in the same proportion i.e. to an extravagant 
amount}. 

*) (Now the great difficulties of a first liquefaction have been overcome simul- 
taneous working has become possible, though it remains the question how to 
find the means to develop the laboratory service according to the extension of its 
field of research]. 

8) (The hydrogen cycle is not only arranged so that the same pure hydrogen in 
it can be circulated and liquefied at the rate of 4 lifers per hour as long as this 
is wished, but also allows (as will be treated in a following communication) easily 


to prepare great stores of extremely pure hydrogen gas, which can be tapped off 
from the apparatus as liquid at the rate of 4 liters per hour]. 
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the experiment in the designed way would be unadvisable, but how 
near this limit was has appeared later. 

In all these considerations the question remained whether everything 
that could appear during the experiment, had been sufficiently taken 
into account in the preparation. So we were very glad when the 
calculation of the last determined points on the isotherm of — 259° 
shortiy before the experiment confirmed that the Borir-point | though 
below the boiling point of hydrogen| lay somewhat above this lowest 
temperature of preliminary cooling, and at least the foundation of the 
experiment was correct. | 

In the execution I have availed myself of different means which 
Dewar has taught us to use. I have set forth the great importance 
of his work in the region of low temperatures in general elsewhere 
(Comm. Suppl. N°. 9, Febr. 1904), here, however, I gladly avail 
myself of the opportunity of pointing out that his ingenious dis- 
coveries, the use of silvered vacuum glasses, the liquefaction of 
hydrogen, the absorption of gases in charcoal at low temperatures, 
together with the theory of vaAN Der Waats, have had an important 
share in the liquefaction of helium. 

§ 2. Description of the apparatus. The whole of the arrangement 
has been represented on Pl. I. We mentioned before that in virtue 
of the principles set forth in Comm. N°. 23 the construction of the 
helium liquefactor (see Pl. Il and III) was as much as possible an 
imitation of the model of the hydrogen liquefactor described before 
(Comm. N°. 94’, May 1906), to which | therefore refer in the first place. 

It was particularly difficult to keep the hydrogen, which eva- 
porating under a pressure of 6 cm. is to cool the compressed 
helium to 15° K. (just above the melting point of hydrogen), on the 
right level in the refrigerator intended for this purpose. This diffi- 
culty was surmounted in the following way. The liquid hydrogen is 
not immediately conveyed from the store bottles into the refrigerator, 
but first into a graduated glass Ga in the way indicated before, 
which on comparison of the figures from Comm. N°. 94f and N°. 103 
Pl. | fig. 4 does not require a further explanation. This graduated 
glass was a non-silvered vacuum glass, standing in a silvered vacuum 
glass Gb with liquid air, in which on either side the silver coating 
had been removed over a vertical strip so as to enable us to watch 
the level of the hydrogen in the graduated glass. From this vacuum 


glass the liquid hydrogen is siphoned over into the hydrogen refri- . 


gerator by means of a regulating cock P. To see whether the level 
of the liquid in the refrigerator takes up the right position, the 
german silver reservoir NV, of a helium thermometer has been 
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soldered to the tube which conveys at an initial temperature of 
— 190° the compressed helium which is to be cooled down further. 
This reservoir leads through a steel capillary MN, (as in Comm. 
N*. 27, May, 1896) to a reservoir N, with stem N,. The quantity 
of helium and the pressure have been regulated in such a way 
that the mercury stands in the top of the stem, when the thermo- 
meter reservoir is quite immerged in hydrogen of 15° K, while as 
soon as the level falls, this is immediately shown by the fall of 
the mercury. The same purpose is further served by two thermo- 
elements constantan iron (see Comm. N°. 89 Nov. 1903 and N°. 95a 
June 1906) one on the bottom, the other soldered to the spiral on 
the same level as the thermometer reservoir. They did not indicate 
the level in the experiment of July 10°, because something got defect. 

The evaporated hydrogen contributes in the regenerator Db to save 
liquid air during the cooling of the compressed helium, and is sucked up 
(along 15 and Hc) in the large cylindre of the conjugated methylchloride 
pump (Comm. N°. 14 Dec. 1894), which otherwise serves in the 
methylchloride circulation of the cascade for liquid air; it is further 
conducted through an oil-trap, and over charcoal to the hydrogen 
gas-holder (Comm. N°. 94/), from which the hydrogen compressor 
(Comm, N°. 94/) forces the gas again into the store cylindres. 

To fill the helium circulation the pure helium passes from the cy- 
lindres R, (see Pl. Il), in which it is kept, into the gasholder floating 
on oil (ef: Comm. N°. 94/7), which is in connection with the space in 
which the helium expands when issuing from the cock, a german 
silver cylindre, in which the upper part of the vacuum glass Ha 
has been inserted. The gas from the gasholder, and afterwards the 
cold outflowing helium, which has flowed round the regenerator 
coil, and of whose low temperature we have availed ourselves in 
the regenerator Da to save liquid air when cooling the compressed 
helium, is sucked up by the auxiliary compressor V, and then 
received in the compressor with mercury piston Q (Comp. Comm. 
N°’. 54). This forces it (Pl. Il and III) along the conduit: 

a. through a tube Ca which at its lower end is cooled down far 
below the freezing point by means of vapour of liquid air, and at 
its upper end is kept at the ordinary temperature. Here the helium 
is perfectly dried. 

b. through a tube divided into two parts along two refrigerating 
tubes (in Da and Db), in which it is cooled in the one by the 
abduced hydrogen, in the other by the abduced helium, after which 


it unites again. 
c. through a tube Cd filled with exhausted charcoal immerged 


( £77 5) 
in liquid air. Here whatever traces of air might have been absorbed 
during the circulation, remain behind. 

d. through a refrigerating tube B, lying in the liquid air, which 
keeps the cover of the hydrogen space and of the helium space 
cooled down. 

e. through a refrigerating tube B,, in which it is cooled by the 
evaporated liquid hydrogen. . 

f. through the refrigerating tube B, lying in the liquid hydrogen 
evaporating under a pressure of 6 cm., here the compressed helium 
is cooled down to 15° K; 

g. and from here in the regenerator coil A, which has been 
fourfold wound as in Hampson’s apparatus for air, and in the 
hydrogen liquefactor of Comm. 94/. 

Then it expands through the cock M,, if it should allow too much 
gas to pass, this can escape through a safety tube. When. the tem- 
perature has descended so low that the liquid helium flows out, 
the latter collects in the lower part of the vacuum glass Ha, which 
is transparent up to the level of the cock, and is silvered above it. 

The outflowing gaseous helium can be made to circulate again 
by the compressor of the circulation, or be pressed in the supply 
cylinders. 2,. 

At some distance under the expansion cock M,, the german silver 
reservoir Zh, of a helium thermometer has been adjusted, it is 
soldered to a steel capillary 7,, which is connected with the mano- 
meter reservoir 7h, with stem Zh,. If the mercury has been adjusted 
in such a way that at 15° K its level is at the-lower end of the 
just mentioned stem, the stem has sufficient length to prevent the 
mercury from overflowing into the capillary with further fall of 
the temperature. 

The circulation is provided with numerous arrangements for dif- 
ferent operations (for the compressor comp. Comm. n°. 54). Worth 
mentioning is an auxiliary tube Z filled with exhausted charcoal, 
which is cooled by liquid air when used After the whole apparatus 
has been filled with pure gas, the gas is circulated through this side- 
conduit (along 11 and 8) while the tube Cd of charcoal belonging to 
the liquefactor, is shut off (by M and 9), to free it from the last traces 
of air which might have remained in the compressor and the conduits. 

It now remains to describe in what way it has been arranged that 
the liquid helium can be observed. Round the transparent bottom 
part of the vacuum glass a protection of liquid hydrogen has been 
applied. The second vacuum glass 4), which serves this purpose, 
forms a closed space together with the former /,, and the construction 
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has been arranged in such a way that first this space can be exhausted 
and filled with pure hydrogen gas, which is necessary to keep 
the liquid hydrogen perfectly clear later on. The liquid hydrogen is 
again conducted into this space in the way of Comm. N°. 94/ and 
103 Pl. I fig. 4; the evaporated hydrogen escapes at Hg to the 
hydrogen gasholder. The hydrogen glass is surrounded by a vacuum 
glass 2, with liquid air, which in its turn is surrounded by a glass 
Ez with alcohol, heated by circulation. 

By these contrivances and the extreme purity of the helium we 
succeeded in keeping the apparatus perfectly transparent to the end 
of the experiment, after 5 hours. Protection with liquid hydrogen is 
necessary to reduce the evaporation of the helium to an insignificant 
degree notwithstanding that the silver coatings of the vacuum ‘glass 
have been removed. That it ended in a narrower part, and the helium 
thermometer reservoir not was placed at the lowest point, was because 
it was possible that only an exceedingly slight amount of liquid was 
formed. The vacuum glass was made transparent up to the cock in 
order to enable us to see any mist that might appear and if on the 
other hand much liquid was formed, to prevent the lower part from 
getting entirely filled without our noticing it. The latter has actually 
been the case for some time, and would not have been so soon 
perceived, if the walls had been silvered further. But if the glass is 
not. silvered, the conduction of heat towards the helium is much — 
greater, and without protection with liquid hydrogen the helium that 
was formed, might have immediately evaporated. 

In the preparation of the vacuumglasses *) Mr. O. KEssexrina, glass- 
blower of the laboratory, has met the high demands put to him, 
with untired zeal and devotion, for which I here gladly express my 
thanks to him. 3 

§ 3. The helium. As to the chemical part of the preparation of 
this gas I was successively assisted by Mr. J. Warerman, Mr. J. G. 
Juruinc, Mr. W. Meyer-Criuwen and Mr. H. Finippo Jan. Chem. Doets., 
who collaborated with Mr. G. J. Fim, chief of the technical depart- 
ment of the cryogenic laboratory, To all of them I gladly express 
my indebtedness for the share each of them has had in the arrange- 
ment, the improvement, and the simplification of the operation. More 
particularly to Mr. Fiusppo for his careful analyses and the effective 
way, in which the last combustion over CuO with addition of 
oxygen, and avoidance of renewed contamination by hydrogen was 
carried out by him, 


ee 


1) (There was one of each in reserve before the beginning of the experiment, 
Only one of the reserves had to be used), 
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The gas was obtained from the monazite (see § 1) by means of 
heating, it was exploded with oxygen, cooled with liquid air, and, 
compressed, led over charcoal at the temperature of liquid air. Then 
it was burned over CuO. Then it was compressed over charcoal at 
the temperature of liquid air, after which it was under pressure 
led over charcoal at the temperature of liquid ‘hydrogen several 
times till the gas which had been absorbed in the charcoal and then 
separately collected no longer contained any appreciable admixtures. 
This way of preparation (to be treated in a following Comm.) 
was also applied in Comm. N°. 105. —— 

§ 4. The experiment. After on July 9 the available quantity of 
liquid air had been increased ') to 75 liters, all apparatus examined as 
to their closures, exhausted, and filled with pure gas, we began the 
preparation of liquid hydrogen on the 10% of July, 5.45 a.m., 
20 liters of which was ready for use in silvered vacuum glasses 
(cf. Comm. N°. 94/ Pl. III) at 1.30 p.m. In the meantime the helium 
apparatus had been exhausted while the tube with charcoal belonging 
to it was heated, and this tube being shut off, the gas contained in , 
the rest of the helium circulation was freed from the last vestiges’ 
of air by conduction over charcoal in liquid air through the side- 
conduit. The hydrogen circulation of the helium apparatus was con- 
nected with the hydrogen gasholder and the air-pump, which had 
served as inethyl chloride pump in the preparation of air the day 
before, and this whole circulation was exhausted for so far as this 

had not yet been done, and filled with pure hydrogen. Moreover 
the space between the vacuum glasses (Z, and E;) which was 
to be filled with liquid hydrogen as a protection against access 
of heat, was exhausted and filled with pure hydrogen, and the 
thermometers and thermoelements were adjusted. 

At 1.30 p.m. the cooling and filling of the glasses which, filled 
with liquid air, were to protect the glasses which were to be filled 
with liquid hydrogen, began with such precautions that everything 
remained clear when they were put in their places. At 2.30 a 
commencement was made with the cooling of the graduated vacuum 
glass and of the hydrogen refrigerator of the helium liquefactor by 
the aid of hydrogen led through a refrigerati ich -was 
imimerged in liquid air. At 3 o’clock-the-temperature-of-the refri- 
gerator had fallen to — 180° according to one of the thermo-elements. 
Then the protecting glass (Z;) was filled with liquid hydrogen, and after 


1) [With the help of the regenerative cascade Comp. Comm. N°, 94, f. XII and 
Supplem. N°. 18], 
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some delay in consequence of insignificant disturbances, : the filling 
of the graduated vacuum glass and the hydrogen refrigerator with 
hydrogen began at 4.20 p.m. . 

At the same time the helium was conducted in circulation through - 
the liquefactor. The pressure under which the hydrogen evaporated, 
was gradually decreased to 6 ¢c.m., at which it remained from 5.20 
p.m. The level in the refrigerator was continually regulated according 
to the indication of the thermometer-level-indicator and the reading 
of the graduated glass, and care was taken to add liquid hydrogen 
(Hydr. a, Hydr 6 Pi. I) and liquid air wherever necessary (a,6,c,d, 
Pl. 11). In the meantime the pressure of the helium in the coil 
was slowly increased, and gradually raised from 80 to 100 atms. 
between 5.35 and 6.35 p.m. ° 

At first the fall of the helium thermometer which indicated the ~ 
temperature under the expansion cock, was so insigaaggent, that we 
feared that it had got defect, which would have been‘a double disap- 
pointment because just before also in the gold-silver thermo-element, — 
which served to indicate the same temperature, some irregularity 
had occurred. After a long time, however, the at first insignificant 
fall began to be appreciable, and then to accelerate. Not before at 
6.35 an accelerated expansion was applied, on which the pressure 
in the coil deereased from 95 to 40 atms., the temperature of the 
thermometer fell below that of the hydrogen. In successive accele- 
rated expansions, especially when the ‘pressure was not too high, a 
distinct fluctuation of the temperature towards lower values was clearly 
observed Thus the thermometer indicated e.g. once roughly 6° K. 

In the meantime the last bottle of the store of liquid hydrogen 
was connected with the apparatus: and still nothing had as yet been 
observed but some slight waving distortions of images near the cock. The 
thermometer indicated first even an increase of temperature with accele- 
rated expansion from 100 atms., which was an indication for us to lower 
the circulation pressure to 75 atms. Nothing was observed in the 
helium space then either, but the thermometer began to be remar- 
kably constant from this moment with an indication of less than 
5° K. When once. more accelerated expansion from 100 atms, was 
tried, the temperature first rose, and returned then to the same 
constant point. 

It was, as prof. SCHREINEMAKERS, who was present at this part 
of the experiment, observed, as if the thermometer was placed in 
a liquid. This proved really to be the case. In the construction of 
the apparatus (see § 2) it had been foreseen that it might fill with 
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liquid, without our observing the increase of the liquid. And the 
first time the appearance of the liquid had really escaped our 


_ observation. Perhaps: the observation of the liquid surface, which is 
difficult for the first time under any circumstance, had become the 


more difficult as it had hidden at the thermometer reservoir. However 
this may be, later on we clearly saw the liquid level get hollow 
by the blowing of the gas from the valve and rise in consequence 
of influx of liquid on applying accelerated expansion, which even con- 
tinued when the pressure descended to 8 atms. So there was no doubt 


_ left that the critical pressure lies also above one atmosphere. If 


it had been below it, the apparatus might all at once have been 
entirely filled with liquid compressed above the critical pressure, 
and only with decrease of pressure a meniscus would have appeared 
somewhere in the liquid layer; this has not taken place now. 

The surface of the liquid was soon made clearly visible by 
reflection of light from below,-and that unmistakably because it was 
clearly pierced by the two wires of the thermoelement. 

This was at 7.30 p.m. When the surface had once been seen, 
it was no more lost sight of. It stood out sharply defined like the 
edge of a knife against the glass wall. Prof. KugNEN, who arrived 
at this moment, was at once struck with the fact that the liquid 
looked as if it was almost at its critical temperature. The peculiar 
appearance of the helium may really be best compared with that of 
a meniscus of carbonic acid e.g. in a Cagniard de la Tour-tube. 
Here, however, the tube was 5 cm. -wide The three liquid levels 
in the vacuum glasses being visible at the same time, they could 
easily be compared; the difference of the hydrogen and the helium 
was very striking. 

When the surface of the liquid had fallen so far that 60 cm’. of 
liquid helium still remained — so considerably more had been drawn 
off — the gas in the gasholder was exhausted, and then the gas 
which was formed from this quantity of liquid was again separately 
collected. In the course of the experiment the purity of this gas 
was determined by means of a determination of the density (2,01), 
which was afterwards confirmed by an explosion experiment with 
oxyhydrogen gas added, and further by a careful spectroscopical 
investigation. 

At 8.30 the liquid was evaporated to about 10 cm*., after which 
we investigated whether the helium became solid when it evaporated 
under decreased pressure. This was not the case, not even when the 
pressure was decreased to 2,3cm. A sufficient connection could not be 
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quickly enough established with the large vacuumpump, which exhausts 
to 2 mm., so this will have to be investigated on another occasion. 
The deficient connection, however, has certainly made the pressure 
decrease below 1 em., and perhaps even lower. That 7 mm. has . 
been reached, is not unlikely. 

At 9.40 only a few cm’. of liquid helium were left. Then the 
work was stopped. Not only had the apparatus been taxed to the 
uttermost during this experiment and its preparation, but the utmost 
had also been demanded from my assistants. 

But for their perseverance and their ardent devotion every item 
of the program would never have been attended to with such perfect 
accuracy as was necessary to render this attack-on helium successful. 

In particular I wish to express my great indebtedness to Mr. G. J. 
Fim, who not only assisted me as chief of the technical department 
of the cryogenic labcratory in leading the operations, but has also 
superintended the construction of the apparatus according to my 
direction, and rendered me the most intelligent help in both respects. 

§ 5. Control experiments. All the gas that had been used in 
the experiment, was collected in three separate quantities and com- 
pressed in cylindres. Quantity A contains what was finally left in 
the apparatus. Quantity B has been formed by evaporation of a 
certain quantity of liquid helium. Quantity C is the remaining part 
that has been in circulation. Together they yielded the ‘same 
quantity as we started with. They were all three exploded with 
addition of oxyhydrogen gas and excess of oxygen ; no hydrogen could 
be demonstrated. For the density (in a single determination) we 
found (0= 16) A= 2.04, B= 1.99, C= 2,02). 

The spectrum of the gas used for the experiment put in a tube 
with mercury closure without electrodes and freed beforehand from 
vapour of water and fat at the temperature of liquid air, answered 
(only the spectrum of the capillary has been investigated) the de- 
scription given by CoLLie of the spectrum of helium with a trace of 
hydrogen and mereury vapour. 

Spectroscopically both the distilled C, and B were somewhat 
purer than the original gas. In the latter the hydrogen lines gained 
in case of high vacua, in the former the helium disappeared last. 
The hydrogen, from which the latter has still been cleared, must 
be found in A. By means of absorption by charcoal 8 c.m’. of hy- 
drogen was separated from this. To this would correspond a difference 
in percentage of hydrogen before and after the experiment of 


0.004 °/,. 
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To estimate the percentages of hydrogen the spectra of the just- 
mentioned quantities were compared with the spectrum of a helium 
which could not contain much more than 0.005 °/, hydrogen accord- 
ing to an estimation founded on the quantities of hydrogen which 
had been absorbed from the gas the last few times of successive 
purification when it was led compressed over charcoal at the tempe- 


ature of liquid hydrogen, and with the spectrum of this helium 


after 0,1 °/, hydrogen had been mixed with it. 

The gas used for the experiment did not differ much from that which 
served for comparison, and of which the red hydrogen and the 
helium lines vanished simultaneously for the highest vacua, but it 
seemed to be somewhat less pure, for the red hydrogen line prepon- 
derated over the helium line for the highest vacua. In the different 
spectra the hydrogen line was not to be seen at a pressure of 32 mm., 
the F-line with an intensity of 0,01 of He 5016; at 12—16 mm. 
C was faint compared with He 6677; and J’ faint compared with 
He 5016. An amount varying between 0,01 and 0,3 was assumed 
for the ratio of the intensity. 

On the other hand at 32 mm. the C in the mixture with 0,1 pCt. 
hydrogen had already the same intensity as He 6677, F 0,3 of 
He 5016, which remained the case at 16 mm. (somewhat less for 
(7, somewhat more for /). 

In spite of the precautions taken it was observed a single time 
that the hydrogen lines increased in intensity during the deter- 
mination, so when we proceeded to lower pressures the determinations 
became unreliable. These comparisons are, therefore, very imperfect ; 
but then, the examination how traces of hydrogen in helium may be 
quantitatively determined by a spectroscopic method would constitute 
a separate investigation. In connection with the above difference. in 
content of B and C with the original gas, the observations mentioned 
may perhaps serve to show that these percentages have not been 
much more than 0,004 and 0,008. 

The purity of the helium had already been beyond doubt before, 
for the cock worked without the least disturbance, and no turbidity 
was observed even in the last remaining 2 cm’. of liquid. 

The reliability of the helium thermometer was tested by the 
determination of the boiling point of oxygen, for which 89° K. 
was found instead of 90° K. We must however, bear in mind that 
the thermometer has not been arranged for this temperature and 
the accuracy in percents of the total value is considerably higher 
for the much lower temperature of liquid helium. 
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For the assistance rendered me in the different control experiments, 
1 gladly express my thanks to Dr. W. H. Keesom and Mr. H. 
Fuippo Jzn. 


§ 6. Properties of the hielist By the side of important points of 
difference the properties of helium present striking points of resem- 
blance with the image which Dewar drew in his aie. address 
in 1902 on the strength of different suppositions. . 

We mentioned already the exceedingly slight capillarity. 

For the boiling-point we found 4°.3 on the helium thermometer of 
coustant volume at | atm. pressure at about 20°K.This temperature is still 
to be corrected to the absolute scale by the aid of the equation of 
state of helium. The correction may amount to some tenths of degrees 
if a increases at lower temperatures, so that the boiling Spat DAY 
perhaps be rounded off to 4°.5 K. 

The triple-point pressure if it exists lies undoubtedly below | em., 
perhaps also below 7 mm. According to the law of corresponding states 
the temperature can be estimated at about 3° K at this pressure. The 
viscosity of the liquid is still very slight at this temperature. Ifthe 
helium should behave like pentane, we could descend to below 1,5° K 
before it became viscous, and still lower near 1° K before it bedatns 
solid. How large the region of low temperatures (and high vacua) 
is that has now been opened, is, however, still to be investigated. 

Liquid helium has a very slight density, viz. 0.15. This is smaller — 
than was assumed and gives also a considerably higher value of d 
than can be derived from the isotherms at — 252°.72 and — 258°.82 
now that the points mentioned in § 1 have been determined, viz. 
about 0.0007 provisionally. The value of 6 which follows from the 
liquid state is about double the value of 6 which was expected | 
[viz. 0,0005], and was assumed in the calculations of Dr. Keesom 
and myself on mixtures of helium and hydrogen (Comp. Suppl. 
N°’. 16 Sept. ’07 § 1 fn. 5). | 

From the high value of b follows immediately a small value of 
the critical pressure, which probably lies in the neighbourhood of 
2 or 3 atms., and is exceedingly low in comparison with that for 
other substances. So when helium is subjected to the highest pres 
sures possible, the “reduced” pressures become much higher than 
are to be realized for any other substance. What may be obtained 
in this respect, by exerting a pressure of 5000 atms. on helium 
exceeds what would be reached when we could subject carbonic 
acid e.g. to a pressure of more than 100.000 atms. 

The ratio of the density of the vapour and that of the liquid is 
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about !.to 11 at the boiling-point. It points to a critical temperature 
-. which is not much higher than 5° K., and a critical pressure which 
is not much higher than 2,3 atms. 

But all the quantities mentioned will have to be subjected to’ 
further measurements and calculations before they will be firmly 
established, and before definite conclusions may be drawn from them. 

We may only still mention here a preliminary value of a, viz. 
0.00005. When in 1873 vAN DER WAALS in his Dissertation 
considered whether hydrogen would have an a, it was only after 
i long deliberation that he arrived at the conclusion that this 
must exist, even though it should be very small. It may be presumed 
that matter will always have attraction, was his argument, and as 
chance would have it these words were repeated by him in reference 
to helium some days before the liquefaction of helium (These Proc. 
June 1908). The a found now denotes the smallest degree of this 
attraction of matter, which still manifests itself with remarkable 
clearness also in helium in its liquefaction. 


Geology. — “The age of the layers of Sondé and Trinil on Java’. 
By Prof. K. Martin. 
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Physics. — “Contribution to the theory of binary mixtures.” VIII. 
By Prof. J. D. vaAN per Waats. 


d? d 
THE INTERSECTION OF THE CURVE . P = 0 WITH = = 0. 
v v 


By the aid of the approximate equation of state the course of the 


d’ 
<0 is given by the equation: 


curve a de 
oe i & 
da da 
(v—b)? 


As has been observed before, it has a course which is analogous 
d, 
to that of the curve == At given value of 7 it has an asymp- 
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tote for that value of z, for which in rarefied gas state, the deviation 


db da 
from the law of BoyLe is maximum, viz. for which MRT oS 


da’ 
da 
db da 
It has minimum volume on the line v — b= 3 — ao at whereas the 
de® 
da 
dp db dx 
line Fi O has such a minimum volume on the line v — 6 = 2 da’ 
dx? 


d 
The points of intersection of —- —0 and = =0 indicate the 


v0 ak & 


d 
points in which = = 0 has a tangent parallel to the X-axis, as follows 
v 


apd ad’ 
from —! — ’ —0. For such a point of intersection we have 
dvi dz dadv 
db da 
wRT Cr) see 
re é MRT 2a d dz dx d dx dx 
at the same time Guar se an GoEr  s and 60 [=< 
which last equation represents the locus these points of intersection. 
db a 
Differentiating this locus ‘“v — 6 = 2 a we find: 
fa 


dv __ db 3(=) -2 
wor rs 


x 


If in the diagram we think all the values of w present, e.g. 


* . da . . 
ascending from the value of w for which = = 0, this locus is a curve 
a 


da 
with an asymptote for the value of «, for which =e, and it has 
wv 


da\* 2 
a minimum volume for the value of 2, for which = =—a x 
da 38 da’ 
For greater values of # the volume increases. 
db da 
l1db lda 


if in ee lue 34 t fi find 
in eT 3 dn 1 Value ) is pu Or v, We n Ee lay | 
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Pp ; _ pdr 
Sivek ag > pet — 0), but 
But then not only ms = 0 in the equation 7, Je a u 


also . The value of is then indefinite, and at the temperature 
v az 
at which this — place, and which is the minimum temperature 


dp 
represented by = = the curve — has two branches, which intersect 


h b 36 and a, bel SG Sail fe For 
in the point given by v= and z, belonging a lgegspaye 0 


higher values of v, e.g. v= 46, the point of intersection of the two 


d 
curves lies on the vapour branch of = = 0, and vice versa. If we 


1 da db da 
ae 2 a da da da 
write v= nb, the form 4 =i follows from ——j an - at 


b dx 
those ines of « for which the numerator is smaller than the deno- 


da 
minator n > 3, and vice versa. Only if also 7 = 0 should occur in 


the diagram, the value of n, and so also of v, is infinite. 
If we determine the point in which the two curves touch, we 


a 
shall find the same point in which — has the minimum volume; 


d 
for as the curve = =0O has a tangent parallel to the X-axis in 
v 


d* 
every point of intersection, also the curve r = = 0 must have such 
v 
a tangent in case of contact. 


The condition that for a point of the last-mentioned curve wd =0 


ep 
is ae da =0. So we have 
dp _, MRT 2a 
dv (v—dy ov? 
MRT ¢ es 
Pp Las dz dz 
dv dx (p—b)? 
and 
‘ 3 
MRT ad Hes 
ep} = dz) da 
dv da? (v —6)* ers 


13* 
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By comparing the square of the second of these equations with 
the product of the two others, we find back the condition: 
da \? 2 da 
da) — 3° de 
If we put a= A+ 2Be+ C2’, in which A=a,, B=a,, —a, 
and C= a, +a, — 2a,,, this equation leads to: 
B—AC 
2 


Rt Ges | Sete 


The positive sign before the radical sign is required by the condition 


(B+ C2)? + —0 


or 


da 
that a. must be positive. If a is to be real, a,a, must be >a,,’, 


and the condition that 2 lies between 0 and 1 is indicated by the 
construction of fig. 33. Let OO’ be the a-axis, and let PQ be 


Io 


Fig. 88. 


HOAs Tot us then take OR=a,,—a, 


and O’S=a,— a,,, then the ai of intersection of RS and 
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PQ will have to lie between «—0O and «=—1 for the condition 
(=) =~ ~" to be fulfilled in the diagram. 


3 da* 
According to the result —~ at in Contribution VII with regard 
to the point in which 2) = 0 touches the line (P) = 0, the 


’ ag 2 Pa 
value of z in which (=) = 5 °ss must lie not very far from 
this point of contact. 


But seo it might not even lie to the right of that value of z, 
for which ‘ has a minimum value, can only appear from a direct 


z 


investigation. Then it may appear at the same time whether in case 


dp dp 
he t —=0O and = 0 
of contact of the two curves Pe and the temperature 


has maximum value or minimum value. 
Let us eliminate the value of v from the equations of the two 
curves. Among others we may do this by substituting the value of 


ae 
| de ld, dp 
¥ fom —— =a ha et BS write: 
1 db 
v—b b de 
= 2 —— = 22, 
phar hells (> eed 
‘a daz 
or 
—=1-4 2z, 
and : aoe 
b 1 
v 1422’ 
and 
2 2z 
v 1422 
d*p Pe 
F =0O f : 
rom Soma © ollows 
3 db 
MRT — 
oe ee nom 
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_ Hence: 
[A mere 
de 22 
da **  ¥a93" 
= 
Differentiating logarithmically, we get : 
da 
ys Pree ee 
8T de 38 da zdx1l+2z 
dex 
Now 
da 
ldz 1lda 1db_= da 
zde adz bd«x da 
da 
or 
da da 
14+ 2zdT 1 dz’ lda 1db— dz? 
BT do 8d ¢ fas Bas de 
dix da 
or 
da 
1 + 22 dT paw ye ya i@_1% 
3T da <3 ade bdz 
da 
or 
@a 
142¢dT [1lda 1d a dat 
8T da = (=o -55, 8 (da\? 
: =) 
So the value . is equal to 0, first if —o = es and secondly 


da* 
with small values of wz, and if we should admit also negative values 
of « into our consideration, then both factors in the expression for 


wen Na 
if & ear. If, when drawing 7’ as function of xv, we begin 


dT da dT 
are negative e.g. for — =O, and so — is positive. If « increases 
da da dev 


a value of w is reached for which one of these factors becomes equal 
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to 0. For still higher value of 2 the second factor becomes equal 


a] 


d 
to 0. Between these two special values of 2, io is negative — and 
ve 


for values of « which are larger than that for which also the second 


dT 
factor is zero, om is again positive. So the value of 7’ presents a 


maximum and a minimum. 
In general we must now put two cases as possible according as 


1 da _ 1 db 
the value of z« for which —— =-——., is smaller or larger than that 
a dz oe dv 
2 @a ; ; ; ; 
for which ( =) =3 =—<a rm The intermediate case in which these two 


values would Sao might be considered as a third possibility. 
Let us call the maximum value of the temperature 7'y, and the 
minimum value Tn. For a value of 7 below TJ), there is only one 
dp d*p 
point of intersection of == 0 and —— rer 
of w For values of 7’ above 7'y there is also only one point of 
intersection for large value of z. But for values of 7 between 7, 
and 7’y there are three points of intersection. Of these three points 
of intersection there is always one, the middle one, which lies at a 
value of « lying between that which makes the first factor equal 
to zero, and that which makes the second factor equal to zero. 
To give a survey of the course of the points of intersection of 
dp dp 


= 0 and a 0 at different temperatures, and so of the circum- 


= 0, namely at small value 


stances for which ? = 0 has a maximum or minimum volume, we 
shall have to separately treat ap mer ey the different oe 
of the two values of 2, for which * -— es —, and ( =)=3 == 

Let us first take the case for wick it am of « for minimum 


value of = is the smallest. This case is the simplest, and was dis- 
x 


ad? 
cussed by me already before. Then a curve ro = 0 indicated in 


d 
fig. 34 by a, passes through the double point of = = 0. For lower 
v 


d, 
T, « has assumed the position 8, and = = 0 the position y, so that 
v 


there are then two points of intersection (4 and 2) to be found. 
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But at higher 7’ these points of intersection exist no longer; then 


d* d 
the line bed Ares O runs between the two branches in which oP = 
dvdz dv 


has split up, without intersecting them, at least at this place. There 


Fig. 34. 


is, however, still a point of intersection, but at much greater value 
of «, namely a point of intersection formed by the branch of 
d*p 
dvdx 


= 0 which runs again to larger volumes, In this point of inter- 
d, 
section the righthand branch of ~ = 0 has again minimum volume. 
v 
d 
So for values of 7’ below that of the double point of ~ = 0, the 
v 


d 
branch of the liquid volumes of - = 0 has two points of intersection 
v 


with td 
dvda 

much smaller value of a there is then a minimum volume on the 

vapour branch. If we lower 7’ still further, maximum and minimum 

volume of the liquid branch draw nearer to each other, and they 


ae ; dak 23 da. 
coincide at the value of # for which a) 3° aR hen the vapour 


=0, sO a maximum and a minimum volume, and for 
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; d 
branch has two coinciding values of 2, for which oo ee 0, and so 


x 
also a point of inflection, namely for the volume that is the smallest 
volume for which a point of intersection of the two curves exists. 
At still lower temperature the liquid branch has no longer a point 
of intersection; but the point of intersection of the vapour branch 
continues to exist, and proceeds continually to smaller value of «. 
I need hardly point out that in this description negative values of x 
are again not considered as unreal. Pie eee for a point occur- 


d 
ring on the curve ~ = Oin wibk = ~~ = 0 and — = Ois found from: 
dv dz dz* 


@pdo, @ _, 
dv' dz  dvdz 
and 
dp d’v ct d fe ad 
dv? da* ' dv* i za 
; dp d’ 
Hence besides a= 9, also ao and P= 0. 
Let us now consider the second case, for which the value of x 


3 da 2... a: . : 
corresponding to (z) = 5% 7,0 is the smallest. For this value of 


a the value of 7’ is then maximum, and the temperature for the 
d, 

double point of = = 0 will be a minimum. This means that with 
wo . 


decrease of 7’ two points of intersection vanish, whereas in the 
preceding case two new points of intersection appear with decrease 
of 7’. 

Let us first consider this minimum temperature; then a curve 
ap 


as = 0 passes through the double point, which, in this point, may 


; A ee ; = G 
be considered to have two points in common with the line = = 0, 
v 


and which has a third point of intersection for smaller value of z. 
This third point of intersection is to be found on the vapour branch 


d d 
of the lefthand branch of = = 0, because it has smaller x. Fig. 35 


indicates the places of the three points of intersection for this value 
of 7. With decrease of 7 two of the points of intersection lie on 


d 
the vapour branch of the !efthand branch of the line = =0, anda 
v 
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third point of intersection on the liquid branch of the other branch. 
With increase of 7 the two points of intersection on _ the left- 
hand. branch coincide in the point for which «2 is found from 


da rs da . 
(=)= =e Ss Everything shows that at the temperature of the 


P =0 runs through the double 


Va 


double point that part of the line 


Fig. 35. 


point that lies beyond the minimum volume. With 7’ lower than 
that of the double point this part of the curve remains entirely in 
the unstable region. 
If we try to ascertain on what it depends whether the value of 
: 1 da | 
«2 which corresponds to 7 =37, 8 smaller or larger than that 


2 ¢ 
for which ( =) = => “a we may, to decide this, substitute the 


value of a which ped from the second of these equations, in: 


If we then find a positive value for this form, the first case 
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2 d'a 


da\? ; 
holds; then the point where & = 3° = lies in the region where 


a 
the value of - again increases. 


db 


da 
iminati ite for 6 ——a—-: 
Eliminating a we may also write for = rs 


da ad 
and as rm must be positive, just as =t the sign depends on: 


2 da 3 db da 


8 dx 22dedx 
And if we put 6,=nb,, a=A+2Be-+ Cx’, this form becomes: 


2 
3 CU + 1) e] — 1) [B + Ce] 


or 

=C +51) Cx — (n—1)(B + Ca) 
or ; 

2C 2 3 B+ Cz 

Sen) 8s 238 

a,a,—a 
Now we have found above B+ Cze=-+ ears and as 

B=a,,—a, and C=a, +4, -— 2a,,, the sign depends on: 


a,+a,—2a 1 a,a,—a’ 
1 3 13 abit” 1 ie 22. 


If this sign is positive we have the case treated first. So for this case 


—1 


(a, m4 a,,) Sax (4,,—4,) > se 
a,, — 4, 

or 

a,— 41, 
—— n. 

@,,—4, > 
is certainly necessary, but not sufficient. 
- With the following numerical values the conditions necessary for 
the first case, and the condition that the two values of x occur in 
the diagram, are satisfied. | 
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Let n=5, a, = 1, a, = 30 and a,, = 2. The value of z satisfying 


a se 
(=) 3 ae? 18 found from : 


(a,,—@,) * (a, + a, — 2a, ,) C= Eg 


or 
1+ 27e = /13 = 3,6 
or 
2,6 
= a7 
Se FORD as 
The value of x satisfying rae eee te found from the equation : 


n—l n—l = 
or 
—1+4 27¢+4 542°?=0 


or 
w, = 0,085. 


If we had put a, =410, leaving the other values unchanged, so 


that -*—“"* > still remains larger than «, we find x, from the 
@,,-—4, 
equation : 
14%,=V8 and #, = 0,1045 
and wz, from the equation: 
_14%, + 1he.*'=0 


oes. WA : 
4S <7. +i 


15 
t,=-14+/ 7/5 and x, = 0,116 


And finally, let us take a numerical example, more in agreement 
with those which occur in the cases of minimum plaitpoint tempe- 
rature studied experimentally. Let n= 1,5, a,=1, a, =1,45, 80 
that 7),< 7;,. Let further a,,=1,1. Then 2, is found from the 
equation : 


or 


0,1 + 0,25 a = 1/0,12 = 0,8435.... 
a, = 0,974 
and 2, from the equation ; 
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1 
— 0,15 + 0,258 + 7 0,25 at = 0 


or x, nearly equal to 0,5. 

Here we very clearly get back the first case. 

The intermediate case would require that 2, should be equal to 
z,. If we wish to direct our attention to other particularities of the 
intermediate case, we observe: 1. that then there is only one point 


| dp d*p 
i j —=0 and 
of intersection for rm an eat 


= 0 at every temperature; 


d 
2. that then at the double point of = = 0 one of the branches must 
v 
have a tangent parallel to the X-axis; and so, the two values of 
. for that double point being given by the equation: 


ae =) +2 mots mei 


ap ., : d*p 
1 t . —y 
Fas 2 seein equal to zero (see page 195). The curve PES 0 


now does not pass through the double point either with its descending, 
nor with its ascending branch, but has there minimum volume. At 


d 
lower temperature the vapour branch of 4 = 0 is cut in a point with 
v 


somewhat lower value of x, and at higher temperature the liquid 
branch of the righthand branch is intersected with slightly higher 


d*p 
= bah 


touches with a tangent parallel to the X-axis. 
If more in general, we wish to determine what the ratio of 


= = m is at that value of x for which = has minimum value, we 
=z 
* a 


may take the following course. From: 
,@_,& 
de ° dz 

we derive: 


fl + (n—1) a] [B + Cz] am (A + 2Ber + C2’) 


ar 


i Es: B—-A 
B n—l oe 
oF n—] 8 C avg 
and so mm 
acre Br AC—B 
e Z| eRe: es 
From G ae = we derive: 
(2—m) (B + Cz)? = m(AC—C?) 
or 


ar Vs 
e+5= eo Cr 


By equating the two values of « thus obtained, we find the 
equation : 


B 1 # nal ed m AC—B 
Ct gael +4, H(a— ly z|+a— anys 2—m C€? 


from which sage oh 


AC—B' m AC—B m AC—B 
Cc? ee Fs a ~i-7| Yas T 2—m 
or 
1— AC—B' SO if m 
2—m Cc? n—l1l C I—m 
or 
a,— Ay 
—n 
1—m _ AC—B 1 1 Bhs G,,— 4, 
Vm (2—m) i n—1 a,—a,, ‘ o—0(2 a, 1) 
@,,—4, a,,—4, 
or 
4 — Oy, 
= itd V (a,a,—a,, i ee i. id RA | 
Vm(2—m) a,,—a, n—1 
; : Pied Saithed © pFg— Fis 
In particular it appears that m= 1, if =n; and if —— 
G,,-—@, @3——-4, 


should be Zn, then m $1 at least if a,, > a,. 


If m is known for certain value of w, the decrease or increase of 
m may be derived from the equation: 
(2——m) a = constant, 
which constant is equal to zero, if a,a,=a,,’, and has else the 


sign of ad,4,—da,,’. j 


~~ i 
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Physics. — “Contribution to the theory of binary miatures.” IX. 
By Prof. J. D. van per Waats. 


THE INTERSECTION OF (Z)= 0 AN (22) = 0. 


As in previous communications we shall write the equation of 


dp\- ; MRT db da 1 
= isi in the form (ob? da Sa meory and the equation of 
d@? > 
(=2)= 0 in the form: : 
da 
dx 
T ——g 
a ae ai e— rom a 


Then the locus of the points of intersection is given by the 
equation : 


dia 
db 2 3 
(v—b)? + (Z) # (1-2) = (1) = 
da 
or 
Ba da 
diz* db | db da? 
any 5 ees Oe 2. OEY Cae ad 
(v—b) x ( ~~ 6) + # (1—2) es b— a 
da da. 
db da va 
The factor of the known term of this equation : =<. = 
da 
may be written in the form: 
C 
a i 
B+C«’ 


if 6= 6b, (l—z) + b,2, and a=A+2Be+ Cz’ be put, and the 
equation itself may be given in the form: 


(v—b)? Cie Cab) n—1 
e ee ee 1 OC) SO 


de} a de 
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When B— 


is negative, this equation has certainly a positive 
SEE . 
root, when viz. the quantity B- Cz is positive, which is required 


d 
for the occurrence of the line (Z) = 0. The negative root is 
v 


C 
without significance for the problem. The quantity ( B) 
positive may be written as follows: 
a,—4,, 


. — 2 
a,3—% 


(4,, — 4,) om > 0. 


a,—a 
<n the first case, and ~——?* 
nt) Stic @,,——4, 


a,— 4, 


Let us call the case 
the second case. 


—b 
Iu the first case the quadratic equation in — has the factor of 


da 
the first power of (v—é) negative, and the known term positive. 
Two real positive values of v—bd can then satisfy this equation. 
These roots are however real only if: 


C ° BS 
a* (l—«)’ (sz) 2 4a (l—z) "Bios ’ 
or 
B 1 \B+C 
er 


So the roots are imaginary if: 


o-ne(—sb) 448-2) > 


For values of « which are nearly 0 or nearly 1, they are therefore 
imaginary. From this follows that the locus of the points of inter- 


d d’ 
section of (t)=0 and (Gt) =0 is a closed curve in the first 


case. By dividing by #(l—.) we have only lost the values «= 0 
and 2=1, which, however, only correspond to v—b=0O and 
7 = 0. This closed curve can contract to a single point, and even 
disappear altogether. Contraction to a single point takes place, if: 


SE ean ae eT 


+3 
_n—l- 4(n +-3) 


Say. o (2 =) 
1-+(4-=5) re ORO a2" 


or if 
jefe -(F- bat 
| C n—l1 n—1\C n—1 
or 
B 1(n+3y 
c 8 aad: 
or. 
a,—4,, n?—1 
= 1 8 —__, 
a,,—4, + (n+-3)* 
or 
ae 8 (n-+1) 
3 _. »n = — (n—1) {[1— ——__}.. 
"ate i} aii jae 


In this expression the value of the factor n—-1 always lies between 
0 and 1 for ope of n betweeri 1 and o. For values of 


+ 5 ES a + a2 mick the locus is imaginary. 
127% (n +3)? 
int at which the locus di i gc oe 
The point at whic e locus disappears, acer PSF 
db 
1 1 dan—1 b 
and so always between 5 an and, and at o—b = 7 or v= eas . 


d 
By substitution in (Z)= 0 we find the value of MRT’ equal to: 
(a, + 4,—2a, ,)(n—1,° (n +3) (3n+ 1) 


ane eek 16 (n+) 


d* 
This is not the point in which the curve —=0 disappears. Al- 


ready the circumstance that the latter curve disappears between 
1 


1 : 
o= and a@==-;, whereas in the same cases the discussed point 


1 1 
disappears between « = 7 and « = oi shows this. We may, however 


conclude, from this, that as m draws nearer to 1, the two points will 
approach each other as regards the value of wz. 


Thus (cf. Contribution III These Proc. IX p. 829) x, 0,48 for 


1 
= 5.04, whereas with «= 


nearly 0.477 is found. But 


14 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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the value of v is much smaller for the point discussed here than for 
the point in which the curve ~~ = 0 disappears. 
We should have to expect a priori that these two points differ. 
Let us imagine — = 0 for different values of T as a surface with 


the axes 2, v and 7, and let the Z-axis be the vertical axis. Then 
this is a surface with the whole v,2-plane as basis, with top at 


d 
T= T,. Let us also imagine = =O as surface construed on the 
& 


same axes, then the sections of this surface pass to larger # and 

larger v with ascending values of 7. Now this latter surface cannot 
d* 

pass through the top of me =0O without yielding other points of 

intersection, a curve of intersection. If it can touch in the top, then 

it would be possible that this curve of intersection did not exist. 


ad’ 
But a tangent plane to — =0 runs parallel to the x,v-plane, and 
v 
dp 
and such a tangent plane rahe has not. 


d* 
That a tangent plane in the top of ~ =0O runs parallel to the 
wv 


2,v-plane, follows from: 


dy dy dy 
dx*dT aT + dx* dic +- dx*dv dv = 0. 
ap . dy dy 
the top —— and tl | Sis 
In the Op. = > an 73d are both equal to zero, whereas ear 


a] 


dT 
is not equal to 0; hence qe and m is zero, or the tangent plane 
r v 


parallel to the v,¢-plane. 


ay, 


As soon as ———— is not only smaller than n, but also smaller 
Gy_ — G, 
n?—1 
than 1 + i +3" the two curves do not intersect at any tempe- 
rature. If on the other hand — = mt <a, and >1 + Petar the 
urn? (n 4-8)’ 


dy 
—— =0 ‘ =~ Poe 0 j 
two surfaces at and ~~ intersect in such a way that the 


projection of the section is a closed curve; the section itself lies then 
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ad’ 
on the side of the small volumes of = 0, and between two low 


temperatures. If we denote these temperatures by 7’, and 7’, then 
contact does not begin before 7; between 7’, and 7, there is 
intersection, and at 7’, there is again contact. So at 7’, the curve 


d, 
~ =O proceeds more rapidly towards larger volumes with rise of 
aX 


temperature, but at 7’, on the contrary, the curve “=o. 

In agreement with fig. 24 (Contribution V p. 134) the value of x 
for the minimum volume of ? =0 is then smaller than that of the 
points of contact; and the point to which the locus of the points of 
contact contracts lies then on that portion of ? 0 that proceeds 


to greater volumes with increasing «. 


: a? = 
We may verify this by showing that we) is positive for this 


uar(Z) 
dx dp 
point. As (3 t)=2 (ob) , for a point of (=). or for 
rr ste 
da % ap\ 
which oo ea , the sign of (2 1 will depend on: 
db da 
da 1 dz? 
v—b 2 da 
dz 
or on 
da 
dz 1 v—d 
da 2 db 
da? dx 
or on 
B 1 v—d 
aoe male ar 
da 
Tf, as was found above, we take PS abe and «= ere 
$8 n*¥—1 in +1) 
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B 1 (n+8) (8n+1) . Lv—b 1 n—1 
and so at aber ae , while rT 5 eae 
dee 
once evident that the sign is certainly positive. 
We can now get an insight into the way in which increase of 


it is at 


@.—-@G4 
the value of ———— 


@,,—4, 
d 
s* =0 and = =0. If this — which I shall represent by &, 


influences the intersection of the two surfaces 


is smaller than 1+ 8, no intersection is possible. In this 


(n Gea 


consideration we shall leave n and C invariable, 


re 
daz? ae 


d 
unchanged. If we now make £& increase, = 0 will vary and 


a : 
intersect the surface = 0. When £ <n, this intersection takes 


place in a closed curve. As well in the v,#-projection as in the 
T,2-projection and in the v,7-projection we may speak of a lower 
and an upper branch. But these branches do not extend over the 
whole width from «=0 to e=1. With approach of & to n the 
width of this section becomes larger, but the lower branch descends 
continually, and the upper branch ascends. In the v,«-projection this 
implies that the branch with the lower value of v approaches 6, and 
that the upper branch assumes a higher value of v. In the 7',z-pro- 
jection this means that 7’ verges to zero for the lower branch, and 
increases for the upper branch, but still remains very far below 
the value of 7, (See Contribution III These Proc. IX p. 830). And 
finally when & has become equal to n, the closed curve of the 
section extends from «=O to «= 1, but the lower branch coincides 
with the line v=, and the value of 7’ for this branch is the 
absolute zero-point. For the upper branch v and 7’ have constantly 
increased. And the question rises whether then the whole section 
is still found of what I shall call the back side for the surface 


——-==(); j,e. the points with the smaller value of v. We shall 


presently revert to this question. But already now it is to be seen 
what will be the consequence of increase of /& above n. 

The process we described above, goes on. The lower branch does 
not become imaginary, but has values of »< 6 and values of 7’ 
which are again positive. So they are of no importance for the real 
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problem; and as soon as k > we have only to occupy ourselves 
with a single branch for the section. This is also immediately seen 
from the quadratic equation in v—é of p. 201, which has then one 
negative, and one positive root. So if k >n, we may say that the 
two surfaces intersect in a curve which has only one branch. For 
2—=0 and «=1 the value of v is always equal to 0, and that of 
T always equal to 0. From this follows already that there will be 
question of a maximum value of 7’ for the section. For this value 


of 7’ the two curves will touch at given value of 7’, viz. (= 3 = 0 


d 
and (7 =0. We have also met with such a contact in the case 
L] oT 


k<n, and we then concluded that the contact took place as is 
represented in fig. 24° (Contribution V p. 134). 
But another contact is possible, namely such a contact for which 


a? 
the curve § 7) =O lies in the region where z),, is positive 


@* J oT 
everywhere except at the point of contact, or as we might also 
d 
express it, outside (=) = 0. This would imply for the intersection 
oT 
of the two surfaces, that the common curve which runs upwards 
from x=0, and «=1 and 7’'=0, passes round the top of 


ad? 
a) = 0, or that it remains entirely on the side of the small 
2” JyT 


volumes, as was the case up to now. 
In the gradual transformation of the common line of intersection 
which is due to the increase of & above n, it must, therefore, have 


a 
passed through the top of 


= 0 for certain value of &. And we 


shall now treat the condition for this circumstance. Properly speaking 
I have already tried to solve this problem in Contribution III p. 834, 
to which I refer for the meaning of the following formula. The 
circumstance that the curve of intersection passes through the top 
is given by: - 


da : da 


Bui I shall adapt the discussion of this formula to the systematic 
treatment of this paper. 


(1—22,)* 


If we put the value 
4x4 (1—ay) 


for y,*° (see Cont. III p. 832) this 
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equation may assume the following form: 
B aq (8%—1) 1 


ee 1—2a, L heey 


This equation may also be derived by the following consideration. 


ad? d 
If the top of = 0 is also to be a point of a. the following 
ae & 


dp dw Bw 


i isfied : =0, ——=0 ae 
equations are to be satisfied in Pe Feat and 
& d 

* =. is, ee 0 is to be satisfied 
dadv dx 


dp 
but also Se 0. This means that the point of the curve (2); = 1) 


at which this curve has its minimum volume, must pass through 
the top. So the following equations must be satisfied : 


gee 
da da 
(v—b)? 
and 

wer(@y 
dx da? 
(r—b)* re 

and so also 
da 


d 
Now for the top of —- =0 (Contribution IIT p. 829) the equation 


o=— b aM ae (1 — 2) - l a," Ve Be 2 (1 —w9)? 
»(%) 4G-as, 4-4 18a, 4 (1—2e,) 
da 


holds. Henee : 


B 4" 1 
C i Nias ois 1—2za, ony 
or 
B __ @y (8ay—1) 1 
C ~ AaSeg al" 


If it were possible to express 2, as explicit function of n, it would 


ss a 
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directly appear, that k must be > 7 to satisfy the circumstance that 
d, 
= =0 shall pass through the top. Now we shall have to content 


ourselves with calculating the value of & for different values of n with 


the aid of the table (p. 829). Thus 


: [= 0,3704 corresponds to 
n-— 


2 = 0,4, and we find - then equal to 0,4 — 0,3704 — 0,0296. As 
B 


Ac, we find k=1 + cana n being —1 + 39704 ° Thus 
we find:. 

&y n k 

0,4 L+ oa Iban 

M5 lts  ltare 

0,46 +n 1 + us 

047 1 + 5a 1 +o 

M8 1+ ltoy 

eo! 1 l+ 5. 


So & always larger than n, but the ratio | decreasing with n. 
As 


1 1 


B 1 
That Wor. & moe aT always be negative for the 


d i 
case that =~ =0 passes through the top of 2 = 0, appears when 


l 
we express the value a2 | ea in a. This value is: 


o:. _ = C2 2 (1—2z,)* 
C n— ey + |S, 
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1— 1 
The factor of ies is only = 0 for ae and negative for 


— &g 
1 
every value of a, between — and 3° between which values it lies. 


For all values of 7’< 7, the section of the two surfaces has the 
Tyo 


dz? 


shape of fig. 24a (Contribution V, p. 134). For 7 = T7,, 


d 
has contracted to a single point, and the line (Z) = 0 has the 
e/vT 


minimum volume exactly at that point. 

If we take & still larger than was calculated above the section of 
the two surfaces will pass round the top, and there is again question 
of a maximum temperature, which, of course, lies then again below 
T,. At this maximum temperature there is again contact between 

2 
the two curves, but then the contact. is such that (es oe 0 lies 
v 


d 
entirely in the region where ie is positive, except in the point of 
&/vT 


do 
contact, where = = 0. The point of contact lies then on the branch 


f ‘p 0, wi a is ati 
0 — | =U, Waere: = i lve. 
(Z)= dx °8 

This, however, does not exhaust all possible cases for the inter- 


section of the two surfaces. Some more remarks remain to be made. 
da , : : 
We first observe that if 7, 8 negative, there are no points of the 


intersection for the values of 2 for which this is the case. For such 
points B-+ Cx is negative, which can only be the case for positive 


C if B is negative. 


- : ; v—b 
In the quadratic equation in (v—d) the factor of - has become 


da 
positive on account of B-- Cr being negative, and the third term 
C 
B—-—— 
is also positive, because ————-—— has both its numerator and its 
B4-Ca 


denominator negative. So no positive value of v—d can satisfy this 
equation. In the second place we observe that for the value of 


d naa ; 
for which — = 0, the value of v—d is infinite, and the value of 7’ 
“un : 


4 
q 
y 
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equal to 0. The projection of the section of the two surfaces on the 
v,z-plane is then a curve which starts at 2=1 and v= 6,, and 


: da 
has an asymptote for the value of « for which = 0... 606. a 
projection of the section is then a line which has a value for 7 
B : ; 
equal to zero at «=1 and «= — o’ and which has a maximum 
T somewhere between these two values of x. It is clear that at this 
d 
value of 7’, at which the curves (=) = =Oa nd (2 oye 0 touch, 
the contact takes place as in the case yeas last, and that the 


. d 
top of —=0 lies in the region where = is positive. And in the 


third place we draw attention to the special case that B= 0, or 
d. 
a,,==a, or k=o. Then the value of 2, for which = =0, is 


itself equal to 0. The equation for the determination of v—é of the 
section of the two surfaces simplifies then to: 


(a— ae en v—b l—e« 


eae 
Am 
v—b 1-2 pone 
eB et + 4 sa 


dae 


or 


This represents a branch of a hyperbola which passes through 
the point z= 1 and v= 4, and cuts the axis « = 0 for a value of: 


=) YO Dh 


Gs 
a,, —4, 
whether the considered surfaces intersect or not, and the way in 
which they intersect, is, for the same value of a, and a,, entirely 
determined by the value which we must assign to a,,. If a,, de- 
creases from a, to a,, & increases from 0 tot ». For a,,=WVa,a, 


; a ge 
it has the value VA and then one of the transition cases k = n 
a, 


The quantity j= > 


, on which it depends in so high a degree 


a 
would be == a,, or the critical pressure of the two components 
n 
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has the same value. But until the relation between a,, a, and a,, is 
known, such a simple rule cannot be considered as valid. 
The calculation of the temperatures at which the two curves 


& d 
—> = Oand = =0 are in contact cannot be performed on account 
> 
of the very intricate forms to which this problem leads. For this 
purpose we might solve the value of v—d from the quadratic form 


of page 201, which is then a function of z, and substitute then the 


d d 
value of v, either in = = 0, or in : 2 = 0. We have then a formula 
a“ 


in which 7 is expressed in the values of x of the points of inter- 
section of the two curves. If we seek the maximum value of 7’ by 
differentiating with respect to « at 7’=— constant, we find a relation 
in z, from which the a of the points of contact would have to be 
calculated, and the value of Zax or Tin by substitution of this 


B 1 
value of z. But even in the special case of Ao OF ca on 
uM— 
db « (1— Fe : 
which v —6= os oe , this calculation leads to a form in which 
the 
n— 


x rises to the third degree. In all other cases the equation is much 
more intricate. The value of a, v and 7’ for the maximum and 
minimum temperature might of course also be calculated by the aid 
of the three eqations: 


d? d 3 2, 2 
V0, 20 od 
da?* da dx* de dv dax* 
; : d*p 
which last equation expresses that the two curves touch. As : 
VAX 
d. d® 
is certainly negative in the points of the line = 0,5" must 
vu uv 


certainly be positive for the contact, which had already been repre- 
sented in the figures 24 of these contributions. 


——— Sh ll 
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Physics. — “Anomalous refraction phenomena investigated with the 
Spectroheliograph.” By Prof. W. H. Junius. 


According to the current interpretation of spectroheliograph results, 
dark floceuli indicate regions on the sun, where the special gas, a 
line of which is used, exists in such conditions of density and tem- 
perature, that it strongly absorbs the light coming from deeper 
layers, whereas bright flocculi show us regions where, in consequence 
of higher temperature or chemical or electrical causes, the radiation 
of the gas exceeds its absorbing effect. 

A few years ago | proposed an entirely different explanation of 
the same phenomena‘). An attempt was made to account for the 
peculiar distribution of the light in photographs, secured with the 
spectroheliograph, by simply considering the anomalous refraction 
which waves from the vicinity of the absorption lines must suffer 
when passing through an absorbing medium, the density of which 
is not perfectly uniform. |. 

If it proves possible to explain the observed facts on this basis, 
we shall be able to dispense with the assumption of any very 
marked differences as to the absorbing and emitting conditions of a 
certain gas or vapour in contiguous regions on the sun. Moreover, 
we then might assume the constituents of the solar atmosphere to be 
thoroughly mixed, their proportions in the mixture only varying 
with the distance from the sun’s centre. 

That our interpretation does not presuppose the separate existence 
of cloud-like masses of calcium or iron vapour or of hydrogen, 
simplifies the conception of the solar body, and therefore looks like 
an advantage; but even if one were compelled, by other considera- 
tions, still to believe in the real existence of such separate luminous 
or dark accumulations of certain substances, it would nevertheless 
be necessary to consider the effect, which anomalous dispersion of 
light in those masses must have on the appearances revealed by 
the spectroheliograph. 

Among the advantages I derived from a visit to the Mount Wilson 
Solar Observatory, in August 1907, was the opportunity of using 
the 5 foot spectroheliograph*) for some experiments on anomalous 
refraction. 7 
_ It was expected that when light, coming from a source with a 
continuous spectrum, traverses a space in which sodium vapour is 


1) Proc. Roy. Acad. Amsterdam VII, p. 140, (1904). 
*) Hate and Etrerman. “The five-foot spectroheliograph of the Solar Observatory.” 
Contributions from the Solar Observatory Mount Wilson, California, N’. 7. 


Fig. 1. 
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unequally distributed, particulars concerning the dis- 
tribution would be revealed by the spectroheliograph 
through the refracting power of the vapour, rather 
than through its absorbing and emitting power. This 
expectation could be put to the test. 

As an equipment for the study of anomalous dis- 
persion phenomena in sodium vapour, exactly similar 
to the one described in my paper on “Arbitrary dis- 
tribution of light in dispersion bands’’), had already 
been procured for the solar observatory by Professor 
Hate, the experiments were readily made, thanks to 
the laboratory facilities available on the mountain. 

The apparatus consists of a wide nickel tube, 60 ¢.m. 
long, the middle part of which is placed in an electric 


‘furnace, while the projecting ends are cooled by jackets 


with flowing water. The tube contains a few grammes 
of sodium and is permanently connected to a Geryk- 
pump to remove the air and the gases which escape 
from the sodium during the first stages of the heating 
process. An arrangement is provided for, by which 
density gradients of various known directions and 
arbitrary magnitude may be produced in the sodium 
vapour. : 

Sunlight coming from the 60 feet mirror M (fig. 1) 
of the Snow telescope *) passes through the tube 7’on 
its way to the slit S of the spectroheliograph. The 
distance between 7 and S is about 560 ¢.m. A lens 
L, gives an image of the sun near the middle of the 
tube 7. P is a diaphragm with an adjustable slit, of 
which the lens L, projects an image in the plane of 
the diaphragm Q. Just behind the latter is a lens JZ, ; 
in combination with ZL, this forms an image of a 
section of the tube in the plane of the slit S of the 
spectroheliograph. In this image (fig. 2) the rectangular 
windows of the caps of the tube will of course come 
out with somewhat blurred edges, as only a section 
lying somewhere between the caps would show sharp. 
In A and B are projected the narrow nickel tubes *), 


1) Proce, Roy. Acad. Amsterdam, IX, p. 343. (1906), 
*) Described in; Contributions from the Solar Observatory 


Mt. Wilson, Cal., Nos, 2 and 4. 
%) See description in: Proc. Roy, Acad, Amsterdam, IX, p. 845, 


W. H. JULIUS. ‘Anomalous refraction phenomena investigated with the 
spectroheliograph.” 
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Proceedings Royal Acad, Amsterdam, Vol. XI. 
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of which, for producing the required density gradients, the temperature 
may be varied at pleasure by forcing an electric current or an air 
current through them. 

Cooling one of the tubes by an air current causes sodium vapour 
to condense on it; so, in course of time, drops of molten metal will 
hang from the tubes and fall off again. 

When a photograph is made, the first slit S of the 


5. spectroheliograph moves across the image in the direc- 
5 a tion of the arrow (fig. 2); and at the same time the 
r-----F--4 second slit moves across the photographic plate. 


A) Bi Let us suppose the openings in P and Q (fig. 1) to 
1 be so adjusted, that the image of the slit in P exactly 
on | coincides with the slit in Q. Then all the light which 
| passes through P and traverses the vapour along 
straight lines, is transmitted by Q and therefore contri- 
butes to the intensity of the image of the tube-section. 
Fig. 2. Waves however that deviate so much in the sodium 
vapour as to be intercepted by the screen Q, will be absent from 
the spectrum of the transmitted light. 

If the furnace is slowly heated to 380° or 390°, the density of the 
vapour is pretty uniform in the middle part of the wide tube and 
falls off towards the ends; but as the direction of these density 
gradients nearly coincides with that of the beam of sun-light, even 
the waves subject to anomalous dispersion will hardly deviate from 
the straight path. The D-lines in the spectroheliograph retain about 
their normal appearance. If now we blow air through the tube B, 
density gradients are produced all around it in directions perpen- 
dicular to the axis of that tube. The D-lines no longer show 
the same appearance throughout the field. In the spectrum of those 
parts of the field where perceptible gradients occur, the D-lines 
now appear winged; they are indeed enveloped in dispersion bands. 
As the width of these bands depends on the magnitude of the gradient, 
it will, in our case, vary along the lines and reach a maximum at 
the place in the spectrum which corresponds to the plane passing 
through the axes of the tubes A and B. And with increasing distance 
between S and B (fig. 2) the width of the bands will diminish. 

Let us consider the ‘monochromatic images of the tube-section 
produced by the spectroheliograph if the camera slit is set at different 
distances from the D-lines. 

With the camera slit at 2.5850, outside the region of the dispersion 
band of D, the illumination of the field is uniform (see the Plate, a); 


i 
lceesehdiateiesiae — 
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nothing is visible of the density gradients existing round the cooled 
tube B, because light of this wave-length travels along straight lines 
through the vapour. 

Proceeding to 45870, we are still at such a distance from D,, 


l—n ; ; : 
that the value of oy tess R (n representing the index of refraction, 


4 the density of the vapour) is moderate. Steep gradients of the 
density are required to make the rays deviate sufficiently for missing 
the slit in Q, and such gradients are only to be found very near 
the surface of the tube 4b. We therefore obtain the image 8, in 
which B appears surrounded by a narrow dark region. 

The third photograph, y, has been made with 25877. For these 


waves the expression a is greater than for 25870, so that smaller 


values of the gradient suffice to give to the rays a perceptible in- 
curvation. The result is a broader dark region all round B'). 

The photograpbs d and ¢ have been secured with the camera slit 
on 25881 and 25885 respectively. This time the tube A has been’ 
cooled instead of B. We see the dark ‘aureole” grow as the wave- 
length we are using approaches 4p, = 5890. Getting nearer still, the 
whole field would finally become dark. 

Similar results are obtained if we approach D, from the side of 


n—1 
the greater wave-lengths, thus using waves for which are has 


increasing values. 

By a slight change in the arrangement of our experiment we 
may obtain the opposite effect, to wit, that merely rays, suffering 
anomalous refraction, do enter the spectroheliograph, whereas the 
normally refracted light is prevented from reaching the slit. We 
have only to open the slit in P very wide, and to put a vertical 
bar (a match for instance) in the middle of it, the image of which 
now falls exactly on the slit in Q. Under these circumstances 
light, issuing from the divided opening in P, can only be transmitted 
by Q if it has been deflected in the vapour. 

In this way the photographs $, 4 and @ were obtained, the second 
slit being set on 25884, 25886, 25888 respectively. If there had 
been no density gradients, the whole field would have shown dark; 
the bright regions, however, now prove the existence of the gradients. 
When taking § and », the tube B, and when taking 6, the tube A 
was cooled. 


) In this image the lower right corner was cut off by a rubber tube accidentally 
crossing the path of the beam. 


| i 
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The following general statement is borne out by these experiments. 

If an illuminated absorbing vapour is investigated by means of 
the spectroheliograph, and the camera-slit of the instrument is set 
on the edge of a dispersion band, marked irregularities in the 
brightness of the field will only appear at those places in the image 
which correspond to regions with J/arge density gradients in the 
vapour. Setting the slit nearer to the middle of the dispersion band, 
we shall get evidence, in the image, also of regions with smaller 
gradients, a.s.o. Particulars regarding the distribution of a vapour 
are thus clearly shown by the spectroheliograph through anomalous 
refraction, even in cases, where the absorbing or emitting power of 
that medium would have failed to reveal its structure. 


The bearing of these inferences on astrophysical phenomena has 
now to be considered a little more closely. 

Suppose we have a large mass of absorbing vapour of such 
average density, that, if it were uniform, its absorption lines would 
appear rather narrow; and .of such temperature and condition of 
luminescence that its emission lines are very faint. As svon as the 
density of this mass becomes irregular, some parts of it may give 
rise, when traversed by light from another source, to the appearance 


- of dark or bright dispersion bands, greatly exceeding in width and 


strength its absorption or emission lines. 

It is therefore possible, that anomalous refraction plays a very 
essential part in the production of those phenomena which the 
student of astrophysics observes: with his spectroscope or spectro- 
heliograph; we must inquire how far this is also probable. 

One might be inclined to object, for instance, that in our experi- 
ment the use of a narrow and sharply limited source of light, 
placed at a fair distance behind the vapour, seemed to be a necessary 
condition for obtaining any marked dispersion effects, and that in 
the sun similar circumstances are very unlikely to prevail. Indeed, 
the bulk of the sun — whatever the nature of the photosphere may 
be — isa large incandescent mass, closely surrounded by the absorbing 
vapours, so that the “source of light”, if considered from a point 
of the chromosphere, subtends a solid angle of nearly 22. The 
reversing layer and the chromosphere have sometimes been compared 
to a thin, transparent layer of selectively absorbing varnish, covering 
a luminous (e.g. phosphorescent) globe: the photosphere. It seems 
very improbable that refraction in density gradients of such a trans- 
parent envelope should be able to disturb to any perceptible degree 
the uniform brightness of that globe. 
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The comparison, however, is entirely misleading, because, so far, 
an essential relation between absolute size and density gradients is 
overlooked in it. But if carried through properly, it will lead us 
to the opposite conclusion, namely that refraction in the solar 
atmosphere must alter the distribution of the light on the disk 
entirely. 

If we wish to form an image, on a reduced scale, of the sun 
considered as a refracting body, we have to reduce the radii of 
curvature of the rays in the same proportion as we do the diameter, 
for instance 10*° times (so as to make the diameter of the photos- 
phere 14 cm.). By the general equation *) 

dh 1 
Pe ee 
we know that, for a given value of the refraction constant R, the 
radius of curvature @ of a beam of light is in reverse proportion 


dA 
to the density gradient 2H in the direction toward the centre of 


curvature. In our image, therefore, the density gradients have to 
be taken 10°° times as great as they are in the sun. ; 

Let us suppose that at a certain level in the solar atmosphere 
irregular density gradients occur, which are of the same order of 
magnitude as the radial (vertical) density gradient in our earth’s 
atmosphere, viz. 16><10"° ’). At the corresponding points in our 


dh 
image we then bave to put eg If the Jayer of “varnish” 


were really traversed by many density gradients of this order of 
magnitude, it would be very different from ordinary transparent 
varnish, and certainly be able to disturb the uniform brightness 
of the background, like a layer of glass beads or swollen sago 
grains. Even normally refracted waves would perceptibly deviate 
in an envelope of this kind. For if in our equation (1) we put 
‘= R=0,5 and ~ = 16, we get e= 0.125 em., so that the 
average curvature of such rays is already sufficient for producing 
sensible changes in the divergence of beams on their way through 
a shell not thicker than 0.1 em 


!) Proce. Roy. Acad. Amsterdam, IX, p, 852, (1906), 

*) The frequent occurrence of density gradients nearly perpendicular to the 
radii of the sun is rendered more probable still, since increasing evidence has 
been obtained by Prof. Have of the existence of solar vortices, in which the con- 
vection currents (especially in sun-spots) are sufficiently strong to produce magnetic 
splitting of absorption lines, (Cf. Nature, Vol. 78, p, 368—870, Aug. 1908), 
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Waves, suffering anomalous refraction, will of course be much 
more scattered by the same medium. Let us consider an absorbing 
substance which, at a certain level, occupies say only 1 percent of 
the solar atmosphere, taken as a perfect mixture. Its density gradients 


- 
will then be only 5 —— 9 of those of the mixture. The refraction constant, 


on the other ails ‘ts waves near one of its absorption lines, may 
attain values as high as 1000 or 2000. With R = 1600 (as actually 
observed in sodium vapour, Proc. Roy. Acad. Amst. IX, p. 353), 
our equation (1) becomes 
1 d& 1 
———- 100 ds 16009" 

In a level where, in our image, the irregular density gradients of 
the envelope were supposed to have .an average value * = 16, 


the equation gives 
e= 0,004 em. 

‘It is evident that under such circumstances rays may easily deviate 
90 degrees and more in the thin shell of transparent matter covering 
our globe, and thus give rise to a very unequal distribution of the 
light in photographs of it, secured with the spectroheliograph. 

This conclusion holds just as well with regard to the real sun. 
It follows directly from our only assumption, that in some level of 
the sun irregular density gradients exist, comparable in magnitude 
with the vertical gradient in the earth’s atmosphere. At lower levels, 
greater gradients, at higher levels, smaller gradients may be expected 
to prevail. As the validity of this assumption can hardly be doubted, 
we may infer that the existence of some important influence of 
anomalous dispersion on astrophysical phenomena is not merely. 
possible, but exceedingly probable, in spite of the absence of narrow 
slits as sources of light. 


Although we are free to admit that the phenomena, observed with 
the spectroheliograph on the solar disk, are perhaps in part due to 
selective radiation, dependent on various conditions of temperature 
or luminescence, we may nevertheless inquire into some consequences 
to which one is led if only the effects of refraction in a mixture of 
vapours are considered. 

The composition of the solar atmosphere cannot be the same at 
all levels. As we get lower down, the percentage of heavier mole- 
cule is likely to inerease; but we should not presume too much 


15 
Proceedings Reya] Acad. Amsterdam. Vol. XI. 
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as to the order in which the elements will come into evidence, on 
account of possible condensation, and because the pressure of radiation 
counteracts gravitation to a degree that depends on the size of the 
particles, and, therefore, on numerous unknown conditions prevailing 
in the sun. } 

Yet for each element a certain level must exist, in which its per- 
centage in the mixture is a maximum. Accordingly, the refracting 
properties of successive layers will be governed by different elements. 
A photograph, made with the spectroheliograph in a hydrogen line, 
shows a structure which, of course, depends on the distribution of 
all the hydrogen present in successive layers, but is chiefly determined 
by. the density gradients in a rather high level; whereas a photo- 
graph, made with an equally strong iron-line, reveals more especially 
the structure of lower regions. This explains the difference in character 
between iron- and hydrogen plates. 

It must be possible, on the other hand, to obtain almost identical 
photographs with different lines, provided they belong either to the 
same element, or to elements that are most in evidence at about 
the same level in the sun; but then another condition has also to 
be fulfilled, viz. that the camera-slit transmits rays of the same 


(H) (A 4045) 
Fig. 3. 


refrangibility in both cases. If for instance Fig. 3 represents the 
dispersion curve near //, and near H, the width and the position 
of the camera-slit ought to be so chosen, as to let in only waves 
corresponding to parts of the curve, enclosed between equal ordinates 
in the two dispersion bands '), 


') Waves, lying more or less symmetrically on either side of an absorption line, 
and answering the relation n—1 = 1—n' between the indices of refraction n and n' 
of the medium for them, must give nearly the same spectroheliograph results on 
the greater part of the disk, This follows from a discussion of the various possi- 
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Recently it has been found by Prof. Haxe that, while the Hx, 
H,- and H;-lines give very similar results, photographs with the 
much stronger line H, are widely different in some respects‘). 
Bright flocculi appear on these plates at points where no corresponsing 
objects are shown by Hj. Moreover, the dark H,-flocculi, while 
showing a general agreement in position and form with those of 
H;, are stronger and more extensive. In some instances, however, 
small areas appear dark in Hz which are absent or fainter in H,. 

Such differences are of the same character as those observed 
between photographs made with the slit in the broad caleium-bands 
H or K at various distances from the central line. They may find 
a corresponding explanation if we assume that the rays, used in the 
H, photographs, were on the average refracted to a higher degree 
than those, used in the H;photographs, but both by the same system 
of density gradients. It is not improbable, therefore, that in the 
wings of H, waves may be selected so as to give spectroheliograph 
results, closely resembling /,-plates. 

That also lines of different elements may give very similar results 
with the spectroheliograph, is exemplified by the case of calcium 
and iron. Among the beautiful collection of photographs secured on 
Mount Wilson I saw several iron-(4 4045)-plates rather closely resem- 
bling certain calcium-(#/,)-plates of the same daily series. As the 
atomic weights of calcium and iron are not so very different, and 
their levels of maximum density therefore probably not far apart, 
the refraction caused by these elements may bring out. the. density 
gradients of nearly the same layer of the solar atmosphere. It will 
do so by showing a similar distribution of the light in the two 
photographs — provided that rays of the same refrangibility are 
used in both cases. And this condition may be fulfilled by setting 
the camera slit on corresponding regions of the spectrum, in the 
sense as illustrated by Fig. 3, if we imagine it now to bear on the 
calcium-(/7)-line and the iron-(4 4045)-line. 

_ With a calcium- and a hydrogen-line such similarity could not be 
found. 

Far more evidence will of course be required before we shall be 
able to decide whether or not anomalous dispersion is the principal 
agent in determining the flocculent appearance of the solar disk. 


bilities regarding the relative position of density gradients and source of light, 

Consequently a He-plate, obtained with the camera-slit ‘centrally, so as to embrace 

the whole width of that rather narrow dispersion band, will scarcely differ, at 

first sight, from a photograph made with only one of the wings. 

*) Hate, “Solar vortices’, Contrib. from the Mt. Wilson Solar Obs.: No: 26. . 
15* 
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Plates secured with many lines of various elements will have to be 
compared. The mighty 30-foot spectroheliograph of the ‘tower 
telescope” of Mount Wilson is excellently adapted to work of this 
kind, not only on account of its great dispersion permitting the use 
of finer lines, but chiefly because it is provided with two camera 
slits, so that perfectly simultaneous photographs with different lines 
may be secured. By this arrangement, really comparable mono- 
chromatic pictures of the sun are obtained, since the otherwise con- 
fusing influence of the variable refraction in our qieneplere is thus 
rendered harmless. 


I feel greatly obliged to Prof. Grorcr E. Hate for having procured 
for me the opportunity of making an investigation at the Mount 
Wilson Solar Observatory, but more still for his keen and stimulating 
interest in the problems, suggested by the application of the prin- 
ciple of anomalous refraction in astrophysics. I am also very much 
indebted to the kindness of Mr. F. Eniuerman, Mr. W. S. Apams 
and Dr. Cu. M. Otmsrep for valuable information and assistance in 
connection with the inquiry here reported upon. 


Physics. — “V’he Zeeman-Ejfect of the strong lines of the violet 
spark spectrum of iron in the region 42380—a 4416.” By 
Mrs. H. B. van BrLpErBEEK-vAN Mrurs. (Communicated by 
Prof. P. ZEMAN). 


The concave RowLanpD grating used in the experiments here com- 
municated has 14438 lines per inch, a width of 8 c.m:, and a 
radius of curvature of 304.96 c.m. The grating is mounted according 
to Runcg and Pascuen’s method. 

The spark passed between the iron poles of the magnet in the 
direction of the line of force. It was originated by the discharge 
of the secondary coil of a Runmxorrr, a self-induction and condenser 
being placed in parallel. 

Further details will be given in my thesis for the doctorate. 

The time of exposure varies from 30 to 120 minutes. 

In order to determine the field strength I made simultaneous ex- 
posures of the iron and zine spectra. The amount of separation of 
the zine line 4680.33 was compared with the result of the measu- 
rements of Corron and Weiss (Journal de Physique, June 1908), the 
strength of field being supposed proportional to the amount of 
separation. 
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—_—_——————— 
dO, d2 
On dh 10" 10"* 
A Fl vie 1 field | vibr. // field Ii? Hi 
vibr. 4 field vibr. // field 
2382.17 | 10 0.214 14.80 
9305.74 | 4 0.206 44.23 
9562.65 | 5 0.238 41.34 
2585.98 | 10 0.292 13.66 
2598.46 | 8 0.310 14.36 
9599.50 | 20 0.334 15.46 
2607.17 | 10 0.315 14.50 
611.99 | 40 0.335 15.36 
2617.70 | 6 0.361 16.48 
9625.70 | 4 0.324 14.7 
9628.39 | & 0.229 10.37 
2631.12 | 4 0.299 13.54 
2631.44 | 3 0.289 13.06 
9727.64 | 6 0.379 15.94 
2739.63 | 15 0.327 13.63 
; 2743.28 | 8 | prob. unaffected 
2746 60 | 10 0.224 9.206 
9747.18 | 8 0.306 12.69 
9749.41 | 20 0.272 41.26 
9753.40 | 5 0.245 40.14 
9758.82 | 15 0.278 41.45 
2767.60 | 5 0.418 © 17.07 
267.03 | 3 0.220 141.37 
9994.58 | 3 0.439 45.34 
3001.09 | 2 0,397 43.79 
3002.82 | 3 0.388 13.45 
3008.26 | 2 0.443 14.28 
3020.80 | 3 0.442 14.13 
3037.51 | 3 0.433 14.68 
3047.72 | 3 0.440 14.82 
i 3057.57 | 3 0.345 14.54 
4 3059.20 | 3 0.446 14.91 
i 3227.91 | 5 0.354 10.63 
3440.79 | 4 0.434 41.47 
45 3466.01 | 3 0.759 0.389 49.77 10.13 
a 3475.60 | 3 0.625 probably div 16.19 
e 3490.76 | 4 0.574 . f 14.74 
3497.99 | 3 0.772 19.74 
3513.98 | 3 0.555 14.06 
3555.08 | 4 0.516 12.77 
3558. 4 diffuse 
3565.53 | 5 0.349 8.589 
3570.29 | 40 0.420 10.34 
3581.34 | 40 0.460 41.22 
3585.48 | 3 0 446 0.387 10.85 9.448 
3587.14 3 diffuse 0.489 11.89 
3606.85 | 4 0.429 10.32 
3609.01 | 6 0.4183 4.395 
3618.91 | 6 0.327 7.811 
3631.62 | 6 0.368 8.729 
3647.99 | 6 0.301 9.4192 
mes) $a | $8 
4680. 5 robably div. 43.3 
8687.61, 4 0.626 ' < 14.40 . 
8705.72 | 4 0.565 0,262 12.87 5. 969 
8719.40 | 4 0,632 14,37 
3720.09 | 40 0,496 | 41,21 
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Jd 


dd 
d2. dd 167? —' 1078 
< vibr. 1 field vibr. |/ field Hi* Hi? 
vibr. 1 field vibr. // field 

3722.71 4 0.558 0.392 12.60 8.849 
727.78 | 5 0 659 14 84 

3733.47 | 3 | 0.355 0.354 0.587 © 7.968 7.945 13.47 - 
3735.00 | 10 0 592 13.28 . 

3737.28 | 7 0.459 10.28 . 

3745.70 | 5 0.474. 10.57 . 

3748.40 | 4 0 276. perhaps divided 6.145. 

3749.62 | 10 0.574. : 12.77... 

3758.39 | 8 0 540 11.96 

3763.98 | 6 0 422. 9.318. 
3765.70 | 3 0.484. 10.68. 

3767.36 | 5 0 0 0 0. 
3795.14] 5 0.692. 15.03 Sif 
3799.70 | 5 0.662 14.34 . 
3805.48 | 3 0.386 8.339. 
3813.12 | 4 0.414 8.908 | 
3816 CO | 10 0.495. 10 62 
3820 G! | 10 0.529 11.34 

3824.57 | 5 0.694 . 14.84 
3826.08 | 8 0.49% 10.56 
3828.00 | 7 0.451 9.629 
3834.41 | 6 0.431 9.170 
3840.61 | 4 0.33 6.426 
3850.19 | 4 0 0 0 0 
3856.55 | 5 0.690 14.51 
3860.12 | 6 0,682 14,32 . 
3865.75 | 4/| 0.348 0.348 0.658 7.285 7.285 13.78 - 
3872.70 | 4 0.594 . 0.473 12.39 9 866 
$878.20 | 4 0.812 16.89 
3878 78 | 5 0.715 14.87 
3886.45 | 5 0.802. 16.614 
28.5 80] 3 0.676 13.93 

3903.10 | 5 0.544 0.217 11.17 4.456 
3920.41 | 4 0.634 12.90 
3923.08 | 4 0 69% 14.11 

3928 UD | 4 0.705 14.29 

390.47 | 4 0.715 14.48 
3969.43) 5 0.758 15.05 

4OUS.41 | 6 0.787 15.35 

4045.99 | 15 0.618 41 81 

4063.78 | 10 0 544 10.31 

W71.50 | 8 0,351 6 623 

4181.92 | 4 0.700 12.52 

4199.27 | 5 0.577 10.24 
422.21) 6 0,617 10,93 

4236.12) 4 0). O82 17.12 

4250.49 | 6 0.597 0.40% 9 206 6.904 
42600 70 | 10 0) .878 15.1 

4271.09 | 10 0.705 12.0) 

ADD4 32 4 0.608 1.21 

4200.43 | +h 0,790 13,37 

4308 10 | 1h 0 648 10,92 

432.97 | AD 0.528 8.826 

4383.75 | 20 0.6097 11.85 

4M | AD 0.678 10.938 

4:15 3) 10 0.0% 10,50 
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The strengths of field used in all other exposures, could be deter- 
mined by comparison of corresponding iron lines in the spectrum 
under review and in the standard iron-zine spectrum. 

The field strengths utilised were near 30000 Gauss. In the following 
table all separations are reduced to H = 31965 Gauss. 

A calcite rhomb introduced between the spark and the focussing 
lens. made it easy to get separate exposures of vibrations perpendicular 
to resp. parallel to the field. The plates used were Dr. ScHLEUSSNER’s 
Spezial Rapid plates. They were developed with Edinol. 

In the following table d2 and 4 are given in A.U. The wavelengths 
and intensities are taken from Exner and Hascnexk’s tables. 

In the case of triplets and quartets J@ indicates the difference of 
the wavelengths of the two outer components vibrating perpendicular 
or parallel to the lines of force. In the case of quintets for vibrations 
perpendicular to the lines of force the difference of wavelengths of 
the components towards red and violet to the central one are given. 
For vibrations parallel to the lines of force the data are given as in 


the case of triplets. 


Probably some triplets can be subdivided further, but even an 
approximate knowledge of the magnetic separation of the iron lines 
has- become recently of some value by Ha.r’s important discovery 
concerning the spectrum of sun-spots'). 

I hope to give in my thesis references to the literature of the 
subject. 


Anatomy. — “The nervous system of a white cat, deaf from its 
birth: A contribution to the knowledge of the secondary systems 
of the auditory nerve-jibres’. By Prof. C. Winker. 


Through the kindness of Prof. ZwaarpeMAKeER, speaker got in his 
possession the nervous system of a white blue-eyed cat, which during 
life, though most carefully observed, never reacted on acoustic stimuli, 
consequently deaf from its birth *). 

This nervous system had been slightly damaged in the removing, 


1) Georce E. Hate. Solar Vortices and the Zeeman-Effect. 
P. Zeeman. Solar Magnetic Fields and Spectrum Analysis. Nature. Vol. 78, 
p. 368 and 369, 1908. 
*) Prof. ZwaaRDEMAKER writes on this subject the following: 
“This white catt, born of a while mother with normal hearing (oue albino-eye) 
“was obviously deaf from its birth. At any rate it was kept under observation 
“since birth, and never a single reaction on acoustic stimuli was obtained. Even 


( 226 ) 


probably because the tentorium, ossified in these animals, had been 
drawn through the occipital pole of the hemispheres. | | 

With the exception of this damaged portion it was possible to 
make a continuate series of frontal sections, partly after the WrIGERT- 
Pat method, partly coloured by means of carmine, which could be 
compared with the existing series of frontal sections from brains of 
normal cats. 

The first thing noticed was that the peripherical octavus-roots 
which were attached to the oblongata, although smaller than in the 
compared preparations, had not suffered any change, In accord with 
this fact no degenerations were found either in the lateral rootfibres 
upon the corpus restiforme, or in the rootfibres in the ventral nucleus 
of the VIII" nerve, or in the deep medullated layers of the tuberculum 
acusticum (speaker exhibits the microphotograms demonstrating those 
rootfibres.) 

Although these nuclei too are somewhat smaller than in the com- 
pared series, yet it is impossible that the deafness of this cat should 
have been occasioned by a primary affection of the labyrinth. For. 
in that case the well-determined and distinctly confined atrophies 
would have been found in the systems of primary rootfibres, which 
are in all cases consequent to the removal of the labyrinth in new- 
born animals. (These atrophies are demonstrated by the speaker on 
preparations and microphotograms of brainsections taken from rabbits 
where the labyrinth had been removed shortly after birth). 

Those atrophies however were not found in the brain of this cat. 
The more striking is the fact that a secondary system of fibres, 
the dorsal octavus-tract, the so-called stria acustica (v. Monakow) 


“an express investigation with the continuate note-series and with strong sound- 
“stimuli gave only negative results. 

“The statical organ on the contrary was proved to be perfectly normal. On 
*the 7th of June 1908, shortly before death, this was carefully studied in my 
“Laboratory. 

“Climbing along the frame of a rolation-apparatus was done in the normal 
“manner, likewise leaping from a chair. During rotation, when shut up ina 
*blackened chest, with an aperture on the upperside in order to facilitate the 
‘observing of what is going on within, nystagmus of the head and of the eyes 
“was shown in the usual way. 

*On stopping the apparatus, a typical instance was observed of the well-known 
*afler-rotation, described once again by Mr. van Rossem (Sensations and reflexes, 
*having their origin in the semi-circular canals. Diss, 1907, Utrecht), 

*Upon the small experimentation-lift of W. Mutven, whilst seeing is excluded, 
*all otolittic reflexes are recognized, and nowise impaired, 

*During life the animal mewed,” 
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in the deaf-born cat does not attain to '/, of the compass that fascicle 
presents in the series taken for comparison. 

The fibres originating in this fascicle and decussating in the raphe 
(the vigorous decussation of von Monakow) are nearly all wanting. 
Monakow’s decussation is represented barely by a few small fibres. 

Likewise the fibres of Hetp and their decussation are almost entirely 
wanting. On the other hand, the ventral secondary octavus-tract in 
the ventral layers of the corpus trapezoides is represented by a 
vigorous layer of fibres decussating in the raphe. 

Together with the loss of Monakow’s decussation the area at the 
dorsal and frontal top of the superior olivary bodies, where the 
fibres of Monaxow’s and Hexp’s crossings meet, is only represented 
by a few transverse sectioned fibres. It is wanting, and this deficiency 
in its turn is accompanied by a very important atrophy .of the 
lateral lemniscus, more especially of its medial bundle of fibres. (The 
preparations and microphotograms illustrating this, are exhibited by 
the speaker). 

Apparently nature did achieve in this cat, by some morbid process, 
a similar experiment as was made long ago by von Monakow'), 
when he was the first who succeeded in isolating the dorsal octavus- 
tract by sectioning the lateral lemniscus. 

For if the lateral lemniscus is sectioned, this so-called Monakow’s 
decussation atrophies rather completely and the stria acustica is 


reduced to a small rest, whilst the large cells in the opposite tuber- 


culum acusticum have nearly all disappeared and a certain number 
of cells are atrophied as well in the nucleus ventralis as in the 
portio interna corporis restiformis and in the nucleus of Drirers. 
(The experimental loss and atrophy of those cells is demonstrated 
by means of preparations and microphotograms of brain-sections taken 
from rabbits, on which the section of the lemniscus had been per- 
formed directly after birth). 

In the deaf-born cat almost all the large cells in the tuberculum 
acusticum have disappeared on both sides (and here — not in the 
loss of fibres — lies the cause of the slight decrease of the primary 
nuclei) whilst those in the dorsal portion of the nucleus ventralis, 
in the portio interna of the corpus restiforme and in the nucléus of 
Deiters are partly atrophied. 

This case therefore supplies a new argument in favour of the 
Opinion that the secondary system of true auditory nerve-jibres ure 
to be sought for in the dorsal and intermediate octavus-tracts, in the 


1) G. von Monaxkow. Striae acusticae und untere Schleife. Archiv fiir Psychiatrie. 
1891. Bd. XXII. S. 1. 
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decussations of Monaxow and Herp, and not in the ventral layers 
of the corpus trapezoides. 

This opinion, put forward long ago by von Monakow') in opposi- 
tion to the now generally accepted opinion of the school of FLecusie 
which presumes the course of the auditory fibres to be lying in the 
ventral systems of the corpus trapezoides, has been upheld by the 
speaker also once before. *) 

The preparations from the deaf-born cat moreover enable us to 
find an answer to the question how this remarkable degeneration 
may be occasioned by a pathological- process. 

As is well-known, the roof of the 4‘ ventricle expands laterally 
into a so-called recessus lateralis, by which passes the tela chorioidea 
and consequently this latter is lying free at the ventral border of 
the oblongata. 

At the entrance of this recessus, medial from the tuberculum 
acusticum (which forms the medial boundary of the recessus), the 
stria acustica is situated directly under the ependyme of the ventricle 
free at the surface. 

Each hydrops ventriculi, tending towards dilatation of the recessus 
lateralis, becomes a danger for its surroundings, which may be 
oppressed either from the recessus lateralis as from the ventricle. It 
threatens to destroy successively first the stria acustica, next the 
tubereulum acusticum, and only after this latter the lateral root 
fibres become exposed. Now hydrops ventriculi may be caused by 
many different morbid processes, both of meningitis, ascending along 
the tela, and of encephalitis, complicated with ependymitis. 

Now in this deaf-born cat we find hydrops ventriculi with a very 
important distention of the recessus lateralis, the tela chorioidea is 
thickened, with neo-formation of bloodvessels. The distention of 
the ventricle and that of its recessus undermined the lateral wall of 
the oblongata and the stria was pinched off. (This distention is 
demonstrated by the speaker on preparations and microphotograms). 

Similar dilatations of the recessus with the tumefaction of the tela 
accompanying them, were found also in the IV" ventricle of deaf- 
and-dumb persons, together with atrophy of the stria acustica. The 
lateral root-fibres however were not always intact in such cases, 
They were sometimes destroyed, sometimes not. These facts will soon 
be published by Mr. A. Brouwxr in his dissertation. 

') Monaxow, |. c. 


*) ©. Worxuen. The central course of the N, Octavus, Proceedings of the Royal 
Acad. of Sciences, 1907, 
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In our deafborn cat the hydrops ventriculi is nevertheless secondary 
to a morbid process situated elsewhere. 

For in the left hemisphere are found the residua of a process of 
encephalitis having occurred long ago, in casu before birth. 

This focus is situated in the left corona radiata and in the radiation 
of the corpus callosum. The cortex remains uninjured. Loss of fibres, 
tumefaction of glia-elements, formation of cavities and neo-formation 
of vessels mark the place where the focus is found. 

Frontalward its boundary nearly coincides with the place where 
the gyrus lateralis divides into a gyrus ecto- and ento-lateralis. 
Thence it expands below the gyri supra- and ecto-sylvii mediales, 
caudalward not passing beyond the fissura ecto-sylvia posterior. 
There is a secondary atrophy of the medullated radiations of the 
following convolutions: the gyrus splenialis, supra-splenialis, ec.o- 
lateralis, supra-sylvius medialis and ecto-sylvius medialis and in the 
lateral portion of the gyrus ecto-sylvius posterior. (Speaker demon- 
strates the position of this focus with the aid of drawings, prepa- 
rations and micro-photograms). 

This morbid process has entailed consequences. 

1. The hydrocephalus internus mentioned before, which has distended 
the lateral ventricles, the third ventricle, the aquaeductus and the 
fourth ventricle, in the latter mere especially the recessus lateralis. 

2. The macroscopically visible atrophy of the radiations towards 
the aforesaid convolutions and in the fibres of the corpus callosum. 

3. The atrophy of cells, more intensive in the before-mentioned 
convolutions, though also very evident in other convolutions of the 
left hemisphere and likewise in the right hemisphere. 

A loss of cells does not exist in the anterior convolutions, it begins 
far behind the zone where the pyramides of Brerz are found. The 
posterior pole was too much damaged to allow of any examination. 
But in the medial portions of the brain the degeneration is the 
following : 

The loss and atrophy of cells is localized in the medial layers of 
cells of the cortex. The first layer of granular cells and that of the 
small pyramides are only slightly damaged, but the 4" stratum or 
interior granular layer and the 5" so-called sub-granular layer of 
the pyramides have lost all or a great number of the cells, the 6™ 
or polymorphous layer of cells being again intact. 

4. A macroscopically visible atrophy of the}ventral nucleus of 
the left thalamus opticus, which has almost entirely disappeared at 
its frontal end and has lost cells as well as fibres. 

o. A very slight atrophy in the most caudal part of the left 
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corpus geniculatum mediale, the more remarkable because therein 
many cells are lost, only there, were the bracchium conjunctivum 
from the ganglion quadrigeminum posticum enters in the corpus 
mediale. At the same time the atrophy in the left bracchium conjunc- 
tivum is more important than that on the right side. The preponderance 
of the atrophy in the left bracchium, in accordance with the atrophy 
of the iateral lemniscus described before, is considered by the speaker 
as being occasioned by the encephalitic process. This focus was not 
situated (or only to a very small extent) in the temporal radiation 
of the corona radiata. It is not followed by an intense atrophy in 
the homolateral corpus geniculatum mediale, and therefore, cannot 
in itself be held answerable for the auditory defect of the animal. 

This deaf-born white cat with the blue eyes consequently may not 
be considered to be a deaf variety of the genus cat. It is a patho- 
logical product. An encephalitis, probably during the intra-uterine 
life, has destroyed a part of the left hemisphere (not the so-called 
auditory radiation) and occasioned a hydrocephalus internus. Its pression 
became a danger to all the systems at the surface of the ventricles. 
More especially those systems were endangered that were threatened 
from both sides by compression according to their position on the 
border of the recessus lateralis. The stria acustica was destroyed in 
that way. 


Botany. — “On the investigations of Mr. A. H. Biaauw on the 
relation between the intensity of light and the length of illu- 
mination in the phototropic curvatures in seedlings of Avena 
sativa.” By Prof. F. A. F.°C. Went. 


Some years ago Wrersner') attempted to ascertain, what is the 
minimum intensity of light to which various plants still react photo- 
tropically. He found, for instance, that with the epicotyl of Piswm 
sativum and the hypocotyl of Lepidium sativum the limit of sensitive- 
ness is not yet reached at 0.054 normal candle power. (WinsNER 
expresses it in a unit which is equal to 6.5 Spermaceti candles). For 
the epicotyl! of Phaseolus multiflorus the limit is exactly at 0.054 
normal candle power. While in this case, the author does not 
mention the duration of the experiments, he states for the epicotyl of 


1) J. Wieswen. Die heliotropischen Erscheinungen im Pflanzenreiche. Wien 1878. 
p. 178—180. 
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Vicia sativa, that, at an intensity of 0.054 .N.C., the curvature began 
to appear after 3 hours and 45 minutes, whereas the same organ 
in Vicia Faba, with light of the same strength, did not show any 
curvature even after 48 hours. In none of these cases, therefore, 
has an attempt been made to find the minimum peried, during which 
light of a’ given intensity must act on a plant in order to produce 
a phototropic curvature. Later Fiapor *) carried out similar experiments; 
here only his conclusion can be mentioned, that the inferior limit of 
-phototropic sensitiveness is below 0,.0003262 normal candle power 
for seedlings of Lepidium sativum, Amarantus melancholicus ruber, 
Papaver paeonijflorum and Lunaria biennis. 

CzareK*) on the other hand has been engaged on a determination 
of the presentation-time; by this he means the minimum period of 
unilateral illumination, required for the subsequent production of a 
phototropic curvature. For seedlings of Phalaris and of Avena this 
period is stated by him to be about 7 minutes, although he furnishes 
no data as to the intensity of the light employed. Presumably the 
author did not perceive the necessity of such data, because his in- 
vestigation was almost wholly concerned with geotropism, where the 
idea of presentation-time, without further specification, has a pretty 
definite meaning, because we are concerned with the constant force 
of gravity. 

The question, whether there is a connexion between this presentation- 
time and the intensity of the light, was however close at hand. In 
his further investigation, on the perception of phototropic stimuli, 
Mr. A. H. Braauw has also taken up this question in my laboratory ; 
he has arrived at some very striking results, about which | wish to 
make this brief preliminary communication. 

The experiments were performed with etiolated seedlings of Avena 
sativa, the coleoptile of which is extremely sensitive to light stimuli, 
as is well known since the investigations of Darwin and of Roruert. 

For the weaker intensities an Auer von Welsbach burner (incan- 
descent gas light) was used; it was kept very constant by means of 
a gas-pressure regulator. By placing the objects at varying distances 
from the lamp, and, where necessary, by screening the light through 
smoked glass, and further, by letting the light fall on a plate of 
opalescent glass with a diaphragm, which in its turn acted as source 


1) W. Fiepor. Versuche uber heliotropische Empfindlichkeit der Pflanzen. Sitz 
ber. d. Math Naturw. Classe d. K. Akademie der Wissensch Wien. Bd. CII. 
Abth. | 1893, p. 45. 

*) F. Czapex. Weitere Beitrige zur Kenntniss der geotropischen Reizbewegungen, 
Jahrbiicher fiir wissenschaftliche ‘Botanik. Bd. XXXII. 1898. p. 185, 
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of light, all possible intensities. were obtainable, from 100 Hefner 
candies downwards. The intensity was measured by means of a 
Weser photometer. The gaslamp was outside the room containing 
the experimental plants, so that the latter were protected against eh 
harmful effect of coal-gas. 

For greater light intensities the electric arc-lamp of a lecture Laniteei 
was used, and by concentrating its light through lenses, strengths up 
to 48000 Hefner candles were obtainable. 

The period of illumination varied from 13 hours to 0.001 second; 
the very short periods were obtained by means of a photographic 
instantaneous shutter with slit. 

The plants were now placed at various distances from the source 
of light; they were illuminated for a given time and were then left 
in the dark and were examined for phototropic curvature after about 
2 hours. When the distance and time had been properly chosen, a 
well-marked Jimit was found to occur, so that below a certain strength 
of light no curvature occurred, whereas above that strength all 
or nearly all the seedlings were bent towards the light. It may be 
said, therefore, that with a given exposure-time, a certain minimum 
intensity of light is required for perception, or, more correctly, for 
the production of a reaction, since of the actual perception ofa light 
stimulus we know nothing. 

It was already a striking result, that while, as stated above, the 
presentation time was assumed to be 7 minutes, Mr. Biaavw in his 
experiments still obtained a reaction when the exposure was diminished 
to 0.001 second, provided the light was very strong. 

The results become still more important if expressed numerically, 
as in the following table. The first column gives the length of the 
exposure, the second the corresponding intensity of the light (in 
Hefner candles) which just sufficed for a phototropic reaction; the 
third column gives the product of these two magnitudes, the time 
being expressed in seconds, so that the product might be called 
candles-seconds. In other words, the third column indicates in every 
case, how much light should have ‘been allowed to fall on the plant 
during one second, in order to give the same amount of light as in 
the experiment. 


I (Exposure). Il (Intensity of light). IIT (Candles-seconds). 
13 hours 0,000439 H.C. 20,6 
10 ¥ 0,000609 — ,, 21,9 

6 3 0,000855 —,, 18,6 


3 2 0,001769 ,, | 19,1 
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I (Exposure). IL (Intensity of light). III (Candles-seconds). 
100 = minutes 0,002706 H.C. 16,2 
60 ss 0,004773 ,, 17,2 
30 He 0,01018 ss, 18,3 
20 ‘ 0,01640 19,7 
15 at 0,0249 z 22,4 
8 "a . 0,0498 7 23,9 
4 7 0,0898 re 21,6 
40 seconds - 0,6156 . 24,8 
25 Bf 1,0998 Rs 27,5 
8 ss 38,0281 im 24,2 
4 ; 5,456 i 21,8 
2 is 8,453 - 16,9 
1 by 18,94 “4 18,9 
BPs i :,, 45,05 “ 18,0 
. 2/25 fs 308,7 x 24,7 
4/25. ,, 511,4 es 20,5 
1/55 - 1255 4 22.8 
1/100, 1902 * 19,0 
» 4/400: -,, 7905 A 19,8 
1/800 __,, 13094 - 16,4 
1/1000, 26520 = 26,5 


It follows at once from columns I and II that with a shorter 


q exposure the strength of the light has to be increased, in order to 


obtain a curvature. The calculated values in column III show, in 
addition, that the intensity of light is inversely proportional to the 
length of exposure, or, in other words, that a definite quantity of 
light, independent of the exposure-time, is required to produce a 
reaction. It is true that the values in column III are not identical, 
but they clearly oscillate about a mean. Perfect identity cannot be 
expected in experiments of this nature, when it is remembered that 
the limit between curvature and non-curvature cannot always be 
determined exactly ; moreover the oats seedlings are of course subject 
to individual variations, which could only be eliminated by making 
for each determinatiun a long series of experiments; finally external 
conditions of humidity, temperature, ete. could not be kept perfectly 
constant in the various experiments. 

There was not much point in choosing exposures of less than 
0.001 second, nor of more than 13 hours, since the results obtained 
show clearly that the essential condition for the production of a 
phototropic curvature is the supply of a definite quantity of radiant 
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energy; whether this quantity be supplied in a very short time, or 
only extremely slowly, is a matter of indifference. This result is 
therefore in complete agreement with Prerrer’s view (at least as far 
as luminous stimuli are concerned) that the action of a stimulus is 
to be regarded as a phenomenon of “Auslésung”’. 

A similar critical value for the stimulus has also been observed 
for the human eye. It is certainly very difficult to compare human 
observations with reactions of plants under the influence of light, | 
but the observations of BLocw and CHarpPentier nevertheless indicate 
a close analogy between the two sets of phenomena. ‘This is most 
readily shown by quoting a paragraph from the latter author’) : 

“Nous avons vu le minimum perceptible varier pour des durées 
de lexcitation allant de 7/,55, a **°/;9., sec. Dans ces conditions le 
minimum perceptible varie toujours sensiblement en raison inverse de 
la durée de l’excitation. Si la lumieére est intense, elle produira cet 
effet en moins de temps, si elle est faible, elle devra, par contre, 
durer davantage. Pour que la sensation se produise il faut que, sur 
une zone rétinienne donnée et dans un certain temps, il arrive pour 
ainsi dire une masse constante de lumiére, peu importe que cette 
masse se distribue sur un grand ou sur un petit espace et qu'elle 
arrive vite ou lJentement sur la rétine. C’est la un fait important, 
dont il conviendra de rechercher les analogies sur d’autres territoires 
sensoriels.”’ 

From observations, published by Bacu*) we may perhaps deduce, 
that something of the same nature holds good for geotropic curvatures 
as has been found by Mr. Biaauw for phototropic ones. I hope that 
further investigations in my laboratory will bring certainty on 
this point. 

Utrecht, September 1908. 


ERRAT U M. 


p. 62 1. 12 from the top: for uniform read uniformly 
b. ton 1c 18, » 9» after ,,ydrogen line” insert C 


1!) Coanpentien. Archives (’Ophthalmologie. X. 1890, p. 122—123, 

*) H. Bacu. Ueber die Abhiingigkeit der geotropischen Praesentations- und 
Reaktionszeit von verschiedenen Aussenbedingungen, Jahrb. fiir wiss. Botanik. 
Bd. XLIV. 1907, p. 86. 
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Geology. — “On the behaviour of fossil shells in water containing 
carbonic acid.” By Dr. P. Tescu. (Communicated by Prof. 
S. HooGEwerrr). 


(Communicated in the meeting of September 26, 1908). 


It is a well-known phenomenon that all strata which are more 
or less calcareous and are situated above the surface of the ground- 
water, when not consisting of wholly impenetrable clay, are exposed 
to a slow action of solution. The explanation of this extraction of 
lime is easily given by the dissolving action of the penetrating rain- 
water, by which the quantity of lime is gradually withdrawn from 
the higher parts of the deposit and in some cases is concentrated 
in the lower parts in marl-puppets (for instance in the léss), in 
other cases however is totally carried off (as a boulder-marl can be 
transformed in a clay without any lime). The rain-water contains 
already a good deal of oxygen and carbonic acid; the part that 
sinks away in the bottom still takes up the carbonic acid which is 
formed in the upper-crust by the putrefaction of the vegetable rests 
and thus it is enabled to exercise an oxidating action on the iron- 
containing minerals and a dissolving action on the present lime. 

Especially the fossiliferous glauconitie sands are totally changed 
by this alteration. In the first place the glauconite is dissected 
and the iron which for a great part exists already in the ferri-form, 
is separated as limonite and forms a binding for the grains of sand. 
The sand in the beginning of a dark or light green changes into a 
yellow or brown sand, which in some cases is bound so strongly 
that the name of a limonite sandstone may be given. Everywhere 
where glauconitic sands are situated above the surface of the ground- 
water and are not covered by protecting clay-beds, this phenomenon 
can be observed. In the southern parts of the Lower Rhine basin 
for instance the upper-oligocene sea-sands show everywhere where 
they have kept their original niveau, a yellow or brown colour 
by the disintegration and oxidation of the glauconite grains (heaved 
block of Myhl between Hiickelhoven and Birgelen on the eastern 
bank of the Roer, the sandquarries of Gerresheim, Grafenberg and 
Rothenberg east of Dusseldorp ete.). In Belgium the “sables et grés 
ferrugineux de Diest’, the “Crag jaune d’ Anvers” ete. are so con- 
verted glauconitic sands. 

In the second place however the water with carbonic acid acts 
as a solvent upon the lime shells of the fossils, which disappear 
totally or rest as printings and stones and are more difficult to 
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determine, in consequence of which the direct remedy of fixing the age 
fails or at least becomes uncertain. Especially in Belgium the division of 
the upper-tertiary deposits has given rise to many contradictions during 
a long time because the incomplete and indistinct fauna opposed the 
question of the exact parallelism with similar strata in a high degree. 
Only by the extensive researches of E. vAN DEN Broxck and others in 
the Antwerpian pliocene, when those deposits were uncovered on a 
large scale by the establishment of barbours and docks, this altera- 
tion was recognized as a general secondary action which appears 
everywhere where the circumstances of penetrable cover and a 
situation above the level of the ground-water allow it. The limit 
between the decomposed glauconite sand (yellow crag) and_ the 
original sand (gray crag) is not at all to be considered as a geological 
limit but denotes only the level of the ground-water. 

I have mentioned these well-known facts in order to arrive at 
another observation which was made by inquiring the altered depo- 
sits and for which an acceptable explanation was ready. It was 
fixed that the resistance of the different shells against the dissolving 
action was a different one and thus more and less resisting shells 
were to be distinguished. The still recognizable stones and printings 
belonging to the genera Terebratula, Ostrea, Pecten, etc. and these 
shells being known to consist of calcite, while the small gastropoda 
shells are composed of aragonite, it was concluded that calcite is 
dissolved in water containing carbonic acid with much more difficulty 
than aragonite. In the “Handbuch der Palaeontologie”’ of Kari A. 
von ZirteL (Volume II, page 12) for instance this is expressed as 
follows : 

“Die Kalkspathschalen zeigen eine ziemlich betrachtliche, die 
Aragonitschalen eine sehr geringe Widerstandsfihigkeit gegen die 
auflésende Thatigkeit kohlensdiurehaltiger Gewiisser. In Ablagerungen, 
wo fast alle fossilen Muscheln oder Schneckengehiuse zerstOrt und 
nur durch Steinkerne angedeutet sind, findet man wohlerhaltene 
Schalen von Ostrea, Pecren, Pinna, Tricnires, u. a.” 

I do not know whether this fact ever has been examined by 
experiments upon the pure minerals. The failing of any communi- 
cation concerning that subject in different mineralogical test-books 
suggests that this has not taken place and thus it may be useful to 
examine this different behaviour experimentally, so far as the difference 
of solubility has an importance for the practical geology '). 


1) Some time after having finished this communication | got acquainted with an 
essay of H. W. Foore : Ueber die physicalisch-chemischen Beziehungen zwischen 
Aragonit und Calcit (Zeitschrift fiir physikalische Chemie, Band 33, pag. 740) to 

16* 
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A. Solubility of calcite and aragonite in pure water. — 

In all following experiments were used: for calcite fragments of 
the calcite of Iceland and for aragonite crystals of binin in Bohemia. 

By pulverizing and sieving a powder was obtained the grains of 
which were all smaller than 2 mm. and larger than 1 mm. in order 
to equalize the circumstances. 

To compare the solubility of the two minerals in pure water, a 
quantity of 1 or 2 grams of this powder was exposed during a week 
to 200 cm*. of newly distilled water and afterwards the quantity 
was again weighed accurately. 

I obtained the result that the same quantity of pure water in the 
same time dissolved : 

from the calcite powder: 

4,8 milligrams 
5,0 7 
o,1 " 
and from the aragonite powder: 
2,8 milligrams 
3,0 és 
3,2 i 


On these numbers a remark is to be made, to which prof. Dr. 
G. A. F. Moteneraarr drew my attention. The grains of calcite will 
have the form of the cleavage rhombvoeder and will moreover show 
small internal fissures. This has the consequence that the attackable 
surface offered by the calcite powder is much larger than that of 
the aragonite powder. 

For this reason | experimented another time with the finest powder 
of the two minerals which had passed a silk sieve of 64 openings 
on the m.M.*. I acted during the same time with the same quantities. 


which Prof. Dr. 5. Hoogewenrr drew my attention. According to the law that of 
two forms the least soluble is the most durable, the author finds in different ways 
that under the normal circumstances of pressure and temperature calcite is more 
durable than aragonite. Formerly it had already been shown by experiments of 
Koutnausen and Rose that at the temperatures between 2° and 34° C, calcite is 
somewhat less dissoluble in water than aragonite. The author finds the same fact 
at the temperatures 25°, 50’ and 59°C. By means of the electric properties the 
difference in solubility in water containing carbonic acid is examined at the tem- 
peratures of 8’, 25°, 41° and 48° CG. At 49° C. aragonite is still 11%/) more 
soluble than calcite, though the difference becomes smaller at rising temperature. 

The relations of solubility found in this essay agree satisfactorily with the results 
found by me by direct weighing. 
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The result was that was dissolved: 
from the finest calcite powder: 4,— milligrams 


and 4,1 os 
from the finest aragonite powder: 5,4 s 
and 95,7 » 


The quantities of dissolved mineral are very small and so the 
inaccuracies of the weighing have a great influence. Though these 
numbers cannot have an absolute validity, I hold myself authorized 
to say, that an important difference in solubility does not exist. 
Spoken practically calcite and aragonite are both nearly insoluble in 
pure water. The number found for calcite agrees sufficiently with 
the knowledge that 10000 parts of pure water dissolve 0,2 or 0,25 
parts of calcite. 

B. Solubility of calcite and aragonite in water containing carbonic 
acid. 

The solubility in water containing carbonic acid in the form of 
bicarbonate depends on the duration of the action and on the strength 
of the dissolving liquor or on the quantity of carbonic acid. I always 
prepared the liquor immediately before adding the mineral powder, 
by leading through 200 cM* of distilled water a slow current of 
pure carbonic acid during twenty. minutes and by closing the glasses 
during the experiment. So the strength of the liquor may always 
have been the same. 

I obtained the result that 200 cM* of water containing carbonic 
-acid had dissolved after one week : 


from the coarse calcite powder: 54,7 milligrams 
from the coarse aragonite powder: 61,8 milligrams 


The same quantity of the liquor had dissolved after two weeks: 
from the calcite powder : 76,5 milligrams 
from the aragonite powder: 86,2 milligrams 
and after four weeks: 
from the calcite powder: 108,4 milligrams 
from the aragonite powder: 122.4 milligrams 
For the same reason as is mentioned sub A, a second series of 
experiments was made with the finest powder of the two minerals. 
200 em*. of water containing carbonic acid had dissolved after 
one week ; 
from the finest calcite powder: 267,8 milligrams 
from the finest aragonite powder: 332,8 milligrams 
From these numbers I conclude: 
1. that indeed aragonite is dissolved a little faster by water con- 
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taining carbonic acid than calcite. At the same time it is evident 
however that the difference of solubility is too small to serve for a 
practical remedy of determination. 

2. that this little difference is not sufficient to explain the different 
behaviour of the fossil lime-shells, but that we must be taken into 
consideration still other causes: the long duration of the dissolving 
action, the continuous supply of new liquor, the absolute size of © 
the shells and the relative size of the outer surface. 

One finds in the common test-books the notice that 100 grams of 
water containing carbonic acid dissolve 0,1 or 0,12 grams of calcite 
which agrees sufficiently with the number mentioned above ’). 

When examining the mineralogical composition of some shells, the 
question rose what remedy is the most suitable to distinguish calcite 
from aragonite practically. The little difference in hardness is of no 
use to this purpose, as a small quantity of silex may neutralize this 
difference. A calcite shell for instance may equal locally the hardness 
of aragonite by mixed silex and a determination depending only on 
this property seems precarious. Nor is the specific weight to be used 
as a certain quantity of silex, phosphatic lime, magnesia carbonate 
and organic materials influences it. On the contrary the test with 
dilute cobaltearbonate solution of W. Mrtcen is very useful (Central- 
blatt fiir Mineralogie, Geologie und Palaeontologie, Jahrgang 1901, 
Seite 577). With the aid of this test I examined a number of shells 
of the following genera, availing myself in some dubious cases of 
the optical properties. 

Of calcite consisted : 
Ostrea (recent, pliocene and senon, 
Pecten (recent, pliocene and senon) 
Pectunculus (miocene) 
Arca (miocene) 
Nucula (miocene) 
Leda (miocene) 
Venus (miocene) 
Cytherea (miocene) 
Isocardia (miocene) 
Littorina (recent) 
Buccinum (recent) 
Aporrhais (miocene) 
Ancillaria (miocene) 


ee 


') Here it must still be added that all these experiments took place at the common 
chamber temperature (15° or 20° C,) and that the glasses were shaken once a 
day in order to promote the action of the dissolving liquor, 
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Of aragonite consisted : 


Cardium (recent and pliocene) 
Ensis (recent and pliocene) 
Donax (recent and pliocene) 
Tellina (recent and pliocene) 
Astarte (pliocene) 

Cardita (pliocene) 

Cytherea (recent) 

Venus (recent) 

Unio (recent) 

Mactra (recent and _ pliocene) 
Mya (recent) 

Corbula (recent and pliocene) 
Pholas (recent) 

Sealaria (recent) 

Natica (recent) 

Cypraea (recent) 

Turritella (miocene’ 
Cancellaria (miocene) 
Cassidaria (miocene) 
Cerithium (recent) 

Murex (recent) 

Conus (recent and miocene) 
Trochus (recent) 

Turbo (recent) 

Bulla (recent) 

Strombus (recent) 

Ficula (recent) 

Terebra (recent, miocene) 
Niso (miocene) 

Dentalium (pliocene, miocene and oligocene) 
Ringicula (miocene) 


On looking through the above list it is evident that a great deal 
of the examined Lamellibranchiata consists of aragonite though among 
the fossil species enough calcite shells occur. A specimen of the 
miocene Cytherea incrassata consists without any doubt of calcite 
and a specimen of the recent Cytherea meretrix consists with the 
same certainty of aragonite. Such was also the case with the miocene 
Venus multilamellosa and the recent Venus albina. Among the 
Gastropoda shells the majority consists of aragonite but four shells 
form an exception. For the fossil specimina of Aporrhais and Ancil- 
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laria perhaps it is permitted to think of a later inversion of aragonite 
into calcite but for the very new specimina of Buecinum undatum 
and Littorina littorea this explanation seems excluded. Possibly the 
form in which the lime carbonate is separated depends on external 
influences and a species which buiids as a rule an aragonite shell 
may be able to separate calcite under abnormal circumstances (tempe- 
rature, composition of the water). This appears to me the more 
probable as we can precipitate artificially calcite or aragonite 
according to the circumstances of temperature and composition of 
the solution. If this should be true the composition of the shell is no 
specific property. 


Geophysica. — « Karthcurrent- Registration at Batavia.” (3° com- 
munication). By Dr. W. vAN BEMMELEN. 


In the preceding communication about my earthcurrent registration in 
Java, 1 expected to be able before long to throw more light on the 
question of the abnormal intensity of the current between Batavia 
and Anjer (a place in the neighbouring residency of Bantam) 

The kind co-operation of the Superintendent of Government Rail- 
ways, who allowed me the use of the railway telegraph lines during 
night time, enabled me to realise my intention of measuring the 
currents flowing between Batavia and some other places situated in 
the residencies of Batavia and Bantam. 

In order to obtain an exact control over the new results, I registered 
next to the currents flowing through these wires, those between 
Anjer and Batavia flowing through the direct telegraph line between 
these towns, i.e. by means of the line formerly used by me. More- 
over the N—S component of the magnetic force was recorded. 

By means of the railway telegraph-wires I obtained connection 
with the following places : 

Laboean on the Westcoast of Java, 32 K.M. to the $.S.W. of Anjer. 

Serang 28 K.M. to the East of Anjer. 

Rangkas Betoeng 40 K.M. to the East of Laboean. 

Between Anjer, Serang, Rangkas Betoeng and Laboean there rises 
a voleanic chain, the volcano Karang (1780 M.) being the culmi- 
nating summit. 

Tangerang 21 K.M. to the West of Batavia. . 

Bekassi Ding ay BSS... a 

Krawange S54) yo tinty 4 v2 


OP 8 ae ae ene oS Pe 
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The directions and distances from Batavia are : 


Batavia— Anjer owe Oh. 
»  Laboean W 12S. 
»  serang W 4N. 
= Rangkas Betoeng W 17 S. 
bs Tangerang wo? Ss 
»  Bekassi E 17 S. 
»  Krawang E 14 S. 


I think it necessary for a better understanding of the results to 
be mentioned hereafter, to summarise the results obtained before. 

In my former work on earthcurrents I always compared the 
oscillations shown in the intensity of the current, with those occur- 
ring simultaneously in the magnetic component, always. taking into 
account the horizontal component directed perpendicularly on the 
straight line connecting the two stations. 

I measured the variations of the magnetic component in absolute 
measure, and determined those of the earthcurrent by means of the 
differences of potential per Kilometer, which, if existing, should give 
the same variation of the current through the wire as was shown 
by the recording galvanometer. 

Thus I did not decide whether such a difference of potential really 
existed at the two stations. 

The records obtained brought to view the fact, that especially for 
places one of which lies to the East of the other, each oscillation of 
the earthcurrent corresponded with a simultaneous one of the component. 
But if one station lies to the North of the other the correspondence 
with the E.-W. component of magnetic foree was much less than 
in the former case. 

The connection between corresponding oscillations of earthcurrent 
and magnetic foree may be described thus. Those of the earthcurrent 
precede those of force with a certain difference of phase; their 
amplitude increases compared with those of force, when the duration 
decreases. 

As to the amount of this difference of phase and of this increase 
of amplitude I found them to be quite different for the coast-plains 
of North-Java and the volcanic regions in the southern part of the 
island. 

In the South especially the increase of amplitude, which accom- 
panies decreasing duration, was much more rapid, than in the northern 
regions. The following figures will make this divergence evident. 
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Amplitude of earthcurrent in volts. per K.M. 
Mean half Amplitude of magnetic force 
duration of the 
‘lation Northern-Java Southern-Java 

—— Batavia-Cheribou Buitenzorg-Tasik Melaja 
0.5 min. 21.2 59.0 

be aa 20.5 55.0 

20. 16.5 15.0 


I recorded the current between Semarang and Cheribon and between 
Semarang and Soerabaja during a stay at the former place and found 
it to be of the same type and strength as the current between Batavia 
and Cheribon. The current between Batavia and Anjer however, 
though bearing also this same type, I found to be more than four 
times stronger. Experiments made specially for that purpose giving 
evidence of the reality of this phenomenon, the next step to be done 
was to examine the current between Batavia and other places situated 
between Anjer and Cheribon. In the months of March and April of 
this year I made these measurements, having recorded during some 
nights the current for each station in connection with Batavia, together 
with the Batavia—Anjer current and the N—S component of mag- 
netic force. 

I measured on the diagram obtained the amplitudes for a certain 
number of oscillations of short and of longer duration; the average 
values are given below. For each case I have added the proportion 
of the strength of the currents (per K.M.) to that of the Anjer-current. 
(See table p. 245). 

When we examine the numbers of the last column, which give 
the proportion of the strength of the currents between Batavia and 
Anjer we at once see that for each case this proportion is nearly 
the same for shorter and longer oscillations (only for Batavia- 
Bekassi we find an exception, the numbers being 1.9 and 1.3 resp.). 

Now this means that also for different regions between Anjer and 
Cheribon the currents bear the type of the coast-plains of northern 
Java, as was mentioned above. 

But the numbers also point to a gradual increase of strength, 
when we connect successively Batavia with places of an increasing 
westerly position. 

Supposing the current between Batavia and Cheribon to be 1,0, 
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Earth-magnetical Earth-current 
E-W component 
es SIs 
ee 4\5 
‘ F = Amplitude of the Earthcurrent in V.p. KM. aK 
3 S Ampl. of the magn. force in abs. meas. as 
4 vu ott e« 
= = Ele 
° tig 
1.3 min. | 1.27 | Batavia—Laboean 71 | Batavia—Anjer 83 | 1.2 
73 2.8 a ‘ 60 a CS U4 
0.5 | 1.6 | Batavia—Serang | , ver haa 
| 
2.0 0.9 . < 66 = os er eo 
9.6 ee eae : 8 re art 
0.9 0.5 Batavia—Rangkas Betoeng 80 ‘ s 1.0 
10.0 1.2 : Bs 52 & ee Oe 
ra 0.5 1.0 | Batavia—Tangerang 49 s a wy? ea 
; 62 08 : 4 ei. » 82] 2.0 
0.5 09 Batavia—Bekassi 47 | e OTe 
13,7 1.5 ‘ ~ 43 - with OR ae 
0.7 0.4 Batavia —Krawang 25 ~ oe oe ee 
13.7 2.8 F a 20 “ ant Me i $3.6 
Batavia—Cheribon 4.2 


we have, taken into account the variations of the current during 
short oscillations only : 

. Amplitude Eartheurrent 
Batavia—Cheribon 1.0 


“a Krawang 1.1 
is Bekassi 2.2 
os Tangerang 2.0 
» Rangkas Betoeng 4.2 
| % Serang 3.8 
eh Anjer 4.2 


” Laboean — 3.5 
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If we suppose, that a difference of potential rises between Cheribon 
and Batavia, when a certain variation of the magnetic force occurs, 
and supposing the gradient of potential to be 1 Volt per K.M., we 
are able to calculate the potentials rising at the different stations. 

For convenience, sake we may assume the potential at Cheribon 
to be zero. We find: 


Laboean 595 volt 
Anjer 645 __,, 
Serang 496 __se,, 
Rangkas Betoeng 481 ,, 
Tangerang 242 ~~, 
Batavia 200 __, 
Bekassi 156°: 
Krawang 1473: 
Cheribon i eG 


From these and formerly found values we deduce the following 
gradients. 


| Potent. | 
Between | gradient | Geological formation. 
Anjer and Serang 5.3 Neo-volcanic 
Serang and Tangerang. 4.5 Quaternary 
Rangkas Betoeng and Tangerang 4.1 Quaternary 
Tangerang and Bekassi 2.1 Quaternary and alluvium 
Bekassi and Krawang | 0.4 Alluvium 
Krawang and Cheribon | 4.0 Quaternary and alluvium 
Cheribon and Semarang | 0.9 Quaternary and cretaceous 
Semarang and Soerabaja egies Quartenary, cretaceous a. alluvium. - 


The geological formations encountered on the different passages, have 
been borrowed from the geological atlas of VerBerk and FENNEMA. 

It is not to be denied, that a certain connection seems to exist 
between gradient and formation, such that the gradient is least in 
alluvium, greater in quaternary and greatest in the volcanic layers; 
and neither may it be said, that this succession is improbable. 

Also for the voleanic province of the Preanger in southern Java 
I found a high value, viz. 3, but here the proportion of amplitudes 
for current and force bears the other type, which involves the 
gradient to be small, viz. 1, for oscillations of longer duration. 

The formations given by the geological atlas are those met with 
at the surface of the earth, and the outlines of the deeper layers, 
no doubt, will differ much from those of the superficial ones. 

Thus when we find a connection between the strength of the 
current and the outlines of the superficial layers, this points out that 
the currents measured are the superficial ones too, 
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Accordingly it is no wonder that the currents bear a different 
type in the mountainous Preanger compared with those of the coast- 
plains; but I utterly fail to explain this difference, just as it has 
been found. 


All that has become known till now points to the next step, 
~which should be taken in this research, viz. that the earth-connections 
should be brought to a depth of, say one or more kilometers under 
the surface of the earth, but, alas this is impossible. 

It is true I had the intention to make use of two artesian wells 
to be bored recently at Serang and Batavia, but the considerations, 
that first the mantle of these holes consisted of iron, the depth was 
only 0,2 a 0,3 K.M., and besides the wire connecting the two did 
not possess the necessary isolation, frightened me out of this burden- 
some experiment. 

I think it advisable to continue the registration in the old way, 
but to take into account the geological formation in the first place. 


Dr. L. Sreiner of Budapest has directed my attention to the fact, 
4 1 

that I have erroneously applied the formula A = 0.8 V4 Ti (c.f. 
1st Comm. Proc. Jan. 25, 1908. p. 515) on the harmonic terms of 
the daily variation for the earthcurrent between Batavia and Cheribon. 

Indeed a calculating error bas curiously given rise to an apparent 
agreement between the observed values and those computed by 
means of the formula. 

Dr. Sreiner deduced the following expression 


4 =39 2 or = 3.9 -—. 
This formula gives the following values 
Amplitude 
Earth-current Magn. Comp. ag oe | in 
volt. p. KM. < 10-5) ¢. g. s. 10° Obeerv.| Calc | co 
A 14.6 18.62 4.0} 39 | —o.1 
A, 43.8 1.63 5.7 66 |. 0.9 
A, 27.7 2.96 | 9.4 89 | —05 
As 8.9 | 0.90 9.9 | 10.8 | 0.9 
A, 6.9 0.53 13.0 | 13.0 0.0 
A 6.6 0.42 15.7 | 15.0 | 64 
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He also remarks that this formula agrees in character with my 

theoretical one, viz. 
A 0 1 

Mo Tae 
because 1 + c’ slowly increases with decreasing 7’. 

This, indeed is the case. For instance when we assume e = 3.7010" 
or o=10, and consider the spherical function of order 2 we find 
after Scnuster (Phil. Tr. Vol. 180 p. 496) : 


1l+e' 
ie 
1 1.019 0.869 = 0.10061 
5 1.093 0.933 = 0,59.100 
10 1.172 1000 6. = 
20 1.278 1.091 —= 0.126 
30 1.337 1.141 = 30.120 
40 1.374 1.173 —= 40.115 
50 1.399 1.194 = 50.110 
100 1.466 1.251 = 100.097 


The exponent accordingly changes slowly, and reaches as a maxi- 
mum 0.126, a value, which approaches the value 0.2 required by 
the empirical formula. 

I think this points to a possibility to bring agreement between the 
theoretical assumptions and the observed facts for the daily variation 
of earth-current and magnetic component. However this is not the 
case for the short osciliations. 

I regret that my near return to Europe prevents me from entering 
now on those questions, or making new experiments. 


Batavia, Aug. 1908. 


Chemistry. — “The nitration of toluene’, by Prof. A. F. HoLLeman, 
(Communicated in the meeting, of September 26 1908). 


On account of its great technical importance the nitration of toluene 
las been studied repeatedly; the determination of the quantity of 
o- and penitrotoluene contained in the product of the reaction has 
also been carried out a few times. Raou. Picrwr, (C.r. 116, 815) 
states that when toluene is nitrated at — 55° 5.5 times as much 
p-nitrotoluene is formed as when the nitration is carried out at 0°, 
Hotpemmans, (3. 39,1250) tried to modify the proportions in whieh 
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o- and p-nitrotoluene are formed by adding catalyzers (generally 
consisting of metallic salts) to the mixture of nitric and sulphuric 
acid used in the nitration. The amount of o-nitrotoluene present in 
the product of nitration only varied however from 57.16 to 60.85°/,. 
In these experiments the temperature was kept between 5 and 10°. 
When nitrated at 0° with nitric acid (sp. gr. 1.52) 52.7°/, of nitro-toluenc 
was obtained; on addition of different salts (the proportions are not 
stated) to this acid the quantity of o-compound diminished and when 
nickel sulphate was added it even got as low as 45.5°/,. 
 Friswenn, (C. Bl. 1908', 2092) nitrated toluene under many various 
conditions in order to increase the yield of p-nitrotoluene. He obtained 
however, always 60—65°,, of ortho- and 40—35°/, of para-compound. 
None of these chemists make any statement as to the method used 
in these determinations, although HoLpDERMANN expresses his results 
even in two decimals. As will be noticed from the above quotations 
the figures differ widely. Moreover, NOutine (Bb. 12, 443 ; 18, 1337) 
has shown that the nitration product of toluene contains m-nitrotoluene 
the amount of which he estimates at 1—2°/,. It is, therefore, obvious 
that there is, as yet, no question of a fairly accurate knowledge as 
to the composition of the product of nitration of toluene, and, for 
this reason, I instrueted Mr. vAN prN ArxEND to determine the com- 
position, with the aid of the more accurate methods, which for that 
purpose have been worked out in my laboratory. In this particular 
case the method of the solidifying points was the most practical one. 
In order to apply the same, it is necessary to procure, first of 
all, the three mononitrotoluenes in an absolutely pure condition. 
A preparation of o-nitrotoluene of great purity has been obtainable 
for the last few years from Murisrer, Lucius and Brininc. A specimen 
received previously from that firm still contained 0.4°/, of p-nitrotoluene 
(These Proc. VII, p. 395). At my request they were kind enough to 
once more purify a sample of this almost pure o-nitrotoluene by 
freezing, and to place two kilos of the purified preparation at my 
disposal, for which | express to that firm my sincere thanks. This 
was found to contain only 0.13°/, of p-nitrotoluene and was used 
by Mr. VAN DEN AREND in his experiments without any further puri- 
fication, except a single distillation in order to remove the dissolved 
water; a correction was then applied for the p-compound content. 
It was shown that the methods proposed by Reverpry and La Harpe 
(Beilsteins Handbuch Il, 91) and by Lorsnerr, (J. pr Chem. (2) 50, 567) 
to free o-nitrotoluene from any p-nitrotoluene present are quite 
useless. o-Nitrotoluene is dimorphous; the melting points of the two 
modifications were determined by van pen ArEeND by means of his 
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‘preparation and found to be — 3°.7 and — 9°.4. According to his 
observation the unstable modification with the higher m.p. is formed 
most readily when the liquid substance is cooled rapidly to about 
— 30°. First, a solid yellowish mass is formed, which, on further 
lowering of the temperature, begins to show white spots and then 
turns quite white, with production of a crushing sound; the crystal- 
line mass thus obtained melts at about — 4°. 

m-Nitrotoluene is obtainable from DE HAkEN in a very pure condition. 
It was fractionated a few times when the melting point was found 
to be + 16° and the boiling point 230—231° at 756 mm.; it may 
therefore, be taken as pure. 

p-Nitrotoluene from KanLBaum was recrystallised twice from alcohol 
and then distilled in vacuo; its solidifying point was found to be 54°.4, — 


Solidifying curve of o- and p-nitrotoluene. 


*/, para-nitrotoluene — initial solidifying point end solidifying point 


100.0 4 54°.4 See 
97.5 50°.0 a 
91.6 46°.2 zs 
79.0 age5 ie 
72.9 33°.8 a 
67.5 30°.4 oe 
60.5 24°.4 es 
46.6 11°.6 — 15°.0 
42.3 5°.4 | 452.2 
39.8 1°.8 15°.7 


*/, para-nitrotoluene _ initial solidifying point — end solidifying point 


37.2 — 1°23 14°.6 
33.5 6°.8 —— 
30.6 14°.8 ma 
24.9 14°.4 15°.6 
16.3 1B a — 
11.2 11°.3 _ 
0.0 0.4 — 
mean — 15°,2 


Fig. 1 represents the solidifying curve constructed with the aid 
of these figures. 
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Fig. 1. Melting point curve of o- and p-nitrotoluene. 


Mr. van pEN Arend found the following figures for the specific 
gravities of o- and p-nitrotoluene and for some of their mixtures, 


at 80°.0 : 
100 °/, p-nitrotoluene . . . 1.0981 calculated from 
89:4. ;; He 1.0993 the sp. gr. of o- and 
68.4 ,, 6 1.1007 of p-nitrotoluene 
61.0 ,, bi 1.4014 1.1006 
46.5 ,, 2 1.1023 1.1015 
32.0 ,, 55 1.1033 


0.0 (100 °/, o-nitrotoluene. . 1.1045 ') 


The figures calculated are those which may be deduced from the 
specific gravities of the isomers without contraction taking place. 
The graphic representation of these figures gives the subjoined diagram 


1) Dr. S. van Dorssen has also at my request determined the specific gravilies 
of o- and p-nitrotoluene by means of an Eyxman’s pycnometer verified by himself 
and found as the average result at 80°.0 of four and three determinations respec- 
tively: o-nitrotoluene 1.1050; p nitrotoluene 10993, values which are both a little 
greater than those of van pen Arenp. All the values have been corrected for vacuum 
and the expansion of the glass. I will, however, use v. p. Arenp’s figures because 
he has made all his determinations with the same pycnometer and therefore the 
resulls are sure to be mutually comparable. 


et eee ee Or 


17 
Proceedings Royal Acad. Amsterdam. Vol. XI. 


( 252 ) 


which plainly shows the contraction which takes place on mixing 
the isomers, by the higher sp. gr. which the mixtures possess, in - 
comparison with the calculated values (the straight line). 


' 14/050 
14/040 
41030 
41020 
44040 


41000 


4 0990 
109 G0 


: | 40970 


/00% 80 60 60 20 0% 


Fig. 2. Line of the specific gravities of ortho- and para-nitrotoluene. 


The nitration of toluene was carried out by the method of BritsTEin 
and Kvuniperc, (A. 158, 348), i.e. the nitric acid being added to the 
toluene and not reversedly, because, by their method, the formation 
of dinitro-products is entirely avoided. The toluene employed had a 
constant boiling point (110°.8 at 760 mm.) and had been purified by 
being boiled with sodium wire in a reflex apparatus. 

The nitration of the purified toluene took place at the temperature 
of — 30°; 0°; + 30° and + 60° and was carried out as follows: 

75 grams of the toluene were placed in a small flask and brought 
to the required temperature, 200 ¢.c. of nitric acid (sp.gr. 1.475) were 
slowly dropped into the toluene, the mixture being stirred mechani- 
cally. Immediately after the addition of the first drops of the acid 
the liquid turned intensely brownish-red; so that it was not possible 
to see whether two liquid layers or one homogeneous mixture was 
formed, The heat evolved during the nitration was but trifling, at 


( 253°) 


least at 0°. After some time, the mixture was shaken repeatedly in 
a large separation funnel with water until no more acid reaction 
could be observed. 

Being dried over sodium sulphate, the * product was distilled in 
vacuo. The temperature was first kept for some time at 40°, to 
remove any unattacked toluene; at a pressure of 1 to 2 m.m. 
and a temperature of 90°—100° the whole distilled over leaving but 
a very small residue. Towards the end of the distillation much of 
the p-nitrotoluene passed over, which deposited in the exit tube as 
a yellow crystalline mass. 

The distillate consisted of a clear pale yellow liquid. 

After the solidifying point and the sp.gr. of such a nitration- 
mixture had been determined the distillation in vacuo was once 
more repeated and the solidifying point and the sp. gr. determined 
again. These did not differ perceptibly from the first ones. 

The end solidifying points could also be determined pretty sharply ; 
the subjoined table shows the results obtained : 


Nitration at : Spec. Gr. 

— 30° initial solidifying point + 4°.1 1.1026 
end se = — 16°.6 

0° initial 4 eo es 28 1.1026 
end 3 »  — 16°8 

+ 30° _ initial ‘ an ae 1d 1.1027 
end ; i — 167.9 

+ 60° initial, 9? 8 >< 1.1098 
end me ‘ss —17°.4 


The specific eravities were again determined at the temperature 
of boiling benzene and reduced to 80°.0. They have been corrected 
for vacuum and expansion of the glass. 

I have had these observations repeated in part by Messrs CaLAnp, 
vAN Dorssen and pe Leeuw who have themselves purified toluene 
in the manner described, nitrated the same, and determined the 
initial and end solidifying point, also the sp. gr. of their nitration 
product. They found: 


Nitration at: Sp. Gr. 
0° initial solidifying point: + 1°.0; + 2°.7 1.1026 
~ end i: 7 2 =e 1: —10 .4 - —18°.9 

60° initial 4 ea ee 1.1023 
end a Aa nae © as 


17* 
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The end solidifying points were found to be a little lower; as 
regards the initial solidifying point of + 3° in the nitration at 60° 
it should be observed that the mixture of toluene and nitric acid 
had been left over night and separated -into two layers which was 
not the case in VAN DEN AREND’s experiment. With an initial solidi- 
fying point of — 0°.8 corresponds 37.5°/, of p-nitrotoluene ; with 
that of + 3°.1, 40.7°/,, disregarding, for the moment, the small 
quantity of m-nitrotoluene present in the nitration product. As a 
content of 40.7°/, of p-nitrotoluene corresponds with a sp. gr. of 
1.1026 it seems that no higher-nitration products are formed, even 
at + 60°, when the nitration is carried out in the manner indicated. 
This is also shown’ by the position of the end solidifying point 
which is but litthe lower than that found with the nitration products 
obtained at lower temperatures. 

In order to determine the o-, m- and p-nitrotoluene content of the 
nitration product it must be regarded as a ternary mixture, and the 
lowering which the initial and end solidifying points undergo, on 
adding a small quantity of m-nitrotoluene, should be determined, as 
NO.tine’s investigation had shown that the latter is present only to 
the extent of a few °/,. 3 

A mixture of pure o- and p-nitrotoluene weighing 2.8319 grams, 
composed of 35.5°/, para- and 64.5°/, ortho-nitrotoluene, had an 
initial solidifying point — 3°.8 and an end solidifying point — 14°.9, 

If now 0.0860 grams of 2.9°/,, of metanitrotoluene were added, 
the initial solidifying point fell to — 6°.0, the end solidifying point 
to — 16°.7. 

The percentage of o- and p-nitrotoluene in the mixed nitration 
product at 0°, with an_ initial solidifying point +- 2°.8 and an end 
solidifying point — 16°.8 could now be determined in the following 
manner, keeping account of the meta-compound formed. 

On addition of 2.9°/, of meta the end solidifying point falls from 
—14°.9 to — 16°.7 = 1°.8. Owing to the presence of meéa-nitro- 
toluene, the end solidifiying point of the mixed nitration product 
has been found to be — 16°.8 instead of —- 14°.9 (the eutectic point 
of the mixture ortho + para), therefore 1°.9 lower. From this it 

, ; 19x 2.9 
follows that in the mixture at 0° there is present is =='9,1'%/, 
of meta. 

Owing to the presence of those 2.9°/, of meta-compound, the 
initial solidifying point of the artificial mixture has fallen from 

3°.8 to 6°.0, therefore 2?,2. For 3.1°/, of meta the tall must 
amount to 2°.4, If for the mixed nitration product is found aninitial 
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solidifying point of + 2°.8, this would have been 5°.2 if no meta- 
compound were present, from which it follows that 42.2°/, of para- 
and 57.8°/, of ortho-nitrotoluene must have formed. 

Applying this manner of calculation to the other mixed nitration 
products we found them to possess the following composition : 


Nitration at */, para °/, ortho °/, meta 
— 30° initial solidifying point + 4°.1 41.7 55.6 2.7 
¢ 

end 5 ys ——~16°.6 

0° initial 2 ope eS 40.9 56.0 3.1 
: end # >» —16°8 

+ 30° initial is » +f 14 39.9 56.9 3.2 
end ¥ » —16°.9 

+ 60° initial ;: » — 0.8 38,5 57,5 4.0 
end 2 | ae PA 


If the end solidifying point of the nitration product prepared at 
0° is taken as 18°.1, namely, the mean of the figures found after- 
wards, the meta content increases and amounts to 5.3 °/,. There 
remains, therefore a doubt of about 1°/, in regard to the quantity 
of meta compound present in the nitration produet, if on the one 
hand we accept the mean of VAN DEN AREND’s values as the true 
solidifying «points, and on the other hand the average values of the 
other investigations. But also for another reason the quantity of the 
m-compound cannot be determined more accurately. 

In the above calculation various surmises have been made. It is 
for instance, supposed that, at least over the first course, the line 
which connects the binary eutecticum of ortho- and para-nitrotoluene 
with the ternary eutecticum is a straight line. It has also been taken 
for granted that the fall of the initial solidifying point is proportional 
to the addition of small quantities of a third isomer. An exact deter- 
mination would be possible only when the entire ternary melting 
figure were constructed; yet the method as applied here gives a 
satisfactory approximation as will be seen from a survey of Fig. 3. 

In the plane OPO'P’ is situated the melting point curve of 0- and 
p-nitrotoluene. If, however, a small quantity of m-nitrotoluene is 
present we do not determine a point of the melting point curve 
O'E', P’, but a point of a curve situated on a line O"E',P", which is 
obtained by carrying through the prism a plane paralell to the OP 
plane, and this at a distance from the OP plane corresponding with 
the amount of meta present. If an arbitrary mixture M consisting of 
o-, p- and m-nitrotoluene is cooled a separation of solid ortho or para 
will take place at a definite temperature; all depends on whether the 
mixture has the composition indicated by the right or the left melting 
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point plane. This point B is the initial solidifying point. On further 
decrease of the temperature the solidification proceeds along a curve 


a’ 


YY 
Fig. 3. 

B.B, which is obtained by intersection of the melting point plane 
with a plane PP’QR, passing through Pp’ and the point Q indicating 
the proportion in which ortho and meta are present. For in that 
plane the proportion of o and m does not alter during the cooling 
while p is being deposited. On cooling still further the composition 
of the liquid is indieated by the points of the line B,ly along which 
ortho and para both separate; in Ey meta also begins to separate 
and all becomes solid, 

If the quantity of m-nitrotolnene is small, B, is’ situated very 
closely to KE, and the very short line ,B, may be taken as a straight 
one, of which use has been made in the above calculations, 

Amsterdam, Org. chem. lab. Univ. Aug. ’08. : 
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Chemistry. — “The nitration of p-chlorotoluene.” By Prof. A. F. 
HOLLEMAN. 


The p-chlorotoluene required for this purpose was prepared by 
Mr. vAN pen AreEnp from pure p-toluidine b. p. 1460—161° at 754 mm.; 
m. p. + 7°. Of both nitro-p-chlorotoluenes the isomer 

CH,, Cl, NO, = 1, 4, 2 
was obtained by him from p-chlorotoluene by nitration and separation 
of the mononitrocompounds; it melted at -+- 38°. He prepared the 
other isomer CH,,Cl,NO,—=1,4,3 according to GarrerMANn’s method 
B. 18,1483 ae ee be expressed by the following scheme : 
es CH, ‘CH, 


@ AON: de © 

8 EES Foo aes 
\ xo. NO, \/NO 

\Vftec NHae H, Cl 

The product is had a boiling point of 259—260° at 759 mm. 
and melted at + 7° in a capillary tube. The solidifying point was 
+ 5°8. 

-For the determination of the relative quantities of both isomers 
present in the nitration product of p-chlorotoluene the solidifying 
point determination process was again found to be the most suitable. 
Hence the solidifying point curve of these isomers had to be deter- 
mined. Mr. van DEN ArEND obtained the subjoined figures: 


*/, 2-NO,-4-Cl-toluene Initial solidifying End _ solidifying 


point point 

100.0 + 387.2 — 
57.0 + 9.7 —7°.9 
44.7 + 1°4 —8°.2 
34.8 —- 6°.3 — 
29.8 — 7.2 — 
24.1 — 4°1 —8°.2 
17.5 — 0°.5 — 
14.1 + O4 — 
6.6 + 4.5 = 

0.0 (100°/, 3-NO,- + -5°.8 _ 

4-Cl-toluene) < 


Of these the following figure is the graphic representation. 

For the sp. gravities of both isomers and for some of their mixtures, 
Mr. vAN DEN AreND found the following figures, corrected for upward 
air pressures and for the expansion of the glass of the pycnometer, 
The temperature was 80°.0. 
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Fig. 1. 
Solidifying point line of p- and o-nitrotoluene. 
2-nitro-4-chlorotoluene 


calculated 
100°), 1.2559 
57.0 1.2477 1.2446 
17.5 1.2364 


0.0",, (100°,, 3-nitro-+-chlorotoluene) 1.2296 


In the subjoined graphic representation they have been united. 
The caleulated value is the one which the sp. gr. ought to have 


wecording to the straight line in the figure, so without contraction. 
The latter is therefore rather considerable. 
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Fig. 2. 
Line of the epecifie gravilies for mixtures of the 
mono nitro: paray chlorotoluenes, 
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It was only after some unsuccessful efforts that we succeeded in 
carrying out the nitration of p-chlorotoluene with nitrie acid, in that 
sense that everything was just nitrated, without formation of any 
dinitro-products. Mr. vAN DEN AreND could ascertain this by deter- 
mining the specific gravities. As in the case of pure toluene it was 
again found practical, in order to avoid the formation of higher 
products of nitration, to add the nitrie acid to the p-chlorotoluene 
and not reversedly. 

10 grams of p-chlorotoluene were cooled to 0°. At that temperature 
it solidifies to large leaf-like crystals; at the moment of crystallisation 
setting in, nitric acid (D. 1.48) was added, drop by drop, with 
thorough shaking. After 1 ce of acid had been added all the crystals 
had already fused. The liquid turns very dark and consists at first 
of two layers. After further addition of acid, the temperature being 
kept at 0° the colour turns pale yellow and the liquid becomes homo- 
geneous. When this point was reached the further addition of acid 
was stopped and after a few moments the liquid was poured into 
water. In all, four times the weight of nitric acid was used. The 
pale yellow oil which collected at the bottom was agitated repeatedly 
with water until no further acid reaction was noticed, and then 
dried over sodium sulphate. The following day, the nitration product 
was distilled twice in vacuo when a slight black residue was left 
behind. The yield of purified product was 12 grams. It had an initial 
solidifying point of + 10°.2 and an end solidifying point of —8°.0, 
From the first figure it follows that the nitration product must 
contain 58°, of CH,,CILNO, = 1,4, 3, whilst the figure for the end 
point, which coincides with the eutectic point, shows that the mixture 
contains no other substances besides these two. This was also proved 
by the sp. gr. which was found to be 1.2481 for an artificial mixture 
of this composition, whilst the nitration mixture possessed the same 
sp. gr. Mr. De Leeuw who also nitrated p-chlorotoluene in the manner 
described, found the initial solidifying point of his produet + 10?.9, 
the end point — 8.°3. This initial point corresponds with 58.8°/, 1.2.4. 

Mr. VAN DEN AREND also mixed an artificial mixture of both isomers 
containing 58°/, 1.2.4 and 42°/, 1.3.4 with the nitration product in 
about equal quantities; the mixture so obtained solidified at + 107.3. 

It may, therefore, be taken as proved that the nitration product 
has the above composition. A chlorine determination according to 
Carius gave 20.3 °/, (calculated 20.7 °/,). 

Two nitrations were carried out at + 30° in the manner de- 
scribed, using nitric acid (D. 1.45) which both yielded a product 
the sp. gr. of which was much too high. It appeared that at this 
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temperature higher substituted nitro-products were readily formed. 
If the nitration is carried out at + 60° a product is formed which 
solidifies at — 9°,2, a temperature which is situated lower than the 
eutectic one of mixtures of the two pure components. The sp. gr. 
is 1.2626. No doubt considerable quantities of polyvalent nitro- 
compounds are formed at this high temperature of nitration. 


Amsterdam, Org. chem. lab. Univ. Aug. 08. 


Chemistry. — “Zhe quantitative estimation of the products of 
nitration of m-chloro and m-bromobenzoic acid. By Prof. A. 
F, HoLLEMAN. 


The above investigation has occupied me more than once. '*) In 
the nitration of each of these acids two nitrohalogen acids are 
formed namely 1,6,3 = CO,H, NO,,Cl(Br) as main product and 
1,2,3 = CO,H, NO,, Cl (Br) as byeproduct; the question arose in what 
proportion these acids are present in the nitration mixture. 

The reasons which induced me to revert to this investigation 
are twofold. Firstly, because the percentage of byeproduct in the 
nitration mixture of m-chlorobenzoic acid was found 2.8 higher in 
the first investigation than in the second, when another method of 
analysis was applied and this difference was not satisfactorily explained. 
Secondly because it was found in the nitration of o-chloro- and 
o-bromobenzoic’ acid and also in that of m-chlorobenzoie acid, that 
more byeproduct is formed at O° than at — 30’, whereas in the 
nitration of m-bromobenzoie acid the very opposite result was noticed. 

In the first investigation the quantity of main product was deter- 
mined by extracting the nitration mixture with benzene and deter- 
mining the sp. gr. of the benzene solution. In the second determination 
the quantity of byeproduct was deduced from the solidifying point 
of the mixture. A third modus operandi was followed for this renewed 
investigation, namely, the extraction of the nitration mixture with 
water and titration of the aqueous solution obtained. 

I do not intend giving any further details of these methods as I 
described these repeatedly on former occasions. 

Messrs. J. J. Potak and H. L. pe Leeuw, who have carried out these 
investigations independently, started from chemically pure preparations 
of m-chloro- and m-bromobenzoic acid, which were nitrated with absolute 
nitric acid after which the nitration product was collected according 


1) R. 19 188, [1900] and R, 20, 228 [1908]. 
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to the method given in R. 20, 223. I will only add that the com- 
plete removal of nitric acid from the product was effected with 
particular care as it appeared that this acid is retained with great 
obstinacy. In order to get the nitration product so pure that it gave, 
at the ordinary temperature, no, or but a feeble reaction with 
sulphuric acid and diphenylamine, it was necessary to wash it many 
times with cold water and to dry it over lime in vacuo. The organic 
acids, which had dissolved in the washings were, of course, recovered 
in the manner described previously. The removal of the last traces 
of nitric acid was of great importance in these determinations, because 
the presence of even very minute quantities of this acid causes, in 
the analytical method followed here, a too low percentage of the 
byeproduct. 

In this method about 0.4 gram of nitration mixture is extracted 
with 100 grams of water and the acidity estimated by titration with 
n/,, alkali. Suppose 1 mgr. of nitric acid (= 0.25°/,) had been 
retained in that quantity it is sure to have dissolved together with 
_ the whole of the main product. 1 mgr. = 0.016 millimol. 1 em.’ 

of the alkali corresponds with 0.1 millimol. so that 0.146 em.’ or 
about 3 drops are required for neutralisation. As the molecular 
weight of chloronitrobenzoic acid is 201.5 and that of bromonitroben- 


 goic acid 246, 0.016 millimol. represents, respectively, a weight of 


3.2 and 3.9 mgr. or of */,°/, and 1°/, of the nitration mixture. 
_ The main product contained therein is therefore found too high and 
the byeproduct correspondingly too low since the latter is found by 
difference. As the content in byeproduct in these mixtures does not 
exceed 13°/, (in the bromo-acids) an error of 1°/, is a rather 
— serious one. 

In order to be able to determine the composition of the nitration 
mixtures by solubility determinations it was necessary to determine 
first for the chloro- and bromobenzoic acids, the solubility of the 
least soluble ones (in both cases the byeproduct) and then the total 
solubility, when the liquid is kept saturated with this least soluble 
acid, but mixed with gradually increasing portions of the main 
product; when the liquid does not get saturated, all the main product 
passes into solution. By means of the solubility tables thus obtained 
the composition of an unknown mixture may be deduced reversediy 
by determining its solubility figure. 
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SOLUBILITY LINES. 
Temperature 25.°0. 


COOH COOH 


1. Bromonitrobenzore acids /\xo,  xo.Z/\ 
| aed | B | MW 246 
\ 2s \ 48 
Quantity of substance ce. of alkali Total solubility in 
shaken with 100 ce. Pipetted off (0.0287 mn) grams per 100 cc. 
of water of solution 
100 mers. « 59.455 ers. 2.75 0.033 
1 gram 8 60.180 ,, 63.15 0.741 
100mgrs. a+ 118.8mgrs.8 26.211 ,, 5.00 0.135. 
ye eas... aR eeS 9.90 ~ 0.216 
es + 299.0 ,,.,,. 31.050 ,, 13.60 0.309 
Pe +402. ,, ,, 19.021 ,, 11.00 0.408 
5 +- 497.6 3.053 BOATS, 15.65 0.502 
i -+ 587.3 .,,,,- 20.337 .., 17.05 0.592 
0.592 x 
0.502 5 
0.408 » 
0.309 t 
0.216 1 
0.135 F 
0.033 4 
* * * * i 
S ad bad = . m Qa of 
je ne Se eee 


Fig. 1. ‘Total solubility of mixtures of the bromonitrobenzoic 
acids constructed according to the table. 
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Duplicate determinations made by again titrating an aliquot portion 
from the bottles gave results within the limit of experimental error. 


The graphic representation Fig. 1 shows that the line, except for 
a small deviation at the start, is a straight one. 


2. Chloronitrobenzoic acids. 


COOH Coon 
ANNOy NO 
| a@ | | p | Temp. 25.50 MW 201.5. 
V1" Tie ee 
Quantity of substance ec. of alkali Total solubility in 
shaken with 100 ce. — Pipetted off ~— (0.0295 2) grams per 100 ce. 
of water of solution 
150 mers. « 37.611 grs. 3.0 ce, 0.047 
I gr. B 18.378 __,, 29.20 0.967 
100 mers. « +- 0.30208 - 29.650 ,, 15.70 0.315 
100 mgrs. a + 0.41208 23.240 ,, 16.35 0.418 


These titrations are accurate within 2 drops of 0.03 normal alkali, 
As this corresponds with about 0.7 mgr. of chloro- and 0.8 mgr. of 
- bromonitrobenzoic acid the last figure of the numbers of the last 

column may be about one unit wrong. The tables have been con- 
structed by Mr. Ponak. 


—t, “4 
— o— 


Quantity of 3 
Fig. 2, Total solubility of mixtures of the chloronitrobenzoic acids, 
constructed according to the table. 
As may be seen from fig. 2, the line is practically a straight one. 
The nitrations of m-chloro- and m-bromobenzoic acid were carried 
out in the approved manner by means of absolute nitric acid at. 
0° and at —30° In order to ascertain whether all had been converted 
into mononitro-acids the molecular weight of the products formed 
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was determined by titration. For this purpose 0.1 gram of the 
nitration mixture was dissolved in water and titrated with N;10 
alkali; when using phenolphthaleine as indicator this titration is 
accurate within one drop. 0.1 gram is about 0.5 millimol of chloro- 
and 0.4 millimol of bromonitrobenzoic acid which require 5 and 4 ce. 
of N/10 alkali respectively. One drop (0.05 ce.) corresponds therefore, 
with 1°/, of the molecular weight of the chloro- or 0.8°/, of the 
bromo-acid. If now the molecular weight lies between 201.5 + 2 or 
246 + 2, respectively the substance may be taken to be pure nitro- 
acid. True it might be possible that, accidentally, a mixture had 
formed consisting of unattacked acid, mononitro- aud dinitro-acid, 
which apparently possesses the molecular weight of the pure mono- 
nitro-acid but apart from the improbability that this should have 
formed, the possibility was also excluded, because the nitration 
mixture of m-bromobenzoic acid was again treated with absolute 
nitric-acid, which caused no serious alteration in the molecular 
weight. Mol. weight first 245; on repeated treatment 247. 

Mr. De Leeuw obtained the following results in the analysis of 
the nitration products prepared by himself. 


I. Nitration of m-chlorobenzoic acid at 0°; 5 grams treated with 
30 grams of absolute nitric acid. 
Mol. weight of the product 203.2. 


1. Weighed 381.9 mgrs. of nitration product; shaken with about 
100 mgrs. of byeproduct (CO,H,C/,NO, = 1,3,2) and 100 grams of 
water at 25°.0. 

Pipetted off 36.256 grams of solution which required 15.10 ce. 
of 0.0432 normal potassium hydroxide for neutralisation. 

Main product 92.4°/,; byeproduct 7.6°/,. 

2. Weighed 364.1 mers. of nitration product; shaken with about 
100 mgrs. of byeproduct and 100 grams of water at 25°.0. 

Pipetted off 69.464 grams which required 27.85 ec. of the said 
alkali for neutralisation. 

Main product 92.8°/,; byeproduct 7.2°/,. 


Il, Nitration of m-chlorobenzoic acid at —30°; 5 grams treated 
with 30 grams of absolute nitric acid, 

Molecular weight of the nitration product 200.4. 

1. Weighed 351.7 mgrs. of the product; shaken with about 
100 mgrs. of byeproduct and 100 grams of water at 25°. Pipetted 
off 34.538 grams of solution which required 13.5 ce. of the above 
alkali for neutralisation. 

Main product 93,5°/,; byeproduct 6,5°/,. 
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2. 372.8 mgrs. treated as directed; Pipetted off 35.448 grams o1 
solution which required 14.51 cc. of alkali for neutralisation. 
Main product 92.8°/,; byeproduct 7.2" ,. 


III. Nitration of m-bromobenzoic acid at 0’. 
5 grams treated with 30 grams of absolute nitrie acid. 
Mol. weight of the nitration product 243.7. 
Weighed 424.0 mers. of the product; shaken with 100 mgrs. or 
byeproduct and 100 grams of water at 25°. Pipetted off 33.945 grams 
which required 12.19 ce. of alkali for neutralisation. 
Main product 88.3°/,; byeproduct 11.7°/,. 


IV. Nitration of m-bromobenzoic acid at 


Mol. weight 243.4. 


—30°. 


374.4 mers. treated as directed. Pipetted off 31.661 grams of 
liquid which required 9.91 cc. of alkali for neutralisition. 

Main product 88.6°/,; byeproduct 11.4°/,. 

Mr. Potak has repeated these investigations with great care in 


which he used material prepared by himself. In order to be sure 
that the nitration products did not retain any nitric acid they were 
analysed in the manner described, after the test with diphenylamine 
had become negative. The remainder of the preparation was then 
again triturated and washed with cold water; the dissolved organic 
acids were recovered from the washings and the preparation thus 


purified was again submitted to analysis. 


indicated with | and II. 
Cl O°. M.W,. 202,9 (201,5). 


1 0,3374 gr. of nit. prisinre 94.333 gr. of 16.39 ce. of (0.0922) n 


The two analyses are 


Tot. sol. 0,328 


+100 mgr. of z in 100 ce.! sol. 8 0.3104 alkali 6 92.9°/, 2 8.0°/, 
Il 0,3315 gr. of nit. pextnre} 45.516 gr.of 7.28 ec. of (0.0922) Tot. sol. 0.2180 
+100 mgr. of 2in 100 cc.! sol. 8 0.3053 alkali 8 92.1/, a = 7.9°/, 
Cl-—-30° M.W. 203.8 (201.5). 
I 0.3410 gr. of ; 98.157 gr. of 17.43 cc. of (0.0922) malkali Tot. sol. 0.3300 
nitr, mixture | sol. 6: 0.3181 B = 93.3 % 2:6.7°"/, 
Il 0.3275 gr. of ) 66.284 gr. of 11.40 ce. of (0.0922) n alkali Tot. sol. 0.3195 
nitr. mixture ) sol. 6 0.3068 8 = 93.7 "/, 2:6.3%, 


Br 0° M.W. 245.7 (246). 


I 0.3320 gr. of | 55.477 gr. of 7.32 cc. of (0.0922) nalkali Tot. sol. 0.2993 
nitr. mixture ' sol. 6 0.2898 p = 87.0%, z:18.0 %, 
fl 0 3292 gr. of ¢ 67.915 gr. of 8.96 ce. of (0.0922) m alkali Tot. sol. 0.2971 
nitr. mixture | sol. 8 0.2868 6 = 87.1°/, 2 = 12.9%), 


Br. —30°. M.W. 245.2 (246). 


1 0.4585 gr. of | 89.965 gr. of 16.48 cc. of (0.0922) nalkali Tot. sol. 0.4155 
mit, mixture | sol. 6 = 0.4096 6 : 89.3"), az :10.7°/, 

‘TL 0.4885 gr. of | 64.190 gr. of 11.20 ce. of (0.0922) malkali Tot. sol. 0.3957 
6 : 89.2 %/, z:10.8°/, 


nitr. mixture § sol. 6 : 0.3192 
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Let us now include all the figures obtained in the subjoined tables. 
I. Nitration of m-chlorobenzoic acid; %) of byeproduct in the nitration mixture. 
DE LEEUW POLAK HoL_eman, R.20,206 
% scour do 0/o mol.weight 5 fear Sevier teas or: 
Temp. 0°. 7.6 7.2, 203.2 |8.0 7.9 202.9 || 8.7 | 202.5 | calculated 
j | t 
Temp.—30°. 65 7.2 200.4 [6.7 63 203.8 || 8.3 | 201.5 | 201.5 


II. Nitration of m-bromobenzoic acid. 


Temp. 07. {| 11.7 | 243.7 {13.0 12.9) 245.7 11.4 245 mol. weight 
| calculated 
Temp.—30°.| 11.4 | 243.4 |}10.7 10.8 245.2 11.8 243.2 246 


My own figures were deduced from solidifying point determinations. 

As regards the titration figures of Messrs. pk Leeuw and Po ak it 
must be observed that the end reaction was obtained within one 
drop of n/10 alkali so that there can be only a doubt as to one 
drop more or less. This represents ‘/,,, millimol. or about 0.3 °/, 
of the quantity taken for analysis. If we consider further that 
the above figures are deduced from the tables communicated above, 
the figures of which present inaccuracies of the same order, the 
difference between the above percentages may be about 0.6 without 
exceeding the errors inherent to the process. 

From this point of view Mr. Porak’s figures may be pronounced 
excellent ones. It appears from the table that when the molecular 
weights found approach more closely to the calculated ones, the 
percentage of the byeproducts is higher. This is easy of explanation. — 
For the nitration product may be considered all the purer when 
there exists a closer agreement between the calculated molecular 
weight and that actually found. As, however, the impurities are 
dissolved on shaking with water, and count as main product in the 
titration, the figures of this become too high and those of the bye- 
products consequently too low. 

For this reason the following pereentages, showing the composition 
of the nitration products, must be considered as being nearest to 
the truth. 


I. Nitration of m-chlorobenzoic acid Il. Nitration of m-bromobenzoic acid 
| byeprod. | mean prod : byeprod. | main prod. 
| 

Teun, ©. P08 92 Temp. 0°. | 13 87 
Temp.—30°. | 7 93 | Temp.—30'. ll 89 


The uncertainty of the figures obtained from the solidifying point 
determinations is a little greater, owing to the circumstance that the 
mass darkens during the fusion, which causes the solidifying points 
(whieh ave rather high) to be determined with less sharpness than is 
usually the case. 

August 1908. Amsterdam, Org. chem lab. University. 
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Botany. — “Contribution to the knowledge of the cytological develop- 
ment of O5cnothera Lamarckiana”, by Mr. J. M. Geers. 
(Communicated by Prof. F. A. F. C. Wenr). 


(Communicated in the meeting of September 26, 1908). 


Among the numerous plants, of which the cytological development 
has not yet been investigated, Oenothera Lamarckiana was the one 
selected, because a cytological examination of this plant would probably 
be of importance for the solution of other and more general questions. 

Thus it may afterwards perhaps be possible, through a knowledge 
of the cytology of Oenothera Lamarckiana and its mutants, to find 
an explanation of mutation. 

Although the mutation-theory has gained acceptance in most 
countries, this has not hitherto been the case in England to any 
considerable extent. There, Barrson and his pupils regard Oen. Lam. 
as a hybrid and attribute the origin of new species to hybrid segre- 
gation. The cheef argument in favour of this view is that Oen. Lam., 
like many hybrids, shows a large degree of sterility in the ovules 
and pollen grains. 

In this investigation | therefore set out to trace when and how 
this sterility arises, in order to be able to judge of the value of 
- Bareson’s argument. 

It is quite conceivable that some day we may obtain a full 
insight into the conditions, through which mutations arise, and also 
that we may be able to bring about these conditions at will. For 
this purpose experiments with QOen. Lam. are especially desirable, 
in which attempts should be made to influence the origin of the 
mutants by subjecting the flowers to various conditions, for instance 
of temperature, or to various conditions of humidity, to injections ete. 

In order to obtain reliable results in such experiments, it is neces- 
sary to know exactly, not only which flowers have been subjected 
to the influence, but also, in which developmental stage the flowers 
were at the time of treatment, whether before the synapsis, before 
or after the reducing division etc.; for then only can we determine 
whether a change in the number of mutants is really the result of 
the treatment, or is produced by other, unknown causes. 

In order to make this investigation available for such experimental 
investigations, | have therefore also followed out the development of 
the flower, so as to be able to refer the principal cytological con. 
ditions to externally visible stages. 

With reference to the mutants and hybrids of QOen. Lam. many 

18 

Proceedings Reyal Acad. Amsterdam. Vol. XI. 
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questions arise of which the answers may be of importance to cytology 
itself. Especially hybrids with O. gigas, whieh mutant probably 
possesses twice as many chromosomes as Ven. Lam. itself, might 
provide material for interesting cytological investigations. For this 
purpose a knowledge of cytological development of the mutating 
plant itself is, however, a first desideratum. 

The principal results obtained in this investigation, will now be 
briefly stated. ! 

The floral development of Oenothera Lamarckiana was investigated 
in 1895 by Pout’); this author arrived at conclusions, differing widely 
from those obtained for other Onagraceae, for instance by Barctanu *) 
and by Payer*), for according to Pour. the development is not 
acropetal, as found by the other investigators. It has now been found, 
however, that Oen. Lam. like other Onagraceae has an acropetal 
development of the flower. In addition the chief points observed in 
this development, are: : 

1. The corollar stamen arises from the protuberance, which the 
corolla forms on its inside. 

2. The ovary is the floral axis, which has become hollow, Only 
the stigmas develop as 4 separate protuberances, alternating with 
the calyx stamens. 

3. The ovary becomes quadrilocular by the growing inwards of 
4 parietal septa, which stand before the calyx stamens and fuse in 
the centre. 

4. The axis does not grow further; there is no columella. 

5. The placentae are differentiated from the edges of the septa. 

6. A corollar stamen and its petal have no common vascular 
bundle. 

7. The ovule arises from periblem and dermatogen, except for the 
vascular bundle in the raphe. 

The cytological development was studied both in the ovules and 
in the stamens. A summary of the principal phenomena observed, is 
here appended. 

When the mother-cells go into synapsis, the nuclear network contracts, 
and a thin thread arises, in which chromatin particles can be seen. 
This thread contracts to a tangle and continually becomes shorter and 
therefore thicker; this is clearly visible when the tangle unrolls itself 


'\) Ueber Variationsweite der Oenothera Lamarckiana yon J, Pout Oosterr. 
r, 


botan. Zeitschrift Jahrgang 1895 Nr. 5 u 6. 

2) Untersuchungen ueber die Bluethenentwicklung der Onugraceae, Inaug. diss. 
von D. P. Banctanu, Naumburg 1874, 

4) J, B. Paven, Organogénie de la Fleur, 
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again. The thick thread now divides transversely into 14 chromosomes, 
the nuclear wall disappears, and the chromosomes place themselves 
perpendicularly to the long axis of the spindle of the heterotypic 
division. Jn the synapsis of Oen. Lam. no double thread can thevefore 
be seen; from that thread the vegetative number of chromosomes ts 
formed, and just before the division these chromosomes show pairing. 

Both in the ovules and in the stamens the synapsis takes place 
in this manner. In the first division of the mother-cells entire 
chromosomes separate, which already during this division show a 
longitudinal splitting for the second division. After this heterotypic 
division the two nuclei searcely enter upon a stage of rest, the 
chromosomes, split longitudinally, always remain visible, especially 
in the mother-cells of the embryosac. The wall between the two 
nuclei is often not formed completely. At the second division the 
halves of the two chromosomes separate, so that 4 nuclei are formed ; 
in general but little staining substance is visible *). 

Whereas in most plants the lowest-cell of the tetrad grows out to 
form the definitive embryosac, this is not so in Oen. Lam. Here 
the uppermost cell becomes the embryosre, while the other three 
degenerate; the chromatin of these three cells quits the nucleus, of 
which the wall disappears, and the chromatin now colours the whole 
protoplasm dark, so that these three cells of the tetrad remain visible 
for a long time as a long dark band under the embryosac. In that 
cell of the tetrad, which grows out, three successive divisions take 
place in almost all plants, so that 8 nuclei are formed. In Oenothera 
I always found but 4 nuclei, which come to lie in the upper part 
of the embryosac. A limited number of nuclei is also known in 
Helosis quyanensis, in consequence of the researches of CHopat and 
~Bernarp’*) and in Mourera, through an investigation of Wenr *). 
In these plants the lower of the two nuclei, which are formed in 
the first division, probably degenerates; from the upper nucleus the 


1) In the May meeting of the Dutch Botanical Society, in which | dealt with 
the greater portion of this subject, | already stated that the synapsis in Oen. Lam. 
takes place in this manner, thereby differing from what has been siated to occur 
in other plants. As I found in the beginning of September there appeared in the 
July number of the Botanical Gazette a paper by Gares on the synapsis and reducing 
divisions in the pollen mother-cells of Oenothera rubrinervis. This observer gives 
much the same succession of stages for the synapsis of this plant. 

*) R. Cuopar et C. Bernarv. Sur le sac embryonnaire de I’ Helosis guyanensis. 
Journal de Botanique T. XIV, 1900 p. 72. 

*) F. A. F. CG. Went. ‘The development of the ovule embryo-sac and egg in 

ete.” Recueil des Travaux Botaniques Néerlandais, Volume V, Livraison 


I, 1908, | . 
18* 
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three nuclei of the egg-apparatus and the polar nucleus are formed 
so that division nevertheless takes place three times. 

In Qen. Lam. I never found a nucleus or remains of a nucleus 
in the lower part of the embryosac, whilst the four nuclei always 
lie in the upper portion. A few times it was possible to observe 
the divisions themselves. Thus I found an embryosae, in which 
the nucleus was dividing into two, with its spindle in the long axis 
of the embryosac. Further I found embryosacs with two nuclei, 
which were sometimes superposed, sometimes side by side. Therefore 
the lower nucleus probably changes its place, coming to le higher 
up in the embryosac. The divisions of these two cells were also 
found, namely two spindles, in the upper part of the embryosac, 
and at right angles to each other. In the same manner the spindles 
are found in most plants above and below in the embryosac, at 
the third division in couples perpendicular to each other. The division 
of these two nuclei in Ven. Lam. is therefore pretty certainly the 
last division of the embryosac, in which the two synergids are 
formed from one nucleus, and the egg-nucleus and the upper polar 
nucleus from the other. In this particular embryosac, with the two 
spindles at right angles to each other, there was moreover no trace 
of nuclei at the chalazal end. We may therefore assume, that in 
Oen. Lam. the first division in the embryosac is suppressed, so 
that antipodal cells and lower polar nucleus are not formed at all, 
and that there is not even an antipodal initial cell, which occasionally 
degenerates again after being formed, as in Helosis and Mourera. 

In the embryo-sac of Cypripedium the number of the divisions is 
still further reduced; here, according to Miss L. Pacer’) there occurs 
in the embryosae only one homoiotypic division in the lower cell; 
the upper cell degenerates. The homoiotypic division is not followed 
by a cell-division. The two nuclei in the lower cell now arrange 
themselves at the poles; this cell grows out longitudinally and the 
nuclei divide again, so that they are four in number. Further 
divisions do not take place in the embryosac; the four nuclei 
become egg cell, synergids and upper polar nucleus. 

When in QOen. Lam. the four nuclei have been formed the syner- 
gids, which lie nearest to the micropyle, surround themselves, like 
the egg-nucleus, with their own plasma; the upper polar nucleus 
remains free in the plasma of the embryosac. 

The four cells, which have arisen in the pollen mother-cells through 
the reduction division, grow out regularly to pollen-grains; the 
method of origin and the structure of the walls probably agrees in 


1) Luta Pace. Fertilization in Cypripedium, Botanical Gazette, XLIV, 1907 p, 353, 
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Oen. Lam. with what R. Brrr’) has described for Oenothera longiflora. 

When the pollen-grains are almost mature, the generative and the 
vegetative nucleus are formed by division; the generative nucleus, 
which is the smaller, and is surrounded by a quantity of plasma, 
then applies itself to the wall; the vegetative nucleus remains in the 
middle of the grain. The division of the generative nucleus into two 
probably takes place in the pollen-tube. 

The pollen-tube penetrates through the micropyle and through the 
nucellar tissue. It seems as if in this place the nucellar tissue already 
becomes in advance disorganized. Since, when the pollen-tubes 
penetrate, the synergids are already completely disorganized and 
stain very deeply, and since in the nucellus, at the spot where the 
pollen-tube has penetrated, dark coloured remnants are everywhere 
visible, | have not succeeded in observing the division of the gene- 
rative nucleus. Fertilisation itself was however clearly observed. A 
double fertilisation takes place; one nucleus penetrates into the egg- 
cell and applies itself against the nucleus; the generative nucleus is 
at that time round, but smaller than the egg-nucleus, although it 
probably becomes somewhat larger before fusion. The other gene- 
rative nucleus, which presents the same shape, applies itself to the 
polar nucleus. The fusion between the polar nucleus and its gene- 
rative nucleus takes place more rapidly than that of the other gene- 
rative nucleus with the egg-nucleus. The fertilized polar nucleus 
now soon divides, so that frequently there are already a number of 
endosperm nuclei before the egg-nucleus has completely coalesced 
with the generative nucleus, and before the egg-cell has a wall of 
its own. The fertilized egg-cell grows out to a short suspensor, and 
an embryo with distinct oetants.. Endosperm nuclei then already lie 
along the whole of the wall of the embryosac. Afterwards this 
endosperm however again disappears. 

In Ocnothera Lamarckiana the endosperm is therefore formed 
from one fertilized polar nucleus. 

In mature stamens very many sterile grains are found in the 
pollen; in young fruits there occur between the developing seeds a 
fairly large number of ovules, which are not undergoing development. 
In both cases the sterility arises after the reduction division. Whilst 
in all embryo-sac mother-cells the reduction division takes place 
normally, there are still many ovules in which the upper tetrad-cell 
also degenerates, this degeneration being accompanied by much the 
same phenomena as occur regularly in the three lower cells of the 


“} On the development of the pollen grain and anther of some Onagraceae, 
Rupowr Beer. Beih. zum Bot. Centr, blatt 1905, 19 1. 
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tetrad. In the pollen mother-cells also the «visions take place regularly, 
but after 4 tetrad cells have been formed, only two cells, in general, 
develop properly, the other two only partially, so that from them 
grains are formed, from which the contents gradually disappear, 
although the wall is fairly normal in structure. 

Since the divisions are normal, the appearance of this sterility 
need not at all be the result of a hybrid nature. It follows from 
the literature on sterility, that, besides in hybrids, sterility occurs in 
many other plants, and that in most hybrids, which have been 
examined cytologically, sterility was already present in one or both 
parents. And since an examination of one hundred species showed 
sterility to be pretty common among Onagraceae, we are not, in 
my opinion, justified in deducing from the sterility of a plant that 
it is a hybrid. If the above-mentioned objection of BaTrson against 
the mutation-theory is to have value, it will be incumbent upon 
him to name the presumptive parents of Oen. Lam. | 

In mature ovaries those ovules, which are uot destined to develop, 
may be recognized by their more transparent nucellus, not containing 
an embryosac. In such ovulus the penetration of a pollen-tube was 
never observed, whereas this was repeatedly found in the normal 
ovules of the same section. /¢ would appear, therefore, that the 
normal embryosac exerts an attraction on the pollen-tubes. | 

By combining the results of the investigation of the ontogeneiic, 
with those of the cytological development, it appears, that Oen. Lam. 
is very suitable for the experiments, referred to in the introduction, 
because the cytological development of the pollen and of the ovules 
are sharply separated in. point of time. In flowers of 30 mm. the 
development of the pollen is almost complete, while in the same 
flowers the development of the inother-cells in the ovule is only 
hegmning. It would therefore be possible to influence the pollen 
and the ovules separately, and the flowers which should be selected 
for this purpose, can be easily recognized after a little practice. 
Should one wish to influence the pollen before the synapsis, then 
flowers 10—-11 m.m. long should be seleeted, in which the stamens 
have a length of 3 mm., since the synapsis of the pollen takes place 
in flowers of 12—13 mm., in which the anther and also the filament 
have a length of 4 mm. The synapsis of the embryosae mother-cell 
takes place in flowers of about 3'/, em. In order to influence this, 
flowers of 3—3'/, em. should therefore be selected, in which the 
ovary and the calyx tube have about the same length i.e. 4'/, mm. 

I hope soon to be able to publish a more detailed deseription, 
with plates, of the resulis of this investigation in the Reeueil des 
Travaux Botaniques Néerlandais. 
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Physiology. — “About thw independence of the electrocardiogram 
with regard to the form-cardiogram.” By A. K. M. Noyons, 
assistant in the Physiol. Lab. at Utrecht. (Communicated by 
Prof. H. ZwaarDEMAKER). 


Principally by the investigations of ENGELMANN ') and MarcHAND *) 
the electromotive phenomena which show themselves in every con- 
tracting heart and which we now register in the electrocardiogram, 
have been reduced to manifestations of the changed current of action 
that can be produced in every muscular tissue by direct or indirect 
stimulation of the muscular elements. 

Contraction being usually considered as the only visible mani- 
festation of muscular stimulation and action, the electric phenomenon 
is involuntarily thought to be connected with the process of con- 
traction. On theoretical grounds, however, BirpeRMANN*) deemed it 
quite possible, ‘“dasz eine Muskelstelle erregt ist und daher sich 
negativ zu benachbarten, ruhenden Stellen verhdlt, ohne dabei in 
merklichem Grade contrahirt zu sein.’ In these theoretical conside- 
rations lies the nucleus of my investigations. Now the experiment 
teaches that these conceptions are in accordance with reality. 

Already in my dissertation’) I have, in consequence of some 
experiments, pronounced the supposition that the electric phenomenon 
in the contracting heart represents a process by itself, which is borne 
out by the following experiments. 

The heart of an Anodonta fluviatilis, laid bare, is in its natural 
position by means of the unpolarizable magazine-electrodes conducted 
to the string-galvanometer. (The electrodes with their cottonseeds 
have previously been put in fresh water for a quarter of an hour 
and subsequently in the pericard-liquor of the mussel). 

The string-galvanometer of Ei:nrnoven with permanent magnet 
(EpELMANN’s small model) is fed by a current of 4 volt with moderate 
string-tension (38 out of 60 dividing lines). The movements of the 
heart are registered by a little lever with a small fulerum and by 
a bit of straw placed vertically on the axis, which throws a silhouette 
on the chink of the registrating apparatus. The registration takes 
place by means of photography. 

As appears from the first half of fig. 1 the heart shows regular 
contractions, attended by electric oscillations, which begin a little earlier. * 


1) Encetmann, Prtiiger’s Archiv, Bd. XVII, 1878. 

*) Marcuanp, Pruiiiger’s Archiv, Ba XVI 1877 and XVII 1878. 

8) Brepermann W., Elektrophysiologie, Jena 1895, page 322. 

*) Noyons A. K. M. Proefschrift; Over den autotonus der spieren, Utrecht 1908 
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The cross indicates the place where 3 gtt. of a 3°/, KCl-solution 
are dripped upon the heart, which after some time causes a stopping 
of the form-cardiogram, while the electric phenomenon is altered. 
Shortly after the KCl-application some feeble movements of the heart 
are still perceptible in the lever, but they soon stop, whilst the 
electric fluctuations, which in the beginning of the chemical stimulation- 
process had become slight, have now nearly reached their original 
size again. 

In fig. 2 the stopping of the heart is seen, while the electrocar- 
diogram remains. 

With another trial-object ‘Anodonta _ fluviatilis), besides those 
described, also other peculiarities were observed. When by the action 
of the chemical materials the heart had stopped, the electric pheno- 
menon with the usual frequency of the heart-contractions every time 
continued manifesting itself periodically. But besides this periodicity 
it was also clearly observed that in these rhythmic electric phenomena 
mutually other group-formations appeared, which possessed about the 
same duration as the periodic length-fluctuations of the autotonus, which, 
before the stopping of the form-cardiogram, had already been clearly 
perceptible also in the form-cardiogram. 

Also with other animals I had an opportunity to collect data for 
the independence of the electrocardiogram of the form-cardiogram. 
The following experiment proves this beyond the possibility of 
doubt in the heart of Tripodonotus natrix under digitonine-poisoning. 
The beart of a ringed snake was prepared in the afternoon of May 
29th, After laying it bare and tying off the veins, the heart was cut 
out and fixed upon a cork-plate, while the heart-basis and ventricle- 
point were conducted to the string-galvanometer as described above. 
The movements of the atrium and ventricle were registered according 
to suspension-method. Fig. 3 gives the photografic registration of the 
form-cardiogram and electrocardiogram in the unpoisoned heart. 

That same afternoon 5 gtt. of 1°/, digitonine dissolved in 0.9°/, NaCl 
having been added to the heart, we see after some time the typical 
phenomena of the digitonine-intoxication appear. The next day the 
heart shows no more alterations in form, unless by means of some 
expedients (washing with 0.9°/, NaCl and dripping on of 5 gtt. of 
CaCl 1°/, and 3 gtt. of KCL 38%/,). At 11.80 pm, the heart stands 
quite still. Notwithstanding this the eleetric phenomenon quietly 
continues rhythmically. This state lasts till May 381%. Constantly the 
electrocardiogram shows the usual spontaneous rhythm. Now 1°/, 
digitonine is anew and abundantly dripped upon the heart, which 
causes a tmarked effect upon the electric phenomenon, This effect 
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resembles in its form wellnigh exactly the electric alterations of the 
electrocardiogram, which already some days before were brought 
about by dripping the same material upon the heart. See fig. 4. 

That the deviation of the string under the influence of the poisoning 
with digitonine is not a consequence of mechanical or chemical 
changes in the contact-places of the electrodes, was taught me by 
repeatedly dripping the electrodes, when the heart was quite dead, 
while the stringdeviation did not take place. 

All through that day the regular, periodical electric fluctuations 
continue though they constantly diminish in size. 

It appears that by radiating heat or by cooling down, the frequency 
and the size of these fluctuations can be respectively increased and de- 
creased, without anything suggesting change of form in the heart 
being observed. On June 1* the heart stands completely still, also 
in an electric respect. It only appears that in communication with 
the galvanometer the heart shows for the first time a strong demar- 
cation-current, proving that it is now partly dead. 

Also with a frog’s heart | often had an opportunity to observe 
that the eletrocardiogram remains observable after digitalis-intoxica- 
tion, while the heart shows no change of form. Nor may for this 
remaining eletrocardiogram “fibrillaire Zuckungen’’, as muscular action, 
be held responsible, because also when observed with a strong 
magnifying glass, these movements did not appear visible, while 
nevertheless the heart quietly continued pulsating electrically. 

This peculiar state under digitalis-intoxication is reached best and 
most certainly, if the heart is not poisoned by administering a larger 
dose at one time, but by repeatedly dripping new small doses during 
the whole process of poisoning. In this way I once succeeded in 
calling forth at a stoppage of the changes of form an electric pheno- 
menon, which for a long time remained larger than the normal 
electrocardiogram before the poisoning. 

If in this way, the poisoning fractioned, takes place with small 
doses, it may occur that the initial diminution of the electrocardio- 
gram under the influence of the intoxication is at its appearance 
slackened to a considerable extent. On the whole the above mentioned 
digitalis intoxication-phenomena in the electrocardiogram may be 
brought about without differences worth mentioning, both by applying 
digitaleine and digitonine. 

Of one of these poisoning-experiments there follows here a short 
account. In a Rana temporaria, of which cerebrum and_ spinal 
marrow have been destroyed by a piqure, atrium and ventricle are 
suspended according to the suspension-method, and basis and apex 
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cordis are conducted by means of unpolarizable electrodes to the 
string-galvanometer with permanent magnet. The string-galvanometer 
is fed with 4 volt.; the string-tension is considerable and amounts 
to 7 out of the 60 lines of division. 

The heart pulsates quietly and vigorously. Some seconds after the 
beginning of the registration 3 gutturae of a 1°/, solution of digi- 
taleine in 0.9°/, NaCl are dripped on the heart. At once the heart 
begins to react on this with a slight acceleration in its pulsation 
whilst the tonus of atrium and ventricle decrease, but shortly after 
increase considerably: The electrocardiogram, first becoming smaller, 
soon increases considerably in size, while the rest-position of the 
string in -the interval of the heart-contraction moves to one side. 
This is shown by fig. 5. Every second minute the dripping with 
digitaleine is repeated, without every time causing anew’ the electric 
changes mentioned. Gradually the contractions of atrium and ventricle 
vrow smaller, whilst the tonus of both increases considerably. A 
quarter of an hour after the first poisoning the heart stands com- 
pletely still in systole, as appears from the registration and from 
the examination of the heart. The electrocardiogram quietly continues 
pulsating and shows large and small interchanging fluctuations, as 
is seen in fig. 6. After the lapse of five minutes also the electro- 
cardic pulsations grow smaller and half an hour after the first 
poisoning they have entirely stopped. Also Fano and Fayop') make 
mention of electric changes in the heart of Emys, stopping under 
digitalis-poisoning. 

Finally we may mention as a proof for the independence of the 
electrocardiogram the total discongruity between the electric pheno- 
menon and the form-cardiogram, as it appears in the treatment. of 
the heart only, or of the whole trial-animal with toxic materials, 
though it be in this case impossible to bring about a complete rest of 
atrium and ventricle. Similar discongruities show themselves e. g. 
in dripping the heart with antiarine, nitras strychnini, sulfas atropini; 
by injecting nitras strychnini, sulfas atropini and coffeinum into the 
veins of the trial-animal; further by exposing the animal in toto to 
vapours of chloroform, ether and acetic acid. 

lt is not only the whole heart that shows these discongruities and 
the peculiar, more or less typical reactions on the applied materials, 
but also separate parts of the heart may offer such phenomena, as 
appeared to me when examining the cut-out ventricle of the heart 
of an eel under the application of antiarine and digitaleine. 

') Fano et Fayvoo. De quelques rapports entre les propriétés électriques des 
oreilettes du coeur. Archiv, ital, de Biologie Tome LX 1888, 
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_ From what is said above we may conciude not only that in 
‘the spontaneously pulsating heart ‘there appear still other actions 
than those which we find expressed in the contraction, but also. 
that these actions are to some extent independent. The actions 
not visible to the eye and characterized by definite electric pheno- 
mena, suggest the results of stimulation-processes as they can 
be shown also in the nerve without accompanying change of form. 
Though, however, the electrocardiogram may possess a certain inde- 
pendence of the form-cardiogram, the above communication does 
not in the least afford a reason to conversely come to the conclusion 
of the independence of the latter with respect to the former. 


Mathematics. — “On groups of polyhedra with diagonal planes, 
derived from polytopes”. By Prot. P. H. Scnovre. 


Introduction. 


1. By “diagonal plane” of a polyhedron we understand any plane 
having only edges in common with the boundary of that body.') 
There are two regular polyhedra admitting diagonal planes, the 
octahedron and the icosahedron. Through any edge of the octahedron 
passes one diagonal plane, containing the centre and bisecting the 
dihedral angle of the two faces passing through the edge. Through 
any edge of the icosahedron pass two diagonal planes; the angle 
formed by these planes and that formed by the two faces through 
the edge have the bisecting planes in common, and the cross-ratio 
between the couple of diagonal planes aiid the couple of faces has 
4(8 —V5) for one of its six mutually connected values. 

The fact that only the two mentioned regular bodies possess diagonal 
planes is closely connected with this that through each of the vertices 
pass more than three faces. If we take away from the triangular 
faces meeting in a vertex the sides passing through that vertex, so 
as to retain of each the side opposite to this vertex, we find in the 
ase of the octahedron a square adjacent to this vertex, in the case 


1) In the last memoir of Dr. Fr. Scnun with the title “Over de meetkundige 
plaats, ete.” (On the locus of the points in the plane, the sum of the distances 
of which to m given straight lines is constant, and analogous problems in space 
of three and more dimensions, Verhandelingen Kon. Akademie Amsterdam, first 
section volume IX, no. 5, 1908) occurs a series of polyhedra with the property 
_ that through any edge passes one diagonal plane. By extension to polydimensional 
spaces polytopes with diagonal spaces also make their appearance. 


of the icosahedron a regular pentagon adjacent to this vertex, situated 
in a diagonal plane. Through any edge AZ of the icosahedron pass 
two diagonal planes, as AB lies in two faces ABP and ABQ and 
therefore also in the diagonal planes corresponding to P, Q. Through 
any edge AS of the octahedron passes only one diagonal plane, 
as the third vertices P, Q of the faces ABP, ABQ through AB are 
opposite vertices and those points lead here to the same diagonal plane. 

The diagonal planes of the icosahedron include a regular dode- 
cahedron. ; 


2. By ‘diagonal space” of a fourdimensional polytope we under- 
stand any space having only faces in common with the Bat 
of that polytope. | 

There are two regular cells admitting diagonal spaces, te Ci 
and the C,,,. Through any face of the C,, passes one diagonal space, 
containing the centre and bisecting the dispatial angle of the two 
limiting bodies passing through the face. Through any face of the 

‘oo pass two diagonal spaces; the angle formed by these spaces 
and that formed by the two limiting spaces through the face have 
the bisecting spaces in common, and the cross-ratio between the 
couple of diagonal spaces «and the couple of limiting spaces has 
again — as we will prove afterwards — 4 (3—WV5) for one of its 
six mutually connected values. 

The fact that only the two mentioned regular cells possess diagonal 
spaces is again closely connected with this that through each of the 
vertices pass more than four limiting spaces and — we are obliged 
to add here — that these limiting spaces are tetrahedra’). If we 
take away from the limiting tetrahedra meeting in a vertex the 
faces passing through that vertex, so as to retain of each the face 
opposite to this vertex, we find in the case of the C,, a regular 


'\) This addition is necessary here. For the spatial sections of the regular Cy, 
do not admit diagonal planes, though any vertex of this cell is situated in six of 
its limiting octahedra. As Mrs, A. Booe-Srorr pointed out to me these spatial 
sections admit what we may call “would-be diagonal planes.” If we consider — 
see fig. 64 of vol Il of my “Mehrdimensionale Geometrie” — of the six octahedra 
meeting in A the squares adjacent to A, we get the six faces of a cube, the 
vertices and the edges of which are vertices and edges of C,,, whilst the faces 
of it are not faces of Cgy If Cgy is cut by a space intersecting this cube, the 
vertices of the section which are points of intersection with edges of the cube 
will lie in a plane without all the sides of the polygon of intersection with these 
points as vertices being edges of the section, In the fourth part of my commu- 
nication “On fourdimensional nets and their sections by spaces’ I hope to be able 
to come back to this point. 
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octahedron adjacent to this vertex, in the case of the C,,, a regular 
icosahedron adjacent to this vertex, situated in a diagonal space. 
Through any face ABC of the C,,, pass two diagonal spaces, as ABC 
lies in two spaces ABCD, ABCQ and therefore also in the diagonal 


Spaces corresponding to P, Q. Through any face ABC of the C,, 


passes only one diagonal space, as the fourth vertices P, Q of the 
limiting spaces ABCP, ABCQ through ABC are opposite vertices 
and these points lead here to the same diagonal space. 


The diagonal spaces of the (,,, include a regular C,,,. 


3. By “diagonal space Sp,—,”’ of an n-dimensional polytope we under- 
stand any space Sp,—; having with the boundary of this polytope 
only limiting spaces Sp, 2 in common, 

Of the three regular polytopes, the simplex Sj,41) with + 1 
vertices and n-+- 1 limiting spaces Sp,-.;, the measure polytope J, 
with 2" vertices and 2n limiting spaces Sp,—;, and the cross polytope 
Cr, with reversely 2n vertices and 2" limiting spaces Spr—i, Only 
the last one possesses diagonal spaces Sp,—,. Through any space 


Spr—2 bearing a limiting simplex .S,,—;) passes one diagonal space 


Spr—1, containing the centre and bisecting the angle between the 
two limiting spaces Sp,—; passing through this Sp,—.. 

The fact that of the three regular polytopes only the cross polytope 
possesses diagonal spaces Sp,—, is once more closely connected with 
this that through each of the vertices pass 2"—-' — and therefore 
more than x — limiting spaces Sp,—,. If we take away from the 
limiting simplexes S,,) passing through any vertex the spaces Sp,,—2 
passing through this vertex, so as to retain the 2">? spaces Sp,—2 
opposite to this vertex, we find the cross polytope Cr,—, adjacent to 
this vertex, situated in a diagonal space Sp,—,. Here too through 
any space Sp,—2 containing a limiting simplex ,,—:) pass two limit- 
ing spaces Sp,—;. But, as the new vertices P and Q of the simplexes 
Sq situated in these limiting spaces are opposite vertices of Cr, 
leading to the same Cr,_;, through each limiting simplex S;,—)) 
passes only one diagonal space Sp,—. 


_ 4. By intersecting a fourdimensional polytope, each face of which 
is situated in d diagonal spaces, by a space not containing an edge 
of the polytope, we get as section a polyhedron with the property 


that each of its edges is contained in d diagonal planes. For, if the 


intersecting space meets a face of the polytope, it meets also the d 
diagonal spaces passing through that face, and this always furnishes 
an edge of the section and d@ diagonal planes passing through it. So 
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the sections of the cells C,, and C,,, by an arbitrarily chosen space 
are polyhedra with the property that through each edge passes 
respectively one diagonal plane or a couple of these. As four spaces 
passing in Sp, through the same face are cut by any space of Sp, 
in four planes through a line with the same cross-ratio, the sections 
of C,,, by a space not containing an edge will be characterized by 
the property that the couples of faces and diagonal planes through 
an edge possess a constant cross-ratio. For from the regularity of 
“Coop Can be deduced that this cross-ratio is the"same for all the faces, 
as we have stated already. Now the section of C,,, by a space 
normal to an axis OX, (through a vertex /,) is a regular icosahedron, 
if only the intersecting space is quite close to /, and this proves 
that the constant cross-ratio of (C,,, must be equal to that of the 
icosahedron. 


5. Indeed, it is not difficult to show directly that the cross-ratio 
of C,,. is really 4 (3 —V‘5). 

Let ABC be any face of C,,, and O, P, Q (fig. 1) represent succes- 
sively the centre of C,,, and the fourth vertices of the two limiting 
tetrahedra ABCP, ALCQ passing through ABC. Then the plane 
OPQ of the diagram will contain the centre of gravity G of the 
face ABC and be perfectly normal to this face in this point. From 
GP=GQ and OP=OQ can be deduced that the quadrangle OPG'Q 
is a deltoid with OG as axis of symmetry. As furthermore the 
normals GP’ and GQ’ dropped from G on OP and OQ are the 
traces of the plane of the diagram with the two diagonal spaces, we 
get for the ecross-ratio (PQRS) 

PR QR _ (PRY? _ (tana —tanBy’ _ sin® (a—~) 
PS “ QS =( 3) ae & a rs, ~~ sin? (a +8) | 

Now if the edge of C,,, is our unit and we represent for brevity’s 
sake 5 by e we have (see my ‘“Mehrdimensionale Geometrie’, 
vol. Il, p. 200) 


l l 1 1 
OP = , 1), OP' = —(e +- 8), OG = —(e : 3, PG = -V16 
s+) q+ 8) OG = 5 +3) V8, PG = Yo. 
Krom this ensues | 
l 
8 = 60°, sna= 3 (e + 1) V6, cos a = : V7—se 
and therefore 
: é—1\? 1 
(PQRS) = ( ) =; (3-—e) = 0,381966 .. . ') 


') In the same way the cross-ratio of the four planes through an edge of the 
icovahedron can be found, 
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6. In the third part of my communications “On fourdimensional 
nets and their sections by spaces’, which is about to appear in these 
“Proceedings” we shall find occasion to fix attention on the diagonal 
planes presenting themselves in the sections of the (,,. As any 
vertex — or rather any couple of opposite vertices — of C\, pos- 
sesses an adjacent octahedron, the polygons situated in these diagonal 
planes are always sections of octahedra. Probably the diagonal planes 
presenting themselves in the sections of the C,,, were discovered 
for the first time by Mrs. A. Booie-Srorr, who made models of 
these sections, and explained as sections with diagonal spaces by 
Mr. H. W. Cvruen. ') 

The object of this paper is to study more closely the cases in 
which the intersecting space contains one or more edges of C,, and 
Coons Of the results revealed by these considerations these about C,,, 
have especially roused our interest. 


A. The spatial sections through an edge of C,,. 


7. We consider the case in which the intersecting space contains 
the edge AB of C,, and indicate by A’ and B’ the vertices opposite 
to A and 3B. Then all the vertices except A and A’ are adjacent 
to A and A’, all the vertices except B and B’ are adjacent to B 
and 8’, and so the four other vertices P,, ?,, P,, P, (fig. 2) are 
adjacent to A and & at the same time. In other words: the octa- 
hedra adjacent to A and J, situated in different spaces, penetrate 
one another in the square P,?,P,P,, the vertices of which they 
have in common. So through the edge AB pass two diagonal spaces, 
one of which corresponds to the opposite vertices /’,, P,, the other 
to the opposite vertices P,, P,; they intersect the plane of the 
square P,P,P,P,, perfectly normal in O to the plane through AB and 
A’b’, respectively in the diagonals P,P,, P,P,. If / is the trace 
of the intersecting space through AZ on the plane P,P,?,P,, and 
this line 7, determining with A# that space, meets the diagonals 
P,P,. P,P, in the points S,,,S,, situated within the square, then 
the section will show the particularity that the planes ABS,, and 
ABS,, are diagonal planes; so in some cases the edge AB will lie in 
two diagonal planes. 

In the third communication “On fourdimensional nets, etc.’ quoted 
above will be indicated that the particularity of an edge being situated 


4) A series of these models, showing e.g. the decomposition of the 120 ver- 
tices of the Cgoo into the vertices of five cells (,,, has been inserted lately into 
the collection of mathematical models of the University of Groningen. 
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in two diagonal planes does not present itself in the four groups of 
principal sections of C,, . 


B. The spatial sections through an edge of Cyoy - 

8. Through any edge AB (fig. 3) of C,,, pass five limiting 
tetrahedra of this cell; the five edges opposite to AB of these tetra- 
hedra are the sides of a regular pentagon P,/’,...P,, the vertices 
of which are at the same time adjacent to A and JB. In other words: 
the icosahedra adjacent to A and 4B, situated in different spaces, 
penetrate one another in the regular pentagon P?,P,...P;, adjacent 
to AB, the vertices of which are common to both. So through the 
edge AB pass five diagonal spaces corresponding respectively to the 
live vertices P,,P,,.., P;; they intersect the plane of the pentagon, 
perfectly normal in its centre M to the plane Ab, in the diagonals 
P,P, PF, ... P,P, of the pentagon, or — if une likes — in the 
sides of the starpentagon P,P,P,P,P,. In the case of C,, the centre 
0 of the square P?,P,P,P, was at the same time the centre of the 
cell. Here the centre M of the pentagon is not even the centre of 
the two icosahedra penetrating one another, and still less the centre 
of (€,,,; here the line joining M to the midpoint M’ of the edge 
AB must contain the centre O of C,,,. 

If the trace / of the intersecting space on the plane of the penta- 
gon adjacent to AB cuts P,P, in S, (fig. 3), ABS, is a diagonal 
plane. For this plane is the intersection of the intersecting space 
determined by AB and/ with the diagonal space determined by 423 
and P,P, of the icosahedron adjacent to P,, and S, lies on P,P, 
itself, not on its production. Indeed. it is evident that this icosahe- 
dron is cut by any plane through AB and a point of P,P, if this 
point lies on 2,7, itself, whilst the plane will contain of this icosahe- 
dron the edge AB only, if this point lies on P,P, produced. In order 
10 prove this we have only to observe that the lines AB and P,?P,, 
the first of which is an edge of C,,, and the latter a chord, 
cross one another normally. From this it ensues that these lines, 
likewise edge and chord of the icosahedron determined by the 
points A, B, P,, P,, can be represented (fig. 4), in projection on a 
plane through two opposite edges pr, p’r’ of the icosahedron, by 
the edge in g normal to the plane of the diagram and the chord 
pp’ situated in that plane, the extremities of the edge being joined 
by edges to the extremities p,p' of that chord. This shows immediately 
that any plane through the edge projecting itself in q cuts the 
icosahedron or not, according to whether the point of intersection 
of the plane with pp’ lies on this line itself or on its production. 
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So for the position of the intersecting space adopted in fig. 3 four 
diagonal planes ABS,, ABS,, ABS,, ABS, pass through AB; the 
point of intersection S, of 7 and P,P, falls on the production of 
this side and does not lead to a diagonal plane. 

On each side P,P, of the starpentagon (fig. 3) there are remark- 
able points besides the extremities P,, P,, which lead to faces and 
not to diagonal planes, namely the points of intersection Q,, Q, 
with the other sides and the midpoint M,. If S, coincides with 
Q,, the sides P,P, and P,P, are cut in the same point and, the 
two corresponding diagona! planes coinciding with one another in 
the plane of intersection of the diagonal spaces ABP,P, and ABP, P, 
adjacent to P, and P,, this plane must contain the pentagon adjacent 
to the edge P,P, of C,,,. So in this case the polygon situated in 
the diagonal plane — compare in fig. 4 the planes normal to the plane 
of the diagram in the lines gr and qr’ — is a regular pentagon. 
If S, coincides with M/, the plane ABM — compare fig. 4 —, 
being a plane of symmetry of the icosahedron, contains AB and the 
edge parallel to AB. 


9. My second memoir with the title “Regelmassige Schnitte u.s.w.”’ 
Regular sections and projections of C,,, and C,,,, Verhandelingen 
Amsterdam, first section, vol. IX, N°. 4, 1907 contains the data 
that enable us to determine, for any position of the intersecting 

space containing a certain number of edges of C,,, belonging to the 
four groups of sections studied there, the number and the position 
of the diagonal planes passing through any one of these edges, and 
to construct the icosahedral sections situated in these planes. We 
_ will try to explain this shortly. 

On the righthand side of the plates I], 1V, VI, VIII has been 
indicated how the icosahedra adjacent to the vertices of C,,, project 
themselves on the axes OR,, OF,, OK,, OE,. In order to see at 
a glance which sections normal to these axes do contain edges of 
icosahedra — and therefore also of C,,, — we consult the upper 
lines of the plates XVIII, XVI, XIV, XII. We find then the 
following table : 


IY, XVI | a,(6), (12), (12), A(6), 


Iv’, XVI | a,(3), (3), ¢(3), £,(6), 4,(6), (3), 
VI’, XIV a,(1), 6,(5) , ¢,(10), £,(5), 9,(10), #,(10), 
Vill, XU  b(80), ¢,(30), ¢,(60), 
in which the indices 1, 2, 3, 4, distinguishing the groups, correspond 
19 


Proceedings Royal Acad. Amsterdam. Vol. XI. 
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to those of the groups of icosahedra on (II’), IV’, VI, VIII4, whilst 
the numbers placed between brackets indicate how many edges lie 
in the intersecting spaces. However the cases a,, a,, a, can be left 
out, as referring to intersecting spaces leaving the C,,, totally on 
one side and being therefore unable to furnish sections containing 
diagonal planes; for each of the sixteen remaining cases the trace / 
of the intersecting space on the plane of the pentagon adjacent to 
the chosen edge must be constructed. These traces, indicated by the 
symbols d,, ¢,,...,¢, of the cases to which they belong, are repre- 
sented altogether in fig. 5. 


10. The determination of the trace / causes the least trouble if 
this line contains two of the remarkable points P;, Q:, Mj corre- 
sponding respectively to a vertex, a point of intersection of two 
non-adjacent sides and the midpoint of a side of the starpentagon. 
In order to divide the difficulties we treat these simple cases first. 
~ Case d,. On plate Il’ we find under d that the groups I and VII, 
each containing four icosahedra, furnish faces situated in the inter- 
secting space, whilst group III gives six icosahedral sections through 
two opposite edges. So the trace d, to be found passes through a 
vertex P; and a midpoint J; if P, is taken as P;, then MM; must 
be either M, or M,. So we find that the trace d, coincides with 
one out of ten homologous lines, if by “homologous” lines we mean 
lines passing into one another either by a rotation of the pentagon 
about its centre J/ to an amount of any multiple of 72° or by a 
reflexion with respect to one of the lines 4/7; as mirror, i.e. in 
general by any transformation that transforms the pentagon into 
itself. 

The line d, cuts two other sides, the sides P,P, and P,P,, of 
the starpentagon; as P, does not lead to a diagonal plane, any of 
the 12 edges lying in the intersecting space is contained in three 
diagonal planes. These new diagonal planes are connected with the 
groups IV and VI, each of which contains 12 icosahedra. As the 
section passes rather near the centre MM; in the case of IV and 
rather near one of the extremities /; in the case of VI, it is prob- 
able that IV corresponds to the point on ?,P,, VI to the point on 
P, P,. Vater on we will prove this to be true. 

We will add the remark, that the number 12 of the edges lying 
in the intersecting space is given back by each of the groups I, IT, 


IV, VI, VII, the corresponding diagonal planes — the /wces of | and 
VII included — containing successively 3, 2, 1, 1, 3 edges, 


Case c,. On plate VI’ under ¢ the group I, leads to a point. Q 
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and the group II, to a point M;; if Q, is chosen as Q;, M; must 
coincide either with M, or with M,. 

- The chosen line c, furnishes one point of fritedeection more, on 
_ P.P,; so there must be one group of icosahedra more with an edge 
situated in the intersecting space. Indeed, we find only one group 
VI,, IV, belonging again to Q,. 

Case e,. On plate VIII® under e we have to deal with a central 
section of C,,,, from which ensues that the line e, passes through 
the centre M of the pentagon. Moreover the groups III,,1V,, V, 
furnish successively a point P;, a point Q;, a point M;. So e, isa 
diameter through a vertex of the pentagon, e.g. P,M,Q,. Here no 
other point of intersection appears. 


11. It would be possible to go on in this manner and to treat 
successively, proceeding from the easier cases to the more difficult 
ones, the remaining lines through two remarkable points, the lines 
through only one remarkable point, the lines parallel to one of the 
sides. We prefer however to explain now, for an arbitrary case, 
how the ratio of division of the side of the starpentagon corre- 
sponding to a determined group of icosahedra can be found by means 
of Fig. 3 of the quoted memoir, which is repeated here with slight 
modification as fig. 4. 

We therefore consider the group IV, of plate Il? mentioned above 
under d,, and remember that the icosahedral sections corresponding 
to this group are determined, according to the quoted memoir, by 
planes normal to the plane of fig. 4 in a line parallel to pp’. If 
the edge normal in ¢ to the plane of that diagram is once more the 
edge AB and the chord pp’ situated in that plane the side of the 
starpentagon, then the point S on that side determining the diagonal 
plane in question is found by drawing through g the line qS paral- 
lel to pp’. Now pw is the smaller segment of the line pp’ divided 
internally in medial section and the same relation holds for p!/r = wq 
with respect to the segments p/r = ps = sq. So if the ratio of the 


side of the regular pentagon to its diagonal is indicated by > we 


deduce from similar triangles 


plw :wq = pw: wS, 
which may be transformed into 


plq: p!w = pS: pw. 


This leads to 
a, 3d + 28 po 3d+2s d—s (2+¢)(8—e) 1+e¢ 1 
Mis py ide.  g@ ° Spfe «+5 BS 


19* 
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By this value the place of S on pp’ is perfectly determined ; 
however in fig. 5 we may and, if d, has been determined by 
P, and M,, we must — assume for S not the point on the right 
of M, corresponding to this ratio but the point on the left. 

As a second example we consider the group IX, of plate VI’ to 
which according to the second memoir — corresponds a series 
of planes normal to the plane of fig. 4 parallel to up,// (p,// being 
the midpoint of sv). We draw through s and q the lines sS’’ and 
qs’ parallel to up,// and determine now the ratio of pS’ to pp’ 
by means of similar triangles as-follows. These triangles give 


Seo! W'S" pS" pS" _ pr pw 


qv ww" ps wu hu 


So we have 
Sw 2quw' pw 2s 8 


pp qu pp’ dts d 


and finally 
pS pw—S'w' 3s 1 2s \ _s(d—s) _(e— 1) (8—e) 
pp =e a dts) 2(e+1) 

In this way is obtained the complete system of the twelve different 
ratios 2 given in the following table, where, when 2 differs from 
3, the value smaller than 4 always appears. For all the groups in 
any horizontal row 4 has the value indicated in the last column 
but one. In the last.column are given the numbers of centimeters 
corresponding to these ratios, when the length of the side of the 
starpentagon (fig. 5) is 20 centimeters. Finally the last column but 
two indicates the direction of the trace of the intersecting planes 
normal to the plane of fig. 4, by means of which the values of 4 
have been calculated. (See table p. 287). 

For the sake of clearness the values of 4 with the side (20 
centimeters) of the starpentagon of fig. 5 as unit have beer indicated 
separately in fig. 6. By transferring this scale division in fig. 5 to 
each of the sides ?,7?,, ete. we are enabled to draw immediately 
each of the traces / in question with accuracy, 


= $(7—8e). 


12. By means of the preceding the polygon of intersection of the 
polyhedron situated in any assigned diagonal plane can be constructed. 
To this end we indicate in fig. 7, which is a repetition of fig. 4, 
for the twelve different cases of the table by the numbers 1, 2,..., 
12 the traces of the intersecting planes passing through the edge in 
qg normal to the plane of the diagram, and show how we can 
obtain all the measures necessary for the construction of these 
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Groups 1 

= @ I, Vil; Ma Xl ee 0 0 

2 Ill, ly, Vila | Is, Vs V4 gO : 10 
| 3 Is, IVa, 1X3 | 14, 1Vg} gs | g@—e) | 7.03982 
4| WN, Vill pp! +e 8.94497 
5 Vv; IV pp! | ee-2) | 9.44072 
“| aon Ills ppl! e—2 4.72136 
7; VIN, V2 ppl’ | fe) | 6.18034 
8 Vip ppl! | +o@—e | 9.14207 
9 IXp up2!!! | *a—sey | 2.91796 
| 10 X, Vis gpl” | oe | 5.59786 
rT Xlp op” | *(e—s) | 8.54102 
12 1X3 Or | <@—e) | 3.81966 


polygons represented in fig. 8 by laying down in the plane of the 
diagram of fig. 7 the regular pentagon projecting itself in psv and 
the equilateral triangle projecting itself in rv. By the remark that 
all these polygons admit an axis of symmetry, the line & bisecting 
the edge q,q, normally, and that the measures gab, aa’ of the 
pentagon of Nr. 9 and gede, dd’, ee’ of the oetogon of Nr. 4 used 
in fig. 8 are taken from fig. 7 this construction will become suffi- 
ciently clear. *) 

We add to this the following simple general remark. The polygon 
situated in a diagonal plane of which one of the sides is an edge 
of C,,, is always either a pentagon, or a hexagon, or an octagon. 
If we once more determine the diagonal plane by means of the 
edge normal in q to the plane of fig. 4 and the point of intersection 
__§S with pp’, then the section is a pentagon if S lies between p and 


_ 75) ‘The letters a and c, that had to indicate points on k, liave been omitted in 
7 F fig. 8. 
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w or between w and p’ and an octagon if S lies between w and 
w’, except’ when S coincides with the midpoint in which case the 
section is a hexagon. In other words, with reference to the side 
P,P, of the starpentagon of fig. 5: the section is a hexagon if S 
coincides with M,, an octagon if S lies elsewhere between @, and 
Q,, a pentagon if S falls between P,-and Q, or Q, and P,. So 
in the case h, we find two pentagons, since two points of intersec- 
tion lie outside the pentagon with the vertices Q;, a hexagon and 
an octogon, ete. 


13. The method developed here bas a ‘slight drawback, revealing 
itself to the utmost in the determination of the exact position of the 
trace h,. The difficulty consists in this that the method leaves us 
in the dark as to the succession of the different values of 2 on the 
trace /. If we have deduced that the different ratios of VI,; VII,, 
IX,, X, present themselves and we have chosen for VII, the centre 
M, (fig. 5) we are obliged to investigate by a rotation of the ruler 
about M/, on which side — and in which of the two different points 
on this side — we must assume the point of division corresponding 
to VI, in order to make the other points of intersection to corre- 
spond to IX, and X,. We now indicate finally how this difficulty 
can be overcome. 

To any chosen edge of C,,, projecting itself on plate IV? in hon 
the axis UF’, there correspond five adjacent points of C,,,. If now 
it were possible : 

1. to select a determined edge projecting itself in h on OF, 


2. to point out the five adjacent vertices and to indicate in what 
order these points are the vertices of a regular starpentagon, 


3. to find where these five points project themselves on_ the 
same axis OF, 2 

then it would be possible to make out, in what ratio the 
suecessive sides of the starpentagon were divided in projection on 
OF, by h, which would enable us to fix in fig. 5 on each of these 
sides a quite definite point. Really in these suppositions the difficulty 
would be quite dissolved. 

Now these suppositions are quite realisable, by means of the 
tables published in my first memoir with the title “Regelmiissige 
Sehnitte u.s.w.” (Regular sections and projections of C\,, and C,,,, 
Verhandelingen Amsterdam, first section, vol. I], No. 7, 1894); 
we will explain this with the aid of fig. 9 for the case of the 


trace Ay. 
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14. In “Tabelle I’ with the inscription ‘“Coordinatenstellung des 
Zz” we find, if under “C, Zweite Querlinie” the z, corresponds 
to the chosen axis OF, that the vertices 


—6, 7, —11, —12, 17, —18, 19, 20, 33, — 34, 35, 36 


have 1+ for value of z, and project themselves therefore in / 
— compare plate 1V of the second memoir. From “Tabelle II” with 
the inscription ‘“Kanten des Z*°*” we then deduce that (7,33) is 
an edge of C**, that 14, 22, 25, 29, 51 are the five vertices adjacent 
to this edge (7,33) and these points form a regular pentagon P,P, P,P,P, 
in the order of succession 14, 22, 51, 29, 25 and therefore a regular 
starpentagon P,P,P,P,P, iv the order 14, 51, 25, 22,29. Turning 
back to the column ¢, of “Tabelle I’ we find at last that these 
vertices 14, 541, 25, 22, 29 admit successively for z, the values 


1 —e,4,3 + e¢,—2,2(2+.e), 


from which ensues that they project themselves —- compare again 
plate 1V of the second memoir — in &’,g,f,’,c. This result is 
indicated in fig. 9. While the segments of the horizontal lines ap- 
pearing there from right to left are indicated as to their relative 
length by 

doa dvd;e. dj 2, dy d. 4, 


we find, if we indicate by S the point on any side of the star- 
pentagon projecting itself in /, 


PS 8 1 PS d+s | aad 
~ os = —+ =. — (7 == Se), Ses a =—-— (5—e), 
P,P, 3d + 2s 2 PF, 44+ 8s 10 
PS need PS .8d+s. 1 5 
PP, ee ioe aaa, ce’: 


These results are in accordance with what has been found before ; 
moreover they indicate quite definitely the place of each point of 
division '). 


15. If we apply the new method to the case of a trace as e, 
parallel to one of the sides of the starpentagon, then the point S 
projecting itself in e on plate 1V will have to divide the side 
P,P, externally into the ratio unity and this requires, as S does not 
lie at infinity, that the edge P,P, projects itself on OF, as a point. 


1) As the second method gives something more in one respect than the first, 
it might seem superfluous to communicate the first. We are not of this opinion. 
For the first method has this advantage above the second that if leads imme- 
diately to a construction of the polygon situated in the diagonal plane as the 
section of a definite icosahedron by a definite plane. 
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This case is represented in fig. 10 for the edge (21, 24), where 
3, 49, 50,57,58 are the five adjacent points, whilst 50,3, 49, 57,58 
appears as the pentagon P,P,P,P,P,, 50, 49, 58, 3, 57 as the 
starpentagon P,P,P,P,P,. Really P,P, projects itself into a point; 
moreover ?,P, and P,P, on one hand and P,P, and P,P, on the 
other coincide in projection, which is closely connected with this 
that 2 is the same for the two constituents of each. pair. 


Mathematics. — “On triple systems, particularly those of thirteen 
elements.” By Dr. J. A. Barrav. (Communicated by Prof. 
D. J. Korrrwee)- 


(Communicated in the meeting of September 26, 1908). 


In a paper to this Academy’) Prof. J. pk Vries gave a triple 
system of 13 elements of a different type than the cyclic system of 
Prof. Netto’); he added however the observation, that no proof has 
been furnished of these types being the only ones. 

Mr. K. Zvutavr shows in his dissertation*) that the systems given 
formerly by KirkMAN (1853) and Retsz (1859) are identical to that 
of pe Vries, so that the number of Anown systems is feo; neither 
is anything here decided about the number of possible systems. 

It seemed desirable to decide upon this point by means of a special 
investigation ‘). To this end some facility is offered by using those 
expressions which are used in the theory of the configurations, by 
regarding the 13 elements as points, the 26 triplets as dines which 
bear three of the points; the whole of the triple system then becomes 
the scheme of a diagonalless Cf. (13,, 26,) where it is irrelevant 
whether this Cf. can be geometrically realized or not. A classification 
of these Cff. is now our aim in view. 

The rest figure of the second order of a line of such a Cf., i.e. 
what remains if we leave out that line with its three points and 
the 35 lines passing through these points, is of necessity a 
Cf. (10,), the 10 points of which are in three ways perspective and 
that according to the three points left out. 

But then reversely each imaginable Cf, (18,, 26,) of the desired 
type is obtained by: 

i. starting from all possible Cf. (10,), 

24, by constructing for each Cf. (10,) the Cf. (10,, 15,) of its diagonals, 


1) Versl. Kon, Akad, v. Wel, Ill, p. 64, 1894, 

2) Substitutionentheorie, p. 220; Math, Annalen, Vol, 42. 

%) “Ueber Tripelaysteme von 18 Elementen”, Giessen, 1897, 

+, | subsequently find this question treated also by pe PAsquare (Lendic, Le. Ist, 
Lombardo, 2nd Ser,, 82, 1899), 


mar 


ae ee 4 
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3". by investigating for each of these Cff. (10,, 15,) in how many 
ways its 15 lines break up into three principal jive-sides'), 
4th. by imagining for each of these cases the 5 lines of each 
principal five-side as converging to one point and these three 
points as collinear. 


The number of types of Cff. (10,) amounts, according to the 
classifications of Kantror*) and Scurorter’*), to fen, to be distinguished 


Those of the system of KirKMAN are: 


Bit 68 Lee ee eee st ee 4 6Get 23 4612345 « 
- 4 6 466. 2 eee ote 2 9 0 5.°7.8 0-93 69.8. 6 
S.- 2° 7°60 8° 6-0 2 oe ee wee 6: 8:6 8b bee eeee 


|x vin v VV V VIV IX V VIE VY V WV VIVIN V VIIEIX X IN WX WX 


The Cff. of the diagonals of the 10 Cif. (10,) are resp. : 


no} im | v}viwivw| vm x | x | 
4811 8/14 81/4 814 8/4 814 8/4 811 814.8 
19/14 911.911 914 914 911 9/4 914 911 9 
40/4 0/4 014 014 0/4 Of1 O14 O]1 Of1 0 
25/2 5/2 5/2 6/2 oj2'5/2 5/2 5/2 5/2 5) 
27/2 7/2 6|2 71/2712 712 7/2 9/2 6/27) 
20/2 012 0/2 0/2 0/2 012 0/2 ol2 412 9) 
Sgt tat a ete ws ifscls 2/05 | 
36/3 6/3 718 513 5/8 6/3 6/3 6/3 8/3 °'6| 
8 0/3 0/3 0/3 0/3 9/3 9/3 8|3 7/3 0}3 7) 
atlsalatlariaglacia tla ala aia 7 
49/4 9}4 914 9\4 0}4 9/4 9]4 8\4 9) 4 8| 
5 6/5 615 6/5 615 6/5 6/5 6/4 9\5 6\4 9 
B 9/5 8/5 8/5 8/8 815 815 ols 7\5 0\5 0 
68/6 8/6 9/6 9/6 8\6 8/6 slo s\o8cs 
ral7 07 8/7 8/2 9\/7 0/7 o)o 0/79 60 


1) By principal n-side of a Cf. Marrinert: and pe Vares understand a group of 
n Cflines which contain together once all the Cf-points. 

*) Wiener Sitzungsberichte 84, 1881. 

%) Géttinger Nachrichten, 1889, N°. 8, 
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according to their rest figures. If we use the list of Scnrorrgr, then 
the rest figures of the triplets of the system of Nerro are resp.: 
N (O1..4..)eye, all VIL, (0..6.8..\eye. *) all VIII. 
Their possible decoinpositions into principal five-sides are: 


I none 
Il two, see 1 and 2 in the preceding table 
a 1w0; ,,.8 ,: 4 meen came 9 
IV none 
7 tome, .. 6, 6; 7 es + + 
7: one; 8 5 i 
Vil one, = ,, 9 el s ‘i 
Vili four, ,, 10,11,13,13 2 . * 
IX two, ,, 14 and 15 - o > 
= uve, ;, 210, 17, -3, 19,20 ,, es re 


According to 4 these decompositions now give rise to 20 triple 
systems, among which occur with certainty all possible systems ; 
however, they can be identical mutually and to K or to N. We 
now remark that VI and VIL can be completed in but one 
way; sO as soon as these rests occur the system is identical to 8, 
resp. 9; from this follows already that K and 8, and likewise N and 9 
are of the same type (see table page 292). 

Now rest figure VII appears for 11 according to the triplet 37a; 
VI on the contrary for : 

1, 2, 3, 4, 5, 6, 7, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20 
resp. according to the triplets : 
123, 123, 145, 167, 123, 123, 47a, 37a, 35c, 57b, 56a, 79c, 49a, 
27a, 18a, 35c¢ and 60); 
so 11 is identical to 9 and K, the remaining are identical to 8 and N 
and we have proved : 

that except the two known forms no triple systems of thirteen 
elements exist. 

At the same time is evident that to recognise a given system it 
is sufficient to find a few rest figures until one meets either VII 
(or VIII in greater number than six) or II, III, V, VI, IX or X. 

The preceding has moreover given a method*) to determine the 


The cyclic order is here: O01 234567894 be. 

*) Compare ve Vries Versi. en Meded. Kon. Akad. v. Wet. VI, p. 13, where 
in a more restricted sense the same method is used to trace the (exclusively 
regular) principal poly-sides of the Cff. -,. Such a principal poly-side however 
determines a triple system and reversely. Indeed, the cyclic systems of 13 and 15 
appear already in the work of pe Vries (I.c. p. 16 and 17), however without 
being regarded as such. 
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number of triple systems for arbitrary n (if only =1 or 3, mod. 6), 
i.e. to classify all diagonalless 


Bd n(n—1 
Cif. Mn—1l 3 (“S=? 
2 ‘ 3 


? 


namely : 3 
1. by starting from all possible : 


n—3) (n—7 
cpt \o— te » (SD 7 


2 
2. by enumerating the Cff. of its diagonals, those are : 


3(n— 
Cif. (n—3), ’ ( \ 2 =) 


3. by investigating in how many ways each of these Cff. can 
n— 


’ 


? 


break up according to its lines into three principal sides, 


4. by every time assuming the lines of such a poly-side to be 
convergent to one point and these three points to be collinear, 

5. by arranging the obtained systems in types. 

Already for »=15, however, this method is checked by the 
absence of the classification of Cff. (12,, 16,) necessary for 1, of 
which only some six forms have been enumerated’). Let us restrict 
ourselves to the best known and most regular form, of Hxrssr : 

A 123 4 


a6. c2¢@ 
beda 
dine 2 @2® 


8 daobe 
in which each point of the quadruplet abcd is collinear to the points 
of the two other quadruplets in the same row of column, then ¢hree 
types of triple systems of 15 elements appear : 
I. Complement wah, e«cd, w12, «34, 256, x78, 
yac, ybd, y13, y 24, y 57, 7 68, 
zad, zbc, 214, 2 23, z 58, 2 67, 
vY z. 
All rests are A, the system is identical to the eyclie one‘): 
(1.2 eG) OR... es ere mee 
Il. Complement wab, wed, «12, «34, «56, a 78, 
yac, ybd, y 138, y 24, 7 58, 4 67, 
zad, zbe, 214, 2 23, 2 57, 2 68, 


“ y Ze 


or 


for) 


') Comp. the author's dissertation; *Biidragen tot de theorie der configuraties"’, 
Amsterdam 1907, § 36. 
*) L. Herrren, Math. Annalen, Vol, 49, 
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_ There are three rests A, namely of 
2yz, £56 and x78; 
there are four rests B, i.e. of the type of the Cf. (16,, 12,) of 
DE Vries of the composition 
B 


ey. 
c A lS 
> 


3° 4 
cd 
d 


Nedad 
a-2:6 


These rests appear for cab, wed, «#12, «34. 

The other rests are of other types. 

II. Complement wah, «ed, 212, 234, #58, 267, 

yac, ybd, y13, y 24, y 56, y 78, 
zad, 26c¢; s 14, 2 23, 2 357, 268, 
OY 2. 

Only «yz has rest A, there are no rests B, all other rests are of 
other types. 

Whether by completing other Cff. (16,, 12,) other systems than 
the three above-mentioned will appear, remains undecided; at any 
rate B will lead in at least one way to II as it appears among its 
rests. 


Anatomy. — “About the function of the ventral group of nuclei 
in the thalamus opticus of man.” By Prof. C. Winkie and 
Dr. D. M. van LonpEn. 


The following remarkable case was offered to our observation in 
the neurological clinical department of the Binnengasthuis. 

An unmarried woman, aged seventy-seven, not having suffered 
previously of any serious illness, and somewhat dull of hearing 
during the last years, got one single but severe fit of dizziness three 
weeks before her admittance. 

On Jan. 8% 1908 she was found in her room unconscious, and 
transported thence to the Binnengasthuis, on arrival there she was 
slightly wandering in her mind. This state continued for three days, 
afterwards she made no complaints either of pain or of paraesthesia. 
Incontinence never occurred. There was found sclerosis of the arteries 
and dilatation of the heart. The urine contained '/, °/,, of albumen 
and hyaline-cylindres. After three months death ensued caused by 
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pneumonia. Clinical examination of the different organs of sense in 
this woman gave the following results: 

Smell and taste are normal. 

Sight has diminished on account of a beginning senile cataract, 
and has on both sides been reduced to °/,,. The fundus oculi is 
plainly visible and does not show any alterations. There is no 
restriction of the visual area worth mentioning. 

Hearing is very bad during the first time after her admittance. She 
is almost completely deaf. The whispering voice is not heard on either 
sides. After three weeks this disturbance is restored so far, that on 
the left the whispering voice is distinguished to a distance of 3 M. 
This degree of dullness of hearing continued till her death. 

On both sides the tympanic membrane has suffered slight. selero- 
tical degenerations. 

The sensibility of the body is in all respects normal to the left, 
on the contrary to the right it has considerably decreased, in the 
following manner: 

the tactile sensibility is entirely lost in the right hand and foot, in 
the lower part of arm and leg it has suffered great disturbance, 
somewhat less in shoulder and hip, and still less in the right half 
of the trunk, whilst in the right half of the face hardly any distur- 
bance is to be observed. The difference between the head and the 
point of a pin is badly distinguished on the right side, except in the 
face. The latter disturbance, like that of the tactile sensibility, has 
its boundaries towards the left in the mid-dorsal and mid-ventral 
lines of the trunk and is most marked in hand and foot. 

The pain-sensibility of the skin “has likewise diminished to the 
right. Piercing of the skin is not at all perceived in the extremities, 
only feebly in the trunk, but almost normally in the face. 

On the contrary pinching or squeezing of the deeper situated 
portions produces a much sharper perception of pain to the right 
than to the left. Vehement repelling movements are occasioned by it. 

The perceptions of intense cold and intense heat have suffered 
great decrease in the right extremities, to a less degree in the right 
half of the trunk, whilst the disturbance is feeblest in the face. 

Passive movements communicated to the fingers, the hand, the toes 
or the foot of the right side, are not perceived at all, however swift 
and extensive these movements may be. Movements performed with the 
articulations of the right elbow or knee are perceived badly, for 
movements with the articulations of the right hip and shoulder the 
perception is nearly normal. The patient has lost all notion as to 
the manner in whieh her right hand and foot ave placed in space, 


a - ts deli dal T= x 7 
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as regards the position of knee and elbow her perception is likewise 
inaccurate but to a less degree.. The position of the upper-arm and 
leg is ascertained with tolerable accuracy. There is complete astereoy- 
nosis of the right hand. Not a single object put into this hand is 
recognized. The patient does not know whether she has got something 
in this hand or not. Oftenest she drops it. 

All these disturbances of sensibility to the right remained stationary 
during the three months the woman was under observation. 

On the contrary the motility of the right limbs had suffered only 
slightly. In the week after the lesion she complained of a certain 
feebleness of the right extremities. 

A paralysis however has never been observed. The complaint was 
a passing one, and the only fact ascertained was that the right 
shoulder hung somewhat lower than the left one. Rapid as well as 


_ subile movements could be performed with the right extremities, e. g. 


to count money, or to bring the finger to the top of the nose, were 
done nearly as well by the right hand as by the left. Here is only 
a slight right-sided cerebral ataxy, and there does not exist any vestiye 
of athetosis, or choreic or other involuntary movements. The dynamo- 
meter in the hand reached 50 . on both sides. 

The skin reflex-actions, as the abdominal, cremaster- and plantar- 
reflex-actions, are normal and on both sides equal.The deep reflex-actions, 
those of the tendo Achillis and of the knee are not increased, there 
is no clonus of foot or knee. Neither is there a distinet difference 
of tonus, nor any atrophy in the muscles of the two halves of the body. 
There have been no disturbances of speech or articulation. As the 
patient had never learned reading or writing, possible disturbances 
in reading or writing were not to be stated. Her condition remained 
unaltered until her death on the 24% of March 1908. 

The brains, which were kindly put at our disposition from the 


laboratory of Prof. Kunx, were indurated in formaline for a few 


days. Thereupon frontal sections of 1 em. were made through both 
hemispheres. The only degeneration that may be observed macros- 
copically is a focal destruction in the medial and caudal portions of 
the left thalamus opticus. 

Consequently for the purpose of microscopical examination there 
was made a series of frontal sections through the left hemisphere, the 
most proximal sections of these passing through the caudal ends of 
the frontal convolutions, the temporal pole and the commissura 
anterior, whilst the most caudal section passes behind the caudal end 
of the fissura Sylvii, through the caudal border of the gyrus supra- 
marginalis, the praecuneus and the splenium corporis callosi. 
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The nucleus caudatus, the nucleus lenticularis, the capsula interna 
and the frontal end of the thalamus opticus have not suffered any 
alteration. Neither has the whole of the nucleus anterior. About 
halfway the sections through the thalamus, the frontaleommencement 
of the focal softening is found, as a small irregular square in the 
nucleus lateralis (fig. 1). The hearth consist of leucocytes, lying close 
to one another, in its wall the capillary vessels are found distended 
and surcharged with blood-cells. 

In the following sections the hearth is rapidly expanding (see fig. LI). 
Irregularly shaped, it is situated within the ventral nuclei *), destroys 
the largest part of the nucleus ventralis 6, encompasses like this 
nucleus the “centre médian’’ of Lvys, and enters into the ventral 
nucleus @ until near the regio subthalamica. The “Gitterschicht’’, the 
lamina medullaris externa and the regio subthalamica are untouched 
by it; consequently both, the lateral medullary mass of the red nucleus 
and the strata of the lemmiscus, remain free from damage. 

In the same region is found a smaller focus, as yet apparently 
separate, (but in reality connected with the larger hearth) in the 
principal portion of the nucleus medialis. 

A little more caudalward (see fig. III) the hearth attains its largest 
extension. It is now situated in the ventral nuclei a, 6 and c, that 
are almost completely destroyed, it sends a narrow branch into the 
nucleus medialis, and proceeds straitened wedge-like towards the 
regio sub-thalamica, where it approaches very closely the radiations 
of the lemniscus-fibres and intercepts these. 

Still more caudalward (see fig. 1V) the position of the hearth has 
become such, that the ventral nucleus a is left free, whilst the nuclei 
4 and ¢ and likewise the posterior nucleus are absorbed by it. The 
corpus geniculatum mediale forms here likewise part of the hearth 
(but the radiation from the braecchium conjunctivum corporis quadri- 
gemini postici into the nucleus gen. medialis is left uninjured). The 
hearth continues by a long and narrow branch along the ventral 
side in the pulvinar thalami optici (see fig. V), ending there. 

The corpus geniculatum laterale is no wheve touched by the hearth. 
Neither is the so-called “Gitterschicht” of ARNOLD, 

From this focus secondary degenerations start into different areas, 
these degenerations are distinguished partly by the presence of granular 
cells, partly by the absence of medullated fibres in lighter-coloured 
areas in preparations after the Wricrrt-Pat method. 

In the thalamus, the frontal end of which does not show any 
degenerative alterations (see fig. 1) the posterior part of the medial 


') von Monaxow's nomenclature of the nuclei Thalami is followed. 
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principal nucleus has assuredly lost fibres, especially in the portion 
situated caudal of the hearth. Such is likewise the case with the 
“Gitterschicht”, although it is no where touched directly by the 
hearth. In the neighbourhood of this latter a great number of the 
fibres passing the Gitterschicht in their course from the thalamus 
towards the retro-lenticular portion of the capsula interna, are dege- 
nerated. Those degenerated fibres gather into an area, lying close to 
the “Gitterschicht’, an area, which in preparations made after 
Weicert-Pau’s method, contrasts with its surroundings by its being 
light coloured, against the black coloured retro-lenticular portion of 
capsula. (see fig. 1Va) *). 

Situated at first lateral of the “Gitterschicht” (see fig. 1Va), 
this area may be pursued caudalward (fig. 1Va, fig. Va,a,, fig. Vla,a,e,) 
and frontalward (fig. IIla,a, and fig. Ia,}. In the caudal sections its 
ventral boundary is the medullary triangle surrounding the corpus 
geniculatum externum (JW in fig. IID), expanding thence both in the 
stratum sagittale externum and in the stratum sagittale internum 
(see fig. II and fig. 1V). In frontal sections this field is situated in 
the capsula interna, medialward from the caudal ending of the 
putamen nuclei lenticularis (fig. Iqa,). 

This degenerated area may be followed in three directions: 

1st in the medullary rays of three temporal convolutions (see 
fig. I—VIla,) least in the gyrus temporalis I, 

2°¢ in the splenium corposis callosi (see fig. VI and VIIa,) 

3 in the medullary rays of the gyrus supramarginalis and_ still 
for a large part in the gyrus centralis posterior (see fig. I—VIla,). 
When examined in glycerine preparations the medulla of these gyri 
is thickly interspersed with granular cells. 


Summing up the abovetold facts, we find some definite distur- 
banees of perception in an old woman, after a lesion produced by 
a hearth of degeneration strictly localized within the left thalamus. 
These disturbances are: 

1s Temporary deafness on both sides, leaving as its stationary 
result a certain degree of dullness of hearing on both sides. 

2»¢ On the right side a chronic loss of sensibility in all qualities 
of sense of the skin and the deeper-situated parts, almost complete 
in the distal ends of the extremities, less marked in the trunk and 
in the roots of the extremities, unimportant in the face. All this is 
not accompanied by any choreic movements on that side, whilst 
there is found only a very slight ataxy to the right. 


*) In the drawings the areas are represented too light-coloured. 


- 20 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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Without any doubt these disturbances are dependent on that hearth. 

The loss of hearing is probably connected with the destruction of 
the corpus geniculatum mediale. This destruction, together with the 
secondary atrophy towards the temporal radiation (see a, in the 
figures), suffice to explain a certain loss of hearing, according to 
experiments made by different investigators after very different methods. 

It is only to be noted as a remarkable fact that the patient was 
at first completely deaf on both sides, although the lesion was only 
at the left side. Remarkable too is the rapid way in which an im- 
portant amelioration of this deafness set in. 

The area of degeneration (a, in the figures) does not attain in the 
first place the medullary cone of the temporal convolution turned 
towards the fissura Sylvii, but is situated in preference in the two 
other temporal convolutions. This may be a reason, that she did 
hear and understood the spoken word. 

It is formed by degenerated fibres, arriving thither both from the 
stratum sagittale externum and from the stratum sagittale-internum, 
as becomes evident especially in the more frontal sections. In the 
sections made more caudalwand, a degenerated fascicle going towards 
the splenium corporis callosi may also be pursued. 

Perhaps these facts may add something to an eventual explanation 
of the incomplete deafness on both sides after focal disturbances on 
one side of the brain. But leaving this aside as less important, we 
desire only to call attention to the chief point of this interesting case. 

The ventral groups of nuclei in the thalamus opticus, more especi- 
ally their caudal portions -— and these nuclei only, with the exclusion 
of all others — are found softened in the cerebrum of a person, 
who during life had lost all sensibility in the distal ends of the 
crossed extremities without choreic movements, without intensive cortical 
ataxy on that side, whilst the sensibility remained nearly intact in the 
face, and had suffered some decrease at the proximal ends of extremities, 

Similar strictly defined hearths of degeneration are very rarely 
found in hemi-anaesthesia, but they contribute important data to the 
study of the intra-cerebral course of the tracts for the general sensibility, 

These tracts are less known by far than the intracerebral course 
of the tracts for sight and hearing. 

Since Tirck in 1850 by his experimental researches gave the first 
impulse to the study of the intra-cerebral sensibility tracts, there has 
appeared an enormous amount of literature on this subject, which has 
been recapitulated with sufficient avcuracy in the dissertation of 
Lona') (under guidance of Déstrinn). The chief result of this mass 


') Evouann Lone, Les yoies centrales de la sensibilité générale, (Etude Anatomo- 
clinique). Théwe de Paris. 1899. 
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of labour was, that at present it has become nearly generally assumed 
that the thalamus opticus, amongst other functions, also contributes 
to provide for the sensibility of the cvossed half of the body. 

From the side of the school of D¥sértve this opinion has been 
put forth with marked emphasis in the excellent book of Rovussy *), 
who includes the disturbance of sensibility in the crossed half of 
the body in his “syndrome thalamique.” 

But not even in this work is treated a hearth localized so exclu- 
sively on the thalamus opticus’). The strict localization noted in our 
case justifies the thesis: 

The caudal portions of the ventral groups of nuclei in the thalamus 
opticus take a similar part in the central projection of the sensibility 
of the skin and of the deeper portions in the distal ends of the 
crossed extremities (less completely of the trunk and of the roots of 
the extremities, hardly at all of the face) as that taken by the 
corpus geniculatum mediale in the central projection of the impressions 
from the cochlea and by the corpus geniculatum laterale in the projec- 
tion of the impressions from the retina. 

A case, closely resembling the one given here, has been described 
by von Monakow *). Unfortunately he could not dispose of sufficient 
clinical data, especially as regards the question whether there had 
been hemianaesthesia during life. Ou the other hand he has described 
with the most careful accuracy the secondary atrophic degenerations, , 
consequent to the loss of the posterior ventral nuclei, these degene- 
rations being nearly the same as in the case related in the foregoing. 
It appears to us that in this latter case the gyrus centralis posterior 
receives a greater number of fibres from the atrophic area than in 
this well-known case of von Monakow, offering nevertheless many 
striking points of resemblance with it. 

It is moreover an important fact that the face remained almost 
wholly exempt from the loss of sensibility. Perhaps this is somehow 
connected with the fact that the median principal nucleus and the 
centre médian remained likewise almost wholly free from the degene- 
rative hearth. For in animals the secondary tracts of the trigeminus 
have been traced principally to the centre médian (WALLENBERG *) 


1) Gusrave Roussy. La couche optique et le syndrome thalamique. Paris, Stein- 
heil. 1907. 

*) Roussy |. ¢. Compare cas Jossaume p. 229. 

8) CG. von Monaxow. Zur Anatomie und Physiologie des unteren Scheitellippchens. 
Arch. f. Psych. 1899. XXXI S. 1—74. Fall D’auj. Also conf. L. Epincer, Erkrank- 
ung des Thalamus opticus. Bd. XXI. Arch. f. Ps. 1899. S. 657. 

4) Avotr Wattenserc. Secundaire Bahnen aus dem frontalen sensiblen Trige- 
~vinuskerne des Kaninchens. Anat. Anz. XXVI. 19035. S. 145—155. 
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together with the ventral nucleus, others also believe the medial 
nucleus to be connected with the N. trigeminus (Arriins Kapprrs'); 
besides animals with a powerfully developed trigeminus (e. g. the mole) 
possess a large medial nucleus. Consequently in regard to this case 
the possibility is not to be denied that the medial nucleus may stand 
in some closer relation to the sensibility of the face than the 
ventral does. 

The above described case represents an almost unique experiment 
taken by Nature, and it demonstrates, that isolated destruction of the 
ventral thalamus-nuclei may be accompanied by loss of all sensible 
perception in the distal ends of the crossed extremities. 


EXPLANATION OF THE FIGURES. 


Fig. I—VII, frontal sections through the left hemisphere. Fig. Lis a s ieee frontal 
from the red nucleus, which hits the corp. subthalamicum; the frontal be- 


ginning of the hearth. Fig. II through the red nucleus, the retrolenticular portion 


of the capsula interna here begins. ig. LIL through the largest expansion of the 
hearth, the ec. quadr. anterius is sectioned. Fig. 1V through the corpora geniculata 
and pulvinar thalami. Fig. V the caudal end of the hearth in the pulvinar thalami. 

In all sections «. indicates the area of degeneration in the retro-lenticular portion 
of the capsula interna, situated lateral from the Gitterschicht, a, a, the radiation 


of the degenerative field towards the temporal radiation, dg the radiation towards | 
the gyrus supramarginalis and towards the gyrus centralis posterior, ad; the | 


radiation towards the corpus callosum. 


Fig VI, the section through the splenium corp. callosi. The degenerative areas. — 


Fig. Vil, through the splenium corp. callosi and the tapetum. 

In all figures the signification of the letters employed is as follows : 

cap. n. c.=caput nuclei caudati, caud. n. c.=cauda nuclei caudati, c. ¢. = 
corpus callosum, c. f.=columna fornicis, f. f.=fimbria fornicis, f. c. = fissura 
centralis, f. i. p. = fissura interparietalis, f. p. c,=fissura postcentralis; f. 5. = 
fissura Sylvii, r. a. f. S.=ramus ascendens fissurae Sylvii, G. C. a, = gyrus 
centralis anterior, G. C. p, = Gyrus centralis posterior, G. s. M.= Gyrus supra- 


marginalis, G. L. = gyrus ling: alis, G. I’. = gyrus fornicatus, G. H. = gyrus hippo- ” 


campi, G. P, = gyrus pariétalis superior, G. Para C. = gyrus paracentralis, G. Pr = 
gyrus praecunei, G. O. T. = gyrus occipito-temporalis, GT,, GT,, GT; = gyri tem- 
porales, |. m. e. =lamina medullaris externa thalami, |. m. i. = lamina medullaris 
interna, p..p.== pes pedunculi, puly. = pulvinar thalami, n. ant. = nucleus anterior 
thalami, n. med. =nucleu$ medialis thalami, n. lat. = nucleus lateralis thalami, 
n. ventr. (a. b. ¢.) = nucleus ventralis thalami (a b. c.), Gilt. = Gitterschicht, n. ce. = 
nucleus caudatus, n, |. == nucleus lenticularis, N. R. = nucleus ruber, m.d. N. kh, = 
medulla dorsalis nuclei rubri, s. n. == substantia nigra, ¢, L. = corpus subthalami- 
cum, c.m. L. = centre médian Luys), spl. c. c. = splenium corporis callosi, 8.8. ext, = 
stratum sagittale externum, s. 8. int stratum sagittale internum (radiation of 
Ginariover), str. t. = stria terminalis, tap, <= lapetum, W. = stratum medullare corporis 
geniculati lateralis (WensieKe’s triangular area), ¢. g. 1. = corpus geniculatum laterale, 
c. g. i. = corpus geniculatum mediale, 


) C. A. Anniens Karrens. Weitere Mitteilun - liber die Phylogenese des Corp, 
striatum und des Thalamus. Anat, Anz. 1908, Bd, XXXIIL No, 13 und 14, S, 321. 
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Physics. — “On the kinetic derivation of the second Law of Thermo- 
, dynamics.” By Dr. O. Postma. (Communicated by Prof. H. A. 
LORENTZ.) 


§ 1. In a previous paper’) I tried to set forth how an ensemble 
of molecular systems possessing only kinetic energy may be thought 
gradually to pass to a state in which all the combinations of place 
and also all the combinations of velocity of the molecules occur 
with the same frequency. In this final condition the molecules of 
by .far the majority of the systems of the ensemble will, as was 
shown, be distributed about uniformly over the vessel and have 
MaxweE.’s distribution of velocities. 

This result, however, requires some aiuplification. 

As the problem of the distribution of place and that of the distri- 
bution of velocity were treated quite separately, the above-mentioned 
result implies only, that in the end the molecules will be distributed 
uniformly over the vessel for a/l the velocities together, and that they 
will have Maxwetw’s distribution of velocities for the vessel considered 
as a whole. This, however, is not what is generally understood by 
uniform distribution over the vessel and Maxwet1’s distribution of * 
velocities; we mean by this that even for a limited amount of velocities 
the molecules will be spread about uniformly over the vessel, and 
that even for a limited portion of the vessel Maxwe..’s distribution 
of velocities will hold on the main. So the question remains, how 
this result may be obtained. 

Let us first observe that in a canonical or microcanonical ensemble 
the uniform distribution of place and Maxwe.w’s distribution of velo- 
cities in the latter sense is really obtained. This is very easily seen 
for the canonical ensemble. It is, however, also the case for a 
microcanonical ensemble, where the frequency of a certain distribu- 
tion of place and velocity is proportional to the number of com- 
binations possible. This number of combinations may be given 


: es | frton fdodw 

in the form Ce just as if is given in 
oe 

Ce when only 


sidered. So in the most frequently occurring system — [res J dodw 


or — H is maximum. With given kinetic energy this is the case, if 


the form 


the distribution of the velocities is eon- 


1) These Proc. X, p. 390. 
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f= ae—*+7+™, where a and } are real constants, so that for this 
system Maxwe..’s distribution of velocities holds for any small part 
of the vessel, and alse the density is constant throughout the vessel 
for one definite velocity. That for the great majority of the systems 
the distribution of place and velocity differs little from the maximum 
occurring one may he shown in the same way as it is shown when 
the distribution of place and velocity is considered separately. 

It is, however, easy to see that if an ensemble arises, not a micro- 
canonical one, indeed, but one, for which the mean density becomes 
constant for finite but small extension elements, by approximation 
the same result will be obtained as we have for a microcanonical 
ensemble, viz. uniform distribution throughout the vessel and MaxweEt1’s 
distribution of velocities, and that with greater accuracy. as the 
elements are smaller. So we shall have a kinetic derivation of the 
2°¢ law of thermodynamics, if we can show that an arbitrary en- 
semble of systems with a definite kinetic energy passes into such a 
“rough” microcanonical ensemble. So this has again led us to the 
quantity called ‘entropie grossiere” by Poincaré, for if 1, the mean 
density over the elements ¢, becomes constant, = Mlog IT d or the 
entropie grossiére decreases. It seems to me that we might demonstrate 
in the following way that 2 becomes constant in course of time. 

Let us in the first place once more consider the ensemble of 
planets or one-dimensional moving molecules discussed in § 2 and §3 
of the above-mentioned paper. It was shown that this ensemble 
moves in such a way that finally all places occur equally frequently. 
This was the case for all the velocities together and happened just 
because all kinds of velocities occurred for the systems. If, however, 
the total amount, over which the velocities of the systems (planets 
or molecules) extend, is divided into small, but finite portions, it 
will also hold for these amounts separately, if we only take the 
time long enough. So when these amounts extend from w, to 
w, + 4o,, from wo, + Sw to w, + 24 ete. the systems with velo- 
cities lying between o, and w, + Sw will finally be uniformly 
distributed over all the values / lying between O and 22; in the 
same way the systems with velocities between w, + &w and w,-+-24w 
etc. Kach of the horizontal strips of fig. 1 lying above each other 
contains then the same number of representing points. 

If instead of an ensemble of single planets or single molecules we 
take an ensemble of systems of » molecules each but disregard the 
collisions, the same reasoning wil! hold. The whole of the representing 
points now moves, however, in a 6n-dimensional space, and instead 
of the axis of distances and the axis of velocities we get now the space 
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of coordinates and the space of velocities. Also if we do not neglect 
the collisions a motion of the ensemble will take place in the moments 


é 


an =e 


7 QwWw : 
W, 


Fig. 1. 


between the collisions in the indicated direction, so to the state with 
uniform mean density in the narrow strips extending lengthwise over 
a small but finite distance, bounded by the same combinations of 
velocities (symbolically represented by the horizontal regions a of 
fig. 2). In consequence of the collisions, however, the mean density 
in narrow vertical regions approaches uniformity. Nor need these 


comb. of place 


sueeeues 
ee 


° Fig. 2. comb, of velocities 
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regions extend over the total amount of possible combinations of 
place, but the approach to uniformity is also found over finite small 
portions of this amount, (the regions 6). What happens now if the 
two actions take piace simultaneously? In the collision the represent- 
ing points shift in horizontal direction, which modifies the distribution 
in the regions a, and the first action, which would make the distribution 
over the regions a uniform, is counteracted. This continues to be the 
case, as we think the regions a infinitely narrow; if however, we 
consider an element from the figure, the horizontal dimension of 
which is indicated by a, and the vertical dimension by 6 (the reet- 
angle <A), then the distribution in the elements A lying one above 
the other will also approach to uniformity by the first action whereas 
the disturbing influence with which the second action counteracts the 
first, will continually decrease and approach to zero. So it seems to 
me that we may assume that the mean density in the elements A 
lying above each other becomes the same in course of time; this 
reasoning will, however, also hold for the elements lying side by 
side in horizontal direction (if we take now the second action as the 
principal one, and the first as the disturbing action), so that we get 
a “rough” microcanonical ensemble in the end °). 

If the above reasoning is correct, we have obtained the result that 
every arbitrary ensemble of molecule systems with purely kinetic 
energy proceeds towards a state where uniform distribution of place 
and Maxwe.w’s distribution of velocities is most frequent. In the 
meantime we must assume that every system in itself has a reversible 
motion and so after some time it will get again very near to its 
initial state, and will do so repeatedly. Whether Bo.TzMAnn’s 


fe | j flogfdode will decrease for the majority of the cases 


depends on the initial state of the ensemble. It is conceivable that 
this state is such that the majority of the systems are nearer to the 
state occurring finally maximum than is the case for a micro-cano- 
nical ensemble; then the // would increase instead of decrease for 
those systems. It is, however, evident, that this will not be the case 
for an ensemble that represents a system in which recently some 
disturbance of equilibrium has taken place. For such a system /7 
will most probably decrease. 


') It would be doing Gives an injustice if we did not admit, that in his Statistical 
Mechanics he already pointed to this remaining constant of the entropie fine, in 
opposition to the deerease of the entropie grossitve when he says treating the 
analogy’ of the coloured liquid: “If treating the elements of volume as constant... 
elec.” p, 146, : 
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§ 2. Now the question may be raised what place we have to 
assign to Borrzmann’s proof that H = | J Slog f do dw would decrease 


for an “ungeordnetes’” system with regard to the above reasoning 
and the one preceding it. H seems to have to decrease for such a 
system, which as ZermeLo and others pointed out can hardly be 
always the case for one definite system, and can only be assumed 
as occurring in general for an ensemble. 

In the first place we must observe with regard to this that by no 
means certainty prevails that a system which is in an “ungeordnet” 
state at a certain moment, will continue to be in such a state. 

In the second place the properties of such a system, as BoLTzMANN 
applies them in the derivation of the variation of the function // in 
consequence of the collisions (see form. 17 and 105), can oceur for 
one definite system with a sufficient degree of accuracy only when 
the elements dw, dé etc. occurring in these formulae, are taken rather 
large. There are, however, also objections to this (as that it is assumed 
that in a collision of two molecules the velocity-points always get 
outside the elements dw and dw,). 

Independent of the size of the elements the property of being ‘‘unge- 
ordnet” cannot occur for one definite system, it can, however, for 
the average of a whole ensemble (or in course of time if we think 
the systems taken at random from a certain ensemble). 

This ensemble is formed by the whole of the possible systems 
obtained if we think the places and velocities of the m molecules 
assigned to them by chance, so that every time the chance to a 
certain combination of place and velocity is represented by a constant 
function / of the coordinates and velocities. If n is large, the majority 
of these systems have a distribution of place and velocity the course 
of which is mainly indicated by the function 7. It does not hold 
exactly for any definite system that in the neighbourhood of every 
molecule the number of molecules of a certain kind are determined 
by the size of the spacial element considered and the / holding 
there, but on an average it does hold for the whole ensemble. So 
we may say that this ensemble represents BoLrzMaNnn’s “ungeordnetes”’ 


dH 
system. On an average 77 would, therefore, be negative for this 


ensemble. 

On further comparison of BoirzMaNn’s way of treatment and the 
results of §1 we meet with an important point of difference. On 
the whole H will decrease for the majority of the systems for an 
arbitrary ensemble on account of the tendency towards uniformity 
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of density over the elements of extension indicated by A in fig. 2. 
This tendency proceeded from two actions, the former giving uniform 
density over the horizontal, the latter over the vertical regions. So 
we might say that the decrease of H is brought about both by the 
motion of the molecules (the first action) and by the collisions (the 
second action). The coordinates and the velocities Occur also in H 
in the same way. 

Yet BorrzMann states expressly that the H can only decrease in 
consequence of the collisions*) and he shows this as follows: 

The change of H within a given surface is determined by 


mes Gz ataf { a tol ton 3+ hy ne +s ee v+ry Subst | 


+ ©, (log f) + ¢, (log f). 

If the surface is made to join the walls of the vessel, the first 
term is zero, the terms with X, Y, and Z are lost if we assume 
that there are no external forces; C, and C, denote the change 
caused by the collisions. The change in consequence of the motion 
of the molecules is equal to: 


a f coder to9.9 (85 scant es *) 


BoL_TzMANN shows that this integral is wis to: 


f{ ff dwdS ~N — | f awas Nf log f 


which is to be integrated over the surface S, which includes the 
considered gas mass. From this follows that the increase in #7 in 
consequence of the motion is equal to the quantity that is brought 
into the surface S by the molecules. So if the gas is left to itself, 
this quantity will be zero, so that 7 does not change in consequence 
of the motion, but only in consequence of the collisions *). No doubt 
we shall have to look for the explanation of this difference in result 
to the fact that BotrzMann considers the ‘‘entropie fine’, whereas 
above the “entropie grossi¢re’ was considered. If the elements do 
and dw are taken of finite size, as must be done here, the caleu- 
lations which reduce the change in #/ to a surface integral, must 
not be adopted in unmodified form. 


§ 3. For a kinetic derivation of the 2°¢ law of thermodynamics 
it is necessary kinetically to define a quantity which agrees in 


') See: Vol. I, p. 126, note, 
*) Cf. Lonewrz, “Abhandlungen Gber Theoretische Physik", Abhandl. VIII, 
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properties with the thermodynamic entropy. These properties are. 
1. For reversible changes from one state of equilibrium into the 
other is = the differential of a quantity which is defined as entropy ; ° 
2. in an isolated system which, as a whole, is not in equilibrium, 


but may be divided into parts which are, the’ total entropy 
increases. We saw above that in general the quantity introduced by 


BOLTZMANN 
H =| {stags dodw 


decreases, also when the system does not consist of parts, each in 
itself in equilibrium. So if we consider a quantity proportional to 
— H as entropy, it will certainly satisfy the second condition in by 


far the majority of cases. As to the first condition, this is satisfied 
2 
as Lorentrz has shown*), if — - fe is taken for the constant by which 


mean kin. energy per mol. 


H is multiplied, in which p= - erences For a 
abs. temperature 
gas in stationary state 
3m 3m 
eS 6 — le +e+2) om \* —R(e+e+?) 
j= Ce <1 va Toi é 
so that 
2 2 3 
oe il = moms a sai N l Cc — Ere a md 
3° 3 (ug >) 
2 2 3 
=—uwNlogv + pw Nlog & — — pp Nlog N— uN log biden + uN 
3 . 3 “ 4am 


for which Lorentz writes : 


9 


gz UN log v+ uw Nlog d -+ C’. 


N 
At a given temperature we may, accordingly, write v (ty — +- c) 


v 
also for H, in which C still contains 9, no longer N and v. 
_ Besides this entropy of Boltzmann different quantities have been 
kinetically defined by Gisps, which, according to him, possess the pro- 
perties of the entropy. The most prominent of them is the — » or 


— -[: P log Pdr, being the negative mean log of the density over the 


canonical ensemble which represents the system in equilibrium. As 
2) Cf. le. Abhandlung VIIL. 
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was shown by Lorentz') this quantity has the property that in 
: et go 
reversible changes of the system the differential is equal to se in 


which 7’, the modulus of the ensemble, has the properties of the 
temperature. This entropy was only defined by Gripps for the state 
of equilibrium. When, however, we represent a gas which is not in 
equilibrium by a non-canonical ensemble, and define the entropy in 
the same way, also the second property will hold for this entropy ; 


the quantity af P log P dt will namely gradually decrease if the elements 


dr are not taken infinitely small, because each portion of the ensemble 
with given energy approaches to a rough micro-canonical one. In 
the special case considered in thermodynamics that the parts of the 
system are in equilibrium this will also be the case *). | 


Caleulating this — 4 for a perfect gas, we find, as 


~  &y 
bios T 


whereas 


na | 3 
&€=>5 NT and — = id log (2amT) + N log v, 


— 


Nagi 3 
phe ea a N log (2amT) + N log v. 


When comparing this value with BoLrzMann’s entropy we must 
bear in mind that this 7’ does not agree perfectly with the ® of 
BOLTZMANN ; VIZ. : 


mean kin. energy per mol. 


i 


oe and: 77 221 mene Sener anrngtons 
me 
2 
2 
Krom this follows 7’=-——-u> mean ® (taken over the ensemble). 
3H 


So for comparison we must take: 

') See Abhandlung XI. 

*) The objection advanced by Lorentz to this way of defining the entropy, that 
it would namely be difficult to understand how a non-canonical ensemble should 
be determined by a system that is not in equilibrium, does not seem to be con- 
clusive to me. It is true, that the entropy and the en.emble are not determined 
in the same way as for a stationary system, but as we know more about the 
place and the velocities of the molecules or the way in which they have assumed 
their places and velocities, the ensemble is determined more accurately, If we e.g. 
know that everywhere a certain pressure and temperature prevails, we consider 
the ensemble as a sum of canonical ensembles, ete, 
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ee 4 - Sass 
a “ wy—UN + uN log é apm } + 3 wy log v, 
for which we may also write: 
2 
g EN loge + pN log + C"; 


this C", however, does not agree with Lorentz’ C’. 
In this connection I will finally call attention to an objection to 


the use of this latter entropy introduced by Gtpps. 


Purely thermodynamically the entropy is determined by the diff. 


if 


d : ’ Te, 
equation * = dy. So this 4 contains an arbitrary additive constant. 
This is not the case for the kinetically defined one. Bourzmann’s [7 


is entirely determined by the equation H = | ( flog fdodw and so 


2 Z 
also the entropy — 5 uH.In the same way in Gipss — 4 = — f. Plog Pdr, 


if the energy is purely kinetic, which we shall assume. 

The same applies to the free energy w, thermodynamically it con- 
tains an arbitrary additive constant, kinetically it does not. This 
uncertainty, however, allows us to choose the constant in thermo- 
dynamics in a convenient way, which is no more possible in the 
kinetic theories. This constant is now chosen in such a way that 
the y for a certain gas mass (and then also the 1) is equal to the 
sum of the ys of the parts (molarly not molecularly separated). 
This appears clearly in Lorentz'). Here a gramme molecule of a 
certain gas is considered, and 


0 Y 
y= — RT logv+ C derived from = ee ee 
v v 
Now C is chosen in such a way, that p=0O if v=1, so C=Oor 
w= — RT logv. Somewhat further it says: ‘“Haben wir es nicht 
mit einer, sondern mit m Einheiten zu tun, die zusammen das Volum 


v fiillen, so haben wir nebeneinander m-mal die Einheit in dem Volum 


~. Wir miissen also in p=— RT logv v durch ™ ersetzen und 
v 


, 


dann mit m wmultiplizieren.” So by definition the w of the whole 
has here evidently been put equal to the sum of the w’s of the 
parts occurring side by side in the volume v. 

We may also say that this has taken place by assigning another 
value to C for every quantity. If namely in a volume 2» we had 


A) 1c. p. 236. 
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two unities side by side, we should have for the first py, = — RT log», 
for the second yp, = — RT /oqvr, so wp, + 4, = — 2RT log v. For 
the total quantity. we should have y= — 2RT log 2v + C; if now 
we had again put C—O (so that p=O if 2v=1) then w would 
not have been = w, + w,. The C, however, has now been chosen 
in such a way that y=0O if 2v>2 or C=2RT log 2 and hence 
y= — 2RT lbgv=y,+Y,. 

In connection with this we have the property that if two quan- 
tities of different gases, being in equal volumes at the same 7’, are 
mixed in the same volume at the same 7’, the free energy remains 
the same, whereas it decreases if this is done with two quantities 
of the same gas. A similar property exists for the entropy (GiBBs’s 
paradox). How is this now for the kinetically defined entropy or | 
free energy? To answer this question we shall successively dis- 
cuss: 1 is the entropy of an homogeneous gas mass in a volume 
2v double that of half the quantity in a volume v;2 is the entropy 
of an homogeneous gas mass in a volume v greater than the sum of the 
entropies of two such masses forming together the first quantity 
each in an equal volume v; 3 is the entropy of a mixture of 2 gases 
equal to the sum of the entropies of .the two gases separately? 
In the entropy of BoLtzMann the answer is every time affirmative. 


N 
If we consider H = N (Wy +0), then in the 1% case 
v 


2 NV. (oy a + ¢), so 2H, = 2N, (ty * 4. ¢) ; further for 
the whole mass in the volume 2v: 
H= 2N, ( : ae + c) = 2N, ( a ‘ c) = 2H,. 
In the second case: 
H,=N, (1 a et c), H, = N, (to 2 ea c) 


so H, + H, = N, log N, + N, log N, —(N, + N,) (logv + C), 
while //=(N, + N,)log(N, + N,) —(N, + N,) (loyv + C), so that 
H<H,-+ H, or the entropy of the whole is greater than the sum 
of the entropies of the parts. 

In the 3 case the formula for H used here does not hold, but 
now Botrzmann puts here H= H, + H, by definition. For a mixture 
of two gases BoLTzMann puts viz. : 


A =x. [f ston ga dw +- { J log f, do dw. 


However, also the questions 1 and 2 might have been answered 
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directly: from this definition. A= f [tog f ao dw indicates, namely, 


that H of the whole = SA of the parts; further we can always 
think the molecules divided into two parts with densities /, and /,, 


so that f=/, +/;, 
(f, “f J) log (f; + LVS log f, +S log f; ’ 
so that also H< H, + H,. From this latter way of treatment appears 
at the same time that the three properties are also valid for the 
entropy of Batrzmann if the gas is not in the state of equilibrium, 
To answer the same questions with regard to the entropy of Gipps 
we consider the formula: 


= 3 
—%yo = N +- 2 N log (24 mT) + Nlog v. 
As to the first question for N, molecules in the volume v: 
ss 3 3 . 
—-y,= a ™ -f 9 N, log (22 mT) + N, loge, 


wey 
— 274, = 3N, + 38N, log (22 mT) + 2N, loge 
and for 2N, mol. in volume 2v: 
— 4 = 8N, + 8N, log (22 mT) + 2N, log 2v, 
so that the entropy of the whole is not equal to the sum of the 
entropies of the parts. The increase in entropy (or free energy) of 
the whole, however, ts always equal to the increase in entropy (or 
free energy) of the parts’). 
As far as the second and third questions are concerned, we may 
directly take the general case of a mixture of two different gases 
and find then : 


e " — (227) m, m 
from which: 


yp 3N 
gpm y gat) + 


BN, 3N, 
P log m, +- = logm, + Nlog v 


1) Accordingly the equation derived by Dr. L. S. Ornsrein in his Thesis for the 
Doctorate: ‘Application of Grsss’s Statistical Mechanics to molecular-theoretical 
problems”, (Leiden 1908) p. 54: 


Etta ee) = %— Jo states only that the increase in J of the joint elements 


forms the total increase in & of the whole. For the “zero-state”, for which do, 
and J) hold, viz. the state in which the potential energy =0, © vox = Uy is by 
no means valid. It is exactly this “zero-state”, that has been considered above. 
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and 


ma 8N 3N 9 ON, 3N, ; 
—y= ae = 9 2 xT) + : -logm, + rq 9 Ms + WN log v. 


For the first substance alone we find: 


- 3N, . 3A BN, 
q, = + ae log (22T) + ——* logm, + N, log r, 
2 2 2 
for the second alone 
= 3 A 3 3N, 7 jn 3N, : 
— 4, = — +—— log (22xT) + —— logm, + N, log v. 
2 2 2 
From this appears —y—=— 4, + —¥y, or the entropy of the 


mixture is equal to the sum of the entropies of the gases forming 
the mixture, which now holds too if the component parts consist of 
the same gas. So there is no perfect harmony with thermodynamics : 
for this entropy Grpss’s paradox no longer holds. 


That the -— 4 of the whole volume is not equal to the ©— y of 
the parts is a consequence of the fact that the extension in phase 
v, ‘i &<v,: is not equal to the extension (v, + v,)4: +2. In the 
total volume there are more possibilities of combination of place 
than when the volume has been divided into two separate parts. We 
may also. say that BoLrzMann’s entropy just as in thermodynamics, 
may be divided with regard to the volume, Gipss’s entropy with 
regard to the malecules. If we compare the formulae : 


pS v (log +¢) and y= N(— logv + C), 


it appears that Gipss’s entropy can be brought into harmony with 
thermodynamics by augmenting 4 by N loy N or N (log N+ C). 
This may be done by multiplying the density e by NY.e-N or N/ 
by approximation. So we should have to take for 4 the mean og 
of the density, not with respect to the specific, but with respect to 
the aah? phases. *) 

1) When I had written the above, | observed that the last remarks are not 
new In the last sentence of his book Gieus himself has already made the obser- 
vation that we shall have to take —;,,, and not —¥,,,. as equivalent for the 
entropy, “except in the thermodynamics of bodies in which the number of molecules 
of the various kinds is constant.’ So it will always have to be done where the 
entropy of the whole is compared with that of the parts. 

Nevertheless considering that Gises devotes so few words to the matter, I feel 
justified in not suppressing my remarks, 
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‘Physics. — “On the law of molecular attraction for electrical 
double points.” By Prof. J. D. van per Waats Jr. (Com- 
municated by Prof. J. D. vAN per WAALS). 


Though Prof. M. Remcanum has sometimes expressed the opinion 
that from the supposition that the molecules are electrical double 
points would follow that the molecular attraction decreases proportio- 


1 $ 
nally to —, he pointed out to me in a private letter that his deduc- 
e 


tion of the equation of state does not depend upon the accuracy of 
this opinion. In fact for every pair of molecules we have for the 
value of the potential energy 


— 5 V3 cos? ® + 1. cos@ 


and so for the virial i. e. for 47 — if r represents the line joining 
the molecules and / the component of the molecular force in the 
direction of this line — 


V3 cos? FT cos g, 


; virial 3 
so the ratio ————. =—. 
potential energy 2 


As this ratio has the same value for each pair of molecules, it is 
also the ratio between the total virial of the attracting forces of all 
the molecules and the total potential energy. And it is this ratio which 
Reincanum uses for his deduction of the equation of state. 

So we see that this ratio has the same value as if the attraction 
decreased proportionally to 1/r*, though in reality the mean attraction 
decreases much more rapidly. If we wished to calculate this ratio by 
differentiating the value for the mean potential energy ‘) with respect 
to 7, in order to find the force, and by multiplying this value by '/, 7 in 
order to find the virial, we should find a value different from */,. 
This is because we should not differentiate the average potential 
energy in order to find the average force, as I have l.e. erroneously 
written. In order to find the average force we must first find the 
force between two molecules by differentiating the potential energy 
with respect to r. Then we must multiply the result by : 


m?V3 cos? 3 +1. cos 9 
3rst 


é 


‘/, sin p dg sin $ dd. 


1) These proceedings XI, p. 132. 


21 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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and integrate with respect to g and 3. It is not allowed to change 
the order of these operations: to integrate first and to differentiate 
afterwards, as we should do if we calculated the attraction by 
differentiating / with respect to 7. This is obvious from mathematical 
considerations, but it can also easily be shown from physical consi- 
derations. For we saw that the double points have yielded in a 
higher degree to the couples they exercise on one another, according 
as they have approached one another more closely. 

If therefore we make a group of bipoles approach another bipole 
from a distance 7, to a distance r7,, and if we want the axes 
of the bipoles, when they are at the distance r, to be orientated 
in the same way as may be expected from the laws of probability, then 
we must make the bipoles turn in the direction of the couples at 
the same time as they approach to the fixed double point. The loss 
of potential energy is therefore not equal to the work of the attracting 
forces but contains also the work of the couples and therefore we 
cannot find the average force by differentiating the averaye potential’ 
energy with respect to r. ; 

The attraction of each pair of molecules is found by differentiating 


l acre : feo 
ae V3 cos? ®+ 1 . cosy with respect to r, ie. by multiplying this 
r 


« 


3 . 
quantity by ——. Therefore we find also the value of the average 
os 


force by multiplying the value of the average potential energy by 


© 


—-; so we find: 
& 


m* |p, 
9777 13) 


2m? p sm‘ p, 
k a t 3 o 5-4 acd OE a5 e 69 
J + jee 5y t Ba Ty Tt 
where the quantities p have the same signification as on p. 136 Le. 
It appears that the way in which the attraction depends on 7 is 
the same as I had indicated l|.c., but that the coefficients have 
another value than we should find by differentiating / with respect 


to 7. 
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Physics. — “Contribution to the theory of binary mixtures”. X. By 
Prof. J. D. vAN per WAALS. 


Py dp 
THE INTERSECTION OF THE CURVES —— =O AND aes @. 
dx* dv* 
dp i oe 
The points in which-the two curves a and <4 intersect, 
a ( 


lie of course in the unstable region. For it is required for the points 


eee 
of the spinodal line, the limit of the unstable region, that ome > 0 


& 
dein a) Hence the use of 
dx* dv* da dv 
the study of the way in which these two curves intersect, must not 
be looked for exclusively, nor even chiefly, in an indication for the 
course of the spinodal curve. It is, indeed, clear and has been repeat- 
edly set forth in the previous papers that only in the cases in which 


: i Pw ‘ 
there is intersection between the two curves, or when ae 0 lies 
& 


17 fo 
anc _ > 0, and the product 
v 


J3 at, 


outside the curve <r =0, the spinodal line deviates greatly from 
: v 


Py dw : es ee aera 
——- = 0; whereas, when —— =O lies entirely within —--=0, the 
dv? da? dv? 
; ; : Py... 
course of the spinodal line deviates little from the course of pes 0. 
v 
oi Py 
But above all the knowledge of the relative position of ae 
; ax 
2p 
compared with yer rae seems of importance to me for the question 
v 


whether for a given binary mixture three-phase-pressure is to be 
expected or not. And everything that can contribute to elucidate a 
matter of such practical importance, must necessarily be considered 
important. We shall again put 6= 6, (1 —«)+ 4,2 also in this inves- 
tigation, and so again disregard the influence of v on the value of 
b. So from a quantitative point of view our results may be very 
deficient. But on the other hand it has sufficiently appeared in our 
former investigation, in which the same approximation was used that 


the indication of the course of the phenomena obtained in such a way, 
is correct in the main. 


So let us put: 


21* 
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and 
ip MRT 2a 
di (voy 
When we eliminate 7’ from these two equations, we get for the 
locus of the points of intersection of the two curves : 


Pa 
(v—b?) =) asda 
212) ae aa — tv re eae eat Ts Rout ete Ba ie (@) 


This locus, in which v occurs in the 2°" degree, and z in the 4%, 
may present a different shape, and in order to get a survey of the 
different shapes of this curve, we shall introduce some auxiliary 
quantities. 

These auxiliary quantities will recommend themselves in the dis- 
cussion of one of the special cases, and for this we choose the case 
that the whole locus is imaginary for all the values of a between 
0 and 1. Let us for this purpose write the equation (a) in the fol- 
lowing form : 


da 
da? db\? 
j1— sa—) =| — 2b + \e + @ (1—2) (z) | = 0. . fa) 


For the case that this locus is imaginary 
Ma 


Be }e ~ (1-0) (% =) | ioe -9 


or 
Ma 


db dv? dec? 
0<«(1—a) (z2) — 5b — «(1—z) ei i 


or for « between O and 1: 


db\? @a db\? @a 
dat da? da) dx? 


() banal AMR ges ding, ea ae, Aaa 
<| L? 2a 2 hi oan 


da a ; 
or for qe = 2 (a, +a, — 2a,,) positive, which we always assume in 
a“ 
all our considerations : 
a i 


'% a, + Gm yee (By 
da 


—w(l—w). 
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If we write: 


ama, + 2 (a,, — a,) @ + (a, + a, — 2a,,) 2* 


and 
db db’? 
b* = b,? + 26, — # + (z) x’, 
‘x dz 


the latter equation way also be written in the form 


a b,? 2 (a,,—4,) 2b 
0 1 nr 1 zs 13 et: ee “2 
< a,+a,—2a,, db? Re a,+a,—2a,, db ‘fe ©) 
daz da 


If we demand that the locus be imaginary all over the width of 
the figure, so for all the values of « between O and 1, there are 
three conditions : 


b,? 5:* 
it. > > 2? and ee .> : . 
a,+a,—2a,, (b,—6,) a,+a,—2a, (6,—6,) 
and a third condition which is still to be derived. 
Let us write for this purpose a,-+a,—2a,,=c and b,=nb,, 


| st 


1 2 
then 1st as ¢ 2= +> “—— and when we introduce the 
e~ (n—1)? (n— if 
auxiliary quantities ¢, and ¢,, so that — be es Mate) 
€ ron (age 1)? € Hs 1)? 
(e, and ¢, positive), we find from 2a,, = a,-++-a,—e Be Be — 245 a J 


2 
9 1a 1+e, n*-+n’* &, 


ae ee ee ee 


or 
ait 2n-+e8,-+n’ &, 


Pay (xn —1)? 


So the condition that this locus be imaginary is that for all the 
values of w: 


SEU | &,—n*e* 20 
(n—1)? (n—1)* wae fc: @) 
or 
—n’*s, Ve 
#,>0 and «,>0 and 14+ 2" *< 2-4 
(n <= by n—1 
The last condition may be written more symmetrically in the form: 


Ve, ae &, ne, 


Ar n—1 (ni) S@— 


or 
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a Ve, Ye, 


n—1.~n—]l] 


1 


or 
Ye, + nye, >n—l. 
So the condition ¢«, and «, >0 ensures that the locus does not 
take up the whole width from «=0 to 2=1. For the locus not 
to exist at all the value of ¢, and ¢, must be such that: 


Ve, + 2s, >n— 1. 
If Ve, + aye, =n—1, the locus reduces to a single point. In 
this case : 
&, 
(@—1)? 


—2z {1 
feos ite 


é, 
orl—#«#= ' 
n—1 n—1 


The equation has two coinciding roots, i.e. # = 
Perhaps these results might have been obtained in a more lucid 
p g 


, instead of a into 


way, if we had introduced the quantity V = 
ae. 


the equations (@) or (@’), so the number of molecules of the second 
substance present per molecule of the first substance in the binary 
mixture, which quantity must necessarily be positive. The condition 


a yw 
that the two curves ae and ebay do not intersect at any 
dx* dv* 
temperature assumes then the following form 
é, Lo itn’e, en® Ne 
en Be —— | ery 
(n—1)* < fae Pete +i ~1)? No (y) 


For V=0 and N=o this condition is satisfied for positive 
e, and e,. But for this equation to be satisfied for any arbitrary 
value of N it is required that: 


or 


1 i (n—1)? 


or 

If we construet the relation between #, and @, as a curve, taking 
e, and #, as coordinates, we get, for the case that the locus of the 
points of intersection contracts to a single point: 
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Hi Pi nye Get a (y/) 
(n—1)° (n—1)* 

and so a parabola. We see from of (y’) that this parabola touches 

the ¢, axis and the ¢, axis in the points of intersection in which the 


&, +n 


straight line —.* = 1 intersects the axes. The equation of this 


Fig. 36. 


—n? 2 2 
parabola may be written in the form ee fds. 9 * meth +1=—0 
eet. Ga! 


from which appears that the direction ‘of the axis orof the diameters 
of this parabola is given by: | 
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the direction of the above straight line being given by: 


So these two directions are symmetrical with respect to the axes 
mentioned. In fig. 36, in which the ¢, axis has been drawn horizon- 
tally, the value of n, which is always larger than 1, is not supposed 
to be very large. 

The calculation of the place of the top of the parabola may, 
among others, be made, by making use of the property that in the 
top the tangent to the parabola is normal to the direction of the 
Se Fart Pa oi (a haa’” Meu 


e,—n'e,—(n—1)* an? 


dé 
diameter. So om =n from which follows 


é, 


ni—l 


nit 
the axis; it ents the s, axis in a point in hich e, = Oand se, = OS= 
__ (n—1) n'—1 
Wee i ee? Wee 
of n also OS is small, but for larger value of n OS approaches to OP. 
All the points inside this parabola give values for ¢, and ¢,, for 
which equation (3) is satisfied; thus this equation reduces for all the 
points of the line PQ fig. 36 to: 
&, + e,n’*N*? >0 
and for sets of values of ¢, and ¢,, belonging to points lying within 
2 2 
the parabola, there is, therefore, never intersection of “0 and es = 0. 
Summarizing we arrive at the following result. All the points in 
the positive quadrant of the «,, ¢, axes of fig. 36, lying above the 


line PQ, represent sets of values of «, and ¢,, for which (as NV 
3 


ne : : Py dy 
must always be positive) no intersection of = 0 and Sah O can 
v v 


take place. The points lying below PQ, but within the parabola, 
also represent such sets. The points below PQ, lying exactly on the 
parabola represent sets of ¢, and ¢,, for which the locus of the 
points of intersection of the two curves mentioned reduces to a 
single point. And finally the points below ?Qand below the parabola 
represent sets of values of «, and ¢, for which the two curves 
yield a locus of points of intersection, The point to which the 
locus of the points of intersection has contracted lies at a value of 


that for the top ¢,—n*e, = — (n— 1)? This is the equation of 


4 
Hence OS= OP ue So for very small values 
nr 


&,+n’'é, 
: a ap (n- 1)? Ve P 
N= =~", at which result we had already 
l—«z n't, nV &, 


(n—1)* 
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arrived on p. 320, so near 21, when n’e, is small compared 
with «,, and near 2=0 when n’*s, may be large compared with ¢,. 

But now we have to consider the question whether such sets of 
values of ¢, and ¢, can actually occur for mixtures. As we do not 
know any rule as yet which indicates the value of a,, for given 
value of a, and a,, we cannot give a perfectly decisive answer to 
this question. But we shall examine what may be derived about this 
from the rule which is of frequent application: 


a,a, > 4,," 
or 
n*(1 + ¢,)(1 + €,) > (. ae 1) 
or 
4n?(1 + ¢,)(1 + &) > [0 + €,) +0 +8) —@—1)P 
or 


Bee _ (+8) +m (+8) 
1a tava +4)>|1 aT fe 


If we think for a moment the sign > replaced by the sign = 
the locus (d) is perfectly equal to (y), but with shifting of the two 
ordinates in the negative direction over an amount equal to — 1. 
So if we draw two lines, one parallel to the horizontal ¢, axis ata 
distance equal to —-1, and one parailel to the vertical ¢, axis at a 
distance — 1, and if we construct the same parabola for these two 
lines, so that also the points 7, Q,S are replaced by 7”,Q’, S’, and 
we have, accordingly, a line P’ Q’, (d) is satisfied for all points 
lying within this parabola. 

For the points of the line 2” Q’ the second member of (d) is equal 
to 0 or a,, 9, and for the points lying below P’Q’ a,, would be 
negative. Accordingly these points will furnish no realizable sets of 
values of ¢, and ¢,. But leaving this for the moment out of consi- 
deration, we may say that the series of points which the two parabolas 
mentioned have in common, fulfil the two requirements that they 
furnish sets of values of €, and ¢, which admit of no intersection of 
Ev 9 with 22 
da? dv* 
for the points lying above the first parabola, but within the second. 
The second parabola enters the positive quadrant of the e, and g¢, 
coordinates in the origin, touches there a line ¢, — ne, = 0, and so 
cuts the first parabola in a point represented by & in fig. 36. The 
equation of the second parabola may, viz. be reduced to the form : 


(e, — n*e,)? = 4n (x — 1) (e, — ne,). 


= 0, and for which a,a, = a,,’. This holds equally 
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But if, before drawing conclusions concerning the properties of the 
components of binary mixtures which admit of no intersection of 
dy dp + 
re = 0 and me = 0, we consider the meaning of the condition 
a,,7 << a,a, more closely, it appears that the above remarks should 
be greatly restricted. Up to now we have been able to draw the 
conclusion that a,,*—=a,a, leads to a relation between ¢, and ge, 
which is graphically represented by what we have called the second 
parabola, and we have further observed that the condition a,,< a,a, 
leads to values of ¢, and «, belonging to points lying within that 
parabola. According to this view, however, also points lying at 
infinite distance on or in the neighbourhood of the axis of the second 
parabola, would furnish sets of values for ¢, and e, whieh’ might 


a 2 
be considered to properly satisfy the condition —*- <1. For these 


a, a, 
points -a,,?_ is indeed < a,a,, but as well a, as a, and a,, would 
a,,° 
be infinitely large for these points, and the ratio of —* for these 
MM, 


points is equal to 1. We get a more accurate limitation of possible 
values of «, and «, by putting a,,*—=/a,a, with the condition 
fF <1. So let us put: 

A4l?n? (1 + €,)(1 + €,) = (Qn +e, + nte)?. . . . (d’) 
or 
€,°7 — 2nte,e, (21? — 1) + n‘e,* = An fe, (l?n—1) — ne, (n—l) — n (1 —1*)} 
This equation represents an ellipse for /? << 1; for /?=1 a parabola 
and for /*>1 a hyperbola. From the form (d') we see that this 
locus touches the lines ¢,—=-——1 and ¢«, =-—1 in the points in 
which these lines are intersected by the same line P’Q’, which has 
heen mentioned above in the description of the second parabola. If 
we now again ask if sets of values of ¢, and ¢, are possible belonging 
fo components the binary mixture of which does not admit of inter- 

Pp yp 


w ‘ i 
section of °T —( and - : = 0, we notice in the first place that 
aa av 


then the ellipse (d’) must intersect the first parabola and the line PQ. 

Now, dependent on the value of /* in connection with the value 
of n it is possible that the ellipse remains entirely restricted to 
negative values of ¢,, in which case intersection with the first para- 
bola is out of the question, 

This takes place when the relation between /* and n is such that 
the equation: 4/%n® (1 + #,) = (2n + ¢8,)* yields equal or imaginary 
values for #,, and so when; 


4 
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Pn® <2n—1 
holds; for small value of n, e.g. n= 41,5, l* would have to be 


8 
< —, which has certainly been found in observations; but for larger 


9 : ; 
values of n, e.g. 2 — 5, /* would have to be < a5 which will, most likely, 


not be the case. So if n is large for a not too small value of /*, 
the ellipse (d’) will also possess points for which «, and ¢, is positive, 
and the possibility that it intersects the 1** parabola, is not excluded. 


At given /*? we might find the limit for the value of n, at which 
2 


it is still possible that —+ =Oand <* =0 do not intersect, by de- 
12 v 


termining the relation which must exist between 7 and n for the 
ellipse to touch the first parabola. But this would lead to lengthy 
calculations, which we shall omit here. We will, however, examine 
more closely some properties of the ellipse. 

1. Determination of the centre. 

From /‘(e,) = 0 and /’(e,) = 0 or 2n + ¢&, + ns, = 2/*n? (1 + ¢,) 
and 2n + ¢«, + ns, = 2/*(L+,) follows (14+ 8,)y,—n?(1+e,)y, 
from which follows that the line O/M/ (fig. 37) makes an angle 


cy 


3 (7-7)2 


Fig. 37, 
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with the «, axis, the tangent of which is equal to n?, hence O’M is 
parallel to the axis of the first parabola. For the coordinates of the 
centre we find: 


(n-—1)? (n—1)? 
elas 
airy A Si 


7 + ¢)a= 


2. Highest and lowest point. 
For these points fe, = 0 or 


— (nxn — 1P + (1 + «,) +" (1 + «,) = 27 (1 + «,) 
and so 4/l?n? (i a é,) ce! a é,) — i (1 Jf e,)*. 


Hence 1+ 8, =0. for the point B and (1+6,) = + &,) 


apis 

for the point B’; from this follows for B’ the value (1-++¢,)p" =* : 
e (n—1y wate 

and (1 + &)e = ik s = and for Bis 1+e= a 

ABE n 


3. The points A and A’. 
For these points /‘e, = 0 or 
—(n— 1)? + (1 +8,)-+ m2 (1 + &,) = Qin? (1 + &,) 
and so 4l‘n‘ (1 + «,)? = 4l'n? (1 + #,)(1 4+ &,). 
Hence for A 1+ «,—0 and 1 + ¢, =(n— 1)? and for A’ holds 


(1 + «,) = ln? (1 + «,) or (1 + €,)4 = Re a oe and : 


1—/? 


(1+ é&)a’= 


4. The points of intersection with the ¢, axis. 
From (2n + n’e«,)? = 4n7/* (1 + €,) follows: 
— 2(n—l’) + LYV(n—1)* - (1—P) 


| ERM nr? 


So while i —/<(m —1)* there are two points of intersection 
with the «, axis both on the negative side of the origin. For ? = 1 
one of the points of intersection lies in the origin, and the other 

n—1 : 
point of intersection at &, = — 4———, which value= — 1 forn = 2, 
n 
and for all other values of 7 not so large negative. For 1 — /* = (2 — 1) 
the two points of intersection with the #, axis coincide, and for 
1—/'>(n— 1) they are imaginary; then the whole ellipse has 
descended below the horizontal axis. For the case that n is but 
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little larger than 1, this circumstance is to be expected; then only 
negative values of «, and «, exist. 


5. The intersection with the ¢, axis. 
From (2n + ¢&,)* = 4n’l? (1 + ¢,) follows: 


€, = 2n (nl? — 1) + 2nl? Vin? F — 2a + 


For /=1, we get ¢,=0 and ¢,—4n (n—1). For ? <1 these 


sae 2n—1 
values approach each other, and they coincide for / = ——as was 
n 


2n—1 


l 3 
stated above. For 2<-—.— or 1—F> (n—1) 
; n~ 


——— positive values of «, 
n- 

3 ? mig 
no longer occur. For * = — e.g., the ellipse will just touch the ¢, 


axis for n=2, and that in a point for which ¢, = 2; but for 
smaller value of mn the ellipse does not cut the ¢, axis; for larger 
value of n, on the other hand, it does. 


6. The intersection with the line PQ of fig. 36. 
If in: 
(2n + &, + n’e,)? = 4n*/? (1 + €,) (1 + #,) 
we substitute the value ¢, +? «,—=(n — 1)*, we find for the deter- 
mination of ¢, the equation: 


Het Bete, + Ott) 


antl? 
(n* + 1)? 

4n* [1+(n—1)*] 
is greater, a point of intersection is found at positive value of , ; 
for /? just equal to the given value the ellipse passes exactly through 
the point Q, and the same relation exists between / and n, as is 
also found when we substitute the value (n—1)* for e, in the 
equation of 5. 
_ While one of the values of ¢, is positive the ellipse intersects 
‘not only the line PQ, but also the first parabola. For smaller value 
of / or larger of n, the line PQ is no longer intersected in the 
positive quadrant; intersection of the ellipse with the first parabola 
will, indeed, be still possible, till the two points of intersection 
coincide with further decrease of /. Then the ellipse touches the 


— {1 + @—1)} = 0: 


When ? < the two values of &, are negative. If 


d? 
parabola, and the possibility that = =O and “#0 no longer 
oC : Ty? 


intersect, vanishes. 
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7. Another form for the equation of the ellipse. 
Most of the above resuits may be obtained by considering that the 
equation of the ellipse may also be written in the form: 


: 1i- 7 (n—1)? 
(1+¢,)4+7(1+8,)— ey step. | 
(n—1)? 1 
|1-+0,— ni? i. at 


The first member put equal to O is the equation of the line A’b’, 
and the factors of the second member put equal to 0 are the equations 
of tangents to the ellipse in the points 5’ and dA’. 

If the ellipse intersects the first parabola, and so also twice the ¢, 
axis, and if therefore part of the ellipse lies within the first parabola, 
then there is a continual series of points which yield sets of values 
of «, and ¢, for which no three-phase-pressure is to be expected. 
This series of points begins where the ellipse cuts the first parabola 
in the 14st or lowest point, and terminates either in the second 
point of intersection or in the ¢, axis. In the latter case when the 
second point of intersection with the ¢, axis lies higher than (n—1)’. 

8. Ratio of the critical temperatures of the components. 


= e . ‘ ° a, pret 1 ag &, a, nT: n*(1 + &,) : 
For a point of the ellipse is Lae and — = RE TR oa so 
Tr. n(l 
b, _ Tes) If from the point O' (¢,=—1 and ¢, =— 1) we 


Tr, i (1 + 8) : 
draw a line to such a point, and if we put the angle which this 


l+e 
—— =tgy, and so 


1 +8, 


line makes with the ¢, axis equal to g, then 


tf hd ow? 


‘a k . . 
also , “==neotg or ‘gp=n “ae If we put the question whether all 
k k 


1 2 
the points of the ellipse can occur, we notice first of all that the 


condition a,, >0 already excludes the points lying below the line 
PY. Let the ellipse be ineclosed in a rectangle, the sides of which 
are parallel to the axes, let us draw the diagonal through the centre 
for which tyg~=n’ from the point O' (¢,=—1 and e,=-— 1). 


Pans ial mle te 
This diagonal cuts the ellipse in a point that belongs to 7 -= -, 
ky n 
For all the points of the ellipse lying right of this point, ty g > n’, 
T't- ] ; T'. aga ; : 
~- <~. Thus we should have -.* = — for the highest point 
Tr, n Th, n 
of the ellipse. We cannot assert with any certainty that such cases 
do not occur, Substances with larger molecules have not a necessarily 


higher 7;, and that the critical temperature can be lower with » > 1 


and so 


Ri ae eee 


ie 
tis 
¥% 
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we have assumed as possible among others in the course of the 


isobars. 
When we take into account mixtures of water and other substances, 
we find this frequently to be the case. Thus for water and ether 


3 ry? x 
n is about 5 and (7 p)ether = about r (Ti)water- For water and CO, 


Tk, 304 abs ss Tr, 
sis =. Por ter and nitrogen n= 1,6 and —~* 
n= 2,5 and Ty, 638 or water and nitrogen n > anc Ty, 


I oa Oee ee 
much smaller than —. But it still remains an open question in how 
n 


far our theory may be applied in unmodified form for mixtures of 
which one of the components is water, a substance which behaves 
so abnormally. In any case it is only by way of exception that 
points of the ellipse lying on the left of the diagonal, are of practical 
importance. If we now proceed to consider points right of the dia- 
gonal we mention in the first place the point in which the ellipse 
is cut by a line from U’, and for which tgy=n. For this point 
—— 1. For all the points for which tg @ lies between n* and u 
ky 
Tr, << Ty,. But for points for which gg <n, 71,>> 7;,. So mix- 
tures of substances for which the substance with the larger molecule 
has also the higher critical temperature are represented by” those 
points of the ellipse for which ty ¢ <n, whereas, if 4y@—=1, we 
have the case that the critical pressures are the same. For this value 


Pky . Ss tin i + #, 
—— is equal to -———. So the points for which ———- < 1 repre- 
at Er ars } i = P 
sent mixtures for which the substance with the larger molocule has 


not only higher critical temperature, but also higher critical pressure. 
Such lines intersect the ellipse in points in which both «, and ¢, is 


of 


: ; P 
negative, and as it is required for non-intersection of ~ = 0 and 
& 


—== 0 that these quantities are positive, and lie even beyond the 


line /Q, the rule would follow that for mixtures of substances for 


which the substance with the larger molecule has the greater critical 


pressure three-phase-pressure must occur. If experience should refute 
this, ie. if it should appear that for mixtures of such substances 
absence of three-phase-pressure can be found, we should be induced 
to put the question: Is perhaps in some cases 


a, os aa, 


possible; then in the equation (0) viz.: 
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the quantity 7* is > 1, and this equation represents a hyperbola. 
For /? >1 the two points of intersection with the «, axis lie on 
the negative side of the origin. For /? =1 one of the points o 
intersection has got into the point O, and for ? >1 one of the 
points of intersection lies on the righthand side of O, so at a value 
of «, which is positive. The branch of the hyperbola passing through 
this point, then intersects the first parabola and the line PQ, or 
1+¢, 


only the first parabola; a line <1 can then cut the hyper- 


é, 
bola in points for which «, and ¢, are positive, and then absence 
of three-phase-pressure may again be expected. , 

But let us return to the examination of the equation (e’) after 
our digression. Till now we have discussed the condition on which 
this equation has no real root. Let us now pass to other possible 
cases. The roots of this equation have the form: 


(z.) 
1+ vy} = [ «a9 |f1 La ey || 


v b? 
. 1 — «(1 — 2) “i 
a 
or 
aa 
c \dw & &,—n*e 
alti Ye 
wiles REP Oy (ely tly ee 
; = BLES 
bi iatli—ah 
a 
We shall continue to suppose the denominator to be positive. For 
; ports &, 
2=0O the expression under the radical sign is equal to — (nl)? 
n— 


ne - Us. 
and for «= 1 equal to — Go and for these values 7 is there- 
n — 


fore, imaginary for positive ¢, and ¢,. Now we put Ve, + » Ve, >n—1 
before; this supposition implies that ; 8 imaginary all over the width 
) 


from a=0 to e=1. Let us now put Ve,+2Ve,<n—1, 


2 
&, -_ &, 
a—_— 


; &, 
Then the equation - (n 1) (n—1)? 


—w (1 —w) = 0 hastwo 


; ; v 
roots for « between O and 1. For these definite values of « > has 
J 


re. ees ee 
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vo equal values. For x outside these values > is imaginary, and 
oe within these limits two positive values of = > 1 satisfy. That 7 >1or 
is positive may among others be seen when we have developed 


ob 
the equation (a) as agen equation in (v—#). The two real values of 


db 
@) 


- —-; and the equation in 2 requires 
a 


| <t are both positive, if 
et this condition is falfilled for real values of .. From this follows 
- - that if the conditions &,>9,¢,>0 and V#,-+-2Ve*<n—1 are fulfilled 


the locus of the points of intersection of - = = 0 and “t=0 is 


a closed figure. The limiting values for = -—— have been given 
“(see formula (y)) by : 


e e' + n’é, 
a Gciys f (a1) 


For these values of «, the volumes for a given value of x have 


ae b 
coincided, and are equal to ——— 
: 2 l—« (1—a) — - 


The existence of such a 


ay dy 
; Ts cosvatiire the two curves a9 and = = 0 do not inter- 


dx dr 
t. Not before a certain value of 7' e.g. 7 these two meet. At the 


ee 
r temperatures the whole curve — = 0 lies in the space where 


dy 


v? 


= 0 


overtaken the branch of the small volumes of -* = 0. At 


. & L 
part of = 0 lies in the region where ms is positive. But 
v 


further rise of the temperature a change is brought about in 
‘the relative movement of the two curves inter se, and at certain 
temperature equal to 7’, the branches of the small volumes of the 


Bt vse. 22 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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3 ’ 

Y= 0 lies 
Vv 


two curves meet again; and at still higher temperature 


2 


os. es. 
again entirely within -—- = 0. Then three-phase-pressure is to be 
av 


expected between two temperatures, whose values though not coin- 
ciding with 7’, and 7’, are yet in close connection with these values. 
But for this I refer to previous papers. 

The two values of «, between which the locus of the points of 


dy Pap i pete 
intersection = 0 and a = 0 is contained, lie in general not 
avr 


> 


v 
symmetrically with respect to «=O and «= 1. Let these values 
be denoted by #, and «,, then: 

&,—n’s, 


w, +a,=1+ (ni) 


or if the value of «, which lies halfway between them is called 2;,: 


&, — ne 
Ee a ee 

So if «, >n’s,, then 2, > 4 and vice versa. This remark may 
contribute to the solution of the question whether for mixtures for 
which three-phase-pressure exists between two temperatures 7’, and 
T,, the quantity 7 >1 or <1. If ? <1, and if, therefore, the 
points for which ¢, and ¢, are the coordinates, can but lie on an 
ellipse which can only enter the space between the ¢, and ¢, axis 
and the first parabola in a point ¢, >0O and ¢, =0, then a, >} 
may be expected. On the other hand if / >1, and the considered 
points lie on a hyperbola, ¢, > 0 and «, << ne, is to be expected. 
Then the discussed locus lies on the side of the component of the 


smallest size of the molecules — which occurs for mixtures of 

ethane and alcohols. For the case «,=9 and n*e, >0, «4, = 0 and 
ne 

A TT But #, = 0 for v—b=0, from which follows 
N-— 


at the same time 7’, = 0, so there is in this case three-phase-pressure 
at all temperatures below 7’. In the same way the value of 7’ 
would be equal to zero for #, = 0 and #&, >9, 

In all this if must not be overlooked that though the presence or 
absence of three-phase-pressure is, indeed, closely connected with 
the presence or absence of the locus of the points of intersection. of 
Py dy : ; 
a> 0 and = 0, there are differences to be expected in the 
particulars. Thus the temperatures for the limits between which three- 
pliase-pressure can be observed, are not the same as we have denoted 


Et got EC iN a 


4 


y 
Ne 
d 

J 
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by 7, and 7,. First of all on account of the theoretical existence of 
hidden three-phase-pressure; but also because the presence or absence 
of a hidden plaitpoint does not coincide with the intersection or 
non-intersection of ph = 0 and ln = 0. Moreover the existence of 
di® dv? 
the liquid state is also assumed here for all temperatures, however 
low. The occurrence of the solid state may; of course, be a hindrance 
for the observation of what we have called the temperature 7’,. 
Thus in mixtures of water and phenol an upmost temperature limit 
has been found for three-phase-pressure; but it is still an open 
question whether there also exists a lowest temperature, higher than 
the absolute zero point. 
(To be continued) 


Physics. — “On the measurement of very low temperatures. XX1. 
On the standardizing of temperatures by means of boiling 
points of pure substances. The determination of the vapour 
pressure of oxygen at three temperatures.” By Dr. H. Kamer- 
nineH Onnes and Dr. C. Braax. Communication N°. 107¢ from 
the physical laboratory at Leiden. 


(Communicated in the meeting of May 30, 1908). 


§ 1. Introduction. In a preceding Communication N°. 101 (Dee. ’07) 
we have spoken of the desirability of determining once for all certain 
temperatures by means of boiling point apparatus, because the points 
of the temperature scale thus fixed have the advantage over those 
fixed with resistance thermometers and thermo-elements that they 
do not depend on the durability of special apparatus and they facilitate 
comparisons between thermometers in different laboratories. 

This Communication treats of a number of determinations with 
oxygen: a. a little above and a little below the normal boiling point 
from which the latter could be derived; 6. at 366 and 516 mm. 
mercury pressure which may serve to give information about the 
further course of the vapour pressure curve. 

After some preliminary determinations we have constructed two 
apparatus of different dimensions, in each of which different quan- 
tities of gas could be successively condensed. Thus we have obtained 
two series of independent determinations; at the same time the 
purity of the gas could be tested. 
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§ 2 The measuring apparatus. (See Pl. I). 

In the vapour pressure apparatus of the small pattern A about 
120 ce. gas can be condensed, in the large pattern 4 about 1 Liter. 
Pattern A consists of a bulb a of 0.5 ce. with a glass stem 6, con- 
nected to a manometer with a steel capillary c. The manometer 
consists of two tubes m,m, of 2 em. bore filled with mereury; they 
are connected by an india rubber tube. An air-trap d prevents im- 
purities from coming into the gas. The glass stem is moreover 
surrounded by a copper cylinder e and a glass jacket f by means 
of which heat is conducted from above, thus preventing the tempe- 
rature at any part of the apparatus from falling below that of the bulb 
which is placed in the cryostat at the place where the temperature 
is measured. By pressing the mercury higher up or lower down 
one can condense different quantities of gas successively. 

The construction of pattern # differs a little from that of A; this 
is especially in order to avoid the apparatus becoming difficult 


to handle because a too large quantity of mercury would be. 


required. The manometer m,m, consists of a U-tube of glass of 
which the two limbs are separated by a glass cock /,. This U-tube 
is blown on to another d,d, which contains the gas. The two limbs 
of the latter are cylinders of 70 ¢.m. length and 0.5 liter contents 
separated by a cock &,. The limb d, connected to the manometer 
is fixed at its upper end to the steel capillary ¢ which is connected 
with the bulb a. The limb d, carries a glass cock /,, through which 
the apparatus is filled. The reservoir is filled to 1 atm. excess of 
pressure with gas. By first shutting £, and then opening it we can 
condense first the gas of d, which is under an excess of pressure, 
then also that of d,. 

A enables us to judge of the purity of the gas when we investi- 
gate in how far the vapour pressure measured depends on the 
fraction of the quantity of gas already condensed. By means of B, 
where the quantity of condensed gas always amounts to the same 
portion of the total quantity, we can determine in how far the 
vapour pressure is independent of the increase or decrease of the 
quantity of the condensed gas itself. 

The oxygen is prepared from potassium permanganate through 
heating. After it bas been carefully purified and dried over a KOH- 
solution and P,O, the gas is condensed in a bulb immersed in liquid 
air. Then the liquid air is removed and the apparatus are filled with 
the evaporated gas. 

The pressure was read with a cathetometer; this does not require 
a very high degree of accuracy because of the great variability of 
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the vapour pressure with the temperature. The atmospheric pressure 
on the mercury in the open manometer was read on an aneroid 
barometer which we occasionally compared with a mercury baro- 
meter. 


§ 3. The determination of temperature and the degree of accuracy. 


For measuring the temperature we have used for the determina- 
tions in the neighbourhood of the boiling point of oxygen the 
resistance thermometer Pt’; which has been compared *) (comp. 
Comms. N°. 95¢ Sept. "06 and N°. 101¢ Dec. ’07) over a large range 
with the hydrogen thermometer of Comm. N°. 95¢ (Oct. ’06) which 
we shall call By,;;; for — 182° this was done on March 25% 1907 
(comp. Comm. N°. LO1¢ table I). Some calibrations have afterwards 
been made, which together with those just named are given in table II. 
This table also contains the results of an indirect comparison of 
Pt‘; with another hydrogen thermometer, which we call 7’, and 
which was used in an investigation of Dr. Feusrei and one of us 
(K. O.) with a differential thermometer helium-hydrogen, which 
investigation will soon be published. 

In connection with § 4 of Comm. N°. 101* we have also given 
in table I the results of 4 comparisons between two resistance 
thermometers Pt’; and P?'a*) at about — 183’ C. and — 217° C. 


TABLE I. Comparison between Pt; and Pt ,. 


i Pt] and Pt' 

Date Pt) | Fr 
ae Mase eee oe in degrees 
2 2 June 07 | 34.267 18.5653) 

0°.000 

18 Dec. °07 | 34.359 18.609 
| 24 June 707 14.761 9.1483) 
0°.007 =, 
‘49 Dec. *07 | 414.824 9.1793 | 


For the measurements on 18°" and 19% Dee. ’07 By, Pt’; and 


1) Wee= 1.01806 Wp] (comp. § 2 of Comm. N°. 1014 Dec. 1907). 

2) This resistance thermometer is the same as the one which in Comm. N”. 99 
(Sept. 07) is called Pé'd. Afterwards it has broken in the middle, and consequently 
the resistance was diminished to half its value (Pf'g). Here it is indicated with 
two accents because it has then undergone a small reparation owing to which 
Pi"a= 1.00073 Pt'a at 0°. 

8) This value has been reduced with the factor of the preceding footnote. 
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Pt"; were placed in the cryostat. Thus we simultaneously obtained 
the results relating to them of the tables I and IJ. Those of the 
second part of table II are derived from a comparison between Pt''a 
and 7’,. The resistances observed were reduced with the factor 1.00073 
(cf. the footnote on the preceding page), giving 18.560 and 18.398 Q. 
These have been reduced with the data of table I to Pt’;. This 
yields the values of the third column. 

The calibration of 7’, agrees satisfactorily with that of Byzz. The 
mean of the deviations for the two former and the two latter data 
differs from table II by 0.022 2 which corresponds to 0°.038. This 
small difference between the readings of two-entirely different gas 
thermometers satisfactorily confirms the exactness of the limit of 
accuracy derived formerly (Comm. N°. 95¢) and enhances the relia- 
bility of the other preceding determinations of temperature. 


TABLE II. Comparison of the resistance thermometer Pt' I with 
| the hydrogen thermometers Bry and 7,. 
| Comparison with Bry 
_ | ‘Temperature according to ‘ Sate ee 
Date the hydrogen thermom. B,,,, Resistance in 0 | Pty Oey 
"25 March °07 | — 182°,352 Bee Spa Sees 5 
48 Dec. 07 | — 182°.595 | 34.359 | — 0.000 
47 Febr. 08 | — 186°.599 | 32.027 | — 0.019 
| } 
18 Febr. ’08 | — 189° .500 30 332 — 0,041 
19 Dec. 07 — 216°.840 | 14,824 | + 0.031 
Comparison with 7, 
| 90 Nov. ’07 — 482°, 736 1) | 34.957 | = 0,024 
| 3 Dec. ’07 — 183°, 3021) 23,919 — 0.031 


. 


1) The hydrogen thermometer temperatures are calculated on the scale of Comm, 
N°, 95° (Oct. '06). As the zero pressure amounted to about 1860 mm. we have 
accordingly accepted for the coeflicient of pressure variation 0,0036629, derived 
from the coefficient of pressure variation of Comm. N". 60 (Sept. 1900) (0.0036627 
for 1100 mm. zero pressure). We have also applied a correction according to the 
difference of the correction to the absolute scale for 1360 and 1100 mm. zero 


pressure. 


Fo ate eae 
Fae ey Se ep Se 
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The tables I and II also give new data about the accuracy of the 
readings of the resistance and of the gas thermometer’). According 
to table I the error of the resistance remains below 0.601. As to 
the readings of the gas thermometer, the first two data of table II 
inter se yield a difference smaller than 0.°02. With the difference 
+ 0.031 2 at — 217° correspond + 0,028 and + 0.016 of table II 
in Comm. N°. 95¢ and table I in Comm. N°. 101%. This also agrees 
with the accuracy of 0.°02 derived in § 7 of Comm. N°. 95%. This 
seems not to be the case for the value of 18 Febr. ’08 which 
deviates rather much from the formula. It will depend on later 
determinations what part of this deviation must be ascribed to the 
formula AJ. 


§ 4. The vapour pressure determinations in the neighbourhood of 


the boiling point of oxygen. 


We have used the cryostat described in Comm. N°. 94° (PI. V) 
Sept. 1906). The temperature was determined and regulated with 
the resistance Pt’; placed in the bath. The deviations of the galvano- 
meter were so small that no correction was required for it. In the 
apparatus A the mercury was raised successively in the lower and 
the upper end of the manometer m,, in £ first the gas of one reser- 
voir was condensed, afterwards of the two reservoirs. This is indicated 
in the following table with ‘‘little’ and “much”. Table HI contains 
a determination at a small excess of pressure, another at a pressure 
of a little below 760 m.m. and a determination for control also at 
an excess of pressure. The pressure is reduced to 0° C. The last 
column contains the deviations from the mean for each series. 

The resistances of the thermometer read on the Wuearston~ bridge 
were for the three series respectively : 


34.483 , 34.098 and 34.433 Q. 


If we compare the results obtained with the condensation of a 
little quantity of gas with those with the condensation of a large 
quantity we cannot find any systematical deviations, which speaks 
for the purity of the gas used. In case impurities should occur their 


influence on the vapour pressure derived with the smaller conden- 


sation is sure to be less than the influence on the difference just 
mentioned. It may therefore be neglected. 5 


1) Comp. Comms. No. 95¢, 95¢ and 101¢. 
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TABLE Ill. Vapour pressure of oxygen in the neighbourhood of the boiling point. 
Pressure | Mean of Deviation 
Date Time | in m.m, from 
| mercury a series the mean 
i i 
6 Febr. 08 4 31' | large pattern (little) | 806.34 —).37 
excess of | ae 
pressure 4 46 | small _ , (much) 806.55 sie —0.16 
|. Series I | 50 - ee (little) | 806 98 0.27 
| 58 | large , (much) 806.97 +0.26 
7 Febr. 08 | 10 13 | small, (little) | 759.47 =Oe 
| pressure a | ang, | (meg as 
little below Ue) Sage Mia ‘ s | 799.75 +0.14 
OD tom. | (759.46 —9.45 
Series HH | 1050 |. , € (much). 
| (759.54 —0.07 
: 
| 759.35 739.61 —0.26 
| 41 12 | large |, lee 
| 7a9 dl —0.10 
| aE GES ‘ yo] 759 76 +0.45 
41296 | small, — (little) | 759.84 +40.23 
42.37 large , (much) 759.82 +0.21 
| | | | 
iq Febr. 8 120 | small , — (little) | 806.17 —).09 
excess of | 4 o- | ‘ 
| gremere | 12) | Es (much)) 806.30 | 806.26 40.04 
| Series 1 39135 | small, (little) | 806.31 +40.05 


— — 
; 


§ 5 Accuracy of the adjustments. 


From the results of table IIL we derive the following data. 

The deviations from the mean which must be ascribed partly to 
the regulation of the temperature are small and when reduced to 
differences of temperature they remain below 0°.005. . 

The mean of the results of the large and the small pattern derived 


separately for each series gives: 


” 


” 


) 
) 


Series I, large pattern p = 806.65 (2 observations) 
small es 806.76 (2 

Series JI, large »  p=='159.64 (5 
small a 759.58 (4 


Series Ill, large = 
small ih 


” 


p == 806.30 (1 observation) 
806.24 (2 observations) 


) 
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The difference between the two means is at the utmost 0.1 mm. 


°o 
which corresponds to Son Thence we may conclude that a vapour 


pressure apparatus is extremely suited for the standardizing of tem- 
peratures. The data obtained here show that in this respect the 
apparatus surpasses the gas thermometer and probably also the resistance 
thermometer. For the hydrogen thermometer, namely, the error of 2 
adjustments amounts to 0.01 a 0°.02 (comp. §3 and Comm. N°. 95¢ 
§8 and N°. 101¢§3), for the resistance thermometer to 0’.01 (comp. 
§3 and Comm. N°. 1017 § 4) ’). 


§ 6. The determination of the boiling point of oxygen. 


With the resistances of Pt, given in § 4 we can by means of the 
data of table Il derive the corresponding temperatures on the scale 
of our hydrogen thermometer 47,;. To this end we start from the 
mean of the two data of March 25 and Dee. 18, ’07, because 
these are probably more accurate than those obtained with the thermo- 
meter 7’. To 34.4383 and 34.098 2 correspond the temperatures 
— 182°.460 and — 183°.040 respectively. To the first belongs the 
vapour pressure 806.40 m.m. (the mean from the series | and III) 
to the second 759.61 mm. (series Il). Thence follows by means of 
rectilinear interpolation for 760 mm. at Leiden for the temperature 


on the thermometer B,,; : t == — 183°.035 and for the normal boiling 
point (760 mm. on sea-level and 45° northern latitude) : 
t — — 1838°.030 — 0°.007 = — 183°.037 


‘on the normal hydrogen thermometer and (comp. table XXV of 
Comm. N°. 101° Dec. 1907) 


@ = — 183°.042 + 0°.056 — — 182°.986 


on the absolute scale. ; 

If we take into consideration the degree of accuracy of the correction 
to the absolute scale (comp. Comm. N°. 97° March ’07) and the results 
for the control determinations for the measurement of temperature 
made as well witi the same hydrogen thermometer as with different 
ones, then it follows that this value does not probably deviate from 
the real value by more than 0°.03, 


1) The data of table IIL also enable us to judge of the accuracy of the adjust- 
ment of the resistance. Let the error in the reading of vapour pressure apparatus 
=0, which approximately is permissible according to what precedes, then the 
difference of the means for the-series I and IIL must be ascribed to the error of 
the measurement of the resistance. This then would be 0°.005. 
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§ 7. Vapour pressure determination at lower temperatures. 

For these measurements (comp. § 2 table Il) the temperature was 
directly read on the hydrogen thermometer 577;; Pt'r was used for 
the regulation. The temperatures are — 186°.599 and — 189°.500 
(comp. table II). At the same time we obtained a new calibration 
for Pt;. The determinations were made with only the small vapour 
pressure apparatus. The results are combined in table IV in the 
same way as in table III. 

In the determinations marked (a) about half of the gas was con- 


4 
densed, in those marked (4) about . of the gas. As was the case 


for the boiling point no systematic difference resulting from this 
seems to be perceptible. If we reduce the temperatures to the absolute 
scale and the pressures to sea-level and 45° northern latitude we 
find for: 


6 = —186°.542 p = 516.19 mm. 
6 = —189°.442 p — 366.24 mm. 
ium taeen 
_ TABLE IV. Vapour pressure of oxygen below the boiling point. 
é | | | 
| _ Pressure | Mean of a | Deviation 
Date Time | om 
| inmm. | series — the mean 
SR | — 
£ ies iene | | 
/ 417 Febr. 08 (a) | 255’ | 366.06 | +9.07 
(a) | 330 | 365.90 | | —0.09 
ea | 365.99. | 
() | 4 5 | 366.00 | | 9.01 
() | 4% | 365.98 | 0.04 
18 Febr. 08 (a) (1042 M5 R82 | | —.01 
a) |44.6 | 845.89 40.06 
@ | B15.83 | + 
(ob) (1130 | 515.69 | | —0.14 
() |1140 | w5.08 | | 
| 


— — oe ee eee ees ee ee 


§ 8. The results compared with those of other observers. 

Of previous determinations those by TRavers, Senter and 
Jaquerop') deserve most confidence, especially because these observers 
used pure oxygen in a closed reservoir, This is not the case with 


') Phil. Trans. Roy. Soc. Series A. Vol, 200, 1902 
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the other observations where the temperature of a bath of oxygen 
boiling under atmospheric pressure was determined. For then impurities, 
nitrogen as well as less volatile substances are unavoidable. It seems 
that the influence of the latter is paramount; all these results for 
the boiling point are too high by 0°.8 or more. The first mentioned 
determinations yield for the boiling point of oxygen — 182°.93 on 
the normal hydrogen scale. For the pressure 760 mm. is given 
without indication of a further reduction. Our value for 760 mm. 
mercury (at 0°) is on the normal hydrogen scale —-183°.030, differing 
by O°A0 from the value mentioned above. One of the last deter- 
minations is that of Grunmacn'). He finds — 182°.23. With the 
correction derived by Horrmann and Rorne*) for the pentane thermo- 
meter (— 0°.42) this becomes — 182°.66, a result which after being 
corrected is still much too high. 

If we compare the two observations at lower pressure with those 
of Travers, Senter and Jagquerop then it appears that both our 
temperatures are lower by 0°.13. Hence it is clear that a systematic 
difference exists between the two series. 


1) Berliner Sitz. Ber. 1906. 
*) Zeitschr. f. Instrkd. 27. 1807. 
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Physics. — “On the measurement of very low temperatures. XXII. 
The thermo-element gold-silver at liquid hydrogen temperatures.” 
By H. Kawertingn Onnes and J. Cray. (Communication 
N°. 107% from the physical laboratory at Leiden). 


(Communicated in the meeting of May 30, 1908). 


The thermo-element gold-silver of which, when one of the limbs 
is kept at 0°, the electromotive force at ordinary temperature is 
about zero, shows at lower temperatures a more and more rapid 
increase of electromotive force‘). 

A calibration with the hydrogen thermometer has shown that at 
the temperatures which can be reached with liquid and solid hydrogen 
the increase of the electromotive force of this thermo-element per 
degree becomes large enough to render it suitable for temperature 
determinations in the area under consideration, while at the tempe- 
ratures far below the melting point of hydrogen (for the determination 
of which the helium thermometer must be used for the calibration 
instead of the hydrogen thermometer) the sensibility of the instrument 
will be greater still. 

The following table may serve to make this clear. 


l RRitae ; Files ae ae ae er aed 


TABLE I. Calibration of the thermo-element gold-silver | 
| at hydrogen temperatures. 


| 
| Temperature real 1 Electromotive force in millivolts. 


on the i|- : Eee ae 
hydrogen thermom. 


| gold-silver | (constantin-steel) 
| (—216°01) | (0.11972) 
(—217.416) | (6.8310) 
—252 86 0, 24742 


—252.93 (7.4315) 


255.34 0.26904 | | 
258.61 || 0.28012 | 
— 959. | 
} | 
| | 


| (7, 1585) 


') Comp. the measurements of J. Cuay in his thesis for the doctorate and in 
Comm. no. 107d from the Physical Laboratory at Leiden, 
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- The third column contains the determinations about the element 
constantin-steel of Table VI in Comm. N°. 95¢ (Sept. 06). Owing 
to the great lessening of the increase of the electromotive force per 
degree this element is unfit for the accurate measurement of the 
lowest temperatures °). 


We shall soon publish a calibration of the thermo-element gold- 
silver with the helium thermometer at low temperatures. 


Physics. “On the change of the resistance of pure metals at very 
low temperatures and the influence exerted on it by small 
amounts of admixtures. I. By H. Kameruincu Ones and 
J. Cuay. Communication N°. 107¢ from the physical laboratory 
at Leiden. 


(Communicated in the meeting of May 30, 1908). 


§ 7. Supplementary notes to Comm. N°. 99° (Sept. ‘07). We add 
to it with regard to*): 

Gold. A formula of the form D has been derived for Auy. The 
drawing thinner of gold wire has the same influence as we remarked 
‘in the comparison of the thin wire (7g with J, in Comm. N°. 99° 
(Sept. ’O7) which influence was ascribed to impurities. With two 
gold wires it was possible by means of analysis to show the difference 
in composition called forth by drawing. 

~Mereury. The values given in Comm. N°. 99° are represented 
(except at 0°) by the quadratic formula. 

W, = 22 . 3605 (1 + 0.00358 ¢ — 0.06588 ¢*) 

which for —197°.87 gives O—C—=-+ 0.0106 so that we are 
led to think that the temperature has not been observed quite accurately 
enough. Of the metals investigated it seems that mercury is best 
suited for the measurement of temperatures below the meltingpoint 
of hydrogen. 

Lead. For lead two formulae were derived of the form A’ and B’ 


; : o. : abs 
(A and & each time with omission of the term (55) ), according 


1) Also the element german silver-platinum investigated by Dewar (Proc. Roy. 
Soc. ser. A, vol. 76 p. 316 sqq. 1905) is unfit for this purpose because of the 
same fault. 

2) Observations, formulae’ and other details are given in J. Cxay’s thesis for 
the doctorate, and in Comm. N°. 107¢ for the sections 7 and 8, in Comm 
N’. 107d for § 9. 


23* 
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to which we must reject the observation at — 255°.07 yielding 
0.02314 where A’ gives 0.01974 and 5’ 0.01984. 


§ 8. Carbon and constantin. Besides the variations of the metals 
investigated we have ') also investigated to — 262° the variations of 
resistance of carbon and constantin. 


§ 9. Alloys of Au and Ag. One of us (J. Cray) has extended the 
investigation treated of in the preceding sections to different alloys 
of gold and silver and has added the determination of the electro- 
motive force of the thermo-element gold-silver. This investigation 
showed that the theories of RayLeien and Linsenow about the thermo- 
electric origin of the difference in resistance introduced in. § 1 (the 
additive resistance of MATTHIESEN *)), must be rejected. For the value 
p, introduced in § 1, the observations mentioned yield with a gold 
wire of 1 m. in length and 1 mm.’ in section per volume procent 
silver added 

p = 0.00360 2. 


Mathematics. — “On certain livisled sextics’. By Mr. M. Stuyvaurt 
at Ghent. (Communicated by Prof. JAN pr Vrixs). 


(Communicated in the meeting of October 31, 1908). 


Prof. Jan pe Vrivs bas had the goodness to send us an interesting 
paper which he has published in the Proceedings of the Koninklijke 
Akademie van Wetenschappen at Amsterdam, entitled “On tevisted 
curves of genus two” (26 May 1908). 

The greater part of this paper is concerned with twisted curves 
of genus two and of order five or six. We shall here offer a rapid 
survey of the results to be obtained when we apply to these curves 
the elementary properties of matrices, a subject upon which we have 
recently published a volume: Cing Htudes de Géométrie analytique 
(Ghent, van Govrnem, 1908). We shall here occupy ourselves only 
with curves of order six and we shall content ourselves with observing 
that the «quintie can be treated by analogous but more simple pro- 
ceedings. 


1) Cf. footnote 1 to § 7. 

4) With regard to the deviation from Marruiesen's theorem at liquid hydrogen 
temperatures, mentioned sub § 1, we also refer to the publications mentioned in the 
footnote 1 to § 7, 
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We have to return first to a circular sextic ot which we have 
sketched the theory in the Comptes-rendus de l’ Académie des Sciences 
of Paris (27 July 1908, pages 322—-324); we shall remember 
briefly, whilst completing them, the immediate properties and we 
shall then point out how we deduce from it the theory of the most 
general sextic of genus two. 

Let me say, by the way, that the method we make use of has a 
more general scope. Indeed, we see the theoretical possibility of 
using it for every algebraic twisted curve. For Ha.puen defines such 
a curve as the locus of a point the coordinates of which are alge- 
braic functions of a same parameter ¢; each of these coordinates is 
thus connected with ¢ by an integer algebraic equation; it suffices 
to put down the conditions in order that these three equations be 
satisfied by a same value of ¢; and it is in several ways possible 
to express these conditions by the disappearance of a matrix: the 
representation of CayLky by means of cone and monoid forms at 
bottom a solution of the problem. We have pointed out an other 
one in our Cing Etudes (p. 60) and others can still be found ; but 
most of the times the curve under consideration is found accom- 
panied by curves of an inferior order, 


1. Let us now return to the real subject of our paper. 
Let 


S, = qj (a? + y? + 27) + 9 (( = 1, 2, 8, 4, 5, 6) 
be in rectangular cartesian coordinates the equations of six inde- 
pendent spheres (the functions s; are linear in a, y, 2). The equations 


eae ee LS 
—+—"?#——* op eee ee AN) 


represent besides the imaginary circle at infinity a twisted curve y, 
of order six, of genus two, containing six points of the imaginary 
circle at infinity. 

We shall now and then write the equations (1) in abridged form 
_S, SS, =0 and we shall suppose emphatically that the matrix 
, 4), is not zero, without which a? + y? + 2? might cause by 
subtraction the denominators of the fractions (1) to disappear and 
the curve would be of order five of which the theory is analogous 
to that of y,, but simpler. 

The curve y, is on o’ ecyclids ja, S, S,;}=0, two of which 
intersect each other still according to a quadrisecant circle of y,. 
The equations of such a circle can be written 


a 
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a8 = Ba BS, ee 

= 4, S,= 4, So-- a8 a ee 
and we can easily deduce from them a theory pretty well detailed 
of the congruence of these quadrisecant circles of y,. Thus we see 
that this congruence is of order one and of class three; that those 
circles which pass through a fixed point of y, generate a cyclid 
having this point as a node; that those circles of which the plane 
passes through a fixed point generate a surface of order seven; we 
find the surface which is generated by those circles resting on a 
right line or on a curve, etc., ete. The most important result is that 
the planes of these circles envelop a cubie scroll Sc,. 

Every sphere containing a quadrisecant circle of y, has an eqpation 

of the form 


oe (4) 


AS, =k 8) Se Oe ee 
and it contains the two points for which we have S, = &S,, S, = &S,, 
S, = kS,. When & varies these two points describe the fundamental 
involution discussed by Prof. JAN pg Vrins; we simply shall call 
couples, the couples of points of this involution. The chords of 
couples ave the rectilinear generatrices of the surface Sc. 
Among the surfaces «@,.S,S,  cireumseribed about y,, we must 
distinguish the two following 
Oy Dy Pak ee 6,5 Oe Oe, Se eee 
They are circular cubics and they determine a pencil the base of 
which completes itself by means of the circle at infinity and of the 
line 
a 


1 a S, Sse . . . . . . (5) 


4 
by subtraction of the columns this matrix is reduced to (a,a,s, 5, | 
and represents a right line g, quadrisecant of y,, double line of the 
surface Sc, and meeting all the chords of the couples. 


2. Let us write the equations of the sphere S; in the more com- 

plete form 
S;—= aj(a* + y® - 2") + bw + oy + dje + f7= 0, 
let us put the matrix 
M a he eg di fi (= '7, 2, 0, & 0, 07 
and let us call W; the determinant deduced from this matrix by the 
omission of the row of rank 7 and affected by the sign +- or — 
mcording to ¢ being even or odd; we shall then have evidently 
SZ Maj J Mh J Mig = JF Mia zMif= 0 


i ae (6) 
2 Mj8;=— 9. (i = I, 2, 3, 4, 5, 6) 
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_ Consequently the two following equations are perfectly equivalent 
(S,—kS,)(M,+1M,) + (S,—#S8,)(M, + UM,) + (S,—#S,)(M,4+-1M,) = 0 
(S, —1S,)(M, + &M,) + (S,—US,)(M, + 4M.) +(S,—IS,)(M, + kM) = 0- 

They represent visibly one as well as the other the sphere brought 
through the two couples defined by the parameters & and /. Each of 
these equations can, by putting = ,S, instead of M,S,4+-M a tM,S,, 
ete., be written in the abridged form 

= M,S, +. (k a l) > M,S, — kl > MS, — 0. . . . (8) 

For & and / variable we have a double infinity of spheres or 
rather a net of spheres, for they all pass through two fixed points 
D, and D, of y,, points for which the three following expressions 
are annulled at the same time: 


= M,S,, = M,S, or —- 2 M,8,, = MS,. 


. (7) 


These points D, and D, are on any sphere containing two couples, 
thus also in the plane of two couples of which the chords eut each 
other (on the quadrisecant q); so D, YD, is the simple line of the 
surface Sc, through which pass all the bitangent planes of this surface. 

We find that the line D,D, has as equations 


te eS Me, ik” gt A A = 8M, 
| peer GS 753% 9 
|| 2am, = a,M, =aM_ || ” 


In order that it may mix up with the line g orthat the surface Se, 
may be a special cubic scroll of CayLey we must have the condition 


| sat, = «,M, | 
A= M ater Usa > geo. - a (10) 
= a,M, =a,M, 


The determinant 4 is the product out of the columns of the two 
matrices | a,a, | and) M/, M, ; its disappearance corresponds to 
a special case in which the curve y, acquires certain exceptional, 
remarkable properties. which cannot be mentioned here for want 
of space. 


3. Since the curve y, belongs to the base of a pencil of cubic 
circular surfaces and to a surface Sc, which is not an element of 
this pencil, it is found on all the eubie surfaces of a certain net. 
Any two of these surfaces intersect each other according to the 
curve y,, the quadrisecant g, and a conic c,. This conie cuts y, in 
six points and reciprocally every conic cutting y, six times belongs 
to a pencil of cireumseribed cubic surfaces. 

The preceding allows us to write the equations of y, in a new 
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form. Two circular cubic surfaces containing the curve have equa- 
tions of the form 
A —— |@,8,8, + (x* + y* + 2*) 8,0, = 1), 
a,S,S,| == a,8,8,| + (@ + y? + 2’) |a,a,8,| = 0. 
The intersection of these surfaces from which the circle at infinity 
will be subtracted will verify the relations 
wv? + y*? + 27 |a,8,8,| |a,8,8,| || 
SS a be 


1 4,048) a,4,8,) |) 


= 
as 


which thus represent the curve y, with its quadrisecant q: the deter- 
minant of the two last columns is annulled for the scroll \S,. 

We thus find that the curve y, accompanied by its quadrisecant ¢ 
constitutes a special case of a curve of order seven and genus 5, 
annulling a matrix of three columns and two rows, one of qua- 
dratic forms, the other of linear forms, curve of order seven which 
we have discussed in our Cing LHtudes (p. 44) in giving the biblio- 
graphy. 

By causing the matrix (11) to be preceded by a line of constants 
we find the net of cubie surfaces cireumscribed to y,. Two of these 
surfaces intersect each other still according to a sexisecant conic of 
y,, conic of which the equations are 


Py (a? + y* + z*) 3 {ty (8,8, - {t; 448, 84 = 0, 


{ty + UH, |@,0,8,| + U, AOS) = 0. 

The second of these equations represents the plane of the conie ; 
we see that this plane is parallel to the line q and that every plane 
parallel to g contains a sexisecant conic of y,. 

The equations (12) represent the congraence of the sexisecant 
conies of y,; it is a particular case of a congruence considered 
by Mr. Montesano (Atti Accad. Torino, 1892); we see that it is of 
order one and of class one; that the planes of those conics which 
break up into two trisecant lines of y, envelop a cylinder of class 
four ete. 

If we let the matrix (11) be followed by a column of which the 
first element is an arbitrary linear form «, and the second an arbi- 
trary constant @, we obtain a matrix which is annulled for eight 
points of which six are on y, and two are on the quadrisecant ; 
they are the intersections of y, and of q with the sphere 


(a* -+- y? 4+- 27) B— ay = 0. 


If we make in this equation 8 and the coefficients ot «@, to vary, 
we have all the possible spheres; on the other hand we verify 


(RR) 


\ 
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immediately that the eight points in question and any sexisecant 
conic of y, are always on a same quadrie. 

In other words: every sexisecant conic of y, plays a part analogous 
to that of the imaginary circle at infinity which is also a sexisecant 
conic of y¥,. 


4. This last observation suggests an other one of greater importance. 

By means of a linear transformation which replaces the circle at 
infinity by an other conic the curve y, becomes the most general 
twisted sextic of genus two. Really Hatpnen (cole polytechnique 
52’"¢ cah., 1882) has shown that such a sextic is the partial inter- 
section of two cubic surfaces which have still a line and a conic in 
common and it is implied that this right line and this conie do not 
meet. So let us take the plane of the conic as face x, of the tetra- 
hedron of reference and the right line as edge v,x, of this tetrahedron. 
The equation of one of the cubic surfaces has the form 

Get ee Oi Gage oa os vareram tHe 

the second member being independent of «,; 4,*? =O is the cone 
with vertex 2,”,v, perspective to the conie of the plane «,; the line 
«,«, belonging to the surface must annul the linear form ¢, and 
consequently also the quadratic form «@,’. 

For the same reasons an other cubic surface circumscribed to the 
considered system of lines has as equation 

Meee ee Oa 0 ge ae oo: ot eww, (44) 

where a,” and c', pass still through the line w,r,. 

Omitting the conic 2, = 0, %,*° = 0, the intersection of these two 
surfaces annuls the matrix | 
BS gee Er ES) 


/ 3 2 'Z 
|| Oy? az” az 


Thus every seatic of genus two forms with its quadrisecant a 
degenerated system of a curve of order seven and of genus five; this 
system annuls a matrix of three columns and two rows, one of linear 
forms, the other of quadratic forms where the elements of two 
columns are annulled for a same Line. 

Now it is easy to see that any such matrix leads back to an other 
of six quadries having one conic in eommon. And really, the quadries 
a, and a,* passing through the line e,c', can be replaced by 
Cope + Crg, and ¢,p',-+ ¢'rg'r; then two determinants deduced from 
the matrix (15) can be written: 

# (Cape + Cage) -- Cxdx? = 9, #,(e,p'r + ¢2q'x) — cb? = 0, 
whence fur the points which do not annal ¢, and c’, at the same time, 


‘ 2 if , 
€¢ © dx b,. —Udxr | 


ey bf—apr «p's 

by multiplying the terms of the first column by &, and by applying 
in any arbitrary way the addition of the rows and the columns, 
there is always a matrix of six quadratic forms annulling itself for 
the conic x7, — 6h, — 0. 

The projective theorems relating to the circular sextie y, can thus 
be translated into properties of the most general sextic of genus two. 
It is superfluous to write down how these theorems run; we shall 
quote but one as an example; in every sextic of genus two the 
planes of the sexisecant conics pass through a fixed point of the 
quadrisecant. 


5. If the intersection of the two cubic surfaces considered in 
the preceding (13) and (14) is completed by a line and a conic 
having a point in common, we have not a special case of the 
preceding case, in the sense of Hanpnen; but this line and this 
conic form a special case of a twisted cubic and the sextie is 
then of order three. Really in this case the equations (13) and (14) 
can be such that the line wa, annuls a,?,a',’ and 6," without 
annulling c, of c', and the matrix 

|} ay Cy Cy || 
| ee Pee 
has then the elements of its second row disappearing for a same line. 

By this proceeding we can study the sextic of genus three; we 
can refind the univalent correspondence between its points and its 
trisecants, correspondence’ found by Mr. F. Scuur (Math. Ann. vol. 
18); we can bring back the representation of the curve to a matrix 
of twelve linear forms which we have studied in our Cing Htudes 
and in the Bulletins de [Académie royale de Belgique (May 1907), ete. 

Ghent, Oct. 26, 1908. 


Mathematics. — “On the combinatory problem of Srviner.” By 
Dr. J, A. Barrav. Communicated by Prof. D. J. Korrmwre, 
(Communicated in the meeting of October 81, 1908), 
In its most general form this problem runs as follows : 
for which values of n and in how many really different’) ways is 
it possible to write down a number of combinations p to p of n 
elements in’ such a way that all combinations q to q appear in it, 


each one time? 


') i.e. which do not pass into each other by means of substitutions of the n elements, 
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A geometrical way of putting the question is this: 

which combinatory consigurations whose points S, are represented 
by the combinations q to q¢ of n letters, whilst the combinations p 
to p represent its Spy—q, possess systems of Sp,—, containing all 
points of the Cf each one time and how many types of such systems 
appear in each definite case * 

The first question gave rise to investigations for = 3, g = 2, the 
triple systems (KirkMAN, Reiss, Nerro, Moor, Herrter, Brunet‘) ); 
the second question is discussed by J. pe Vrigs*) and Carp®). 

Here some results are communicated for p>3, g >2. We 
adhere for this to the first form of the question and we call a 
system as is demanded there an S (p,q), n. 


If we isolate in an S(p,q),n all sets of p having in common a 
certain arbitrarily chosen letter, and if we omit that letter from it, 
an S(p—1, g—1), n—1 is generated; repetition of the operation 
gives rise to an S(p—2, g—2), n—2 and so on; the possibility ot 
an S(p,q) presupposes thus that of a series of systems of lower 
rank *), which series can be broken off at 

S(p—q+2,2), n—q+2 

Inversely all imaginable systems are acquired by completion of 
systems commencing with q = 2. 

So we can expect: 


Mb or SOyay nas? 7: S43; wa Boe A 
Mor 58, 2, n= 9 : 84,39) n= 10 28s. .- B 
BO 4) w= Hi es C 
BiG. Ob: Wa 1920 Ss D 


etc. We will show that the four systems mentioned exist each of 
them in one type. 


1) Cambridge and Dublin Math. Journal Il, 1847; Journal f. d. r. u. a. 
Mathem. 56, 1859; Mathem. Annalen 42, 1893; 43, 1893; 49, 1897; 50, 1898; 
a frangaise, Congres de Bordeaux 1895; Journal de Liouville (5) 


*) Versi. en Meded. Kon. Akad. v. Wet. 3rd series, VI, p. 13, 1889; Muthem. 
Annalen 34, 35, 1889, *90. 
$) Dissertation, Utrecht 1902, p. 38. 


; : ; - ‘ n 
*) For each system of the series the condilion must be satisfied : ( ) vse 
q 


ry * 7 1 
by ( ; Thus there will be no S (6, 4), = 15, although (2) is divisible by 


6 
( a on account of the impossibility of an S (5,3) n=14: Ce) is not divisible 


(9 
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4 


8 
A. An S(4,3), n=8 consists of (3) (. ) = 14 quadruplets, 


3 
so if is a schematic Cf. (8,,14,). If we add to the triplets of an 
S(3, 2), n= 7, that is of a Cf. (7,) a new letter, and if out of the 
quadruplets thus formed we choose one, then in the completion 
with seven new quadruplets sought for the pairs of the selected 
triplets must appear still twice; so a new quadruplet remains, com- 
plementary to the one selected. 

This holds for each quadruplet; the whole completion is thus 
complementary and only possible in one way °). 

B. If in an S(4, 3), 2 = 10, that is a Cf. (10,,, 30,), we choose 
an arbitrary quadruplet 1234, each pair of these letters appears in 
three more quadruplets; so there are 18 more such quadruplets. 
-Then each single letter appears two times more, completed with 
triplets out of 5,6,7,8,9,0, which triplets form thus together a 
Cf. (6,,8,). Of the whole system only three quadruplets out of 
5,6, 7,8,9,0 remain, which in pairs may have at most only two 
letters in common. Such systems of three exist however only in one 
type *), as: 

§& 6.7 823. 6B a ee Ab 
with which the system to be .formed must commence. The eight 
triplets of letters missing here form of necessity the Cf. (6, ,8,), which 
breaks up only in one way into four pairs completing each other. 
If we complete these pairs respectively with 1, 2,3 and 4 (in which 
order is irrelevant) the following quadraplets are formed : 


1679; @PPOCCre Sh 82.5 4 fae 
1680.:; 2823:9°;):. 3-6:7.0 >, 4.54 5) 
The entire further completion is now determined and mest run 
as follows: 


1456 1.336 283: 
2356 1398:7° >" 3330 
1878 * Pape 23a 
24°75 1530903: 2G 8 
1290 ‘MEU Oo 8 EET: 
3490 1489 8°4'6.8 


Now that with this the existence of only one type is assumed, we 
can give it a simpler form; we shall do this in two ways. 


') The scheme (8;, 14,) indicates in the measure-polylope Bg the vertices, forming 
with point zero and its opposite vertex together a cross-polytope Cy (Nieww 
Archief v, Wisk, 24 Series, VII, p. 255), 

*) The complementary type of a division of six elements into three pairs 
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We in the first place remember that the S(3, 2), n= 9 deduced 
from. S (4,3), m=10 is regular commutative (Moors), i.e. that its 
group possesses a regular commutative subgroup of the type: 


123456789 
931564897 
$4 9615978 
4567891238 
564897231 
64597 6.312 
39459-8456 
897231564 
9783493645 


Indeed, an (3,2), 79% appears if we submit the triplets 
Cen Cede ot aot fF OD 3 EBS 
to all the substitutions of this group. 
If we now add to each of these twelve triplets a zero and if we 
submit the quadruplets 
1245 and 1269 


to the substitutions of the group, then the 12+ 18 = 30 1 yep ta 
of the S(4,3), »—10 are formed. 
Secondly we observe, that the system is cyelic and appears among 
others by submitting the quadruplets 
Perera ee a Ole: EOS 8 
to the cycle (1234567890). 


C. If we choose out of an S(5,4),2—11, that is a Cf. (11,,,66,), 
a quintuple 12345, then all triplets of it must appear still three 
times, all pairs moreover still two times, the single letters after- 
wards three times, with which the 10x 3-+ 10 « 2+5 x 3=65 
remaining quintuplets of the system are exhausted. The single letters 
are completed with quadruplets out of 6,7, 8,9,0,a, which may 
have at most three letters in common and which form together a 
Cf. (6,,, 15,), consisting of five (6,,3,) as appeared in . Of this but 
one type exists"), so that e.g. the S(5, 4) commences with: 


Pood aoe 2 Poa [387 8S Oa eT § 9a | 57890 
1670a 2689a|36890/46800| 56904 
$6.789126780;)36794/46790|/5678a 


1) Deduced from the well-known system of five three-divisions of six elements 
of Serrer. 
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The further constitution is now determined and must run as follows : 


1269011469a193360a!)356 79135 6-7 0 
1278 a!1478073%23 789 | F529 Oe BSED a 
1368 a Hee re CY 
13790\|1579a\|24890\349001/ 45704 
1236711256e1435691)2393 469) 34550 
12380\/12570/171-395783 $3476 34450 
1239a 12589)/13504 2348a/2459a 
12468 13460!/14567,/23568|)34564 
12479 / 1847 aitis8al 235 7a sane 
1240a/1:148 4891745901935 900 4225-8 


A simple form of the system’) is obtained by submitting the 
quintuplets 
1 2 6;° £28 2: 6:.02 35 
1 2 S12 OS Ope 


le) 


to the cycle: 
123: 425:6:7 8:9 Oa); 

D. By a reasoning analogous to that in section A is evident that 
S(6,5), 2 = 12, that isa Cf. (12,,, 182,) must appear by complementary 
completion of S(5,4),2—= 11, so it appears only in one type. 

In general out of each 


S(pH=qti.q, n=2¢+3 
is formed by complementary completion an 


: S(p=qt+2,¢g+1),n= 2¢ +4. 
Passing to systems S(p,q = 2),n for arbitrary p*), we observe 
that for their existence is necessary at least : 
_ ZS divisible by “> —, 
and 
n—I1 divisible by p—41, 
which conditions are fulfilled only by the two series of numbers 


/ n=p(p—l).«+1/ 94 9 
Il n= p(p—1).c¢+p Wan Bc: 


yA S(, 4), n==11 was given by Lea (duc. Times 1X), the method in which 
this was nics is unknown to me, as this publication was not attainable 
for me; however, the system must be of the same type. We remark moreover, 
that to prove this, it is not sufficient to assert that all remainders have a fixed 
type, comp. Manrinerri (Annali di Matem, (2) XV). The same holds for A, B 
and D, 

2) These S(p,2) are to be distinguished from the systems of Bruye., in which 
cach set of p is regarded as containing only the p pairs of elements succeeding 
each other (Proc, Verb, Soc, de Bordeaux, 1895/96, p. 58 and 1898/99, p. 59, 71). 


a et Ba dn ee 
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The term «—0O has no significance in /; in // it indicates that 
when writing all =p letters we have written at the same time 
all pairs of those letters. This system //,« =O will be of service 
in what follows. 

We shall now give a more extensive form to the mu/tiplication- 
theorem of Nero (Lec. § 3) which becomes : 

Out of an S(p,2)n, and an S(p,2),n, an S(p,2) nn, can be 
deduced, if one disposes of a system of p(p—1) permutations of p 
elements, in which a couple of elements never occupies the same place. 

For, if the elements of the two systems are resp. a, (4 = 1,2....0,) 
and? (l= 4,205. n,) we can then designate 2,72, new elements 
by cgy. Of these elements we form three kinds of p sets of p, namely: 


1**. out of each set of p a,a,....a, new prsets: 


eye Garey eee) Ys Sy eee ny); 
2.4, out of each set of p 6,b,....6, new p-sets: 
CEL ECRSS Otars sa Chyp Bae Wy Utara n,); 


3. out of each set of p aya,....a),, combined with each set of p 
b,b,....b, new p-sets: 

“0 Spas WA ee Crag Where h', f.c.. /, ave every time the same 
as the indices 1....p of the set of p of 6, yet differ »—1 times in 
order of succession according to the p—1 permutations of the system 
of permutations supposed as disposable. 

It is clear that in this way a couple of the new elements can 
never appear more than once whilst the number of formed sets of 
p amounts to: \ 
ay ee ig) le) 

P(p—l) p(p—1) P(p—1) Plp—1) = =Pap—}) 
so that really an S(p,2), 2,2, is formed. 

Now we dispose of such a permutation-system, when: 

1) p= 4: the twelve even permutations; 

2) p prime, the system then consists of: 


CE ae Geeky Peye. 
(by By Og Fee PA eye. 
Ca Se ae, Ce ae eye 


(1, p, p—L, p—-2 ..... Qeye.’). 


) Comp. e.g. Brune, Proc. Verb. Soc. de Bordeaux 1894/95, p. 56, or AHRENs. 
Mathematisehe Unterhaliungen, p. 272: “Promenaden von n? Personen zu je”. 
It is not decided whether also other values of p allow a solution. 
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(For p=83 the system just contains the total group and so 
the theorem of Nerro reappears). 

So we have: 

The possibility of the multiplication is assured for p= 4 or prime. 

Now by taking as factors n, =n, =p, so term J/,a=0, we 
obtain : 

For p=+4 or prime the existence of S(p,2),n = p* ts assured. 

Such a system, term //, vx=1 is, regarded as Cf.-scheme, a 
Cf. {p?,41, p(p+1),}; its p-sets can be divided into (p -- 1) principal 
groups of p, each of which contains all the p? elements. 

We can now give in a more extensive from an other theorem 
of Nerro (1c. § 2), which becomes here: 

Out of an S(p, 2),n an S(p, 2), (p—l) n + 1 can be formed if we 
have at our disposal a scheme of (p—1j? sets of p out of p(p—A) 
elements, having mutually not more than one élement in common, 
which elements must be able to break up into p principal groups 
of (p—). : 

For, we can add to the elements @)), @12....di, of the given 
system (p—2) series of new ones: 


a21 » 422 » 26+ s An 
Ap—\,1 » U—1,2> ++ + + U—l,n> 
and moreover a last element a,. 

For each set of p of the given system we must now form out of 
the p(p—1) elements with the same second indices a scheme as 
the one indicated in the theorem, taking care that always the 
(p—1l) elements with equal second index form a principal group. 
Finally we must add to each principal group the element a,, by 
which also these principal groups are completed to p. It is clear 
that the sets of p formed in this way can have two by two at most 
but one element in common, while their number amounts to: 


(p—~1) ee ae 
p (p—}) p(p—l) 
so that an S(p,2),(p-—1)n-+- 1 is formed. 
The possibility of the method now depends on the presence of 

a scheme : 

\p (p- 1), —| ’ (p—1) 
or, replacing p by p— 1, of 

[pPip+l)p ; Pia 


but that is just the notation of the above-mentioned S(p , 2), = p’*, 
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if but in the diagram we exchange rows and columns. It satisfies, 
moreover the further conditions; so we have: 

The deduction of an S(p,2), (p—i1)n + 1 out of an S(p,2), nts 
assured, when p=5 or a prime number +-1. 

If we apply this to n= p, we find: 

The existence of S(p,2),n=p(p—1)+1 ts assured for p=9 
or a prime number + 1. 

These systems form the term I, 2= 1; as Cf.-schemes they are 
Cff. {p (p — 1) + 1}. 

It is clear that their remainders to one element again become 
S(p —1, 2), n=(p — 1)’, that is term Il, z=1 out of the series 
p—i. 

In cyclic form we find: 

Kea iSy: gee eo 5s Ht, 2... .5,.. 7) cye: 
n=, p=5 : (1, 2,..5,..15,..17..) eye. 
n=31, p=6 = (1, 2,..5,..7..14,..22..) cye.') 


We finally pass on to the generation of an S(4, 2,) n==25. 

As Cf. the system is a Cf. (25,, 50,), the remainder to each qua- 
druplet is a Cf. (21,). The latter must have the property that the 
non-united elements may be united to triplets, so that out of it arises 
a Cf. (21,, 28,) which breaks up into four principal-7-sides*). By 
imagining the seven lines of such a 7-side to be every time convergent 
to one point and the four points of convergence to be collinear, 
the desired Cf. (25,, 50,) is formed. ; 

We obtain a solution by submitting 

s eg@ie Moe: Raia be 
A eee eee ts , (completed by 22); 
2 eS eM: , (in turns completed by 23, 24 and 25); 
to the cycle 
CE a, Obs hs ae) 
and by finally adding: 
22, 23, 24, 25. 
In like manner we shall find that in general an 
S(p, 2), n= 2 p(p —1) +1, 
that is a Cf. {2p (p — 1) + 12,, 4p (p — 1) + 2,}, 

1) Comp. E. Mato, (Interm. des Mathém.. XVI, p. 63). The 2p cycles given 
there for each p are mutually identical and so they furnish every time but one 
type. 

*) Comp. a former paper in these Proceedings (p. 290). In the mean time I have 
found that the result given there, in as far as it concerns n = 13 is obtained in about 


the same way by Brunet (Jowrnal de Liouville, 1901), and already in 1899 by 
DE Pasguate, Rendic. R. Inst. Lombardo (2) 32, p. 213. 


24 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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will consist of a 


Cf. {(2p — 1) (p — 1),}, 
whose missing pairs of elements can be united to sets of (p—1), so 
that a 
CE. {2p (p — 1). pQp— Vy} 
is formed which breaks up into p principal-(2p — 1)-sides. 

As in the series p=4, just as for p=8, the two extensions of 
the theorems of Nerro can be applied, we can form, in the first set 
of hundred, systems S(4, 2) for: 

n= 13, 25, 49; 4, 16, 40, 52, 64, 76, 100. 

The still missing values are: 

n = 37, 61, 73, 85, 97; 28, 88, 
of which 85 might be acquired by 28. 


Physics. — “Remarks on the Leyden observations of the Zeeman- 
Ejject at low temperatures.” By W. Voier. (Communicated by — 
Prof. H. A. Lorentz). ; ; 


(Communicated in the Meeting of October 31, 1908). 


The observations of KAmerLiIncH Onnues and JEAN BeQueREL') on the 
Z¥¥MAN-Effect at exceedingly low temperatures have led to some 
surprising results, among which are two, very interesting from the 
theoretical standpoint. These I will try to throw light upon in the 
following. 

I. It has been found, when the observation was made along the 
optic axis of an uniaxial crystal (where such a body acts as if 
isotropic) a longitudinal magnetic field being used, that the compo- 
nents of the Zeeman-doublet have different intensities. The component 
on the side of the shorter wave-length had generally (though not 
always) the greater intensity. 

This result seems to show, that in the crystal one sense of rotation 
is preferred to the other. Therefore it might be interesting, to consider 
firstly the effect of a magnetic field on a naturally active crystal. 
[ may at this point remark that, contrary to what should be expected, 
the effects of the natural activity and of the magnetic field do not 
superpose each other, but rather singular combined effects appear in 
the neighbourhood of an absorption band, 


_ 


') J, Becquenes and Kamentinon Onnes, These Proceedings February 29th 1908, 
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The following notation will be made use of: 
A, B, C components of magnetic force. 


= YZ ri » electric oy 

4, 3, ¢€ * ., Magnetic polarization. 

€, 9, 3 Ke , electric - 

Fas Day th 9 ,, electric partial polarizations. 


an, On, Ch, Sh, & parameters. 

P external magnetic force, supposed // Z. 

v velocity of light in vacuum. 

Then the equations of the theory based on the suppositions I have 
made for an isotropic active body become: 


oY doz 
y'— — — —- -— ’ ee ‘ . . . . ° 1) 
Web & =) 
0C OB 
— ee Gee cae * ©.4:.0 . . . . . . 2 
Yh te any’ h +b bara 4. cnPy'h p——4 e,X a Jb), A’ $9.6 2. 2° . . (3) 


Rae Be OE es ae ee eid wre oh) 
Bit A Dap sen bo old iin nos oe 70 (8) 


By a simple calculation we obtain for the so-called complex 
refractive index n in the direction of the magnetic field the value 


n=VIiFAHI+O+d, .... « (6) 


where 
Eh J*), 
E='2 ee we 
pheenPv , &h( paseen Pr) 
dh 
oe PY : 
aa paoeenPy 


»v = frequency, 
‘ pal + tra, — v*dy. 

The double sign + corresponds to the two waves of circular 
vibrations and of opposite sense of rotation propagated parallel to 
the field. 

The complex index of refraction n is connected with the real 
index n and with the absorption index x by the formula n = n (1 — iz). 
The constants dé, and c, measure the natural and the magnetic 
activity of the crystal. It is seen that even if these two effects are 
small in general, in the neighbourhood of an absorptionband, where 
pr is of the same order as c, Pr, they do not superpose at all. 

If the natural activity vanishes, then also @ and A vanish, and 
we have 


24* 
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nr—1-+4 £, 
which contains the theory of the longitudinal Zeeman effect. 

Among the terms arising from the natural activity that of most 
interest is + A, which is generally much larger than 0. This term 
which has opposite signs for the + and the — rotating waves, but 
which reaches its maximum at the same place as ZH, expresses a 
dissymmetry of the Zeeman doublet somewhat similar to that obtained 
in the experiments of Onnes and BrcquereL. In order that this 
dissymmetry should have an appreciable magnitude it is only neces- 
sary that rd, is commensurable with ¢;. Experience has shown that 
at the absorption bands of the crystals under consideration, &, is 
very small and so no difficulty is in the way. 

Notwithstanding there is lack of agreement between. the above 
formula and observation in two quite different directions. In the 
first case the observers did not notice any natural activity in the 
crystals they used, and from the symmetry of these crystals such 
was .not to be expected, except in the case, that at low temperatures 
the constitution of the molecules changes. On the other hand the 
observed behaviour by a reversed magnetic field is not in agreement - 
with the above formula. 

Both objections disappear if in the formulae (3) we substitute for 
the terms oA’, bib’, dC’ on the right hand side the terms 
OV, 5, PA’, 6, PB’ and in the formulae (5) for the right hand terms 
resp. A, B+ PD dyyj//en, C+ PX digi’/ei. Such a series of terms 
corresponds exactly to the symmetry of the magnetic field and leads 
to the same formula (6) for n as that given above; only we have 
Pd), in place of dj. By this step both the above mentioned difficulties 
are removed; however the substitution leads from the sound basis 
of experience into the region of hypothesis. Observation shows 
that #, increases as the temperature diminishes. , 


Il. In some crystals of rhombic symmetry it has appeared that in 
each of the three chief spectra certain absorption lines correspond 
to nearly the same wave length. If we observe in the direction of an 
axis of symmetry each of these lines is seen broken up into.a doublet 
when the magnetic field is excited. In the present special case of 
equal wave length of the lines the distance of the doublet compo- 
nents is the same in some cases, in other cases differs. If we let 
the axes X, Y, Z, be parallel to the axes of the crystal and call 
R the direction of magnetic force, w the direction of propagation of 
the ray, 6 the direction of vibration, then the following table gives 
the result of observation : 


: g//Y —- a, 
R//X , w//X o/IZ : 
"y o//Z a, 

|/X a, 

o//X a’, 

OHS aie g. 

o//¥ a’, 
R//Y , w//Y ol/Z 
- (9//Z : 

w//% of/[X 

g//X a, 

w//Z ol/¥ ; 

o//Y¥ at, 

R//Z , w//X o//Z or 
6//Z a, 

sk Wea +), thy 

w/|/Z o//X at, 

7) Soa 


The theory I have developed*) makes the laws of the phenomena 
under consideration depend on 4 X 3 parameters pj, pi, Ja, fi- 

pr and Dh (h =1,2,3) are determined by tbe quasi elastic and 
damping forces acting on the electron in the crystal, when no mag- 
netic field is excited. g,(h=1, 2,3) measure the direct action of 
the magnetic field on the electron parallel to the axes YX, Y, Z; 
Ji (hu =1, 2, 3) determine certain couplings experienced by the 
electron parallel to these axes. 

If we put 


N, = PsP, —fiv*, Nis =PsPs — 9," »*s 
N,=p.P.— fs Ny = PP, — 9"; 
N,=psp,—Jts'*, Ni, =P: P:— 9s”, 

where as before » represents the frequency, generally the magnetic 


effect on an absorption line in the above mentioned cases is given 
by the following functions: 


) W. Vorer. Gott. Nachr. 28 Juli 1906; Magnetro- und Electrooptik. Leipzig 
1908, p. 235 u. f 
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= o//Y¥ > ee 
BUS oh oe 
o//Z _p,/N,, 
Y ae. 
oT” tale. 4 oe, 
o//X (p, + p,)/N, 
OIA ve) pi) Ne, 


Ri/Fo, of Se (p. + p.)/N, 


tol/Z . py/N, 
0//Z Ps/ Nay 
o//X  p,/Ny 
o//X  p,/N,, 


wo //Y¥ 


o//Z a 
{o//¥ (Ps +-p,)/N, 
RP, ate 
6//Z (Ps + p)iN; 
w//¥ eae (Ps + p,)/N, 
o//X  p,|N,, 
o//X° p,/N,, 
Of VeHY pal Ne 


Supposing now the absorption lines to have the same positions in 
the three chief spectra, then the real parts of p,, p,,p, and also of 
Ps» Po Ps ae equal; supposing the intensities of the absorption lines 
to be equal, then the 7magimary parts are the same. If on the other 
hand g,,9,,g, and /,,/,,/, vetain different values from each other, 
then also N,, V,, NV, and N,,, N,,,.N,, have different values from 
each other. In this case the system of distances between the doublet 
components obtained from theory agrees exactly with that observed. 
If the three absorptions are slightly different from each other, then 
the theoretical distances show small deviations from the mentioned 
law, which however will scarcely be within the range of perception. 

What is interesting in the observations is that if we assume 
9: =Gs =, and therefore N,, = N,, = Nj, then theory is notin 
agreement with experience. 

The parameters gj; give the direct influence of the external magnetic 
field on the vibrating electron. This influence appears then to be 
different when the field acts along the X-, the Y-, the Z-axis of the 
crystal, This result seems to me to verify the view I have deduced 
from other considerations, that the magnetic field inside the molecule, 
where an electron is in motion, can be very different from that in 
outside space. Reasoning in this way it is quite natural to imagine 
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that the field inside a molecule of a crystal gains different intensities 
if an external field of constant intensity acts successively parallel to 
the axes of the erystal. 

It is. true that in my former publications | have putg,=g,=J:; 
because at that time there was no necessity to introduce more 
complicated suppositions. But the abovementioned observations show 
that generally g, is different from g, and g,. 

If we do not accept this difference between the inner and outer 
field, then we must fall back on the very complicated assumptions 
of BecqurreL and Onnes, that the apparent, probably electromagne- 
tic mass of the electron is different parallel to the three axes of 
the crystal, and that the quasielastic forces in these directions are 
proportional to these masses. This would lead to the hypothesis of 
an immense number of different kinds of electrons, say of ellipsoidal 
form, which during their vibration remain parallel to themselves. 
The authors do not set forth how the law of the quasielastic forces 
would be explained. As opposed to the difficulties of this hypo- 
thesis I maintain that the above assumption of differences between 
the inside and outside magnetic fields is much simpler. 


Ill. I should like to mention a general consideration arising from 
the preceding. It seems to me that by the irresponsible introduction 
of electrons which have forms masses and signs different from each 
other, we should lose what has been up to the present one of the 
chief advantages which characterise the electrontheory ; the simplicity 
of the fundamental conception, and thus make the whole hypothesis 
of less value. We would have to be content with this depreciated 
value of the hypothesis, if we were compelled by undeniable results 
of experience to do so. But up to the present I cannot recognise 
any such evidence. 

The chief objection of J. Brcqureren to the hypothesis of inner- 
molecular’ magnetic fields lies in the fact that the Zerman-effect is 
notably independent of temperature. But as we do not know 
anything definite about the cause of the inner field, it appears to 
me, that one cannot assert anything about the sensibility to tempe- 
rature with certainty. 

In this place I shall mention a consideration which seems to me 
to carry some weight against the precipitate assumption especially of 
positive electrons. 

We learn from the theory of light that ‘in bodies electrons oscillate 
about positions of equilibrium. Further the electron-theory permits 
only of forces of electromagnetic nature: the quasielastic forces 
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which bind the electrons to their equilibrium positions must there 
fore also be of electromagnetic nature. Thus here the only force 
to be considered, is electrostatic, we know from the theory of 
potential that an electrostatic field permits of a point-charge moving 
about a stable position of rest only inside of a charge of opposite 
sign distributed over space. Thus the assumption of negative electrons 
made up to the present time leads to the conception of positive 
electric charges distributed over a definite space. These two hypotheses 
contain no contradiction. : 

The assumption of positive electrons (of parallel properties to those 
of the negative) compels then to the conception of negative charges 
extended through space, and thus, as it seems to me, leads to the 
nullification of the whole theory. For of what use is ‘an atomical 
conception of electricity which cannot be subsequently worked out? 


Geophysics. — “On Frequencies of the mean daily cloudiness at 
Batavia.” By Dr. J. P. VAN DER Srox. 


1. Since 1880 hourly observations of the cloudiness of the sky 
have been published by the Observatory at Batavia; if the daily 
means calculated from these records are arranged in groups, a 
frequency-table (Table I) is obtained which enables us to form a 
clear idea of the way in which the climate is affected by this highly 
important climatological factor. 

From this Table it appears that, whilst northerly climates are 
characterized by a great number of cases in which the sky is entirely 
overcast or quite free from clouds (principally in April and September), 
these extreme values rarely occur at Batavia. 

Only once in 26 years or in 9500 cases a serene sky lasting 
during 24 hours has been recorded and, taken over the whole year, 
the number of days during which the sky was entirely covered only 
amount to 1.4°/, and, even in full West-Monsoon, to hardly more 
than + °/,. 

Furthermore Table 1 exhibits the fact that, notwithstanding the 
great nnmber of records, irregularities still occur to a considerable 
extent and the sums taken over the whole year clearly demonstrate 
that extreme care must be taken in adding together frequency-series 
of different kinds, which may lead to irregularities of the most pecu- 
liar description in the curve of distribution ; and these irregularities 
are by no means eliminated by a greater number of data. 

In order to eliminate these irregularities three natural groups have 


been formed as shown in 
occur, but by far the greater part have disappeared and they furnish 
good material for the application and the testing of frequency-formulae. 

For this purpose two alterations have to be made: in the first 
place the scale value has to be altered so that the extreme limits are 
denoted, not by 0 and 10, but by + 1, and consequently the origin 
of coordinates must be chosen in the middle between the limits ; 
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Table II; in these series irregularities still 
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TABLE Il. Frequencies of the mean daily cloudiness, Batavia, 1880—1905. 


Cloud-| 1 East | II Trans-| II] West-|| 1 East | Il Trans- |11West-|| New 
iness |;}Monsoon| __ ition Monsoon || Monsoon ition Monsoon|| scale values 
0 ey ees Fic os os a 1.0 
0.5 23 2 sd 6 e a. —9.9 
1 67 13 1 47 4 ee —0.8 
1.5] 134 | 26 4 34 8 2 —0.7 
2 293 48 13 56 15 6 —0.6 
2.5 || 262 87 13 66 Q7 6 —0.5 
3 327 145 19 82 36 8 —0.4 
3.5 || 375 164 28 94 BT 12 ee 
4 372 169 43 93 53 18 —0.2 
4.5 || 362 220 84 91 69 36 —0.4 
5 330 N4 86 83 68 37 0.0 
5.5 || 278 268 447 70 84 50 0.4 
6 243 272 159 61 86 68 0.2 
6.5 || 230 295 190 58 93 81 0.3 
7 195 280 £02 49 88 86 0.4 
7.5 18 | 266 257 47 84 110 0.5 
8 135 | 237 283 3% 75 120 0.6 
85 114 | 204 285 29 64 121 0.7 
9 72 164 25 18 52 107 0.8 
9.5 37 101 221 9 32 4 0.9 
40 8 2| > “Oo FOF Fe 8] ae ee 1.0 
Totall| 3978 3172 2246 1000 | 41000 1000 


this may be done by simply assuming the denotation as given in the 
last column of Table II. . 

In the second place the frequencies corresponding to the extreme 
limits must be excluded from the calculation because they must be 
considered as representing peculiar meteorological conditions and 
also because they cannot be taken as representing average values 
between 1.05 and 0.95 in the same sense as any other group. 

Therefore, in calculating the constants of frequency-formulae, these 
extreme values are omitted and the remaining frequencies again 
reduced to a total of 1000, 
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2. In the first place the frequency-formula known as Type I of 
Prof. Prarson’s formulae finds an application : 


—e (1 4 =)? € -*) 
P q 


which, for the assumed conditions and choice of origin, takes the 
simple form : 
wus U(l+ae(l—a# 2. 2... -. (I) 

and can be regarded as a generalization of the condition that the 
function vanishes for «= + 1. 

Its constants may be calculated from the following relations : 
ae Paa+b+2) 

~ 2a4b+1 Ma + 1) (b+ 1) © 

(tim —— 2@+n) 
(ue + 1D atbtnt1- 


| (2) 


(3) 


where 


-l 
(u 1) pn + 2 a + —- Hn—2 + ete. 


and mu, represents the mean of the n* order. 

As, besides %, by which the area of the curve is defined as equal 
to unity, only two constants appear in formula (1) as characteristics 
of the curve, it is sufficient to calculate the means of the first and 
second order uw, and wy. 


Putting 
1—u, 
p—l—a,, Seay EEE, 
we find: 
(2 — p)q Pq 
a+i= , b6+1———  .. .. .. .. 4 
nage We ds Se Va @) 


This formula offers the advantage that, the constants a and 6 
being known, a simple expression can be given for the situation of 
the maximum-value : 

a—b 
atb 


Xm 


In the second place we have to consider the expression in series- 
form proposed by the author in an earlier publication '), which may 
be regarded as a generalized zonal function, modified according to 
the condition : 


1) These Proceedings Vol. X. (799—817). 
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tie Ss 47 
u—= & A'y Rito pia wi pag st eG, (5) 
: . _n(n—1) 
Rite = (2*—1) R, = (&’—1}) | ~2.(n-1) a aa 
n(n—1 (n—2) 8) ys a 
2.4.(2n+1) (2n—1) 
cm n(n—1) n(n—1) (n—2) (n—3) 
A, =8 | a. 2(2n4-1)°" > - 2.4. (2n+1) fa — ete | (6) 
(2n4+3) (2n+1)/ (2n+1)/ 


cua etl nt a)ininink 9 7 (7) 
41 
Un = J ua"de. 


—1 

The use of the proposed series enables us to introduce more 
constants than two, which, in this case, is a decided advantage as 
the means of higher order necessarily decrease and, therefore, the 
convergency is assured. 

For the position of the maximum-value however no definite expres- 
sion can be derived from these formulae, and it has to be determined 
by approximative methods. 3 

Values of the function Ra42 for n=O0 to n=4 have been 
calculated and are given in Table X; for the first term, which 
remains the same for all curves, A,R, has been given instead of R,. 

The figure represents the way in which a frequency-curve (full 


0°" 
o.be4 


oye” 


O10 


. 
’ 

‘ "a 

9 eer 
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line) according to this formula is constructed out of its constituents 
(broken line) for the case: 


Bon ee Re A eh, 


so that the ordinates of the curve are found simply by taking 
together the 5 columns of Table X. 

3. The following constants of formulae (1) and (5) are deduced 
from the data given in Table II (2"¢ part), the frequencies for a 
cloudiness 0 and 10 being omitted and the total reduced to 1000. 
For reasons to be given furtheron, the values of the A, constants 
are not quite in conformity with the expression (6), the sign being 
inverted and the values divided by n+ 3, so that; 


(n + $) Ay = — A'n 
I. East-Monsoon. 
nu, = — 0.0554 A, = — 0.0519 Y— 0.8416 
“u, = + 0.1690 A, = — 0.1017 a = 1.3654 
u, = — 0.0095 A, = + 0.1631 6b = 1.6428 
“u, = + 0.0631 A, = — 0.0650 
II. Months of Transition. 
“, = 0.2136 A, = + 0.2003 = 0.7486 
p, — 0.1999 A, = — 0.0003 a = 2.1470 
pg, == (0.0931 A, = + 0.0069 = 1.0393 
u, = 0.0859 A,=-+ 0.0081 
III. West-Monsoon. 
u, = 0.4545 A, = + 0.4261 % — 0.4326 
Bf, = 0.3191 A, = + 0.3901 a = 3.4001 
u, = 0.2173 A, = + 0.2584 5 = 0.6502 
u, = 0.1683 A, = + 0.1299 


In the constants of either formula the differences characteristic for 
the different seasons are well marked. 


4. In order to examine in how far the results of the computation 
by means of the frequency-formulae agree with the data, we have 
to integrate the expressions between the limits « and — 1. 

For the formula (5) in seriesform this offers no difficulty ; from 
the differential equation : 

@ Rr 
i — ae = (n + 2)(n + 1) Ruta 
we readily find: — =f 
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ra fin ES aR ee... 18) 


n dx 


from which, the R’, function being known, we easily derive the 
expressions (10). Formula (8) holds good for all values of n except 
n =O, in which case: 


a ee 
L 0 ae tt Sik . . . . . . . . (9). 


The A, coefficients, calculated by formula (6) being comparatively 
large and the values computed by (8) small, it is desirable to omit 
the factor (n+ 3) in (8) and (9) and to divide the expression for 
A, by the same quantity; at the same time the sign of §, and there- 
fore also the signs of (8) and (9), can be changed. 

With these premises the integrals assume the form: 


I= «(l—e#) +2042) 


I, = — (l—2)? 

big — eee a 

ee (#2) ee 
3 1 7 


I= I o(#—) =—J (#5) 
4 1 3 2 3 ] 


Numerical values of these integrals calculated for values of z 
increasing by 0.05 are given in Table IX; in the first column, which 
remains the same for curves of different description, instead of J, 
the product A,/, has been given. 

Integrating formula (1) between the limits # and —1, we encounter 
the difficulty that, putting: 


2—2z2—1 


and developing, we obtain the form : 
a+ a+2 a+3 


fu etbti Ts 2 HOY) 
u on —— a ee — BEE Eien eh OWN oR EON CHE 
Liggines ST TLE oe 


which, evidently, for large values of z slowly converges, so that a 
considerable number of terms have to be taken into account if, as 
is necessary in our case, we desire to determine the values with an 
accuracy up to the third decimal. 

Other forms of development are of course possible, but | have 
not succeeded in finding less laborious expressions. 


5, As, owing to this difficulty, the computations necessary for 
the testing of the formulae had to be restricted, the frequencies of 
Table Il have been aggregated between wider limits: Table III 
exhibits these frequencies reduced to a total of 1000; in the first 
part for all data, in the second part with the omission of frequencies 
for a cloudiness 0 and 10. It is this series which has to be compared 
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with the results of the calculation. 


TABLE Ill. 
lim) wel | Il 
—1.00tot—0.75| | 5/ O} 2) 5] 0 
440.75 =H,56) SOT 8] 6] ool as) 8 
—0.55 , —0.35| 148/ 63| 44] 149/ 64) 15 
0.35 , —0.45| 187| 104] 30] 188] 4105] 34 
—0.15 , 0.05| 174| 137] 73] 175| 138| 76 
0.05 , 0.95| 131| 170, 148] 431 | 4172) 493 
0.95 , 0.45 | 4107 131 | 467 | 107 | 183 | 474 
0.45 , 0.65; si| 459, 230] st | 461 | 939 
0.65, 0.85] 47 | 446| aos} 47 | 447 | 937 
0.8 , 4.00 42) 42| 192] 9} 93] 97 


The results of the computation according to 


formula (5) are given 


in Table IV. 

TABLE IV, I. East-Monsoon. 
Be Abe AE Al, es 
. total 
—1 00 tot —0.75 |} 0.0099 —0.0146  —0.0131 - —0,0021 |) 0.0231 
0.75 » —0.58 || 0.0153 0.0196 0.0004 | 0.0026 || 0.0917 
—0.55 , ~0.35 || 0.0147 | 0.0002 0.0151 | 0 0082 || 0.1520 
0.35, —0.45 |] 0.0096 0.0198 | 0.0164 | —0,0008 || 0.4781 
—0.15 , $0.65 || 0.0021 | 0.0196 0.0040 | —0.00%0 || 0.1708 
40.05 , $0.25 || —0.0¢60 | 0.0173 —0.0143 | —0.0098 || 9.1433 
40.25 , +0.45 |} —0.0126 | 0.0068 | —0.0177 | 0.0015 || 0.4091 
40.45 , +-0.65 || —0.0157 | —0.0071 | —0.0090 | 0.0037 || 0.0760 
0.65 , 0 85 || —0 0133 | —0 0154 0.0079 | 0.0004 || 0.0447 
40.85 , -+1.00 || —0.0040 | —0.0067 | 0.0073 | —0.0017 || 0.0109 
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TABLE IV. Il. Transition. 

Al, | Aol, Agl, Al, ce 

total 
—1.00 tot —0.75 || —0.0383 | 0.0000 | —0 0006 | 0.0003 || 0.0044 
—0.75 , —0.55 |] —0.0591 | 0.0000 0.0000 | —0.0003 || 0.0267 
—0.55 , —0.35 —0.0568 | 0.0000 0.0006 | —0.0004 || 0.0625 
—0.35 , —0.45 || —0.0372 | 0.0000 0.0007 | 0.0004 || 0.1037 
—0.15 , 40.65 0.0079 0.0001 9.0002 | 0.0005 || 0.4420 
+0.05 , $0.25 |} 0.0233 | 0.0001 | —0.0005 | 0.0003 || 0.1693 
+0.25 , +0.45 || 0.0487 0.0000 | —0.0007 | —0.0002 |} 0.1789 
40.45 , +0.65 0.0806 | 0.0000 | —0.000% | —0.0005 || 0.1638 
+0.65 , +0.85 || 0.0514 | 0.0000 0.0003 | 0.0000 || 0.1168 
+0.85 , +1.00 |} @.0154 | 0.000 0.0003 | 0.0002 || 0.03149 

TABLE IV. III. West-Monsoon. 

Pw eS i: Re 2 
Al, Aol Al, Al, f 

total 
—1.00 tot —0.75 || —0.0816 | 0.0561 | —0.0208 | 0.0043 |] 0.0010 
—0.75 , —0.55 || —0.1257 0.0484 0.0007 | —0.0054 |} 0.0042 
—0,.55 , - 0.35 |} —0.1208 0.0007 0.0241 | —0.063 || 0.0168 
—0,35 , —0.15 |} —0.0790 | —0.0493 0.0257 1.0016 [| 0.0394 
—0.15 , 40.05 || —-0.0168 | —0.0754 0.0064 0.0079 || 0.0712 
40.05 , +0.25 || 0.0495 | —0.0664 | —0.0179 | 0.0056 |] 0.4169 
+0.25 , 40.45 0.1035 | —0.0260 | —0.028i | —0.0029 || 0.1776 
+0.45 , +0.65 || 0.1989} 0.0274 | —0.0143 | —0.0074 |] 0.2884 
+0.65 4 40.85 |] 0.1003 | 0.0501 | 0 0126 | —0.0008 0.2453 
+0.85 , 1.00} 0.0328 | 0.0256 | 0.0115 | 0.0033 |] 0.0892 

Table V shows the differencas between the results of the obser- 


vation O (Table Ill 2¢ part) and of the computation C' (Table LV | 
last column). 
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TABLE V. a=O-C, formula in seriesform. 

I. ° Ill, 

East-Monsoon | Transition | West-Monsoon. 
—1.00 tot —0.75 0 1 —t 
—0.75 , --0 55 2 —i 4 
—0.55 , 0.35 —3 1 —2 
—) 35 4 OAS 10 4 eat 
O45 1S 4 —4 5 
0.065: O25 —12 3 6 
0.35 O45 ag 4 —4 
0.45 , 0.65 5 —3 4 
065 , 0.85 2 0 —8 
05 5 4:00 —2 0 8 
ve 5.57 2.63 5.39 


The question whether or not Pxarson’s formula (1) leads to an 
equally satisfactory result can be readily answered by supposing 
formula (1) to be expanded according to formula (5). Then, of 
course, the coefficients A, and A, will be the same whether calcul- 
ated directly or witb the help of a and 6 and, as the fourth term 
plays an unimportant part, all depends upon the third term which 
is determined by the mean of the third order u,. 

If by means of (3) we calculate u, from a and 6, we find: 


observed calculated observed calculated 
by (3) by (3) 
East-Monsoon pu, = —0.0095 —0.0225 u,—0.0631 0.0641 
Transition ae Oat 0.0902 ,, = 0.0859 0.0856 
West-Monsoon ,, = 0.2178 0.3319 ,.,=01683 0.1917 


From this we may conclude that, for the months of transition 
formula (1) will lead to excellent results; for the West-Monsoon the 
agreement will be satisfactory; but for the East-Monsoon rather 
large discrepancies are to be expected. 


25 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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TABLE VI. 4=O—C, formula Pearson. 


East-Monsoon Transition West aonaoan 

—1.00 tot —0.75 —13 = 0 
—0.75 , --0.55 aa sy 4 
20 ay ae 19 3 0 
6.5 . as 25 Hes 7 
—0.15 , 0.05 6 eae Meee 0 
00, 0% 25 2 28 
0.5 , 0.45 —18 2 aa 
0.45 - 0.65 4 —'§ 12 
0.6, 0.8]. 0 1 4 
0.85 , 1.00 5 1 ay 

ys "44.32 2.72 eae 


The differences given in Table VI confirm this expectation as well 
as the computation of the position of the maximum-value. 


Position of maximum-values. 


Observed Calculated 

Table II. form. PEARSON form. series 
East-Monsoon — 0,25 —0.09 — 0.20 
Transition 0.30 0.35 0.35 
West-Monsoon 0.65 0.90 0.65 


The use of frequency-formulae with two constants will, therefore, 
give satisfactory results only in those cases where the curve is of a 
comparatively simple construction or if, by chance, m, (or A,) as 
calculated by means of a and 4%, are approximately equal to the 
observed values. 

Moreover, as the constants appear in exponential form, it will be 
diffieult to calculate Tables for the function and its integrals as p 
and gq may assume all possible values and occw in an infinite 
number of combinations, 

Constants for every month computed according to both formulae 
from the data of Table I with the omission of the extreme values 
are given in Tables VII and VIII. 
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TABLE VII. 
Constants of formula (5). 

A, Ay A, 
January 0.4293 0.4418 0.3514 
February 0.4247 0.3957 0.2653 
March 0.2962 | 0.0847 | —0.0207 
April 0.1481 | —001385 | —0.0792 
May 0.0144 | —0.1572 0.0609 
June —0.0003 | —0.1939 0.0988 
July —0.0672 | —0.0758 0.1769 
August — 0.1330 | —0.1093 0.2607 
September || —(0.0548 —0.1509 0.2063 
October 0.0724 | —0.0735 0.0885 
November 0.2747 0.0964 0.0425 
December 0.3795 0 ,2530 0.1355 

Constants of Pada Prati Type I. 

a a b 
January 0.420 | 3.249 0.577 
February 0.436 3.278 0.614 
March 0.656 3.044 1.101 
April 0.880 2.674 4.670 
May 0.922 4.824 1.756 
June 0.924 2.049 2.050 
July 0.798 4.225 1.568 
August 0.831 1.439 2.246 
September 0.894 1.645 1.974 
October 0.813 4.573 1.204 
November 0.664 2.475 0.900 
December 0.534 3.484 0.900 


25* 
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TABLE IX. Values of i , 


| 


x Ayly n=4 n=2 7==s6 et 
—1.00 || 0.0000 0.0000 0.0000 0.0000 0.0000 
—0.95 | 0.0018 | —0.0095 0.0090 | —0.0072 0.0054 
—0.90 || 0.0073 | —0.0361 0.0325 | —0.0244 0.0155 
—0.85 || 0.0160 | —0 0770 0.0655 | —0.0446 0.0255 
—0.80 |} 0.0280 | —0.1°96 |* 0.4037 | —0.0644 0 0318 
—0.75 || 0.0480 | —0.1914- 0.4426 | —0.0803 0.0329 
—0.70 || 0.0608 | —0.26 0.1821 | —0.0903 0.0285 
—0.65 || 0.0812 | —0.3335 0.2168 | —0.0933 0.0193 
—0 60 || 0.1040 | —0.4096 0.2458 | —0.0889 0.0066 
—0.55 |! 0.4291 | —0.4865 0.2676 | —0.0777 | —0.L082 
—0.50 || 0.1563 | —0.5625 0.2813 | —0.0602 | —0.0234 
—0.45 || 0.1853 | —0.6360 0.2862 | —0.0879 | —0.0374 
—0.40 | 0.2160 | —0.7056 0.2822 | —0.0121 | 0.0489 
—0.35 || 0 2482 | —0.7700 0.2695 0.0447 | —0.0568 
—0.30 || 0.2818 | —0.8281 0.2484 0.0438 | —0.0604 
—0.25 | 0.3164 | - 0.8789 0.2197 0.0707 | ~—0.0595 
—0.20 || 0.3520 | —0.9216 0.1843 0.0948 | —0.0541 
—0.15 || 0.3884 | —0.9555 0.1433 0.4150 | —0.0445 
—0.10 || 0.4233 | —0.9801 0.0980 0.4303 | —0.0317 
—0.05 |} 0.4623 | —0.9950 0 0498 0.1397 | —0.0165 

0.00 || 0.5000 | —1.0900 0.0000 0.4429 0.0000 

005 || 0.5875 | —0.9950 | —0.0498 0.4397 0.0165 

0.10 || 0.5748 | —0.9801 | —0.0980 0.1393 0.0317 

0.15 || 0.6117 | —0.9555 | ~0.4433 0.1150 0.0445 

0.20 || 0.6480 | —0.9216 | —0.4843 0.0948 0.0541 

0.25 || 0.6836 | —0.8789 | —0,21:7 0.0707 0.0595 

0.30 | 0.7183 | —O.8281 | —0.2485 0.0438 0.0604 

0.35 i 0.7518 | —0.7700 | —0.2695 0.0147 0.0568 

0.40 | 0 7840 | —0.7056 | —0.28:2 | —0.0121 0.0489 

0.45 | 0.8147 | —0,6360 | —0.2862 | —0,0379 0.0374 

0.50 0.2438 | —0.5625 | —0.2813 | —0.0602 (),0234 

0.55 || 0.8709 | —0.4865 | —0.2676 | —0.0777 0), 0082 

0.69 0.8950 | —0.4096 | —0.2458 | —0,0889 | —0,0066 

0.65 | 0.9189 | —0 3335 —( 2168 —0 0933 —0 0198 

0.70 | 0.9393 | —0.26% —0,1821 | —0,0903 | —0,0285 

0.7% || 0957) | —9.1914 | —0 1436 | —0,0803 | --0,0320 

0.80 0.9720 | —0.1296 01037 —~ 0, 0644 —0 0318 

0.85 | 0.9840 | —0.0770 | —0.0655 | —0.0446 | —0.0255 

0.90 0.9928 | —0 0361 | —0.0325 | —0.0241 | —0.0155 

0.95 | 0.9982 | —0,0005 | —0,0000 | —0.0072 | —0.0051 

1.00 0.0000 (),0000 00000 () 0000 


1.0000 | 


(379 ) 


TABLE X. Values of the function R,, 49° 


x AR, n=1 | n=2 | n=3 n=4 
} 

4.00 || 0.0000 0.0000 0.0000 0.0000 0.0000 
—0.95 || 0.0731 | —0.0926 0 068 —0.0439 0.0254 
—0.90 |} 0.4495 | —0.1710 01159 | —0,0652 0.0314 
—0.85-|| 0.2081 | —0.2359 0.1450  —0.0693 0.0244 
—0.80 || 0.2700 | — 0.2880 0.1584 — — 0 0609 0.0110 
—0.75 || 0.3281 | —0.3281- 0.1586 —0.0439 | —0.0048 
—0.70 || 03825 | —0.3570 04479 | —0.0219 | —0.0199 
—0.65 || 0.4331 | —0.3754 0.4285 | 0.0023 | —0.0321 
—0.60 || 0.4800 | --0.3840 (1024 | 0.0263 | —0.0402 
—0.55 || 0.5931 | — 0.3836 0.0715 | 0.0484 | —0.0426 
—0.50 || 0.5625 | --0.3750 0.0375 | 0.0670 | —0.0424 
—0.45 || 0.5981 | —0.3589 0.0020 | 0.0811 | —0.0370 
—0.40 |} 0.6300 | —0.3360 | —0.0.36 | 0.0902 | —0.0281 
—0.35 || 0.6581 | —0.3071 | —0.0680 0.0040 | —0.0167 
—0.30 || 0.6895 | —0 2730 | —0.1001 | 0.0924 | —0.003) 
—0.25 |} 0.7031 | —0.9344 | —0.1989 | 0.088.) 0.0092 
—0.20 || 0.7200 | —0.1920 | —0.1536 0.0746 0.0247 
—0.15 || 0.73381 | —0.1466 | —O0 1735 0.0505 0.0324 
—0.10 || 0.7495 | —0.0990 | —0.1884 0.0444 0.0406 
—0.05 || 0.7481 | 0.0499 | 0.1970 0.0213 0.0458 

0.00 || 0.7500 0.0000 | —0,.2000 0.0000 0.0476 

0.05 || 0.7481 0.0499 | —0.1970 | —0.0213 0.0458 

0.10 0.7425 0.0990 | —0.1881 | —0.0414 0.0406 

0.15 || 0.7334 0.1467 | —0.1735 | —0.0595 0.0324 

0.20 || 0.7200 0.1920 | —0.1536 | —0.0746 0.0217 

0.25 || 0 7031 0.234% | —0.1289 | —0,0858 0.0092 

0.30 || 0.6825 0.2730  —0.400i  —0.0924  —0.0039 

0.35 || 0.6581 0.3071  —0.0680 —0.0940 | —0.0167 

0.40 || 0.6300 0.3360  —0.0336 | —0.0902 | —0.0281 

0.45 || 0.5984 0.3589 0.0020 | —0.0811 | —0.0370 

0.50 || 0.5625 0.3720. 0.0875 | —0.0670 | —0.0494 

0.55 |} 0.5234 0.3836 0.0745 | —0.0484 | —0.0436 

0.60 || 0.4800 0.3840 0.4024 | —0.0263 | --0.0402 

0.65 || 0.4334 0.8754 0.1285 | —0.023 | —0.0321 

0.70 || 0.3825 0.3570 0.4479 0.0219 | —0.0199 

0.75 || 0.3284 0.2284 0.4586 0.0439 | —0.0048 

0.80 | 0.2700 0.2880 0.4584 0.0609 0.0140 

0.85 | 0.2081 0.2359 0.1450 0.0693 0.0244 

0.90 || 0.41495 0.1710 0.4159 U.0652 0.0314 

0.95 | 0.0734 0.0926 0.0685 0.0439 0.0254 

4.00 || 0.0000 0.0000 0.0000 0.0000 0.0000 
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Mathematics. — “On fourdinensional nets and their sections by 
spaces.” (Third part.) By Prof. P. H. Scnourts. 


The net (C,,). 


1. In the first part of this investigation we have found that the 


net (C,,) of cells Cy¥e” is formed out of three equally strongly 


developed groups of homothetic cells cy , one group of erect cells 


Cis’ ” polarly inscribed in eightcells CS and two groups of inclined 


cells Cf"? and Cie” bodily inscribed in eightcells Cf, namely 
the positive group and the negative one. If we restrict ourselves 
once more, with respect to this net, to the sections by spaces normal 
to one of the four different axes of one of the sixteencells, it is 
evident from the table of connections between these different axes 
given in the first part (p. 544) —- if we bear in mind that the three 
groups of cells of the net are equivalent — that we have only to 
consider three series of parallel intersecting spaces, viz. those normal 
to one of the axes OR,, OF, OK, of the circumscribed eightcells. 
In these three cases, corresponding successively to the fifth, the fourth, 
and the third line of the quoted table, we find indeed for the erect 
sixteencells series of spaces normal to OF,,, OK,, and OF,,, whilst the 
first of the three cases provides us, for the inclined sixteencells, with 
a series of spaces normal to OR,,. So all in all we have to bring 
to light three different threedimensional space-fillings and their trans- 
formation connected with a parallel motion of the intersecting space. 
But in order to do this we have to consider more than the four 
usual series of intersecting spaces respectively normal to an axis 
OL.,, OK,,, OF ,,, OR,,; for the spaces normal to OX, presenting 
themselves in the last of the three cases are not normal to any one 
of the four axes of the inclined sixteencells but to the line connecting 
the centre of one of these cells with the point characterized by the 
coordinates (3,1,1,1) with respect to the system of coordinates with 
the four axes OF, of that cell as axes. So all in all we have to deal 
with five series of parallel intersecting spaces which may be charac- 
terized by the symbols (1,0,0,0), (1,1,0,0), (1,1,1,0), (1,1,1,1), (8,1,1,1), 
as they are always normal to the diameter of the cell passing 
through the point the coordinates of which with respect to the 
axes OL, of the cell are given by the corresponding symbol, 


2. In the same way as we have done this in our second com- 
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inunication for the six series of parallel sections of the eightcell we 


ee : (24/2 
indicate the results of the intersection of a single sixteencell Cyg 


in two different manners. A first plate will give the projections of 
the limiting elements of the sixteencell on the diameter normal to 
the intersecting spaces, which will enable us to deduce the sections 
from it tabularly; a second plate will give the sections themselves 
in parallel perspective, included in the sections with the polarly 


cireumseribed Cs”” or the bodily circumscribed C. Moreover a third 
plate will contain two groups of diagrams, the first of which will 
elucidate the manner of deduction of the projections given on plate I, 
whilst the second is concerned with the space-fillings obtained by 
the intersection of the net (C\,). In order to facilitate the survey 
of these space-fillings we deviate from the way followed in the 
second communication and treat together the more or less regular 
space-fillings presenting themselves here, instead of joining each of 
them separately to the corresponding generating three series of in- 
tersecting spaces. 

We now first consider the four diagrams of the first group of 
plate III dominating the deduction of the projections of plate I. In 


fig. 1 we once more show how the inclined cell C4", indicated 


by its vertices only, is inscribed in the cell Cs’. If we indicate by 
A, B,C, D the vertices of one of the sixteen limiting bodies, by 
A’, B’, C’, D’ the opposite ones, the sixteen limiting tetrahedra are 


A'BCD 
ABCD A'BC'D ABCD 
ABCD A'BCD' ABCD . 
ABCD A'B'C'D' 
ABC'D ABCD A'BCD 
ABCD ABCD A'B'C'D 


ABCD 


Of these five groups of 1,4,6,4,1 tetrahedra those of the first, 
the third, and the fifth groups are inscribed in the eight limiting 
cubes of the eightcell, whilst the four vertices of each of the tetra- 
hedra of the second and the fourth group always split up with 
reference to two opposite limiting cubes of the eightcell into one 
vertex and three vertices. 
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With reference to the system of coordinates O(Y,, Y,, Y,, Y. 
of the four diagonals AA’, bb’, CC’, DD’ already used in the first 
communication the five series of parallel sections are’ characterized 
by the symbols (1,0,0,0), (4,1,0,0), (1, 1,1, 0), 4, 1,4, 1), (8,4,1,1) 
mentioned above, from which can be deduced that the octuple of 
vertices of the sixteencell projects itself on the chosen axis of projec- 
tion in these five cases in arrangements indicated by (1, 6, 1), 
(2,4, 2), (38, 2,3), (4,4, (, 3, 3,1). Of these five cases the first and 
the fourth are evident by themselves ; so the parts of plate I bearing 
the headings (1,0, 0,0) O#,, and (1,1, 1,1) OR,, can be understood 
immediately. The three other cases can be explained by the three 
following diagrams, a common characteristic of which is that the 
eight vertices of the sixteencell have been obtained by starting from 
the cube that is found by intersecting the eightcell of fig. 1 by the 
central space normal to AA’, by splitting up the eight vertices of 
that cube into the two sets of vertices of bodily inscribed tetrahedra 
and by erecting normals on the space bearing that cube — i.e. by 
drawing in the diagram in parallel perspective lines parallel to 4A” 
— the length of which is equal to 4 AA", in the vertices of one 
of the tetrahedra to one side and in the vertices of the other tetra- 
hedron to the opposite side. This representation of the cube with the 
two quadruples of points ABCD, A’b’C’D’ has been repeated in 
three different positions by a motion parallel to itself from left to 
right and from above to below over the same distance, which gives 
rise to the three diagrams 2,3,4 which we will now examine one 
after another. 

In fig. 2 the eight vertices of the sixteencell have been projected 
on to the line F,/’,, joining the midpoints of two opposite edges 
of the cube and forming therefore an axis O/’, of the eightcell ; on 
this axis the vertices A, project themselves in /,, the vertices 
U,D,C', D’ in O and the vertices A’, B’ in F”,. We find again 
here that the axis O/, of the eightcell is at the same time an axis 
OK,, of the bodily inseribed sixteencell, as /’, is the midpoint of AB, 
and deduce now from the arrangement (2,4, 2) of the projections of 
the vertices all that is indicated on plate I under the heading 
(1,1, 0, 0) OK,,. 

In fig. 3 the centres of gravity /’,,, /”,, of the opposite faces 
ABC, A’ BC’ have been determined, and the axis OF’, joining these 
points forms the axis of projection. Then the three vertices A, B, C 
project themselves in J/’,,, the two vertices D, D’ in O, the three 
vertices A’, B’, O’ in /,. From the arrangement (8, 2, 3) can then be 
deduced what appears in plate I under the heading (1, 1,1, 0) OF,,. 
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In fig. 4 the diagonal D’D" of the cube, forming an axis OK, 
of the eightcell, appears as axis of projection. Here the projection 
of the eight vertices of the sixteencell on that line D'D" is found 
in the easiest way by projecting these points first on to the space 
of the cube with the diagonal D'D' and by repeating this for the 
eight projections obtained with respect to the line D'D". For, the 
projections of the eight vertices of the sixteencell on to the space of 
the cube are the vertices of that cube, and these project themselves on 
D'D", if this line is divided by ? and /” into three equal parts, 
according to the arrangement (1,3, 3,1) in the points D’, P,P’, D". 
From this arrangement (1,3,3,1) of the vertices can be deduced 
immediately what appears on plate I under the heading (3, 1,1, 1)OA,. 

For each of the five cases considered we repeat under the heading 
“type” the manner in which the four couples of opposite vertices 
of the eightcell project themselves on the different axes. 


3. We now proceed to the description of the sections, represented 
in parallel perspective on plate II, of the erect Cie" and its envelope 
5 on one side, and the inclined oer) and C'%! and their 


envelopes CY on the other. The sections of the C, can be deduced 
from the tables of projection of plate I, those of the circumscribed 


CS and CY have already been given on plate II of the second 
communication. 

By two thick vertical lines this plate il is divided into three parts, 
respectively related to sections uormal to OR,, normal to OF,, 
normal to OK,. Each of these three paris is divided by a thin 
vertical line into two columns; of these two columns the lefthand 
one always contains three sections of erect sixteencells, the right- 
hand one five or more sections of inclined sixteencells. We now 
consider separately each of the six columns so formed. 


Sections normal to OR,. 


a. rect cells. This case is the simplest of all. If by a motion 
parallel to itself of the intersecting space normal to the axis VZ,, of 


2 ‘ 7 ; : 
CY the point of intersection of that space with that axis moves 
from one of the two vertices situated on that axis to the other, the 


section with the circumscribed CY remains a eube with edge four 


and the section with the inscribed oy” itself, which is always 
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a regular octahedron, inereaves in size from a point, the centre of 
the cube, to the inscribed octahedron with edge 21/2 ard then it 
passes through the same stadia in inverse order. Of the three diagrams 
the second represents an intermediate stadium, in which the edge of 
the octahedron is V2. 

b. Inclined cells. If the point of intersection of the intersecting 


space normal to the axis OR,, of bay ge 


axis completely, the section with the bodily circumscribed CY remains 
a cube with edge two, whilst the section with the inscribed on 
always a tetrahedron truncated at the vertices and at the edges, trans- 
forms itself from a right tetrahedron to a left one in the manner shown 


> 


by the five diagrams. In the third of the five we recognize the 


semiregular body (with regular faces) forming the combination of 
cube and octahedron in equilibrium, whilst the form represented 
by the second and the fourth show how this combination is formed 
out of the right tetrahedron and passes into the left one *). 


Sections normal to OF,. 


a. LHrect cells. Here a difference arises with respect to the fraction 
indicating the position of the intersecting space, according as the line 
through QO normal to the intersecting space is considered either as 


an axis OK,, of the inscribed CY or as an axis OF, of the 


circumscribed co. Therefore to each of the three diagrams presenting 
themselves here correspond two fractions, one below at the righthand 
side referring to the axis OX,,, another above at the lefthand side 
referring to the axis OF. If the point of intersection of the inter- 


secting space with the axis O/', of C? deseribes this axis completely, 
the height of the rectangular parallelopipedon forming the section 


with cY. the base of which is a square with side four, increases 
from nought to 42 and then again decreases to nought. But only 
at the moment that this height is increased to 2/2 does the polarly 


inscribed cy» begin to be cut. So we find in the three cases, where 


') For the sake of clearness the limiting elements of the section of the cell Oj, 
situated in the faces of the section of the enveloping box Cy have been brought 
to the fore by indicating the vertices situated in all the faces of that envelope as 
black points, and by shading the faces of the section of the cell Q,g situated in 
visible faces of that envelope, 


with this axis describes this 


ee 
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the height is respectively 242, 31/2, 41/2 and the fractions above 
9 


3d. 4 2 
to the left are g'9'3° for the fractions below to the right 0, or" 
and for the sections of ot” an edge, a cube covered at two 
opposite faces by square pyramids, a square double-pyramid. 

b. Inclined cells. In the five cases corresponding to the fractions 
Peay Biget ree 
oe Bo 8 

gular parallelopipedon, the base of which is a square with side two, 


0, the section of the circumscribed c® is a rectan- 


with a height 0, <Vv2, 2, bs V2, 2/2 successively. The sections 
of the inscribed oY?) represented in the first, the third and the fifth 
of the five figures are equal to those of the preceding column and 
in the second and the fourth intermediate forms between these ; in 
general the section can be characterized as a rectangular parallelo- 
pipedon with a square as base and upperplane, covered at these two 
faces by square pyramids, the faces of which have a determined 
inclination. 


Sections normal to OK,. 


a. rect cells. Here too, a difference presents itself as to the 
fractions, according as the diameter normal to the intersecting space 
is considered either as an axis OF, or as an axis OK,,. If the point 


of intersection of the intersecting space with the axis OX, of cy 
describes that axis completely, the base of the prismatic section, the 
height of which remains four, transforms itself in the same manner 
as the section of a cube with edge four by a plane normal to a 
diagonal, and now at the moment that this base is increased to a 


triangle with side 4/2 a face of the inscribed cy” appears in the 


intersecting space. So, to the fractions above to the left, 


12’ 12’ 12 
tes 

correspond the fractions 0, The below to the right; so we find 
in the first diagram a triangle in a triangular prism, in the third 
a regular hexagonal double-pyramid in a regular hexagonal prism, 
in the second a form (12, 24, 14) bounded by two equilateral trian- 
gles, six isosceles triangles, six isusceles trapezia in a semiregular 
hexagonal prism regular as to the angles. 
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b. Inclined cells. The seven cases corresponding to the fractions 


Pap : I ted | In tl 
ap ae) °°) Ig SE eee vere. In the case corre- 


; ; . : (2) . ‘ : 
sponding to nought the section with ce) is a line, here a vertieal one, 


the section with CGY” a point, here the upper extremity of that line, 
le 22.38 

in a triangular prism, bounded by two equilateral triangles of diffe- 
rent size and two sets of three isosceles triangles of different form ; 
the smaller of the two equilateral triangles is always inscribed in 
the upperplane of the prism, whilst the larger forms a normal section 


In the cases we find an irregular octahedron, inscribed 


of the prism, successively at the height Ten RIES, 0. Finally in the 
B'6 ee ’ 
cases => jg We find a semiregular hexagonal prism regular as to 


the angles and a regular one in which polyhedra (12, 24, 14) are 
inscribed, once more bounded by two equilateral triangles, six isosceles 
triangles and six isosceles trapezia. But here, in opposition to the form 
(12, 24, 14) found above, the two equilateral triangles instead of 
being homothetic have an opposite orientation. ') 


4. Before we pass to the generation of more or less regular space- 


fillings by intersecting the net (C,,) we wish to say a single word 
about the diagonal planes appearing in the sections of the cell C,, 
represented on plate Il. In my communication “On groups of poly- 
hedra with diagonal planes, derived from polytopes’? published in 
these Proceedings of October (p. 277—290) it has been explained 
that any space intersecting C,, and not passing through one of the 
edges intersects this cell in a polyhedron with the property that 
through any edge of it passes one and only one diagonal plane, and 
that we only can obtain sections, through one or more edges of which 
pass two diagonal planes, if we choose an intersecting space passing 
through one or more edges of C,,. We have especially to show here 


so eae 


!) In the paper “Regelmissige Schnitte und Projectionen des Achtzelles u.s.w.” 
(Regular sections and projections of the eightcell, the sixteencell, etc.”, Verhande- 
lingen of Amsterdam, first section, vol. Il, N'. 2, 1894), I restricted myself princi- 
pally to central sections; I only added incidentally a remark about the sections by 
spaces not passiug through the centre, The figures 11 and 18 of that former paper, 
being not quite correct, should be replaced by the second figures of the third and 
fifth columns of plate LL of this study, 
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why this particularity — as was already stated there -— does not 
present itself in any of the sections of the four principal groups. 

A mere inspection of plate II is sufficient to show, that a// the 
sections of C,, represented there — not only those related to the 
axes OE,,, OK,,, OF,,, OR,, but also those of the last column — 
agree with one another in this, that any edge is situated in one and 
only one diagonal plane, moving parallel to itself if the intersecting 
space displaces itself parallelly. As an example we fix our attention 
on the figures of the fourth column, where a hexagon MABNCD 
starts on half its journey as a line MN to end it as a lozenge 
MANC. 

Now. the reason, why no edge situated in two diagonal planes 
occurs here in the cases of sections by spaces containing edges of 
C,,, can be derived from plate I. It comes to this, that spaces 
through edges of C,,, not leaving that cell entirely on one side, do 
not present themselves for sections normal to OR,, or OF,,, that they 
pass through the centre O for sections normal to OF,, or OK,, 
and contain a face of C,, for sections under the heading (3,1, 1, 1)OK,. 
If the intersecting space — see fig. 2 of the communication of 
October — contains not only the edge AB but also the centre O 
of the cell, the two points of intersection S,,.S,, coincide in O, and 
instead of two diagonal planes ABS,,, ABS,, we find only one 
diagonal plane ABO, containing also the edge A’ B’ opposite to AB 
and therefore intersecting the section in a square; this happens in 
the cases of the last figures of the first and the third column of 
plate II, for the first column with each, for the third column with 
only one diagonal plane, represented horizontally. In the case of the 


4 
last column corresponding to the fractional symbol = the triangle 


OPQ forming the base of the section is a face of C,,; so through 
any side of this triangle passes only one diagonal plane. 


5. In order to determine the threedimensional space-fillings gene- 
rated by intersection of the net (C,,) we can follow different ways, 
some of which are of a more theoretic, others of a more practical 
character. Those of the first group correspond in this, that we deduce 
from the section of a determined C,, with the intersecting space 
how this space must affect the other cells of the net (C,,). So we 
can project the axes of all the cells, normal to the intersecting 
space, on the axis taken as axis of projection, and deduce from the 
fraction corresponding to the chosen C,, the fraction corresponding 
to any other cell of the net; this method has been applied to the 
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net .C,) in the second communication, and it can be of great service 


here, as the cells Cc bodily circumscribed to the inclined cells C,, 
form a net (C,). However, it often proves to be more practical to 
start from any section presenting itself, to hunt for other sections, 
possible in the position of the intersecting space under consideration, 
admitting a face agreeing in shape and in size with one of the faces 
of the chosen section, and to investigate if it is possible to arrive 
in this manner at a space-filling either by these two polyhedra only 
or by means of still more forms equally possible. 


Space-jillings normal to OR,. Let us imagine in threedimensional 
space a net of cubes with edge two, built up by cubes alternately 
white and black so as to form a threedimensional chessboard, with 
an infinite number of cubes, and let us describe in all white cubes 
a righthanded, in all black cubes a lefthanded tetrahedron. Then the 
interstitial spaces between these tetrahedra can be filled up by regular 
octahedra, forming with the tetrahedra the mixed net of tetrahedra 
and octahedra with common length of edge 22. If we describe in 
all white cubes the tetrahedra truncated at vertices and edges of the 
second, in all black cubes the tetrahedra truncated at vertices and 
edges of the fourth of the five figures of the second column of 
plate II, the interstitial spaces can be filled up by regular octahedra 


1 3 
of two different sizes, i.e. with edges 52 and 3 2: If we describe 


in all cubes the combination of enbe and octahedron in equilibrium 
represented by the third of the five figures, the remaining interstitial 
spaces can be once more filled by regular octahedra of the same 
size, this time with the edge /2. These generally known results 
are obtained immediately by means of the method of juxtaposition, 
if we only bear in mind that two bodily inscribed sixteencells, the 


boxes Cs” of which have a limiting cube in common, are cut by 
any space normal to the space of that cube in polyhedra being one 
anothers mirror-image with respect to the plane of intersection as 
mirror, from which it ensues immediately that of the five figures 
of the second column the first and the fifth correspond to one 
another, also the second and the fourth, whilst the third stands for 
itself. By the juxtaposition, which comes here to the filling up of 
the interstitial spaces, we then find that the two extreme figures of 
the second column are to be combined with the two extreme figures 
of the first column, that the middle figure of the second column 
demands the middle figure of the first column, whilst the two 
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remaining figures of the second column correspond to two intermediate 
1 3 
sections with the fractions = and = of the first column, not repre- 


8 


sented here. 
If the point O (fig. 5) is the centre and OR an axis OR, of one 


of the cells om and we assume on the line which is to be considered 
as axis of projection a scale division with O as origin and half the 


edge of CY as unit, the vertices of the cells of — and therefore 


also the centres of Cs” — project themselves into the points with a 
distance from O equal to an odd number of integers. If now the pro- 
jection P of the intersecting space on to this axis lies between the 
origin and the point 1, and if 1—2z represents the distance OP, 


the section of all the cells Cf corresponds to the fraction 2, whilst 
both the series of Cf, the centres of which project themselves into 
the points —1 and +1, correspond to the fractions y=~ and 


= . Now as the fraction x of a positively inscribed C,, inverts 


Y= 


its sign and passes therefore into 1—., if this C,, is replaced by a 
negatively inscribed one, the fractions « and 1—w of the five figures 
of the second column belong together and to them correspond the 


1 1 
fractions 5% and 5g @ +1) of the first column. This result is in 


accordance with the preceding one; moreover it proves that it is 
preferable to say that the intermediate sections, not represented in 
the first column, corresponding to the second and the fourth figures 
1 5 
of the second column, bear the fractional symbols zs and 5° 
It goes without saying that by the last method is indicated at the 
same time what the space-filling corresponding to an arbitrary value 
of « looks like; as this is immediately clear by itself we do not 
enter into details. 


Space-jillings normal to OF,. The result found above — that 
of the five figures of the second column those at the same distance 
from the middle one belong together — holds for this case too. 
This is proved easily, in a manner independent of preceding 
considerations, as follows. If PX,, PX,, PX,, PX, (fig. 6) are the 


( 390 ) 


four edges of a CY meeting in a vertex P, if PQ and PR are the 
squares described on X,PX, and X,PX, and if F,G, O are the 
centres of these faces and of the eightcell, FPGO is a square and 


the net (C,), to which the cell Cy? belongs, projects itself on the 
plane of the square PA as a plane-filling of squares (fig. 7), whilst 
the intersecting space normal to the diagonal PR of the square pro- 
jects itself in a normal to that line. We expressed this in the second 
communication by saying that the problem of the section of a four- 
dimensional polytope by a threedimensional space has lost here two 
of its dimensions. If now amongst the lines normal to the diagonal 
PR line a passes through R#, line 6 passes through the points S,, 


l a3 
T, on the sides RS, RT for which RS, = — RS, RT, = RT, 


and line c passes through the midpoints S,, 7, of RS, RT, then the 
position a of the intersecting space corresponds to the first and the 
fifth figure of the fourth column of plate I, the position } corresponds 
to the second and the fourth figure, the position ¢ corresponds to the 
third one. 

A second remark refers to the position of the sections obtained in 
the third and the fourth column. The first and the third figure of 
the third column are equal to the first and the fifth figure of the 
fourth column; also the middle figures of the two columns are equal. 
But there is a difference in position. In the figures of the third 
column the axis MN of period four is vertical, in the figures of the 
fourth column this axis MW is horizontal. This is not accidental. 
As both columns represent the sections with the polarly circumscribed 


Cx and the bodily circumscribed CY in the same orientation, it 
proves that the axes MN of the sections of the erect sixteencells 
and those of any of the two groups of the inclined sixteencells are 
normal to one another, from which may be derived that the three 
axes MN of the sections of three sixteencells, any two of which 
belong to different groups, are normal to one another by twos. We 
verify this by proving that the axes MN of the sections of two 
inclined sixteencells of different kinds are normal to one another. 
Therefore we remark that the limiting spaces P(X, X,X,) and 
P(X,X,X,) of fig. 6 are parallel to OF — as the line GP parallel 
to OF lies in P?(X,X,) — and so the intersecting spaces normal to 


OF are normal to those limiting spaces of c®, As the sixteencells 


) 


; , ’ 12 . ’ 2 . 
inseribed in Cy’ and in an adjacent Cy? are one another’s mirror- 
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image with respect to the limiting space common fo the two eightcells, 
the sections of Loth the sixteencells with the intersecting space normal 
to that limiting space are one another’s mirror-image with respect to 
the plane of intersection of intersecting space and limiting space, i.e. 
with respect to one of the vertical faces of the rectangular square 


prism that forms the section of CS. As the axis MN of the figures 
of column four forms an angle of 45° with each of these four faces, 
it will be normal to its mirror-image. 

In the first of the three cases — that of the first and the third 
figure of the third column — only one polyhedron appears, the 
square double-pyramid, the base of which is a square with side 
2V2, the height of which also is 212. In the foilowing way it is 
easily proved tbat this not entirely regular octahedron can form a 
space-filling by itself Let us consider a net of cubes with edge 
2V/2 and divide each of these cubes into six equal square pyramids 
admitting as base one of the faces of that cube and as common 
vertex the centre of the cube; then the required net is obtained 
if we join together to a double-pyramid each pair of pyramids 
standing on the same base; according to the directions of the 
axes with period four of these pyramids this net consists of three 
equally strongly developed groups of polyhedra. We remark that 
the regular octahedron cannot fill space, but that we obtain a poly- 
hedron that does fill space, as has just been proved, by compressing 
the regular octahedron in such a manner that the distances of the 
points of the surface from a piane through four of the six vertices 
are diminished to $2 times the origina! value. 

In the third of the three cases — i.e. in that of the middle figure 
of the five sections of column four — we have again to deal with 
only one polyhedron, viz. a cube with edge 1/2 bearing on two 
opposite faces a square pyramid with height 42. We show easily 
that this body has the space-filling property as follows. Let us start 
from a net of cubes with edge 2 and suppose the centre of one 
of these cubes to be the origin of a rectangular system of coordi- 
nates the axes of which are parallel to the edges of the cube. Then 
let us divide into six equal square pyramids each cube the centre 
of which has for coordinates either only even or only odd multiples 
of V2, and join each of these pyramids to the adjacent cube; then 
the required space-filling is obtained. Of these the two figures 84 
and 8’ show the sections with planes w=2/V2 and u=(2k+1) V2, 
where wu stands for any of the three coordinates; here have been 
indicated the fibres of the combination (10, 20, 12) running in the 
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direction of the axis with period four, whilst sections normal to tha 
axis are.characterized by yearrings and medullary rays. 

If we wish to treat in an analogous manner the second case — 
i.e. that of the second and the fourth figure of column four — we 
can start from a net of cubes with edge 21/2. If we transform this 
net by assuming inside these cubes concentric and homothetie eubes 


with edge A 2 we find, by omitting the boundaries of the original 


cubes and producing the boundaries of the new -ones, a mixed space- 


filling by cubes and rectangular parallelopipeda characterized by the 
1 
triplets of edges (1, 1,1), (8, 3,3) and (1,1, 3), (1, 3,3) with v2 


as unit. By splitting up each of the cubes of the two sizes into six 
equal pyramids and joining these pyramids to the adjacent parallelo- 
pipeda we get the required space-filling. Here for clearness’ sake 
the figures 97 and 9° show the sections corresponding to those of 
87 and 8°. 

In general the space-filling presenting itself here consists of two 
different polyhedra occurring in three different orientations; in two 
particular cases one finds however only” one polyhedron occurring 
in three different positions. 


Space-fillings normal to Ok,. — Here the problem of the deter- 
mination of the section of the net (C,) loses one dimension only ; so 
the consideration of the section of a threedimensional net of cubes 
by a plane normal to a diagonal shows that “three sections always 


go together whose characteristic fractions differ by - from one 
another. Moreover we have still to bear in mind two things. First we have 
to observe ina the 5 sections of CY? corresponding to the frac- 
tions a, a +3 : a+ do’ not always give three sections of a 
bodily inse vibed sielasaedll If we assume for simplicity a to be 


l ‘ 
situated between the limits 0 and % we shall find three sections ot 


oy l 3 

2 E 2 ‘ ‘ . . . . 
Cie” if a lies between 7 and 13’ i.e. in half the possible cases, 
In the second place we have to remember that each of two or three 
sections of sixteencells occurs in two different orientations, being one 


another's mirror-image with respect to the middle plane of the prism, 

: (a } 
section of the bodily circumscribed C's If the intersecting space is 
normal to the line connecting the centre O of the chosen. eightcell 
with the midpoint A, of its edge PQ, then we have only to con- 
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sider two bodily adjacent eightcells of the net, the line joining the 
centres of which is equipollent to PQ, in order to see that these 
eightcells are intersected in two congruent prisms with common 
base, whilst the sections with the inscribed inclined sixteencells are 
symmetric figures with respect to that base. If we consider difference 
in form only we have to deal therefore with two or three, if we 
also take into account difference in orientation we have to deal with 
four or six polyhedra. 

If we deprive the problem of the intersection of the system of 


cells C§? partially penetrating one another, polarly circumscribed to 
the erect sixteencells, of the one superfluous dimension, we find a 
system of cubes with edge four, the centres of which are the vertices 
of a net of cubes with edge two, whilst the edges are parallel to 
those of the cubes of the net. This system is then to be intersected 
by a plane normal to a diagonal. By means of a simple diagram 


; 1 2 
we then find that to the three sections a, a—+ gt + - of the net 


~ 


2° : : a a a ) 
's correspond the six sections —, — ray Peete Pa 
OF po s ha ob ; ‘ + ; of the 


4 . . “~ . 4 7 
system C%. But of these six different sections of C$ only two give 
rise to sections of erect sixteencells, viz. those the fractions of which 


2 4 
lie between r’ and -—-. So we get as the two most regular of the 


space-fillings presenting themselves here the two indicated by figures 
in heavy type in the following scheme: 


Ho SB ke 8 : 1.3 

In oe “irs Oe 0, Seenete Reap aly IO ane at In ce eee %40? 2 ’ = Rls 
6486’ 6' 6 12°12’ a2’ a2" 12"12 
1 2 | 19) : i. Te 

In Pgs ee Gate oe in eee fein 
3°3 G&G G6 6 


Of these space-fillings the first consists of regular hexagonal double- 
pyramids (last figure of column five of plate II) and as to shape only 
one other form, an irregular octahedron (the octahedron of the sixth 
column with OPQ as base), whilst the second one is built up by 
three different bodies in that supposition. The diagrams 10 and 11 
represent a projection of both on the base of the prisms forming 
the sections of the including eighteells. 

From fig. 12, added partly to fill the page, which shows the 
sections of a cube by planes normal to an interior diagonal, can be 
deduced tinally that the segments of lines PQ, RS, 7'U of the three 
figures of column five and of the last three figures of column 
six — of plate II have the same length. 


26* 
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Physics. — “On plaitpoint temperatures of the system water-phenol”’. 
By A. Kersinc. (Communicated by Prof. J. D. vax DER Waats). 


According to observations by L®HrELDT, v. D. Ler, and SCHRBINE- 
MAKERS the system water-phenol possesses maximum pressure at low 
temperatures. So theoretically a minimum critical temperature was 
to be expected, but as water shows abnormal deviations in other 
respects, an elaborate investigation was desirable. In view of the 
high critical temperatures of the components (water 365°,0 according 
to Cam.erer and Conarprau, or 364°,3 according to Barre; phenol 
419°,2 according to Rapice) and the impossibility of using glass test- 
tubes (glass dissolves in water at such a high temperature) a con- 
clusive investigation had not vet taken place as far as is known. 
Experimenting in a way similar to that indicated by ScHaMHARDT *) 
I have succeeded in arriving at a preliminary result. 

As for the determination of the plaitpoint temperature there was 
no need for me to regulate either the pressure or the volume I did 
not want a CaiLLerer tube, but used small closed test-tubes of 
quartz. This made it possible for me to use a vapour-jacket whose 
bottom was also glass, and which rested on asbestic iron gauze. 
In consequence of this one of the two nickelin wires, viz. the 
one used by ScHaMHARDT to heat his boiling-liquid, could be dis- 
pensed with, and replaced by a Bunsen burner. The second wire, 
which enabled him to prevent satisfactorily the radiation at tem- 
peratures between 200° and 3007, proved insufficient for tempe- 
ratures between 350° and 400°. A second layer of asbestos round 
the wire gave some improvement, but the radiation appeared to 
be completely prevented only when I placed a glass cylindre 
silvered on the inside, in which two slits were left free for reading, 
round the vapour-jacket, which had been thus wrapped up. This cylindre 
of a diameter 5 centimeters larger than that of the jacket, was shut 
off by means of asbestos wool on the upper and the lower side. 

It was not without difficulty that we found a boiling-liquid, for 
in the Phys. Chem. tables of Lanpo.?-Bornstein no boiling-liquids 
are given above 360°. I used benzidine, an inactive substance, which 
boils at 1 atm. pressure at + 400° with colourless vapour. We 
have, however, to bear in mind: 

1. that chemically pure benzidine be used, because impure ben- 
zidine boils irregularly, and covers the vapour-jacket, the quartz 
tube, and the thermometer with a tough, tarry layer, which prevents 


1) H. C. Scuamuanvr, lsotherms of mixtures of benzene and aether. Thesis 
for the doctorate p. 12—16, 
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the observation and which I could only remove partially by boiling 
long with water and benzene, 

2. that the substance be boiled under nitrogen, as pure benzidine 
is soon contaminated by the oxygen from the air, 

3. that superheating, which causes the liquid benzidine at times 
to rise 1'/, decimeter in the jacket, be prevented by a good quantity 
of glass-wool. 

When benzidine was used, a cooler was not wanted, the vapour 
condensing in the narrowed part of the vapour-jacket. 

The benzidine being heated under nitrogen, I required a nitrogen 
reservoir. For this purpose a lOO L. flask was used, which was 
filled with nitrogen obtained from a saturate solution of equal units 
of weight of potassium nitrite and ammonium chloride. When the 
reservoir had once been filled, the nitrogen could be expelled from 
the flask by the admission of water, and be conducted through a 
drying apparatus to the vapour-jacket. The pressure in the reservoir 
was measured by a manometer. 


The experiments proper began with the filling of the nitrogen 
reservoir. The phenol and water were weighed in the required ratio, 
and heated with a spirit lamp. The temperatures at which water 
and phenol do not mix appeared then to be exceeded, and a homo- 
geneous liquid was formed. A thick-walled quartz tube closed on 
one side, and drawn out capillarly on the other side in the voltaic 
are was now heated in the free flame, and the air expelled under 
the phenol water solution; the liquid now rose in the tube which 
was filled for more than ‘/,, and then fused together in the voltaic 
arc. The quartz appeared then to be a very suitable material. It is 
as clear and transparent as glass, but, when hot, may be cooled in 
cold water without bursting; it may be heated in a free flame, 
and is proof to high pressures, as the critical pressure of water, 
viz. 200 atm. Protective measures proved to have been most likely 
superfluous, 

Thermometer and quartz tube were fastened by means of copper 
wires in a hole of the glass tube which pierces the airtight rubber 
stopper of the vapour-jacket. The apparatus were filled with nitrogen, 
ihe pressure in the boiling vessel was reduced to about 30 cm., the 
gas-burner lighted, and every five minutes a lamp was inserted of the 
resistance, by the aid of which the current required to check radia- 
tion was regulated. After an hour the thermometer indicated about 
350°. As soon as this température had become constant, which also 
appeared from the fact that the boiling phenomena stopped in the 
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quariz tube, nitrogen was gradually admitted. The meniscus began 
then to become gradually fainter. The incandescent Jamps placed 
behind the slit made the inner wall of the quartz tube look like a 
streak of light, in which the meniscus made a noteh. By moving 
the eye to and fro in front of this notch I could ascertain the 
presence of the liquid mirror as long as possible. The temperature 
at which the meniscus disappeared, was noted down; also the tem- 
perature at which the liquid mirror returned on decrease of pressure 
in the vapour-jacket. 

First the 7% of the mixture «0,1 was determined ; compared 
with Caittetet and CoLarpgav’s observations this gave a decrease of 
8° in the critical temperature. So there was no doubt but a minimum 
of temperature was present in the plaitpoint-line. 

To see whether the decrease would continue, «= 0,2 was deter- 
mined; we found + 364°; the 7%, though rising, was still below the 
value given by Cam.eter and Conarprau for «= 0. In order to 
determine the place of the minimum more accurately, the first component 
(7 =) and the mixture «= 0,06 were then examined; finally also 
e=0,5 and «=0,35 with a view to the course of the plaitpoint 
line beyond the minimum. 

The observations have been put together in the subjoined table ; 
they have been reduced on a thermometer tested at the Reichsanstalt, 
which does not show any deviation at 800°, but points one degree 
too low at 400°. 


x Bienen, The menos gate tine Mela 
| second time at | again at 
0 365.0 363.9 365.0 | 364.2 
0.06 359.0 SRL | 89.0 | 3d8 , 4 
04 357.0 3560 | 357.4 56.0 
0.2 04.2 1963.0 364.4 363.3 
0.55 379.4 378.0 379.3 378.0 
0.5 394.8 | 303.8 | 304.8 393.9 
1 419.2 according to Radice | 


Graphically represented we obtain the following 7%v-projection of 
the plaitpoint line: 


419.2 (Radice) ‘ i i © se : 
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From this graphical representation follows : 

1. that the system water-phenol really possesses a mcnimum plait- 
point temperature, 

2. that it lies in the neighbourhood of « = 0,1. Now ScureinEMAKERS 
has found that the mixture «0,011 has maximum pressure at 
56°, the mixture a=0,015 at 75°, and «0,017 at 90°. These 
observations deviate from the theory, for the maximum pressure 
point does not move to the right with higher temperature, but to 
the left. If, however, we choose one of SCHREINEMAKERS’ Observations, 
no matter which, then the fact that the minimum plaitpoint tempe- 
rature lies at an # /arger than that of the mixtures for which maxi- 
mum pressure is still possible, is in accordance with the theory. 

3. As the extremities of the ordinates belonging to the abscissae 


n= 01, #—0.2, and «=1 lie abont on a straight line, and as 


those belonging to #=0.385 and «0,5 are obviously above it, 
we must conclude to the presence of a point of injlection in the 
7x projection of the plaitpoint curve. It is doubtful whether we 
must attach physical significance to this. 

In conclusion I have still to mention that in these observations no 
electro-magnetic stirring-apparatus has been used, which, however, may 
be applied as soon as a quartz stirrer of sufficiently small diameter 
is ready. 

Amsterdam, Physical Laboratory. 
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Petrography. — “Vhe mineralogic and chemical composition of some 
rocks from Central Borneo”. By J. Scamurzer. (Communicated 
by Prof. A. WicHMANN).’*) 


(Communicated in the meeting, of October 31, 1908). 


Prof. M. Drrrricn at Heidelberg analized the following four rocks, 
collected by Prof. G. A. F. Moneneraarr in Central Borneo : 

II 710, a glassy amphiboledacite, found as a boulder on a boulder- 
bank in the Soengei Sebilit, = 38 KM. above Kebijau. *). 

11 599, the glassy amphibuledacite of which consist the rocks, 
1.50 m. high, in the Soengei Embahoe, below Nangah 
Pemali; the hand-specimen was struck close to he con- 
tact with the adjacent rock (silicifie tuffbreccia). *) >” 

Il 749, biotiteamphiboleandesite with old habitus from the right 
bank of the Soengei Tébaoeng over against Nangah Oeroei. *). 

| 893, aplitic microgranite from the waterfall, N.W. cliff, Boekit 
Kélam. °) 


I.. Hyalopilitic Amphiboledacite(Am phibolephyrivitroyellowstonose). 

The grey-black, glassy rock shows a rough, conchoidal fracture ; 
only very indistinctly a few white feldspar-phenocrysts, whose diameter 
does not exceed 1 mm., and very rare, bright glittering, still smaller 
green amphibole-needles appear forth from the greasy-shining ground- 
mass. Under the miscroscope the plagioclase of the first generation 
(andesine-oligoclase) forms sharp idiomorphic crystals, lying mostly 
isolated, but sometimes combining into aggregates. Zonal structure 
is locally finely developed ; among the twin-laws the albite-law reigns, 
the Carlsbad- and pericline-law occur only subordinately. Here and 
there the feldspar shows a pronounced inclination to forming skeleton 


') The Dutch communication was entitled “The mineralogic and chemical com- 
posilion of some rocks from the Miiller-Mountains in Central-Borneo”. L avail myself 
of this opportunity to repair a lapsus calami, only the three first rocks described 
originating from the Miiller-Mountains, Mt. Kélam not forming part of this range. 

*) cf. Morenanaarr, Geological Explorations in Central Borneo, Leyden 1902, 
209, where this rock is named pitchstore. 

*) The label bears the indication *! , Km. below Nangah Pémali’, whilst ae- 
cording to Movexonaare’s description, op. cit. 267, and the map VIIlb, published 
by him at the same time, this should rather be about 100 meters. Tiere can be 
no doubt, however, about the identity of the rock meant by him in his work Le., 
with that deseribed here, as the rock builds up the first dyke of andesite in the 
tuffbreccia below Nangah Pémali, 

+) Mt. Loeboek consists of the same rock, ibid. 298 - 295, 

*) ibid, 127 Chapt. V1), 138, 
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erystals, partly in consequence of differences in the velocity of erystal- 
lization in not equivalent directions, by which planes (by preference 
(010)) broaden lamellarly to far beyond the original boundary ribs, 
partly by a dense accumulation of glass-inclusions with negative 
erystal-forms, which at bottom is connected with the same pheno- 
menon. These glass-inclusions press the feldspar-substance together 
into narrow little laths with two main directions and which combine 
into a very complicated meandrous pattern, while also the crystal- 
circumference assumes an irregular indented shape. The glass, how- 
ever, also forms irregular notch-like or claviform inclusions and is 
neither in colour, nor in the nature of the microlites to be distin- 
guished from the glass of the groundmass. 

The amphibole occurs in fresh little columns and erystal-fragments ; 
the corrosion of the crystals by the magma at the effusion has not 
given rise to the origin of a proper resorption-border, but has con- 
fined itself to rounding the crystals and largely accumulating the 
magnetite-globulites of the groundmass along their periphery. The 
dichroism moves between darkgrey-green // the c-axis and greenish 
grey-yellow perpendicularly here to; with regard to the axis of elon- 
gation an extinction of 15° was measured. Parallel to (100) and (001) 
we sometimes find a narrow twin-lamella linked between. Besides 
the good prismatic cleavage a system of rough cracks shows itself 
perpendicularly to the c-axis. Quartz is wanting. 

The groundmass consists principally of colourless glass in which 
excellent idiomorphie lathshaped or tabular feldspars, the former often 
with fine skeleton-forms and exhibiting a fluidal texture, come to 
the. front. Albite-lamellae and feeble zonal structure are general, glass- 
inclusions much less frequent than in the phenocrysts; on the other 
hand the crystals contain many microlites of magnetite and bronzite. 
Those two last minerals take an important place among the secretions 
of the base. The magnetite, which on the ground of the chemical 
analysis seems to contain TiO,, may, according to the size, be brought 
to two distinetly separated generations. The intratelluric magnetite 
(average crystaldiameter 15 «) forms excellent octahedrons, which 
occur both in the groundmass and in the phenoerysts. In the ground- 
mass the magnetite crystals are found partly isolated, partly in aggre- 
gates and then often grown together to dendritic markings. That the 
on an average 10 > smaller magnetite-crystals and globulites, oceur- 
ring by the side of those mentioned above, did not crystallize until 
the effusion-period, is proved by their accumulation at the cireum- 
ference of the corroded amphibole-substance. The Aronzite forms a 
pretty compact tissue of slender needles, which generally show an 
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irregular transverse cracking. From the feldspar-microlites they are 
distinguished by the strong refraction, from apatite (occurring as 
inclusion in the plagioclase-phenocrysts) by their behaviour when 
tested it by means of a */, 4 mica plate in parallel polarized light, 
from the very few dichroitic, green, sometimes parallel to a (100) 
twinned hornblende-prisms of the second * generation, mixed up with 
them, by the very light colour, the weak double refraction and the 
right extinction. 

The grounds on which the presence of bronzite, and not of enstatite 
or hypersthene is assumed, will further be explained. We can con- 
clude the microscopic description by mentioning the occurrence of 
extremely fine undefinable microlites with a strong double refraction, 
whose length is only a few mp, the width by estimate no more 


than 0.1 ww. 


The chemical analysis yielded the following values, from which 
is calculated the norm of the rock according to Cross, IppINGs, 
Prrsson and WaAsHINGTON '). 


| | 


orth, ‘sit a anorth. 


% | Mol. Prop. itm, | rth cor ae brome. cuiantl 
| 
sio, | 66.16) 1.403 | —| 126 384 | 12% Pe ae | 33 | 436 | 
Al,O,| 15 39)  U.451 | —| 2 | re eee sf | 
FeO) |} 4954: ibe epee tte ieee | it ag 
FeO 172) 00% Be 0a, (ea Lae 8 | 40 Coen 
MgO | 0.90) 0.098 = | MB | -~| -— |- Eee [93 ea] 
CaO $.47| 0.003 | —| — .—|. 68 i | — | — etl 
NaO | 3:06] 50,086. cad ous heed = ae ae | age Betta. 
K,O 2.00 0.024 -| @ | — a ar nia pat 
H.O1) 4.94 aaa Pred on he | BAe fell Sai 


TIO, | 0:80:17 (0006 426) me | oe eee 


400,27 


') Loss of ignition 5.119, 


—_—— 


') Quantitative classification of Igneous Rocks, Chicago, 1903, 
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From this the following norm may be calculated : 


quartz 26.16 Q = 26.16 
orthoclase 11.68 
albite 33.54 F = 62.46 
anorthite 17.24 
corundum 0.41 Py 0.41 / 


Sal — 89.03 


i 


bronzite 3.62 Sg 3.62 
magnetite 1.86 | M= 2.77 | Fem = 6.39 
ilmenite 0.91 ee 


so that according to the American system the rock belongs to Class 1 
(Persalane); Subclass 1, (Persalone); order 4 (Brittanare); Rank 3 
(Coloradase) ; Subrank 4 (Yellowstonose). The only positive deviation, 
which the mode shows with respect to the norm, is the presence of 
amphibole, so that the described rock ought to have the name of 
Amphibolephyrivitroyellowstonose *). 

The chemical analysis throws some light on the nature of the 
rhombic pyroxene. The microscopic examination stopped at the 
observation that.the pyroxene was distinguished from the hypersthene 
by its light colour. The above combination of the oxydes to mineral- 
molecules now proves that in the pyroxene-molecule MgO predo- 
minates strongly with respect to FeO. That the mode of the rock 
by the appearance of amphibole deviates somewhat from the norm 
calculated here, does not alter this fact considerably; even if we set 
aside the circumstance, that the amphibole is quantitatively far inferior 
to the ecrystalized rhombic pyroxene. For the fact that in the resorption 
of the amphibole-phenocrysts only magnetite, no pyroxene as a new 


1) In spite of the lack of quartz in this rock, it is, on the ground of the high SiO, 
quantity, ranked not under the andesite but under the dacite; the same thing was 
done with the rock II 599 from the Soengei Embahoe. With tke rock-analyses, 
gathered by Osann, Beitriige zur chemischen Petrographic, Il Teil, Stuttgart 1905, 
the above types are grouped as follows after the SiO, quantity (not free from H,O): 


SiO, in % 75 74 73 72 71 70 69 68 67 66 65 64 63 G2 61 60 59 58 57 56 55 54 53525150 
Nr. of 4 Dacite rT— §'— 835478438321 I——— 
analyses ! Andesite ——-— 1 2 110 610 911 20 241613 101612 6 2 3 3— 


From this may be calculated that the SiO, quantity with the dacite is fluctuating 
round a mean of 67.5° 9, with the andesite round 59.5°/). Of course these figures 
have only a very relative value; the rocks II 710 and Il 599 however take up 
places also in the projection-triangle of Osann which fall entirely within the sphere 
of the dacite- and quartzporphyriteprojections, but only near the border of the 
sphere of the andesites (glimmer-, hornblende-, bypersthene resp. augiteandesites and 
porphyrites, ef. Osaxn, Versuch einer chem, Classification der Eruptivgesteine, Tsch. 
Min. Petr, Mitt. XX, Heft 5. 6 1900, Taf. IX, X). 
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secretion shows itself, justifies the supposition that the amphibole 
must be said to belong to the ferruginous varieties, and from this 
may be concluded that the ratio of the oxyde-quania MgO and FeQ, 
which after the crystallization of the amphibole remained available 
for the formation of rhombic pyroxene, could not be altered very 
much at the expense of MgO, compared with the ratio which the 
norm-calculation yields. These different grounds, therefore, tell against 
hypersthene, and for bronzite or ferruginous enstatite. In accordance 
with our conclusion, as will appear further on, unmistakable enstatite- 
(bronzite-jerystals of greater dimensions are found in the glassy 
dacite Il 599 of the Soengei Embahoe, which has a close chemical 
and mineralogic similarity with this rock. There, too, the glass- 
base possesses the same characteristic rhombic pyroxene microlites, 
whose bronzite-nature is made probable by the chemical analysis. 
Fe,O, being reduced to FeO, the molecular proportions, calculated 
on a sum of 100, yield the following values (TiO, added to SiQ,): 


SiO, Al,O, FeO MgO CaO  NaO  K,O 
7545 10.97. 2.72 406 ee odes ee 


from which follows the formula according to OsAnn: 


s A C F a ¢ ieee | m k Series 
1 75.45 5.78 449 4.02 8.09 6.28 5.62 7.53 10.00 1.46 av 
Il 75.45 5.78 4.22 4.29 8.09 5.90600 — — — 


Py ak ke <5 ASR OA BAS 
Woo oe ee ee ee 


These figures. require some explanation. As appeared already at 
the calculation of the norm, there remained after saturation of the 
alkalis and CaO with Al,O, a not unimportant quantity of sesquioxyde. 
The analyzed material being absolutely fresh and even microscopi- 
cally free from every trace of decomposition, there is no possibility 
of a relative increase of Al,O, by a removal of alkalis and CaO; 
a consequent distribution of the Al,O,-remainder over alkalis and 
CaQ') could not be reasonably defended here. Also the dissolution 
by the andesite-magina of fragments from an adjacent rock rich in 
aluminium cannot but be highly improbable; both macroscopically 
and microscopically there is not the least indication for it. For the 
rest the Al,O,-vremainder cannot be found in amphiboles or py roxenes *) 


1) L. Muen, Ueber Spaltungsvorgiinge in granitischen Magmen nach Beobach. 
tungen im Granit des Riesengebirges, Festschrift H. Rosensuscn, 1906, 127. 

2) A. Osass, Versuch einer chemisehen Classification der ruplivgesteine, Min 
Petr, Milt, XXIL, 1908, 337, 
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exceedingly rich in Al,O,, as appears sufficiently from the micros- 
copie examination; it has on the contrary to be looked for in the 


glass of the groundmass. 


In the rare cases, in which afier saturation of the alkalis and lime 
an Al,O,-remainder shows itself, Osaxx substitutes MgO in the atom- 
group CaAl,O,"), whilst Brcke*) neglects the Al,O,-rest in the 
formula and mentions it separately; it amounts here in molecular 
proportions to 0.27. Accordingly in | the rock-formula is given 
according to Osann, in II after Becks. In IIT and IV these double 
values for a, ¢ and f after Broke have been calculated on a sum of 
30 instead of 20 (1 and IT). 

In the following graphic notation I denotes the projection of the 
rock; the filled circle with the values of a, c, f according to OsANN 
as base, the one not filled with those according to Brecker. 
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Ul. Hyalopilitic Amphiboledacite (Amphibolephyrivitroy ellowstonose). 
From the glassy base of this greasy-shining, blackish grey rock, 
which shows an inclination to a conchoidal fracture and in one of 


the hand-specimens a distinct and pretty regular separation into thin, 
level plates from 1—7 mm. in thickness, already macroscopically 


small plagioclases with lively microtine-habitus and glittering amphi- 
bole-prisms are coming forth. The very fresh, also here mostly idio- 


1) Min. Petr. Mitt. XXII, 1903. 337. 
*) Ibid. 215. 
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morphic, prismatic and tabular plagioclase-phenocrysts are often lying 
together in groups and possess an excellent zonal structure showing 
itself already in obliquely transmitted ordinary light by parallel 
strongly luminous stripes and in which acid and basic zones frequently 
interchange. The same twin-laws are found as in the preceding rock; 
the albite-lamellae sometimes fit into each other with irregular inden- 
tations, in consequence of which through the growing together of several 
crystals a confused polarization-image arises. The plagioclase of the 
phenocrysts belongs to somewhat—more basic mixtures than in the 
preceding dacite; the basicity falls to that of basie labrador, but on 
the other side approaches that of andesine. The crystallization of the 
basic plagioclase had already ended before that of the amphibole- 
phenocrysts, but for a time coincided with it; the more acid plagio- 
clase on the other hand .often contains amphibole-prisms inclosed. 
According to the dimensions the plagioclases in this rock may be — 
divided into three groups: a) crystals with an average diameter of 
1.5 mm., generally strongly laden with colourless and brown glass- 
inclusions and often entirely filled with these, with the exception of 
a peripheric zone; 6) crystals, on an average twice as small and in 
which the brown glass-inclusions are very rare, the colourless ones 
on the whole being much less numerous; c. still smaller prismatic 
crystals, which always show a zonal structure and a twinning after_ 
the albite- and Carlsbad-law, and which gradually pass into the 
youngest and smallest skeleton-shaped, mostly fluidally arranged 
feldspars of the glass-base. Whilst 4 has still to be reckoned among 
the real phenocrysts, ¢ had better be placed in the second generation. 
As appears, the boundary-line between the erystals of the Ist and 
2°¢ generation can with the feldspars not be drawn exactly, though 
there is no doubt about the extremes. Higher up we mentioned the — 
appearance of two kinds of glass-inclusions, which also here often 
assume the form of negative crystals: 1. of almost. colourless ones, 
which seem to have a very light pink tinge and sometimes contain 
numerous microlites and 2. of brownish grey ones, which are 
strongly spherolitically devitrified. The nature of this brown glass, 
also occurring in patches in the colourless glass-base, is not quite 
obvious. Only it seems to be certain that the brown glass has no 
genetic relation with the colourless, But then these two sorts of 
glass must have existed side by side as far back as the intratelluric¢ 
period, as they occur by the side of each other in the plagioclase 
and amphibole phenocrysts. Therefore the brown glass probably con- 
tains dissolved foreign matter, or, what is perhaps more aéceptable, 
it is a product of intratellurie liquation., 
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The amphibole, which abundantly occurs, forms blunt needles, not 
exceeding a length of 1 mm.: ¢ = green, * = greyish green and a = 
greyish yellow, in which ¢ > >a, but : and » differ only insignificantly. 
Now and then a zonal structure comes to the front, which is perceptible 
especially in some sections perpendicular to the axis of elongation. In this 
case there is seen parallel to the crystal-circumference a zone, showing 
the colours « = blue greyish green or dark greyish green, $ = brown 
greyish green, ¢ = light greyish green. The idiomorphie crystals have 
often been so strongly affected by resorption, that the groundmass 
penetrates into them with deep windings. The resorption-border is 
formed by an exceedingly dense felt-like tissue of fine microlites, 
becoming larger here and there, in some places even exceeding the 
feldspar-laths of the groundmass in size and which can then with 
certainty be recognised as a rhombie pyroxene. Mixed with them we 
find magnetite and strongly double-refracting grains, which have 
probably to be taken for augite. The resorption-border is not every where 
distinctly developed, in some crystals it seems even to be wanting 
partially. An explanation of this might be given by the supposition 
that the rock, even after the resorption-period, has been raised with 
violence, by which movement the components of the resorption- 
border were in some places swept away from the phenocryst. This 
conception is positively backed by the observation that the border 
often passes cloudlike into the groundmass, while the bigger needles 
pretty generally by transversal cracks are broken into pieces, which 
have lost their mutual orientation. But besides the components of 
the first generation show mechanical deformations, which have come 
about before the solidification of the glass-base and in all probability 
after the resorption-period. The feldspar shows irregular fissures and 
rents, along which pieces of broken twin-lamellae have sometimes 
moved with respect to each other and which are filled with glass 
of the groundmass as soon as the fragments through a mutual trans- 
position are no longer closely united. 

By irregular cracks perpendicular to the axis of elongation, the amphi- 
bole too is nearly always broken into fragments, which are often 
tolerably far carried away from each other; not rarely also opened 
wide along the cleavage directions. Also here the gaping rents are 
filled with glass and stress is to be laid upon the fact that this 
glass is nearly always entirely free from the resorption-products, 
which show themselves along the original erystal-boundaries. This 
proves that those rents were opened at an epoch when the resorp- 
tion- -period was all but over, a conclusion which is wholly in accord- 
-ance with the above fact that the needles themselves, forming the 
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resorption-borders, are frequently broken. This makes the existence 
of a third phase in the cooling-process of the rock plausible, which 
affords a striking parallelism with the existing different feldspar-gene- 
rations described. 

To the second generation belong strictly idiomorphie crystals of 
rhombic pyroxene, somewhat bigger than the described needles out 
of the resorption-border, but genetically identical with them. They 
are often parallelly grown together ; the planes (100) and (010) are 
strongly developed and sometimes push away the prismplanes (110) 
(110) entirely. To the latter a distinct cleavage runs parallel; in 
some places also a_pinacoidal splitting shows itself. They have a 
light-grey colour and display a_ slight dichroism. Some excellent 
sections tc yielded in convergent light centrally the locus of an 
acute positive bisectrix, so that, added to this the right extinction, 
the enstatitic (bronzitic) nature of the mineral is certain. 

The groundmass, finally, is formed by a glass-base, in which, 
besides the above feldspars, occur: amphibole-prisms of much smaller 
dimensions than the proper phenocrysts, which, however, pass into 
them without a distinct limit of size, and as appears from the dense 
peripheric microlite-border belong to the first generation; magnetite, 
just as in the described dacite Il 710, present in two generations, 
and numberless bronzite-needles with the characteristic rough cracking 
// (001). Apatite occurs as inclusion in the amphibole. 

The chemical analysis of the rock yielded: 


| 9/) Mol. riba a bese orth. alb. anorth. cops, bron quartz 
| sio, (65 72} 4.00 |—| — | 72 \408| 196 | 44 | 42 | 498 
| Al,O, 15.06, 0.148 - — 12 | 68 68 — mas <—s 
FeO, 1 25 0.000 Lie 158 Ae | Pils ree ie 
FO: } 4.00 Os a oe Sr pe i 

| 7 42 

MgO 1.57, 0.0389 |—| — —|-| - so 
CaO. 648 BOM bm oe bo i BAe a 
NaO | 4.25 0.068 | —| — | ~- | 68); — | — |] — ae 
K.O 14.071 0.019 | —| - 42 | — | —- | -|- at 
TiO, 0.48 0.00 | 6) — | ee er ae Me 
H,O —105° | 0.001 aa _ | “a | a re) Gage | isa ae 
H,O0-+4-105° | 3.77 - oe Te ee | —_ | _ — - 
0, | | : 
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From which follows the following norm: 


quartz 25.38 Q = 25.38 

orthoclase 6.67 Sal — 86.58 
albite 35.63 | F= 61.20 | 

anorthite 18.90 

diopside 1.542} p 6.08 

bronzite 4.49 | Fem — 9.03 
ilmenite 0.91) w— 300 


magnetite 2.09 § 


and the rock is placed in Class I (Persalane); Subclass 1 ‘Persa- 
lone); Order 4 (Brittanare); Rank 3 (Coloradase); Subrank 4 (Yellow- 
stonose). 

If we take into consideration that the diopside-molecule is cry- 
stallized as amphibole, there is a satisfactory agreement to be observed 
between norm and mode. 

If Fe,O, is reduced to FeO, the molecular proportions, calculated 
on a sum of 100 (TiO, added to SiO,) give the following values: 


SiO, Al,O, FeO MgO CaO Na,O K,O 
74.14 9.97 283 2.63 5.05 458 0.81 


so that the formula according to OsaNN is: 


s A C F- a c f n m k _ Series 
l 7414 5.39 4.58 5.93 6.78 5.76 7.46 8.5 9.2 1.56 av 


Il (10.17 8.64 11.19) 
InI at+e+f=20; inll a+c+f=30. 


Both dacites, therefore, show a great chemical similarity, which 
is also expressed by the graphic notation, fig. 1: The somewhat 
- greater basicity of the second rock, which contains more CaO and 
MgO, a little less SiO,, and half the quantity of K,O, manifests 
under the microscope by the character of the feldspars and the greater 
quantity of amphibole. 

In order to compare them some analyses have been brought 
together, which show a great similarity with the two discussed 
above: 
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lV. 


¥3 


Vi 


I I Ill IV ee ee VII 


SiO, | 67.34 | 66.16 | 65.88 | 65.72 | 65.66 | 65.39 | 64.81 
Al,O, | 45.96 | 45.39 | 45.61 | 45.06 | 45.61 | 45.49 | 45.78 
Fe,0,| 3.38 | 1.95 | 2.49 | 4.35 | 2.40 | 2.80 | 4.68 
Feo | 0.80 | 1.72 | 2.1 | 1.90 | 2.07 | 1.99 | 2.91 
MgO | 0.88 | 0.90 | 4.76 | 4.57 | 2.46 | 2.06 | 2.82 
cao |'B.08 | oat se aie bee | ee 
Na,O | 4.42 | 3.94 | 3.92 | 4.94 | 2.65 | 4.56 | 3.98 
K.0 ‘| 1.66 | 2.00 | 2.99 | 4.07 | 2.03 | 4.59 | 4.48 


H,O+! 2.90 | 4.94 | 4.08 | 3.77 | 4.07 | 0.55 | 0-62 


H,O-| — —_ — | 0.69 _ — _ 
co, — — sp — — _— _— 
Tio, | 0.56 | 0.50 | 0.43 | 0.48 | 4.97: | — | 0.08 
P.O; a —_ 0.43 |. — sp. 0.41 0.23 
MnO — — 0.08 — ~ aa 0.08 


| Sum 78 so0.2 00.00 99.93 |100.27 | 99.02 100.61 


Biotitedacite, Kolantziki, Megara, Greece, anal. A. Ronrie, ef. 
Wasaineton, Journ. Geol. III, 150, 1895 (Yellow- 
stonose). 

Amphiboledacite, boulder from boulder-bank, Sebilit-river, +3 KM. 
above Kébijau, anal. M. Drrrricn. 

Granitite, Mazaruni District, Brit. Guyana, anal. J. B. Harrison, 
ef. Wasnincton, Chem. Anal. of Igneous Rocks, 1903, 
191 (Yellowstonose). 

Amphiboledacite, first dyke below N* Pemali, Embahoe-river, anal. 
M. Dirrricu. 

Dacite, Sepulchre Mountain, Yellowstone nat. Park, anal. J. KE. 
Wuirrivip, cf. J. P. Lpopines, XIL Ann. Rep. U.S. 
Geol. Surv, I, 648, 1891 (Yellowstonose). 

Pyroxenedacite ( Quartzpyroxeneandesite), Cumbal, Columb, 
Andes, ef. Kiicn, N. Jahrb. f. Min. 1886, I. 


VII. Biotiteporphyrite, North Mosquito, Col., anal. Hinieprann, ef. 


Cross, XII4 Monogr. U. 8. Geol. Surv., Crarkn, 
U. 8. Bull, No, 168, 155, (Yellowstonose). 
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HL Biotiteamphibolvan desite (Biotiteamphibolephyrovitritonalose). 

The rock of which Boekit Loeboek is composed, and of which 
the handspecimen II 749, struck over against Nangah Oeroei on the 
Soengei Tebaoeng, represents a sample, belongs to the freshest old 
andesites of the Western Miiller-mountains. After the macroscopic 
habitus it takes a place quite by itself; a darkgreen groundmass, 
strongly fading in the more weathered rock, forms the cement 
between irregularly scattered plagioclases with microtine-habitus, some- 
times densely crowded together and reaching a diameter of 6 mm., 
slender amphibole-erystals (to 8 x 2mm.) and hexagonal little tables 
of bronze-coloured biotite (83—-4 mm. diam.). The twinned, often very 
distinetly zonal plagioclase is not really different from the one described 
above. The very first beginning of decomposition shows itself in a 
slight development of albite, secondary amphibole and_ troubling 
substances along cracks. The plagioclase, for the rest limpid, contains 
as inclusions primary amphibole, often twinned parallel to (100), 
magnetite, apatite, and occasional sharp prisms of zircone, whilst 
peripherically sometimes augite-grains are inclosed, which are charac- 
teristic of the resorption-borders of the amphibole-phenocrysts, and 
from this appears that the crystallization of the plagioclase did not 
come to an end until during or after the eruption. 

The amphibole forms prismatic individuals, which are strongly 
corroded by the magma and surrounded by a broad, loose border of 
chloritizing amphibole-scales, pyroxene-, magnetite- and titanite-grains, 
mixed with the usual groundmass-components. Slender prisms are 
sometimes, to within a narow, notched lath, entirely changed into 
these products. The extinction with respect to the c-axis reaches a 
value of 20°; the pleochroism varies between dead brownish green 
and light brownish green; the usual twins parallel to (100) occur. 
As for inclusions the amphibole contains basic plagioclase, magnetite 
and cloudlike accumulations of extremely fine, parallel microlites, 
which probably, quite like a part of the magnetite-globulites, owe 
their individualisation to a chemical dissociation of the amphibole 
substance. The examination of the biotite yields no particular points 
of view, The acid groundmass consists of probably primary grains 
of quartz with wavy extinction containing colourless limpid glass- 
inclusions, sanidine and acid, short prismatic and zonal, but also 
slender lath-shaped plagioclase with polysynthetic twinning after the 
albite-law ; these minerals are cemented by a small amount of colourless 
glass, strongly troubled by globulites. Here and there some grains of 
almost colourless augite, sometimes twinned and strongly laden with 
glass, are found, which as appears from their occurrence near the 
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resorption-zones of the amphibole-phenocrysts, even there, where they 
assume more considerable dimensions (to 0.1 mm.), must be consi- 
dered as resorption-products. The glass of the groundmass contains 
magnetite in octrahedrons, grains and prisms of apatite and of zircone, 
and is everywhere pushed away by fibres and little scales of a 
green chloritie product, strongly accumulating round the amphibole- 
phenocrysts and having formed principally at the cost of the secondary 
amphibole secreted in the resorption. 

The analysis of the freshest material gave the following results : 


| *o ol Prop. ilm. pra ‘orth tb, | anorth. diops. paren 
a 
| SiO, 62.70: 1.08 |—| — |— | 414 l396| 458 | 99. 7d: ay 
| ALO, | 16.87) 0.161 |—| — |— | 19) 66) 7%} — | — |= 
| po, }) oat) o.ors ae a ee 
| FeO 4. 6.0% 103) tee ee ee ee 
| MgO 9S 0.0038.) | bees eof ee (ec pence 
| CaO #:BM | 0.087 fo a ee oe ae ee 
NaO | 4.05, 0.066 | —| — | — LGB ES ash ee ee ae 
KO | 4.83) 0.0101 — 7 se ee ee 
H,0—105° e peemes Wis fanar ges oe 
‘HO +105° 1.79 eas 1 ae: ae 
Tio, | 0.64 0.008.| 8].— |— | otal be oe 
| 100 02 be | 


from which follows the composition : 


Quartz 18.34.°2 = 18.54 

orthoclase 10.56 i | 
albite 34.58 | F = 66.27 \ Sal. = 84.81 
anorthite 21.13 

diopside 2.00 8F es ‘ 

enstatite 5.20 J Lee 

ilmenite 41.322 Hem — 12.69 
magnetite 3,25 | M= 65.11 

haematite 0.64 


The rock therefore belongs to Class Il (Dosalane); Subclass I 
(Dosalone); Order 4 (Austrare); Rank 3 (Tonalase); Subrank 4 
(Tonalose). The greater basicity with respect to the above mentioned 
rocks shows itself chemically in the decrease of the 5i0,, the increase 
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of the MgO and the CaO quantity. The mode deviates rather consi- 
derably from the norm by the presence of biotite and amphibole, 
which minerals have to be considered as the bearers of the MgO, 
which is put here under the enstatite-molecule. A portion of the 
MgO, however, also occurs in the augite and the amphibole of the 
resorption-border and in the chlorite. 

The molecular proportions calculated on a sum of 100 — Fe,Q, 
reduced to FeQ — yield: 

SiO, Al,O, FeO MgO. CaO Na,O BOO. 

69.34 1068 385 418 5.77 4.38 1.26 0.53 

Formula according to Osann: 


$ A © F a ¢ fae k Series 
69:87... 5.64 5,05. 872- oe me. 1-9: 7.7.9.2 .1.88 av 
(8.7) (7.8) (13.5) 


In the grapbic notation it is the basic character which, by the 
side of the close similarity between the two preceding dacites, is 
distinctly expressed. To make a comparison we give here the analyses 
of some chemically closely allied rocks: 


| iret cageonar 
| Pe hae bu IV Won Vet 
| | 


P,O, | 0.15 _ sp 0.19 | 0.39 0.25 
MnO | 0.06 _ _~ sp sp sp 
BaO 0.04 — -- 0.07 0.40 —- 


Som | 99.58 100.02 | 99.47 | ‘9.84 | 99.77 400.36 
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I Yentnite, Yentna River, Alaska; anal. H. N. Srokrs, ef. J. E. 
Spurr, Am. Journ. Sei. X, 310, 1900 (Tonalose; included 
in the sum: S= 0.02, and traces of Cl, SrO, Li,Q). 


II Biotiteamphiboleandesite, right bank of Tébaoeng-river, opposite N*. 
Oeroei, Central-Borneo, anal. M. Dirrricu. (Tonalose). 


III Andesite, Punta della Civitate, Capraja-isl., Italy, anal. A. Réurie, 
ef. H. Emmons, Quart. Journ. Geol. Soc. XLIX. 142, 
1893 (Cl = 0.07 ; Tonalose). 


1V Hypersteneangiteandesite, Palisades, Crater Lake, Oregon, anal. 
H. N. Sroxers, ef. H. B. Parton, Bull. U.S. Geol. Surv. 
168, 223, 1900 (SrO = 0.07 ; Tonalose). 


V_ Hornblendeporphyrite, Nevada City, Calif., anal. -H. N. Srokrs, ef. 
W. Linperen XVII Ann. Rep. U.S. Geol. Surv. TI, 59; 
1896 (SO, = 0.10, Tonalose). ; 


Vi Pyroxenemicadiorite, Electric Peak, Yellowstone Nat. Park. ; anal. 
W. H. Mexvitxe, ef. J. P. Ippines, XII Ann. Rep. U.S. 
Geol. Surv. I, 627, 1891 (NiO = 0.09, Tonalose). 


IV. Aplitic Microgranite (normat. Graniphyrilassenose). 

The rough, pure white, powdery, very fine-grained rock often 
contains holes, in which appear mica-rosettes and serpentinous produets, 
which also in microscopic aggregates lie scattered through the whole 
rock and by this betray a certain porosity. 

The proper rock-components are mostly rather fresh and in keeping 
with this the appearance of the secondary products — among which. 
the muscovite takes a foremost place — seems with great probability 
to have to be attributed to pneumatolytic processes, not to atmospheric 
weathering. The structure is holocrystalline porphyric, but as such 
it is only to be recognized microscopically. The very few phenocrysts 
(average diam. 0.3 mm.) consist of albite; they show a little developed 
idiomorphy, are seldom twinned after the albite-law, but often occur 
irregularly grown together into groups of 2—3 individuals. A begin- 
ning of decomposition shows itself in the appearance of opaque 
globulites, principally arranged parallel to the cleavage-directions. 
Quartz ‘and orthoclase-phenoerysts are entirely wanting. The holo- 
crystalline groundmass consists of lathshaped, seldom tabular, strongly 
undulous, and always after the albite-law twinned, irregularly diver- 
ging, now and then parallelly arranged acid plagioclases, cemented 
by grains of quartz with sometimes tolerably pronounced idiomorphy, 
then, however, always peripherically cut asunder fringelike by feld- 
spar, mostly, however, without indication of crystallographic boun- 
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daries, and further by somewhat orthoclase. The feldspar shows only 
a very slight beginning of decomposition ; on the other hand, espe- 

cially scales of secondary colourless mica, beside them serpentinous 
_ products and a few irregular crystals of secondary amphibole, together 
with a here and there condensing globulitic troubling, probably caused 
by limonite, are often met with in the groundmass. Primary bisilicates, 
therefore, seem to be entirely wanting in the rock ; the plagioclastic 
character of the feldspar marks the rock as a basic aplitie facies of 
microgranite, rich in Na,O. 

The chemical analysis yielded : 


| % | Mol. Prop. ‘mag. orth. | oe anorth exacts quartz 
' bee 
SiO, | 72 44 4.207 — | 499 438 ss |—! 7] 549 
AlO, | 16.51 0 162 gg | 93 “ |os)/—| — 
FeO, | 0.2% 0.001 Peale Pb oe oo he pie 
FeO | 052 Geo ee] os el oS 
MgO | 0.05 0.€01 4 a Bey be fc ee Ne Mire 
CaO 2 47 0.044 -= —- i— 44 —|— ole 
Na sO 4 D4 0.073 on | oes Ky. 1 SRC ETS, eater, Wiiong lobe 
| K,O 2.43 0.022 TA Se Od ees cae Ne) Fee) Hee 
TiO, sp. — — ee ane idly ae ae 
Hove] 143 | — |-—/|-— |-| ~— |-|-| - 
100.16 


From which follows the following norm : 


quartz 32.52 Q= 32.52 , 

orthoclase 12.23 | 

albite 38.25 F = 62.71 ; Sal = 97.58 
anorthite 413.33 | 

corundum 4:30 C= 23.35 | 

hypersthene 0.89 

<tokae 0.23. mj m= 112 


If we suppose the rock to be fresh, it takes a place in class I 
(Persalane) ; Subclass I (Persalone); Order 4 (Brittanare), Rank 2 
(Toseanase); Subrank 4 (Lassenose). The question, whether it can be 
placed in the chemical system must be considered however in con- 
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nection with the discussed decomposition of the rock. As follows 
from the microscopic description, the considerable remainder of Al,O, 
after saturation of K,O, Na,O and CaO in the feldsparmolecules must 
at least for the greater part be attributed to the appearance of mus- 
covite. If we take for muscovite the formula KH,A1,(SiO,), *), the 
Al,O,-remainder disappears with the presence of 5.84° , orthoclase 
by the side of 9.15°/, muscovite. This last value, however, is exag- 
geratedly high. If however, in accordance with a microscopic estimate, 
a quantity of about 3°/, muscovite is assumed, and the remainder of 
the Al,O, is equally divided over K,O, Na,O and CaO, in the sup- 
position that these oxydes in the same measure have been removed 
by solutions, the following composition of the rock is obtained : 


quartz 28.32 () = 28.32 ‘ 
orthoclase 12.79 Sal = 95.60 
albite 40.87 | F = 67.28 
anorthite 13.62 
muscovite 3.00 
hypersthene 0.89 a Negi 
magnetite 0.23 | ee ee 
water 1.44 
Sum 100.83 | . 


Now, if we leave muscovite, as of apparently secondary origin, 
out of consideration, still then the rock takes the same place in the 
chemical system : 


__ 9% 6 
i a sa >= 1° Persalane 


oo 
( 28. 
2 = 67 a << 5 and nee 7° Brittanare 
Ki eaaeeel 23478 104 7 
CaO memeaecd” «Mapas  * : 3 and <7? Toscanase 


K,O 23 
Na,0 — 78 5 
Against the name of lassenose can no doubt no serious objections 
he raised, , 
Instead of hypersthene the rock contains amphibole and serpentine, 
the first of which minerals being very rare, whilst the last mentioned is 


and +5 , Lassenose. 


') Rosensuccn, Mikrosk, Physiogr. 1, 2. p, 262. 1905, 
*) To each of the K,O, NayO and CaO-molekules 5 has been added, of which 4 
K,O molekules however, go to the muscovite, which is left out of consideration here, 


Se ae A Be eae a 
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principally confined to the holes, taking as appears from the low 
MgQ-quantity, no important place in the analyzed rocksample. 
The molecular proportions yield, Fe,O, being reduced to FeO and 
the whole being calculated on a sum of 100: 
SiO, AlO, FeO MgO CaO Na,O ~ K,O 
79.46 1066 066 0.07 2.90 4.81 1.45 
the formula according to OsaNN : 
s Ae Gore a c f on m_ & series 
(Osann) 79.46 6.26 3.63 — 12.66 7.34 — 7.7 — 1.73 av 
(Beckr) 79.46 6.26 2.90 0.73 12.66 5.86 1.48 (10.0) 
Here we have the rare case that 
Al,O, > K,O + Na,O + CaO + (Mg, Fe) O. 
If, like Osany, we add MgO and FeO in the molecule (MgFe) Al,O, to ©, 
there remains a rest of 0.77 Al,O,; if however like Beckr we neglect 
the Al,O, remainder above (K, Na), O 4- CaO, equal to 1.50, then 
C = 2.90 and F = 0.73. The calculation of a+ ¢ + f= 30 yields: 
a ¢ f 
(Osann) 18.99 11.01 — 
(BeckE) 18.99 8.79 2.22 


In the graphic notation IV denotes the place of the rock; the 
filled circle the values after Osann, the not-filied circle the one 
after BECKE. 


Botany. — “Some systematic and phytogeographical notes on the 
Javanese Casuarinaceae, especially of the State Herbaria at 
Leiden and at Utrecht.” (Contribution to the knowledge of the 
Flora of Java. N°. Ul).*) By Dr. 5. H. Koorpers. 


§ 1. Casuarina equisetifolia, Forst. 


§§ 1. Geographical distribution outside Java: 
according to Hook, Flora Br. Ind. V. 598: in British India on the 
East side of the Gulf of Bengal, South of Chittagong, in the Malay 
Archipelago, in Polynesia and in Australia. In the State Herbarium at 
Leiden I saw, however, also specimens from Madagascar, Mauritius, 
Bourbon and Senegambia, although it did not appear with certainty 
from the herbariumlabels, that they referred to uncultivated plants. 
In Herb. Leiden the species is also represented by specimens from 


1) Continued from Transactions (Verhandelingen) Roy. Acad. Sciences Amsterdam 
Second Section Vol. XIV. (1908). N°. 4. 
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Hawai and from Australia; in this ease one of two specimens (from 
Sieber) which appear to me to be quite similar, has been determined 
by Miguen as C. equisetifolia Forsr. and the other as C. leptoclada 
Mig. In Diets |Die Planzenwelt von West-Australién siidlich des 
Wendekreises (1906)| the occurrence of some other species of Caswa- 
rina is mentioned, but not of C. equisetifola. Prof. Dr. I. Diets 
was so kind as to supply me with the following information on 
this point: “Casuarina equistifolia kommt in West-Australién sicher 
nicht vor. Ob er in Ost-Australién wachst habe ich persénlich nicht 
festgestellt, da ich mich dort nur kiirzere Zeit aufhielt. Das von 
Ihnen erwahnte Exemplar, leg. Sieber, stammt aus. der Gegend von 
Sypney, denn dort hat Sieber gesammelt.” (Diels mse. 21. 1V. 1908). 
From the Malay Archipelago outside Java I saw C. equisetifolia 
represented in the Herbaria at Leiden and at Utrecht from the 
following places: Sumatra (leg. KortHats; TriJsMANN & DE VRIRSE). 
Timor (Fores n. 3746), Moluecas (Reinw.), the North of Dutch New- 
Guinea (Expedition of WicHMann, determ. VALETon). The examples from 
Sumatra, collected by Korruats, generally have 8 teeth, as Mique. 
already noted for these specimens. In N. E. Celebes the species is 
not found wild: there I only found C. Rumphiana Mia. ’). 


§§ 2. Geographical distribution and oecological 
conditions in Java: I have never found C. equisetifolia growing 
wild except in Western-Java in the S.W. of the residency Banten in 
the division Tjaringin near the village of Tjemara, and there only 
on a sandy sea-shore, on a small peninsula (= oedjoeng, malay) at 
sea-level, growing socially. 

This may serve as a correction of the statement in Koorp. and 
Vateton “Boomsoorten Java’ X (1904) p. 2738 (line 12 from top): 
“Tjemara (Banten) altit. 200 M. supra mare.” 

JUNGHUHN says in his Java. I. 2"4 edit. (1853) 272: “Were we 
concerned in dealing with Sumatra, we should have to mention 
among the trees which grow in groups in the shore forests the 
Tjemara laoet: Casuarina equisetifolia Forst (muricata Roxb); nowhere, 
however, have I found this beach-Casuarina, although natives have 
assured me, that it is found in some places on the North coast of 
Krawang” (JuncnunN |. ¢.). It appears, however, that probably 
JuNGHUHN afterwards succeeded in finding this species wild in Java, 
namely on the Lawoe, although | have not been able to find anything 


ee 


1) Koonpens, S. H., Eerste Overzicht d. Flora N, O. Celebes (1898) 616; ef, 
Koonpens and Vateron. Bijdrage Booms. Java X. (1904) 172 (Mededeelingen Lands 
Plantent. n°, 19 en 68). 
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in any publication about this geographically interesting discovery. 
My surmise is founded on a specimen labelled by JuNGHuUHN himself 
as follows: Casuarina equiselufolia, Ey monte Laws whi sponte crescit”. 
This specimen must indeed be regarded as C. equisetifolia Forsr. 
according to an autograph determination-label of MigueL. I found 
this specimen in the Leiden Herbarium, registered as H. L. B. n. 10 
(899—173) and can confirm the accuracy of the determination of 
Juncuunn and of Miquet, for I found on the young branches of 
JUNGHUHN’s specimen, which already bore fruit, that of 14 leafwhorls 
which I examined, 13 had 7 vaginal teeth and 1 only 6 teeth; the 
fruit had 12 longitudinal rows. There can therefore be no doubt 
that this specimen of Juncaunn from the Lawoe mountains is com- 
pletely conspecific with the beach-Casuarina (C. equisetifolia Forsv.), 
the more so, since also all other characteristics, e.g. the deeply grooved 
internodes, */,—*/, em. long and ‘/, mm.. thick, agree completely 
with this species. This is the first observed case, so. interesting 
phytogeographically, of the beach Casuarina (C. equisetifolia) growing 
wild in the mountains of Java. The height of this station above 
sea level is not indicated by JunGHunNn on the label quoted above. 
The other Javanese specimens of the State Herb at Leiden and 
at Utrecht, found by me, are: ‘Java, on the beach near Batavia 
and Anjol (leg. Juneu.); Java (Kortu.; Remw.; Tesm.). In the 
Herbarium at Buitenzorg there are according to Koorp. and VALETron 
[Bijdr. Booms. Java X (1904) 271] some specimens from the 
Rahoen-Idjen mountains in Eastern Java, which mostly have 8 vaginal 
teeth. It appears to me, that we are quite as justified in placing 
these specimens from the Idjen-plateau under C. equisetifolia, as 
MiqurL (see above) in the case of the generally 8-toothed beach- 
Casuarina of the West coast of Sumatra, and Koorpers and VaLeron 
(l. ec. 271) in the case of the beach-Casuarina of S.W. Banten in 
Western Java, which generally has 7—8 teeth. If the specific limits 
between C. montana and C. equisetifolia be drawn as indicated, the 
distribution of C. equisetifolia in Java is as follows: Western Java: 
in the 5.W. of the residency Banten, at sea-level, on a sandy sea-shore 
on a narrow peninsula (= oedjoeng), at the edge of the surf, growing 
socially (Herb. Kds in Mus. Bot. Hort. Bogor... Central Java on 
the Lawoe growing wild, together with C. montana (Herb. JuncHunN 
in Leiden). Eastern Java: in the Rahoen-Idjen mountains, also 
growing wild with C. montana (Herb. Kds in Mus. Hort. Bogor.). 
Oecological conditions: Limited to soils, which always 
have little water or which are physiologically dry (containing much 
salt). Completely wanting on fertile soils, probably because it is 
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crowded out by other species. Although preferably growing wild on 
sandy sea-shores, and nearly always forming homogeneous woods, 
it is always wanting in the Javanese Mangrove forests. The tree 
resists direct sunlight very well, but deep shadé very badly. On 
caleareous soils and in the Javanese Teak-foresis it has not yet 
been observed wild. The species is also completely absent from the 
mixed, shady, evergreen forests of Java. Evidently it can only main- 
tain itself in the struggle with other species in the above-named 
unfavourable localities. 


§ 2. Casuarina equisetifolia Forst. var. longiflora, Mig.! Flora Regens- 
burg. (1865) p. 17; Mig.! in DC. Prodr. XVI. 2 (1868) /339 ; 
BorrLacGrk! Handleid. Flora N. I. Ill. 41. (4900) 404; Koorp. and 
Vateton bijdr. Booms. Java X. (1904; 272. 


For this variety Migurt l.c. gave i.a. the diagnosis: ‘amentis 
masculis elongatis glabris;... vaginis 7-dentatis”’ and as locality 
“Java” (BLuME!) without further detail. From the authentic material 
found by me in the State Herbaria at Leiden and at Utrecht, the 
following results. The number of vaginal teeth is sometimes 7, as 
indicated by Mique. Le. but is often also 6, and sometimes also 8. 
The male catkins are characterized by the complete absence of hairs, 
and by their sometimes attaining the exeptionally great length of 40—50 
millimetres. On the authentic label the locality is only indicated in 
Biome’s handwriting as: “in Javae oriental. montibus”’. 

A specimen found by me without further indications in the Herba- 
rium at Leiden, which had been sent in 1867 by Trysmann to 
HasskarL, and, according to a note added by Hasskaru, was derived 
from a specimen standing in the Hortus Bogor. [in Herb. Lugd. 
Bat. sub n. 48 (899/173)|, differs so little from the above named 
authentic specimen, that I suspect the authentic of C. equisetifolia 
Forst. var. longiflora Mig. to be also derived from a cultivated 
specimen in the Buitenzorg Gardens. Both specimens greatly resemble 
C. equisetifolia Vorst., but on account of the completely glabrous 
male catkins they are distinctly different from the type. The number 
of vaginal teeth in TkysMann’s specimen is 7—8, and as in the 
authentic specimen 6—8, 

[ further found that not a single of the numerous other Javanese 
specimens of Casuarina in the herbaria at Leiden and at Utrecht, 
refer to this variety. I have never found the variety wild 
in Java, 
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To sum up, I consider it probable, that in this case of Casuarima 
equisetifolia var. longiflora Mig. an error of Buume’s is the cause 
of the reputed indigenous occurrence of this plant in Java, an 
error similar in kind to that which was formerly demonstrated ') 
in the case of another tree cultivated in Hortus of Buitenzorg; it 
appears, that this variety must be deleted from the flora of Java. 


§ 3. Casuarina montana, Juncu.! ex Mig. FI. Ind. Bat. I. 1. (1855) 
875 (cum deseript.); Junen.! Java I. ed. 2. (1853) 551—554, 631 — 
639, 663; C. montana, Lescnen. ex Mig.! in Zouu. Verzeichn. (1854) 
86 (nomen tantum); C. montana, Mig.! in A. DC. Prodr. XVI. 2. 
(1868) 335; Mig. Illustr. Arch. Ind. (1871) 9. tab. 7. f. 1 et 2; Koorp. 
et Vat. Bijdr. Booms. Java X. (1904). 273!; C. Junghuhniana, Mig! 
Plantae Junghuhnianae I. (1854) 7; Mig.! Fl. Ind. Bat. I. 1. (1855) 
874; Junan.! Le. (1853) 551. 

It is evident from the above bibliography, that according to the 
latest rules of nomenclature this species should not be named 
C. montana Mig., as in Koorp. and Vat. Le., nor C. montana 
LESCHEN., as in the Index Kewensis, but C. montana JuNGu. 


-§$§ 1. Geographical distribution outside Java: Bangka 
(TeusmMann n. 7650); Timor (Zirr.; Tewsm.; Forpes n. 3512); Moluce. 
(Remw. n. 1504). — On the authentic specimen of Zrpprt (in H. L. B.) 
I found on young branches of flowering shoots 10—11 vaginal teeth 
and generally 11 teeth; internodes 1—1'/, mm. thick and about 
1 em. long. | 

Two fruiting specimens from Timor, named’ by Mique. himself 
as (C. montana have 11—12 teeth, like the var. validior Mig., but 
with thin internodes, corresponding to the var. fenuior Mig. — The 
fruiting specimen of Remwarptr from the Moluccas (without further 
indication of locality) had ten vaginal teeth throughout and corresponds, 
also as regards the diameter of the internodes, to the var. fenuior. — 
The fruiting specimen from Bangka bears in Scurrrer’s handwriting 
the manuscript name C. equisetifolia Forsr. var. bancana; it has 
consistently 9 vaginal teeth, fruit cones with about 18 longitudinal 
rows, cylindrical internodes, ‘/,—-*/, mm. thick about 1 em. long, 
and not deeply grooved. This specimen from Bangka cannot in my 
- Opinion be separated from some specimens of the Javanese C. montana 


1) Compare the distribution of Quercus Pinanga Bu. in Koorp and Vaueron. 
Bijdr. Booms. Java X (in Meded. Lands Plant. LXVII 1904) p. 65 and in Koorp. 
Contribuiion No. 1 to the knowledge of the Flora of Java in Proc. Roy. Acad 
Sciences. Amsterdam 28 March 1908 p, 772. 
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var. fenuior Mig. — C. montana var. validior Mig. I did not find 
represented in the Herbaria at Leiden and at Utrecht from regions 
outside Java. ; 


§§ 2. Distribution in Java. The var. validior Mig. I found 
represented in the Herb. at Leiden and Utrecht by the following 
specimens: 1) collected by JuNeHuHN according to his autograph note 
on the top of mount Kawi [the second label “Oengaran” which evi- 
dently was attached to the specimen at a later date, independently of 
JUNGHUHN, cannot, in my opinion, refer to this authentic specimen, 
for on mount Oengaran not a single Casuarina occurs wild] ; 2) 
specimens from Java (without further indications (from Trysm. & Dr 
Vrigesk and 3) a fruiting specimen from Java with the remark “Alpes 
ovientales” (leg. Wairz). In Herb. Kds the var. validior Mig. is 
only represented by specimens from Mt. Wilis at 2000 m. altitude 
and from Mt. Ardjoeno at 2100—-2400 metres; only the specimens 
from mount Ardjoeno are characteristic, for the determination of 
the variety of the specimens from the Wilis is not quite certain. 
The authentic specimen of Junenunn from the top of Mt. Kawi (in 
Herb. Leiden) I found to have internodes of about 1 ¢m. long witha 
diameter of 1—14 mm., and with 10—11 vaginal teeth. The specimen 
of Wairz generally bad 11 vaginal teeth. The Javanese examples of 
var. tenuior Mig. are only represented in the Herbaria at Leiden and 
Utrecht by a few specimens of Kortuars and of Trysm. & Dr 
Varese from “Java” (without further indications) and by a fruiting 
specimen (Kds. 37348 8 Comm. ex museo bot. Hort. Bogor.), 
collected fruiting in October 1899 in Eastern Java on Mt. Tengger 
near Ngadisari at 2000 metres altitude. In the extensive alpine 
Casuarina-foresis of Mt. Rahoen-Idjen in Eastern Java I found 
only var. tenuior Mig. whereas var.’ validior appeared to be 
wholly wanting there. On Mt. Wilis in Central Java I found 
in the Casuarina-forests almost exclusively var. fenwor Mig., but 
there nevertheless a small number of individuals belonging to var. 
validior Miq. were also found; the form with internodes 1'/, mm. 
thick, which is characteristic for the top of Mt. Kawi, could not 
be found on Mt. Wilis, The youngest twigs of var. validior Miq., 
occurring on the latter mountain, where at most 1 mm. in dia- 
meter. Juxcuenn mentions (Java. | (1853) p. 551), that C. mon- 
tana first occurs on the Lawoe and thence eastwards covers 
the tops of all the mountains, which rise above 1500 metres, 
but is wholly absent from Western Java, As a result of my 
own observations | can confirm this statement. Concerning the 
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vertical distribution of C. montana var. tenuior Mig. in the Wilis 
mountains on the Darawati summit in the residency Madioen, | 
append here, what | published on this subject in 1894 in a Dutch article 
“Qn the composition of some forests in the residency of Madioen”’ (in 
Tijdschr. v. Nijverh. en Landb. in N. Indié XLVIII (1894) part 4 
p. 18—22 namely in the chapter “|To the top of the Wilis. Ascent 
of the Darawati| : ‘At 7*° = 1670 m. altitude the mixed shady forest of 
high trees suddenly ceases, at least on the ridge, for in the valleys 
it continues further northwards and we arrive at asmall alang-alang 
field with scattered young trees of Albizzia montana Benrn. and 
immediately after this we see the first specimens of C. montana 
JUNGH’’. 

From this point, at about 1700 m. altitude, the ridge, which leads to 
the summit of the Darawati, is completely covered with this tree 
alone. On the slopes (and even almost right up to the ridge) 
other trees grow, up to an altitude of 2000 meters. Not until this 
altitude is reached, do Casuarina’s occur in the valleys.” {Koorp. 
l.c. (1894) p. 19—20 of the reprint]. From this it results, that 
Casuarina montana var. tenuior is not found on mount Wilis below 
1650 m. altitude, but that it oceurs from there upwards to the 
highest top, at 2550 m. altitude. These data, and those about to be 
given, should be substituted for the figures of vertical distribution, 
published in Koorp, and Vatrton Bijdr. Boomsoorten Java X (1904) 
p. 274. 

I may further add, that also on journeys undertaken by me after 
the above-named year (1894) in the residency of Madioen, I nowhere 
found C. montana growing wild below 1650 m. altitude. It is 
indeed interesting, that this species at once forms forests, almost 
from the spot, where it first appears, and above 2000 m. not only 
covers the higher ridges, but also the valleys, almost to the exclusion 
of other trees. In the teakforests of Madioen, as in other parts of 
Java, I have only found C. montana and C. equisetifolia here and 
there cultivated (e.g. near pasanggrahans, along road-sides, ete.) but 
never growing wild. On the Idjen-plateau in the residency of Besoeki 
C. montana var. tenuior descends somewhat below the vertical limit 
of 1500 m. At this lower limit of distribution C. montana var. tenuior 
grows only on the dry mountain ridge, whereas it is crowded out 
from the ravines and moist places by other trees. On Mt. Tengger 
in 1899 [ made the following note on the var. éenuior: A large tree 
attaining 35m. with a trunk of 1'/, m. in diameter: on steep rocks 
at 2000 m. altitude often only 20 m. high with a trunk 30 em. 
diam. On Mt. Tengger forming forests, especially between 2200— 
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2800 m., but on the ridges of the N.E. side of the range descending 
to 1600 m. altitude. . 

Although adult trees cannot well stand deep shade, this does not 
apply to very young individuals. This is evident from the following 
note made by me in 18911): Small trees of Albizzia moluccana 
BentH., which had shot up after a forest fire in August 1891 
on mount Wilis (in Java) at an altitude of about 1800 m., had 
were 1'/,—2 m. high, when I ascended the mountain on October 
15" 1891, and there so crowded together, that these naturally grown 
Albizzia-woods resembled nursery beds. Under these, in fairly deep 
shade, I found numerous seedlings of Casuarina montana, growing 
wild and about 0.2 m. high. | 

The distribution and the oecological conditions of C. montana var. 
tenuior may be characterized as follows: Extraordinarily great power 
of resisting drought, strong winds and the strong direct sunlight of 
the alpine region, and, but only in earliest youth (not later) power 
of resisting shade. Very common in Central Java at 1650—3000 m. 
and in the eastern part of Eastern Java at about 1400—3000 tn. 
altitude, but wild growing quite unknown. west of mount Lawoe, 
indigenous not known either from the mount Oengaran [in contra- 
diction to the inaccurate statement of Mique. in his Flora Ind. Bat. 
I. 1. p. 875]. 


§ 4. Means of distribution of Casuarina equisetifolia and C. montana. 


Both species appear to be well adapted for distribution by wind, 
and in spite of the negative results of Guppy’s floating experiments, 
they seem also adapted for distribution by ocean currents. 

In the winged fruit of Javarese specimens, examined by me, I 
observed the following dimensions. C. equisetifolia Forst.: fruits 
1'/, 2mm. long and 1—1'/,mm. broad compressed laterally, 
with a very thin, obovate wing, 5mm. long and 3mm. broad. In 
C.. montana var. tenuior Mig.: fruits 1'/, — 1*/, x 1 —1'/, mm., 
strongly compressed laterally, with very thin ovate wing, 2—2'/, mm. 
long and 1'/, — 1°/, mm. broad, 

In his well-known experiments, on the floating of fruits and seeds 
Guery found, that the fruit cones of Casuarina equisetifolia Forst, 
remain floating on a 3'/, percent solution of common salt for 1— 2 
days at the most. This period is not, however, sufficient to account 
for the known, wide over-sea distribution of this species. On repeating 
the experiment of Guery, | could only confirm the shortness of the 


') Compare Koonp, and Vateron Bijdr, Booms. Java LL. (1895) 294, 
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floating period for separate fruit cones. I found, however, that the 
floating period on a similar salt solution is so much greater for 
fruitlets, which have been liberated from the cone (e. g. by dessication), 
that the wide distribution now becomes quite intelligible, if one but 
supposes, that the germinative power is not damaged by a sojourn 
of one month in sea-water. On this point, however, no experiments 
have as yet, to my knowledge been made. Meanwhile | feel justified 
in deducing from the anatomical structure of the fruitlets, that 


the embryo is most probably sufficiently protected against the entry 


of sea-water. In some flotation experiments I found that after one 
month 100°/, of the fruitlets of C. equisetifolia Forsr., and upwards 
of 75°/, of those of C. montana Juneau. var. tenuior Mig. remained 
floating. 

Besides by anemophilous and hydrophilous distribution, C. equise- 
tifolia and C. montana can spread by rootsuckers. The latter are 
however rarely found in these species further than 10 m. from the 
main trunk. Should the main trunk die off (for instance in conse- 
quence of a fire) one can often observe, e.g. with C. montana, that . 
a young copse round the dead trunk has grown up from these root- 
suckers. The distribution over very large intervals of sea, however, 
no doubt takes place in Casuarina montana and C. equisetifolia by 
means of the winged fruits, first through wind transport and then 
through ocean currents. 


§ 5. On a monstrosity of Casuarina. 


In the Herbarium at Leiden I found a specimen, which had been 
labelled by BorrLacr as a monstrosity, collected by JuNGHuUHN in Java 
[in H. L. B. sub. n. 50 (899--173)|. This malformation proved to 
be a fruiting branch, resembling a witches’ broom (in German 
‘“Hexenbesen”) and belonging to Casuarina montana var. tenuior 
Mig. Besides the above mentioned aberrant mode of branching, this 
specimen shows the peculiarity, that the axis of all its fruit cones 
_has continued to grow. The axis, thus continued, gives the charac- 
teristic appearance to the shoots; are these branched like a witches’ 
broom, have abnormally thickened internodes and bear abnormally 
developed leafsheaths. The shoots in question also bore a small 
number of normally formed young twigs and thus the determination 
was possible to me. These normal branches, have regular cylindrical 
internodes, about 1 cm. long and */,—1 mm. thick, generally with 
11 vaginal teeth, as is often the case in the above variety. I was 
unable to find a fungus or other cause for the formation of these 
witches’brooms in the herbarium-specimen referred to. 

: 28 
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§ 6. Phyllogenetic note on Casuarina montana Jungh. and on 
C. equisetifolia Forst. 


In the Herbaria at Leiden and at Utrecht I found herbarium- 
specimens of young seedlings and of very young shoots, developed 
from adventitious buds. 

Accompanying one of the former specimens I found a manuscript 
note by Mique, to the effect that these young seedlings had been 
raised from seed of Casuarina. montana, imported in 1846 from 
Java to the Hortus at Rotterdam. These seedlings have on their 
youngest twigs internodes of about 2 mm. length and */, mm. 
diameter, with 4—5 deep grooves; in the 24 leaf sheaths examined 
by me, the number of vaginal teeth was as often 4 as 5, but never 
more and never less. The accompanying note of MiqurL, indicates, 
however, that although 4—5 vaginal teeth were most common, 
he had also observed 6 teeth. The teeth are narrowly lanceolate and 
finely acuminate. The stems of these seedlings are only 2'/,—3 mm. 
- in diameter. Mique. has added in autograph: ‘Casuarina montana 
(non alior)” and below also C. Brunoniana. The species C. Brunoniana, 
which Mique had described from young hot-house plants from 
the Rotterdam and Berlin Gardens, afterwards proved to be nothing 
but the “Jugendform” of Casuarina equisetifolia and C. montana. 
From two authentics of this species in the Herbarium at Utrecht, I 
could see that Migquei himself has withdrawn his C. Brunoniana, 
and regarded it partly as C. equisetifolia and partly as C. montana. 
It appears to me possible, however, that all the specimens named by 
Mique. C. Brunoniana belong to C. montana Juneu. only. For the 
young specimens, named by Miquen as C. equisetifolia agree well 
with this. Of young seedlings, which are derived with certainty 
from C. equisetifolia, 1 have here no material at my disposal for 
investigation. In Java I have only observed the constant unusually 
small number of vaginal teeth in young seedlings of C. montana, 
of the var. tenuior. In the very young seedlings I examined, the- 
number was never more than 4—6 as in the seedlings of C. Bru- 
noniana of the Utrecht Herbarium. 

Concerning a herbarium specimen (Kds 37348 8 in Herb. 
Lugd. Bat.) of Casuarina montana var. tenuior Mig., collected in 
Oct. 1899 at 2000 m. altitude near Ngadisari on Mt. Tengger in 
Eastern Java, | observed the following: The specimen consists of 
ordinary fertile old branches, and of some young sterile shoots, which 
had evidently developed from adventitious buds, after an_ older 
thicker trunk had been eut down near the ground, These young 
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shoots were characterized by internodes of */, mm. diameter with 
5—6 deep longitudinal grooves and only 5—6 vaginal teeth. On 
the other hand the youngest twigs, which had been formed on the 
ordinary ascending older branches of the same individual, had 
cylindrical internodes, not deeply-grooved, */,—1 mm. diameter, with 
9—10 vaginal teeth. For the sake of completeness the morphologically 
unimportant, but physiognomically striking circumstance should be 
mentioned, that a great number of the youngest twigs of these young 
root-suckers were malformed at their tops to ovate or irregularly 
formed galls, about 3—5 mm. long and 2'/,—3 mm. thick. In these 
galls I could generally still detect the insect which had produced 
these malformations. It need scarcely be mentioned, that the above 
description of the morphologically aberrant structure of the twigs, 
refers only to normally constituted ones, and not to the pathological 
malformations on the rootsuckers, formed from adventitious buds. I may 
further allude to a specimen collected by TeysmMann and Dr Vaigse 
in 1859—1860 in Java? (without further indications as to locality) 
and labelled by Mique. “Casuarina equisetifolia Forsv., monstrosa?” 
This specimen, found by me in the Herbarium at Leiden, appears 
_ to me to be quite similar to the one, described above, of the ordinary 
Casuarina montana var. tenuior Mig., with young root-suckers, partly 
deformed by galls at the shoot-tops, the number of vaginal teeth in 
this specimen, examinel by Miguzr is (also in the youngest twigs 
not attacked by galls) invariably only 6—7, never more. 

Summing up (and wholly leaving out of account the above- 
described malformations due to galls) we find briefly the following: 

1. In these very young seedlings of Casuarina montana var. 
fenuior Mig., some internodes are provided with 4, others with 
_5—6 deep longitudinal grooves, while the number of vaginal teeth 
is 4—6, (never more) and in the youngest stages only 4. 

2. Very young shoots formed in Casuarina montana var. tenuior 
from adventitious buds in the base of the trunk, had similar deeper 
grooved internodes with 5—6 (never with more) vaginal teeth, like 
the young seedling mentioned sub 1. 

3. It appears that in the species here in question (C. montana) 
the youngest developmental stages of the seedlings show phylogene- 
tically older phases of development than the young shoots from 
adventitious buds of the trunk examined above. 

4. The structure of the seedlings referred to sub 1 seems to point 
to both Casuarina equisetifolia Forst. and C. montana Juneu. being 
mutants of parent forms with quadrangular internodes and 4 deep 
longitudinal grooves, with 4 vaginal teeth. Such forms, which in my 
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Opinion are older (e.g. C. nodiflora Forst. and C. sumatrana JunGu.) 
still survive for instance, in Australia, in Sumatra, Borneo, Celebes, 
and in the Moluceas, but recent forms are now wanting in Java, 
and fossil ones have not yet been found in Java. 

5. Of the two Javanese indigenous species of Casuarina, C. montana 
JUNGH. appear to be phylogenitically younger than C. equisetifolia 
Forst.; the former species is probably a mutant, which has only 
maintained itself within the region of the Malay Archipelago, and 
which has arisen from the latter_species. 

6. Probably C. montana var. validior Mig. is a mutant, which has 
maintained itself in Java only and which has arisen from C. montana 
var. tenuior Mia. 


Physics. — “Contribution to the theory of binary mixtures,’ XI. 
(Continued). By Prof. J. D. vAN per WaAAIS. 


Now we shall proceed to the investigation of some properties of 
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by differentiating gy’ with respect to x, and by keeping v constant, viz. : 
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By eliminating v from (g’) and (g"), we obtain an equation in « 
only — and for the values of « which satisfy this resulting equation, 
dv 
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Now oa is eee smaller than 1, hence in the expression for 


b 
= only the sign — can be retained before the radical sign. And 


leaving undecided for the present whether v > 6, or v < 6,, we find 


b, 
when we divide — by ae 
v v 


1+ Ahanry | 


n= 


1—v | — «= 
or 
d 
n—1—ay |a— a ev }a+( — =| =o, (g"") 
Now : 
A¢a—9 7 =0—a i {124 


and 


l1—w da 
a dx 


The first member of equation (g’’) becomes for «= 0: 


Cc 
tele & . 
CE 


¢ c 
= w«? —1+ 
v a 


or 
1 n—l 
VY (L+ 8) 
and so, whether the sign — or the sign + is chosen, always posi- 


tive, if as in the case considered, the quantity ¢, is positive. For 
xz =1 the first member of (gy) becomes equal to: 


@—D~al KS 


or 
1 n—1l 
2—1————__. 
V (1 + &,) : 
This value would be negative when, as will be supposed in a 
following case, ¢, is negative — but it is also positive, if as is now 


the case, ¢, is positive. If the sign of the value of the first member 
of (gy) is different for «=O and «=1, then there will be a 
value of « between O and 1 satisfying (gy). But in our case the 
first member of (g"") has the same sign for «=O and «= 1. From 
this it does not follow, of course, that there exists no root for (g"), 
but only that this equation either has no roots or an even number. 


This equation has no roots when the locus is imaginary —— but if 
é ny & : 

the latter exists, as is the case when 1 > ts and when the 
rn— 


locus is a closed figure, then there must be two, If the value of 


the first member of (g'’) is graphically represented between « = 0. 


and «== 41, the curve representing this value, begins and ends positive. 
If this value passes to negative values, it must have an ordinate 
equal to O at least twice, and so also assume a minimum value, 
Hence if there are two values of « satisfying (g'"), the equation 
obtained by differentiating (y"") with respect to v, must have a root. 


nt 


Now is equal to: 
an 
dA 1 LA 
n “é da* 1 eG da? 
Pe ie 1 Pe 
VY {A—a — y\A + (1—a) 
da | 


a Te 
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” 


So for the minimum value of (g"’) this equation must be equal to 0. 


eee GA ; 
This expression is equal to 0, if are 0, or if: 
x 


NU l—ez 
ine ey 5 
Leta ; cane Veoan 
y(4 =) vat Oa 
The latter can only be the case, if in the second member the 
sign + is retained, and — is rejected. This means that in the 


expression : 


I+ y\a a 19 


ee ra 


only the sign + must hold in the “ene of the second member, 


b 
or that > 1. So if the closed curve is restricted to volumes smaller 
v 


than 4,. 
If we seek the value of « which satisfies : 


‘iodine Es (1 —a) 


dhs dA 
Ace oA (1 ey 
fir | a) =" 


then when this value of w is substituted, (g'") must be negative, 
because (y"") has proved to be positive for «=O and «= 1. 

For it is not sufficient for the existence of 2 roots of the equation 
gy" =1 that »" has a minimum value, but it is also required that 
this minimum value is negative. 

If we substitute in: 


n—1—ny|4—e vjata-9F{ 
the value of: 
dA nae dA 
Vja—a =; y\a+a—9 iI, 
then: 
— 


n—1l1— SG Ay} 4+a——) 2 


must be negative. 

Now we find from the condition on which gy! has a minimum 
value: 
dA, _(1—2)' — niet 


de. # (l—2z) {l—a#+-n?2} 
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and 
(' 2) 6 (al? 


dA 
A + (l—«) de oe (l—e+n'a)e(1—a) a 1—e+nte 


(a1) — ae: 


Hence 


must be negative. 


1 
Now if we write a =a, (1 —2) + a,x — ex (1—2) Bee he fae 
c oe 
a, gg Ae, 
and egret @—iy” then 


1—e#+4 az ‘ 7 
a) le Tre (a) 


must be negative. This will be the case if under the radical sign | 
the numerator is larger than the denominator, or if: 


(1—a) (14€,) + n?a (146,) —(n—1) @ (1—a) < 1—a 4 ne 


or 
(1—a) €, + n*we, - (n—1l) # (1—#) << 0 


or 


n'é, 

(n—1)* (n —1)? 

The extreme values of «x of the closed curve are given by the 
equation : 


&, 
(n—1)? 
If the first member of this equation is negative, the values of w 
satisfying the same value, are nearer together, as was to be expected. 
We have reduced the condition that g'" be negative in its minimum 
value to: 


oft are +- a = — A, 


aR “i 
if 4 is a positive quantity. If e is to be the case for real values of 
wz, then (*, and «, Coe 


—n's, ‘ 
|! + Gear Paap 
must be, or 


ae hes F tie > 0. 


This condition is fulfilled when the points of whieh ¢, and e, are — 
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the coordinates, lie in the region for which the locus considered is 


a closed curve. 
So we may sum up what has been demonstrated as follows. We 


dy") 


have derived a — 0 from (g"”)= 0, and stated the condition on 
v& 


mt 
) 


which gy" becomes negative by the substitution of — = 0. Strictly 
& 
speaking we should still have to show that — = 0 has real roots 
wv 


— and moreover tbat the value of these roots is in accordance 
with the result obtained. Let us, for this purpose, examine what 
follows concerning the value of # which satisfies the equation obtained 
da" 
before, which we derived from = =, Viz. : 
dA _ (1—a)?—n? 2° 
de — a(1— a) [l—a+ n®a] 


foo dk 1 —a)*—a,2" 1 
Now — = clax( ne | and A = rete and after reduction 
da a ae 
we find: 
phe fai ee (1—z)*—n*e* 
or 
n*(€,—€,) aoe . oe 
(1)? = (l—2)?—n?x 


For « between 0 and 1 the second member of this equation has 
a value of nm which descends gone and lies between 0 and 


; n*(&,— 
— n?. —n*. Or if 
(n— 
&, > &, — (‘= 
nr 
and : 


&, a & 4 (n—1)? . 
If we trace two lines at an angle of 45° with the axes through 
(n—1)* 


o 


x“ 


the points P and Q, then ¢,<«&, + (n—1) and ¢, >«, — 


Bee dA 
_ implies that 7 has one real root between a= 0O and «= 1 for all 


points between these two lines. If we confine ourselves to positive 
values of ¢, and &,, this space comprises a very large part of the 
first parabola, and moreover the space which I shall indicate by OPQ 
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n*&, +h 
(n —1)? 


between the parabola and the axes. If we put (1— 2)? = 


n°e, tk 

(n—1)? 
determined, will hold for the value of x of the root. By application 
of (4—x) + «—1, we bring the condition for the determination of & 
in the following form: 


Ver) York 


n— l n— 1 


and n°a* = , these two equations, when / has been properly 


If for the binary mixture ¢, and «, were such that: 
nV, be Vs, aes 1 


n—Il ey Eee 


the point (e,,¢,) lies on the parabola, and the whole locus reduces 
d ar 

to a point. But then it appears that for the root of Af) 0 the 
& 

quantity & must be =O, and that the value of x for this root 

coincides with the point in which the locus has contracted. If, and 

ny é é 

e, have such a value that Ba. + V6 

n—1 n—l 


the space OPQ, and there is a locus between two values @, and a,. 


<1, the point e, ,¢, lies in 


k k : 
If we add — both to ¢, and to ¢,, then ~, may be chosen in such 
n 


n 
d aut 
a way that the condition Ae is satisfied, and so also: 
v 
a a 
. &, + n? &, + ne 
> $ 


The addition of an equal amount to ¢, and to e, involves, of 
course, a shifting of the point (¢,,«&,) in a direction which makes 
an angle of 45° with the axes, and that in such a way that the 


* * . * . . k 
projection of the shifting on each of the axes is equal to —. We 
n 


suppose & to be positive. So we find the value of / by taking n’ 
times the amount which is to be added to the projections of the 
said point to reach the parabola. If the point (¢, , &,) lies in OPQ, & 
is positive. But for points within the parabola, & is negative. But 


as for the case that the closed locus exists, the point (#, , &,) must . 


lie inside OPQ, we have only to deal with positive values of 4, 


ie ee Ee Tt 
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So we have w Pe a and 1—x>- ne and the equation : 


&, n*é, 
(1? @—1P_, 
x ba 
holding for the ae of « of the points of the locus, we find, after 
nV &, 
and 1 Sa ae 
it nY oe 1 
n— ra is 


a relation which exists indeed for points of the space OPQ below 
the parabola. 
But now we have to make the following remark about the equa- 


i dv 
tion which indicates the value of « for the points where = =0 


mt 


for the closed curve. For this equation (gy) we found the following 


form : 


n—1—ay | - «= evjata—a Z| =0 


or 
Sa Ae hee wees Peal =? 


6+ (i= 2s a—w = 
If we seek the values of — and of ————-, we 
a a 
— | gee 2 aria aat 
find oe and -'—- for this. These quantities must be 
a a 


positive, because they occur under the radical sign. And this gives 
a restriction for the values of w for which - can be = 0. Ifa, >c 
the former of the values mentioned is positive for all the values 
from «=O to «=1. The quantity = is equal to eo. and 
so certainly greater than 1 for positive ¢,. The quantity a, — cz’ is 
positive, when oes and negative for a>. So if <1, 
values of xz lying near 1, cannot exist. This will be the case, as 
1l+<e, 


soon as 1 >“ or i> 
n-—, 


, Or n’—2n>e,. If we put the 
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y ae 
greatest value of x at which 7 0 can still occur = 2,, then 
& ‘ 


1+ ¢«,=2,?(n—1)? ¢, =a,’ (n—1)*—1, which value must be 
positive for ¢, . 
Now we may proceed to demonstrate that the minimum of (’) 
d(g'") aA 


cannot be given by the second factor of —_—_=—0O, viz. by —~=0; 
da dz” 


dv 
and at the same time furnish a proof for the theorem that Pris: 
are a 


can only occur for volumes smaller than 6,. The quantity 


& L—z . 
A= “ ara begins with a value =O at «=O, and ends also with 
a 


O at «—1. So there is a maximum value and we find it from 


dA 1—2)? — a,a? : 
suid Sc. dl. at =| 2. For this maximum 


dx a 1—e 
2 
dx? 
will be the case throughout the course from «=O to e=1. This, 
however, is not always the case. In some cases a point of inflection 
appears in the line representing A at certain value of x, and then 


2 2 


is positive for greater value of a. If we calculate qa We may 


value of A <0, and we should be apt to suppose that this 


reduce it to the following form : 
LA 2¢ ; : : 
dz? paca ae a,a, — ¢[a, (1 — a)’ + a,a*] 


And now it is the question whether a,a, — [a, (1—a)* + a,e*] 
can be equal to 0. For «=O this quantity is a,|a,—c], and as 


=——.—, the value of a,—ce will certainly be positive for 


c © (n— 1)? 
yi A , ey : 
positive #,. Hence a 8 negative for «=O. For «= 1 this quan- 
[C 
: E a 1+eé, a, 1--@, 
lity is a,(a,—c) and as : = ec and Hn 2 ait --1, we 


can get a negative value for it if the value of «, is small and that 


of n large. This case occurs when ¢, << n*? — 2n. Then there is a 
3 


a? / : fi, 
value of « for which = changes the negative sign into the positive 


aa 
one. Now we saw, however, above, that if «, <n’ — Qn, the value 
of (y'")=0 is not real over the full extent from «=O to «=1. 
And now the question rises which value of @ is greater: the value 


Sat ee ee ree Op ee 
te PS ed og ee eae 
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d*? A 


ax 


at which y” becomes imaginary or the value of w at which 
| . - a 

becomes — 0. We can decide this at once by substituting 2, = Ve ; 
; € 


ahs _ @A 
the limiting value for (g”’) real, in Pen, We find then: 


aA c a, 4, a, 3 me ts 
a reaoetar | rapa oo es | 
é 1 
== 3— a,° — — x,” (l—.,) vy s 
a ¢ 
or 
LA 2c* a } 
me me tea 2 (1— ay) \* — (1-29), 


; aA 
As — > 1, and a fortiori > (1—z2,), we find a still negative. 
¢ a 


Finally by availing ourselves of the values obtained we shall be 
able to verify that even if the function (y”") is not real over the 
full extent from «=O to 2—41, and so if our conclusion that this 
function must possess a minimum value which is negative, can no 
longer be considered as proved, there is even in this case also a 
d(g'') 
& 
which has therefore the former meaning for (g"”). 
Up") 


v 


root for 


=0 at a value of « which is smaller than 2,, and 


For the root of 


= 0 holds the equation: 


2 
a,—n a 


> = (1—e)* — na? (see page 431) 


and so if os =u,’ is put, the following equation holds: 
c 


“t — (1a)? = (1a)? = (larg)? + 0 (ay? =a) 


or 


“ — (l—a,)* = (#,—2) {2 + (n?—1) (% + 2)} . 


a . . . . 
and as othe) is positive, (vj—v) must also be positive, or the 


Ap") 
v 


root of 


= 0 lies at smaller value of z than that of the final 
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point of (g”’). At the final point (g”) = 0. At «= 0, (”) is positive. 
So for the intermediate minimum value (g”) is negative. 

The function. g = 0, the relation through which we may know 
eee ., a 

the value of 2 for the. points in which = = 0 for the closed curve, 
& 

must also be satisfied by the value of 2 of the point in which the 

closed curve has contracted to a single point. To show this we have 


Ks and (1—a) = Vis in 
n—1 - n—l 


to substitute the values 2 —= 
a 


meee A a —1]-a-9% —--1=0 


where it appears that this equation is satisfied. That we only retain 
the sign — for the third term is in accordance with our conclusion 


dv : 
that v< 6, for the whole curve. And that = = 0 must also be satis- 
= . 


fied in the isolated point, — the point to which the whole curve 
has contracted, — follows from the circumstance that for such a point 
dv 
~ has an arbitrar vy value. The quantity : 
dx CH oa(1 — w) 
a,(1 —2(+a,a—ca, 1—2) _ a, a, bi l+e¢, n(1 +-€,) 

ca: (1—a) oe o(l—az) (n—l)ye  (n—1)/e, 


aot ] to 
==— 18 equa - 
q 


or 


ca( 1 - - cae 


1 
Further V x a)? oo ie and We — Va 


Substituting these values we find: 


bn — Nica _@—}) Fe + = | = 0 


Let us write the equation of the closed curve in the following 


form: 


(;)u—4)-25 + (1+ B)=0, 


db\* ee 
a) anes (wot)! a(l— (l—a) 


representing by B ii (1—a)* + 2nw (1— #) + nia 
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ps 


b 
Lat us seek the points of this curve for which —— = 0. Such a 
ae 


point lies for the branch of the small volumes on the right of the 


d 
point for which ==, and on the left for the branch of the larger 
1 . 


volumes. By differentiating the equation of the curve in the last 
. v . 
mentioned form with respect to w, and keeping ; constant, we find 


“as a condition: 


or 


. . e € . 
from which it appears that ay and ae must have the same sign for 
av A i 


dA i alt. 3 
such points. Now = ca, ( _ a1, <0 } 
Lv 


- (n—1)? {(1--2)* — n?2"} l—-we Sr? 
4 ] s —_— r 
value ee aa : must go together 


eee aes 8 ie ce: oie l LA 
with : Siew or ae and es eT ie, must hold 


; dB dA 
at the same time. What it depends on whether rae and = is positive 
L av 


dB 
and for = we find the 


. v . . . 
or negative, is seen when the value obtained for aris substituted in 


_ the equation of the curve. If we write this as follows: 


(5-1) =(5)- 
Vie 


we find: 


or 


(438) 


dB 3 
de : OF ie 
dA dA a 
dx da 
B  (b,—,) a ee dA 
And as qs and == 27 per, it appears that rey SO 
dB Api; dA 
also a2 have the same sign as — So if Y pao €,>8; themes. 


dB ; : ; Z ee # 
and ray is positive, and vice versa. The line which divides the angle — 
i : 


between the axes into two equal parts in fig. 36 or joins point O” = 3 


with point ai in fig. 37, gives the division between ae For | ae 


“er 


b 2 
oat: lying right of this line — and the other way about. For the 
dphy dA 
points of this line themselves ¢, =, or 0. But then also — 
: & v 


> Din OF F555 and 6, 6, This is the ease for all ; 


and —-=0O and so -—-=~—.,, or what is the same thing’ 
da l—e« n 


eee Gy gh pee 
l—2 Oe in 1+e¢, 


But, as we already observed above, this requires that the value 7 


1 2 
be greater than 1 in the formula /? n? (1 + ¢,)? = |» 4 ——, | 


| 2 
or [n(1 +8,) =2- = é,. Then we have: 
1 + n? 
14+" &, 
i= 
i 1 + 8, 
or 
pg ery ewe a 
Qn(l+@) ' 


Now for the area OPQ, under the parabola we have 


(l+”Ve&Sn—-1 


and so #, can become equal to (° 3 i) as highest value, and hence | 
n 
(n — 1)" 


4n n(n! ee 1) 


(! — 1) max = For not very high value of n, /—1 is only 


( 439 ) 


<. ‘ 
small. So /—1 is equal to ‘ e.g. forn=2. Forn=3,/—1=> is 


But this is no longer the case for high value of x. We need 
not fear in any case, however, that 7 will become so great that 
a, +a, —2a,, would become <0. That ¢ be > 0, the following 
equation must hold : 


2a,,<.4, +4, 


or 
21Ya,a,<a, +4, 
or 
21 Va Vee 
< ry + a 
or 


1 ite, +e, 
am, / eR J re. 


or in our case 


a<n + — 
or 
(n—1)? 
(-) <7 
Now 
(n—l) 8, 
eae A ON 


Hence (J—1)nax remains also below the value, which would make 
a, + a, — 2a,, equal to 0. 


But now before proceeding to the comparison of the results 
obtained here with those of the experiment, I shall first have to 
discuss the question whether the disappearance of the intersection of 


d? d? ; ; 

as = 0 and oe =0 really involves the disappearance of the com- 
wv 

plication in the spinodal line, —- and so whether the temperature 


at which the two curves mentioned touch, is at the same time the tem- 
perature at which the pair of heterogeneous plaitpoints occurring in 
the spinodal line, coincide. When the points of intersection of the two 
curves approach each other, the two heterogeneous plaitpoints will, no 
doubt, also come nearer to each other. But if need not follow from 
this that when the points of intersection coincide, also the pair of 
plaitpoints coincide. And a priori it is unlikely that this should be 
the case. The existence or non-existence of points of intersection 
depends only on properties of the two curves, without a third curve 


29 
Proceedings Royal Acad. Amsterdam Vol. XI. 
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ea = 0 being able to exert any influenee- on this. But the course — 


2 
of the spinodal line is the result of properties of a = as well 
x 


Pw Tw me oath 
as of Pe ak ar ees from this it may already be ex- 
v? dadv . 
wp wp 
pected that when the curves = 0 and <e =0 touch, the two 
aX ” 


heterogeneous plaitpoints will occur on the spinodai line, and will 
lie at some distance from each other. If this is so, this means that 
the limits for the existence and disappearance of the heterogeneous 
plaitpoints are wider apart than the temperatures at which the two 


Pw Py : i : 
curves —> = 0 and re = 0 begin to intersect and stop doing so; 


a v* 
and a fortiori this is the case for the limits of the temperature 
of their appearance and ‘disappearance on the binodal line, and 
so also for the limits of the temperature for the existence of 
three-phase-pressure. And that this is true may be seen when 
we more closely examine the peculiarities which occur in the 
course of the spinodal line in the case that the two curves still 
intersect. Let us imagine the circumstances as in fig. 12, Vol. IX, 


d, 
p. 846, Contribution III, viz. the line “P — 0 at smaller volume 
dk y 


dp 
than the line _ =0(; but preferably at somewhat lower temperature, 
av 


i d 
so that at «=O the two branches of = = 0 are: still separated. 
v 


dv 
Then the isobars enter the figure at «= 1, have re negative, and 
v 
Pp 
: ; _ dp ioe : : 
in the neighbourhood ot r = 0 they incline towards this curve which 
av 
they intersect in a direction parallel to the axis of v. So the quantity 
dv . *,* * . . d*y ’ . . 
is positive. For the q-lines the quantity —-.- is negative in the 
dx*y da? g 


dp 
neighbourhood of 5 =. So in a point of contact of the p- and ¢- 
“Lv . 


lines, a point of the spinodal line (see Vol. IX p. 747 Contr. ID, 
de\ , he 
) is positive according to tbe formula: 


da 
dv 
dv dv ( =) 
(5). 9 tame d*y 
(a), 


apn 


— 


du* 
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And according to the formula Vol. ( Le )) Contribution I): 


(Oy) -te = 


dp ‘ 
(2 ) has the same sign as (=). , and is therefore negative. In the 


U J spin 

point of contact the two lines p and g do not intersect. The p-line 
lies in the point of contact on the same side of the q-line —- e.g. 
on the lower side. But in fig. 12 contact of a p- and a qline bas 


Pw 


again been drawn on the left side of 7 = 0. But there the p-line 
aa 


remains above the q-line all through. So there must be a point of 
contact somewhere between, where there is a transition between 
these two cases, and where the contact is at the same time inter- 
2 

section. Then not only = i te , but is ae "and so also o 

dx, diy dx*, da, dx 
Then we are in a plaitpoint. If taking due account of the course 
of the p- and g-lines, we seek this plaitpoint it appears that this 
point does not lie on that particular g-line that passes through the 


==(), 


. . d* 
highest point of the curve “ = 0, and has there a direction parallel 
ee , 


to the a-axis, and also possesses there a point of inflection. But 
it lies on a q-line lying left of the former, where p has a greater 


value; while this plaitpoint must lie below the point of inflection of 
i He 
the q-line, because | , is always positive. 
v 
p 
Of course, but this is not necessary for our argument, if for points 


of the spinodal line with very small «, the contact of the g- and 
p-lines is to take place again in such a way that the p-line remains 
again throughout on the same side of the p-line, which we may also 
call the lower side, there must exist another plaitpoint also on the 
3 
left hand of 7 = 0. So in this second plaitpoint the p-line, coming 
from the right, must first run above the g-line, which it will touch, 
and will be below it from the point of contact. What is indeed 
essential for our argument, is the circumstance that the first-men- 
tioned plaitpoint, the upper of the pair of heterogeneous plaitpoints, 
which I called the realizable one in a previous Contribution, though 
it only fully deserves this name when it also lies above the binodal 
curve, lies on an isobar of higher value of the pressure than the 
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bul 


= 


value of p found in the point in which ---= 0 has the smallest 
at 


volume. And if we now consider the case that the whole closed 
curve discussed above, has contracted to a single point, and the 
2 y 2 


: ; Py : 
intersection of the two curves fa 0 and oe has disappeared, and 
& ‘ Hv 


the g-line runs parallel to the x-axis in that single point and possesses 
there a point of inflection, the realizable plaitpoint still exists, and 
so also the other, the hidden one. A fortiori this is the ease when 
the closed curve still exists, and the intersection of the two curves, 
2 j2 
= = 0 and a = 0 has only disappeared because they touch. 
For then the qg-line, which passes through the point of contact, will 
still possess the points with maximum and minimum volume, and 
it will lie below the g-line where they have coincided. 

So we are justified in the following graphical representation. Let 
us take an z-axis and a p-axis. Let us construct a figure indicating 


dr 
first the pressure along the liquid branch of the line ot = 0, and 
av 


secondly the pressure along the liquid branch of the spinodal line. 
Not to interrupt our train of reasoning too much, we shall pass 
over the other branches in silence, and moreover confine ourselves 
to the case in which 7), > 7%,. Then the first-mentioned line is a - 
continually descending one. If the temperatures are low — according 
to the approximate equation of state below *’/,, 7; — all the points 
of this line lie below the a-axis. But as we only wish to consider 
the relative position of the two curves which are to be represented 
we disregard the absolute height at which we think them drawn. 
The second line begins and terminates as high as the first, and 
always remains above it. So in the main it is also a fast descend- 
ing line. Now if there are on the first line two points, indicating 
; ; ; ; dp ee ia) 
the points of intersection of the line oo 0 with aa = 0, the second 
line will not continually descend, but possess a minimum anda 
maximum value for p. The minimum value at a value of « which 
is smaller than the value of « of the first point of intersection, and 
the maximum value at a value of «, which is greater than that of 
the second point of intersection. This minimum and this maximum 
value are those of the pair of heterogeneous plaitpoints, Uf the two 
points of intersection have coincided on the first-mentioned line, 
ininimum and maximum pressure still occurs on the second, And 


tt 
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only at a temperature, at which either there is not yet question of 


Py : ap : : ‘ 
contact of the two curves = Oand-~, or at which this contact is 
da? dv* 


long over, the complication in the course of the p-line will have 
disappeared for the spinodal line. At the moment of the disap- 
pearance this p-line possesses a horizontal tangent and a point of 
inflection in the point in which maximum and minimum pressure 
coincide. If further in such a figure we drew a third line indicating 
the pressure along the binodal curve, this third line would have a 
complicated shape — but for this | refer to some Communications 
occurring in These Proceedings 1905, 


But from all this we further conclude that is not necessary that 
2 2 


a? ; 
the two curves as ¢ = 0 and gy intersect for the occurrence of 
da* dy* 


the pair of heterogeneous plaitpoints on the spinodal line. If they 
only draw near enough to each other, the spinodal line can already 
possess the described complication, and there can even be three- 
phase-pressure. 

It follows from this that for mixtures the properties of whose 
components are represented besides by #, by positive ¢, and &,, 
the presence of the heterogeneous plaitpoints is not restricted to the 
space OPQ below the parabola for ¢, and ¢,; but that this space must 
be extended with a part of the parabola itself — a part lying in 
the neighbourhood of the top. The theoretically exact shape of this 
part can only be determined by investigation of the spinodal line 
itself. But in view of the difficulties attending this investigation, I 
shall content myself here with an indication of the way in which 
I have tried to form an- idea for myself of the accuracy of my 
expectations that this part would again be approximately bounded 
by a parabola, which compared to the preceding one, would have 
shifted in the direction of the axis, though what follows must not 


be looked upon as much more than a certain kind of empirical 
dw SAS is 
calculation. When the curve —— = 0 lies entirely within Pry == 0 
ax v 
but in the neigbourhood of the latter curve, two other curves, viz. 
2 2 


d 
—, =—9 at lower temperature; and — Q at another still lower 
dv da:* 


temperature will show intersection and contact in the space outside 


—, =, where the spinodal curve lies, and where the pair of 


heterogeneous plaitpoints are found, at a certain distance apart or 
coinciding. 
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4 + 
If in as = 0 we take the lower temperature 7” = —, and in ° 
av 
th Z 


=e obtain by 


elimination of 7’, the equation, which with a slight modifieation 
agrees witl (2) of Contribution X: 


, = 0 the value of the lower temperature 7” 
& 


Pa 
mF oe dic* spe ee sey db" 
v —w«(l—e# ier 9 Oss vo + -+ «(1 — @) ends 


If we now treat this equation in the same way as (a) was treated 
in Contribution X, 


get, for the case that the closed curve con- 
condition : 


we 
tracts to one point, the 


ewe Une ea * 
n—1l= E— ee +n teas abs 
So the same parabola as before, only shifted in the direction of 


! 


a ki —k 
the two axes by an amount equal to —-— : 
K 


The value of 7 at which the imitated plaitpoints coincide in this 
calculation, is now & or &' times higher. 


(To be continued). 


ERRA TU M. 


2 d? : 
intersection of — na QO and - ? = 0, always lies at v < 4,, a possible 
dv* a 
case has been overlooked. The value v < 6, may occur if: 
n—1>V1i+e,+nys,, 


as will be shown in the Continuation. 


In the proof that the closed curve, the locus of the points of 
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Botany. — “On the biological significance of the secretion of nectar 
in the flower.’ By Dr. W. Burcx. 
(Communicated in the meeting of November 28, 1908.) 


In an article in the Recueil des travaux botaniques Néerlandais 
vol. IV.') I have explained in detail, that Darwin in 1859 put 
forward the hypothesis, that a cross with another individual is 
indispensable for the species and that, at the time, he considered the 
structure of flowers to be generally such as to ensure, or at least 
to favour, cross-fertilisation, but that in later years he, however, left 
this stand-point. I showed from his later writings, that the observa- 
tions and experiments of many years had brought him more and 
more to the conclusion, that a much greater significance should be 
attached to self-fertilisation, than he had at first imagined; I also 
showed that, at the close of his studies, he was not very far from 
giving a negative answer to the question whether floral structure 
favours cross-fertilisation. Since then, observations have been made 
on a number of tropical plants, the flowers of which are always 
closed, so that in such plants the possibility of cross-fertilisation is 


1) An abstract of this may be found in Biolog. Centralblatt. Bd. XXVIII. 
N®. 6. 1908. ; 
30 
Proceedings Royal Acad. Amsterdam. Veli, i. 
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excluded and I further pointed out, that from these results there can 
be no question of a natural law in the sense imagined by Darwin. 
Furthermore, the view that cross-fertilisation might be advantageous 
to the species, has been rendered nntenable by our present knowledge 
of the structure of the nucleus, and its function in the life of the plant, 
and also by our modern ideas concerning the nature of fertilisation. 

Suppose we now give up this view, and fall back on the funda- 
mental hypothesis, which was put forward by GARTNER in 1849, that 
only by self-fertilisation, vigour and fertility of the species are pre- 
served, since a cross may lead to hybrid-formation, which diminishes 
the fertility of the plant. It then follows, that floral biology, which 
has started in its considerations from the opposite view, has lost its 
basis and must be built up anew. We have been led. astray by 
our ideas regarding the significance of the properties of the perianth 


— its shape and dimensions, its colour and odour — and regarding 
the various mechanisms of the flower — dioecism, monoecism, hete- 
rogamy, dichogamy, hercogamy and self-sterility — all of which we 


thought we could explain as useful adaptations for visiting insects 
in order to ensure cross-fertilisation; it must be possible to explain 
them in another way. I have already shown in my previous paper 
that diclinism and hercogamy can be explained by mutation and 
that protandry and protogyny must be considered as characters of 
organisation, and not of adaptation. 

With regard to the phenomenon of self-sterility I limited myself 
to pointing out, that this should be considered primarily as the result 
of hybridisation, rather than as a special adaptation. 

In order that we may now obtain a better conception of the 
qualities of the floral envelopes, we must again adopt the view of 
the older biologists, who regarded these envelopes as organs for the 
protection of the sexual apparatus. 

We must therefore consider to what extent the sexual organs 
require the protection of the perianth, not only when they originate 
and develop, but also during the flowering period. Hitherto we have 
been accustomed to look for a connexion between the various pro- 
perties of the perianth and its significance in the attraction of insects. 
Now we shall have to test these same properties, especially of shape, 
dimension, position and the distribution of fragrant vapours, by the 
question, how they may be considered to be of importance to an 
organ, which is intended to protect the sexual organs from unfavour- 
able external influences. More than has hitherto been the custom in 
floral biology, we shall have to pay attention to the anatomical 
structure and the physical and chemical properties of the floral 
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envelopes, to the way in which the floral leaves are arranged in 
the bud, with reference to each other, (the aestivation) to mutual 
coalescence, io the presence of scales, hairs and glands, to the 
secretion of water, honey, mucilage, ete. Also, if we give promi- 
nence to the protection of the generative organs as the basis of our 
considerations, we shall have to investigate whether the secretion of 
nectar is not connected with this protective function. 

This connexion may be inferred all the more readily on account 
of the unmistakable correspondence of the secretion of nectar during 
the flowering period to that of water or of a mucilaginous fluid in 
the so-called water-calyces, the latter secretion being considered a 
means of protection of the sexual organs. 

With regard to this secretion of water I beg to recall, that 20 
years ago Trevus first drew attention to the remarkable phenomenon 
that the floral buds of Spathodea campanulata Bravv., a tropical 
Bignonacea, are filled with a watery liquid, secreted by a large 
number of glands, which cover the inner surface of the calyx, so 
that the petals, stamens and ovaries develop under the protection of 
this fluid. The liquid contains traces of the hydrochlorides, carbonates, 
nitrates and sulphates of potassium, sodium and calcium, has an alkaline 
reaction and contains traces of ammonia; sugar was not found in it. 

A similar secretion of water in the closed flower-bud was after- 
wards also observed in other plants. We may mention the papers of 
Lacerueim, Grecor Kraus, Hatumr, Koorpers, Saipata and SvEDELIUS, 
to whose investigations [| do not propose to refer here in further 
detail, as 1 intend to publish my own observations on this subject 
before long. From these it will be evident, that the phenomenon is 
not limited to the tropics, but can also be studied here. 

I only wish to emphasize, however, that all naturalists, who have 
occupied themselves with the subject, have accepted the opinion of 
Treva, that the secretion of water is a means of protecting the sexual 
organs against the unfavourable consequences of too strong transpira- 
tion, and that my personal observations, especially in this country, 
have shown me the connexion between the secretion of water and of 
nectar, and have gradually confirmed me in the conviction, that 
by the nectar-secretion the sexual organs are protected. 


I wish briefly to explain the train of thought, from which I started 
my investigation. 

The observations on plants with water-calyx and especially the 
detailed investigations of Koorpgrs have taught us, that already long 
before the corolla and the sexual organs are laid down, the very 
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young calyx (the development of which in all these plants is hurried 
on, before that of the other parts of the flower) is protected against 
the dangers of exposure to the atmosphere; sometimes the calyx is 
protected by glands, which may or may not be active, sometimes 
by a thick covering of hairs, which retains air, sometimes by both 
‘these means. It is intelligible, that this young organ, the vascular 
bundles of which are as yet unperfectly developed and therefore 
unable to compensate adequately for the loss of water through tran- 
spiration, should require a special, temporary protection, in so far as 
it is not surrounded by bracts. 

Now we see at a later stage, in which the calyx has already 
acquired certain dimensions and in which its anatomical structure is 
nearing completion, that the same glands appear on the inner surface, 
and by their activity more or less fill the cavity of the calyx with 
water; this secretion of water supplements the protective function of 
the calyx towards the other parts of the flower, which are now 
beginning their development. 

Later, in older buds, when the stamens and ovaries have already 
made considerable progress, the same glands appear on the outer- 
and on the inner surface of the corolla. The former, the owfer glands, 
are especially active in protecting the petals against excessive trans- 
piration in the short period, between the bursting open of the calyx 
and the development of the petals to their full size — temporarily 
therefore’). The significance of the hairs on the ‘nner surface would then 
be, that in the same period they keep the sexual organs in a moist space. 


When we see therefore, that the flower is carefully protected against 
transpiration from the first stages of its development to the moment 
of opening, the question naturally arises, whether at the opening and 
during the flowering-period, the sexual organs are under such especially 
favourable conditions, that they require no protection ? 

This is certainly not the case; during the flowering period the 
ovary is not placed in favourable conditions. 

When opening, the flower enters upon a period, in which the stamens 
and the ovaries — exceptions apart — have reached their highest stage 
of development, do not require food for further growth and are in a state 
of rest; the ovaries are awaiting fertilisation in order to be called 
to new life by that stimulus; the stamens in a state of maturity, | 
await the evaporation of the superfluous water from the anthers, 


1) This opinion will later be supported by examples; I propose to show, that 
at this stage, when the corolla is still completely closed, water or nectar is found 
in many flowers. 
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At the opening of the flower the perianth, and especially the 
corolla, are in very different condition, the latter generally not having 
reached anything like its full size, when the sepals move apart. In 
a very short time, the corolla grows out to its normal dimensions, 
to be afterwards during the whole flowering period the seat of various 
physiological processes, consisting partly, in the transformation to its 
own use of material laid down in its tissues in the bud, and partly 
in the continuous production of fragrant vapours, which the flower | 
gives off in that period, very often also in the production of nectar 
etc. If we further remember, that the considerable quantity of water 
which the corolla gives off to the atmosphere by transpiration, is con- 
tinually replenished by fresh supplies, while the stamens on the other 
hand receive less water from the thalamus than they give off, it 
becomes clear, that the nutrition-stream moves principally in the corolla. 

The consideration suggests the following questions: What means 
are at the disposal of the ovary for escaping the harmful consequences 
of too strong transpiration? Is the secretion of nectar perhaps to be 
regarded as one of these means? 

I venture to think that I have obtained an affirmative answer to 
the last question and hope that I may succeed in obtaining acceptance 
of my opinion. 


I wish to preface a description of the flower and of nectar-secretion 
in #ritillaria imperialis. 

Fritillaria imperialis bears large, bell-shaped flowers turned with 
the opening downwards, and consisting of a perianth of two trimerous 
whorls, a superior ovary with a long style and tripartite stigma, and 
6 long stamens, with filaments entirely enclosed in the bell, but with 
anthers protruding outside. Generally the style is somewhat longer, 
so that the stigmas are under the anthers and outside the flower. 
The cylindrical ovary escapes observation, as it is wholly surrounded 
by the fleshy filaments of the stamens, which form a close-fitting 
tube around it. 

Not until fertilisation has taken place and the perianth has withered, 
do the flowers become erect; the fruits afterwards are also erect. 

Each perianth-leaf bears close to its base a large saucer-shaped, 
shiny, white nectary, which is surrounded by an elevated border, 
-and secretes heavy drops of fluid during the flowering-period. 

The whole of the perianth is very rich in glucose, not only at 
the time of flowering, but already much earlier. A section through 
the middle of an adult perianth leaf, about half-way between base 
and top, shows, that the mesophyll, which is here 13—14 cells thick, 
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consists of thin-walled cells, which leave large intercellular spaces 
between them. The vascular bundles are strongly developed and 
take up almost the whole thickness of the leaf. In no part of the 
transverse section can starch be detected, but the whole of the 
mesophyll is very rich in glucose; starch occurs only in the nectary. 
In a section through the nectary, 4 different parts can be made out 
even at low magnification. First there is the honey-secreting tissue 
proper, consisting of 3—4 layers of small close-fitting cells, densely 
filled with protoplasm and containing large nuclei. Under this there 
is a tissue, 8 or more cell-layers thick, composed of larger cells 
with very distinct intercellular spaces; these cells are crowded with 
numerous small starch-grains. Outwards or downwards there follows 
the region of the vascular bundles, where the mesophyll still contains 
starch. Finally the latter tissue gradually passes into that containing 
chromatophores, which again consists of considerably smaller cells 
and is closed off on the outside by an epidermis, consisting of pina- 
coid cells, the outer wall of which, in this region, is much thicker 
than in any other part of the perianth. 

The starch which collects under the secretory layer, is already 
found in sections of very young nectaries, for instance in buds 
about 2.5 em. long. 

That it is from this material that nectar is afterwards formed, 
becomes evident on the examination of nectaries, which have already 
been forming honey-drops for some days; a distinct diminution of 
starch may then be observed, and at the end of the flowering no 
starch whatsoever is found. 

A section through a stamen shows, that the latter is traversed by 
a comparatively thin vascular bundle, and that for the rest the tissue 
consists of large cells, which give a very strong reaction with 
Fruiine’s test-solution for glucose. Externally the tissue is enclosed 
by a small-celled epidermis with a comparatively thick outer wall, 
which presents a granular cuticle. It may be, that by being enclosed 
by stamens, which are rich in glucose, the ovary is not so completely 
protected against the harmful consequences of exposure to the atmos- 
phere as an inferior ovary is by the thalamus, but nevertheless the 
two kinds of protection are comparable ; in any case the ovary thus | 
seceives considerable protection during development. 

It may be of interest to note, that the stamens continue to enclose 
ihe ovary, when the anthers have fallen off. The filaments remain 
fresh and in their original position, as long as flowering continues, 

The secretion of neetar begins soon after the perianth-leaves 
separate, and the tips of the anthers protrude out of the flower, 
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The secretion is very abundant. Generally large drops hang down 
from the nectaries in plants in the open. If a cut flowering specimen 
be placed in a glass of water, under a high bell-jar — in a fairly 
moist space therefore, where evaporation is limited — drops may 
be seen to fall down from time to time. When plants which have 
been grown in pots, are placed in a dark room some time before 
the opening of the flowers, it is found that the secretion of nectar 
is quite independent of light and continues day and night. If the 
nectar be removed by means of a pipette, the drops are renewed 
as well and as quickly as in the light. The nectar can be removed 
for several days; each time new drops appear again. From this we 
may deduce, that the evaporation of nectar in plants in the open 
air is fairly considerable, and that the nectaries continue to act as 
long as the flowering-period lasts. 

Fritillaria imperialis is one of those plants, in which the dehiscence 
of the anthers depends on loss of water by transpiration. Although 
in many orders, such as the Papilionaceae, Antirrhineae, Rhinanthaceae, 
Malvaceae the dehiscence of the anthers is independent of the hygros- 
copic condition of the atmosphere, and the pollen is equally well 
liberated in a moist flower as in dry air, this is not the case in 
Fritillaria. As has been said above, the tissue of the filament indeed 
contains a considerable quantity of glucose, but nevertheless the 
osmotic action, which the sugar exerts in abstracting water from the 
anthers, is evidently not enough to make them dehisce. If a young 
flower be enclosed in a moist glass box, or a cut plant be placed 
under a high bell-jar in surroundings, which are only moderately 
damp, the anthers remain closed during the whole of the flowering 
period, whereas in the open air they often dehisce on the first day 
in bright, dry, spring weather, after having lost 90°/, of water. It 
follows from this experiment, that the anthers can dehisce, because 
they protrude from under the flower. If this were not the case, if 
the filaments were a few centimetres shorter, the moist air, inside 
the flower, would prevent the dehiscence of the anthers. That during 
the flowering-period there is a strong current of water through the 
vascular bundles of the perianth-leaves, which continually supplies 
the latter with water to compensate for the loss by transpiration, 
needs as little proof as the fact, that this watercurrent has been 
turned away from the stamens. If this were not so, there could be 
no question of the dehiscence of the anthers. 

I now come to the conclusion, that the Fritd//laria-flower is to be 
regarded as a cup in which the air is continually kept moist during 
the flowerlng period by the evaporation of 6 large drops of fluid, 
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secreted in its upper parts by as many nectaries, the transpiration- 
loss of which is made good by fresh supplies of fluid, day and night, 
as long as flowering continues. 

Inside this moist cup there are the ovary and the stamens, which 
remain in a state of rest during the flowering period, and receive 
only a small supply of water from the thalamus. For to the extent 
that they are enclosed in the cup (the ovary for its full length, and 
the stamens with the exception of the anthers) they are protected 
against dessication by damp _ surroundings, whereas the anthers, 
hanging out of the cup, are exposed to evaporation. i 

According to the analysis of Bonnier the nectar is very rich in 
water and contains at most 5—-7°/, of sugar. If there were no sugar 
at all in the fluid, one would not hesitate to call the nectaries of 
Fritillaria perianth-hydathodes, and to consider them quite similar 
to the calyx-hydathodes of Spathodea campanulata and similar plants. 


In Fritillaria the nectar does not come into direct contact with 
the ovary, but is found outside the sexual organs. This method of 
nectar-secretion, which I purpose to call, for the sake of brevity, 


a peripheral one, is not the most general. A number of plants may ~ 


indeed be cited, which agree with /ritid/aria in this respect, suchas 
Trollius, Abutilon, Lilium and Helleborus, but in most plants the 
nectar is secreted in such a way, that the ovary is directly moistened 
by it, as in Labiatae, Boraginaceae, Solanaceae and other orders. 
In contradistinétion to the peripheral, 1 wish to call this a central 
secretion of nectar. Very often the nectar is secreted in more than 
one part of the flower; in such cases there is a combination of the 
peripheral with the central method. 

In numerous plants the moistening of the ovary is greatly increased 
by a thick covering of soft hairs or by a thick felt, which covering 
is saturated with nectar in various ways. Sometimes the nectar is 
secreted by the ovary-wall, and ascends between the hairs, as is 
for instance, the case in most species of Verbascum and in Heli- 
anthemum vulgare, which are wrongly called nectarless plants. In 
other cases the covering itself consists of hairs which secrete glucose ; 
this occurs for instance in the species of Paeonia, another genus 
which is wrongly considered to be devoid of nectar. Often, however, 
the nectar which saturates the ovary-covering, is brought up from 
the thalamus, as for instance in Pulsatilla and other Ranunculaceae, 
which will be considered below, Especially when such covered ova- 
ries are close together (e.g. in Pulsatilla each flower has about 100 
ovaries) it may be readily imagined, that by evaporation of the nectar 
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the ovaries are always in a moist atmosphere. By this I mean, that 
one may assume, not only that the nectar is continually replenished 
by fresh secretion (this can indeed be observed in many plants) but 
also that on increased concentration, the nectar never dries up, be it, 
that it absorbs aqueous vapour from the air, or abstracts water from 
the ovary itself. This moistening of the ovary reminds us vividly of 
certain well-known mechanisms for protecting an organ against 
excessive transpiration, such as a covering of wax, or of mucilage- 
secreting glands. In this connexion | may point out that among 
plants without nectar, there are indeed some, in which the ovary is 
protected by wax, as in Papaver, Eschscholtzia, and Glaucium or by 
mucilage, as in species of Lysimachia, Ononis spinosa, and Verbascum 
Blaitaria. \t thus becomes intelligible, that these plants can do without 
nectar. In Verbascum Slattaria the ovary, which is fairly deeply 
hidden, is covered from top to bottom with compound glands, which 
correspond in structure with lupulin- and /tibes glands, continually 
pouring out a layer of mucilage over the ovary. 

This is the more remarkable and important, since, as was men- 
tioned above, the ovary of all other Verbascum-species is covered 
with a felt, rich in glucose. We find therefore in different species 
of the same genus two different means of protection, to which the 
same biological significance must be attached. 

I now wish to explain further, by some notes on Ranunculaceae 
and Malvaceae, what was said above with reference to the secretion 
of nectar in different parts of the flower. 

Let us consider first of all the flower of 7’rollius europaeus L. 

In Trollius the 11. or 13 large, hemispherical sepals with over- 
lapping edges, form an approximately ball-shaped envelope round the 
sexual organs. The petals, generally 10 in number, are yellow and 
spatulate, and secrete honey on the middle of their inner surfaces. 
The stamens numbering about 160 and placed in numerous whorls, 
surround about 30 ovaries. Except for a small opening, facing upwards, 
the flowers are closed; only the stigmas come wholly or partially 
into view. 

At the beginning of the flowering period the anthers are at about 
the same height as the stigmas, and the ovaries are surrounded and 
protected by the column of stamens. 

Later this is not the case to the same extent, although a few 
whorls of the inner stamens, the anthers of which do not come to 
complete development, retain their places. 

As in Fritillaria, the ovaries of Trollius are in a moist space, and 
are furthermore protected laterally by the stamens. Whereas, however, 
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the humidity of the flower in Fritillaria does not interfere with 
the dehiscence of the anthers, because these are outside the flower, 
this is not so in Tvro/lius, where the dehiscence of the anthers is 
equally dependent on the evaporation of superfluous water into the 
air; for in Trollius the stamens are enclosed within the calyx. 

This is the explanation of the remarkable phenomenon, that the 
stamens, beginning with those of the outer whorl and then grad- 
ually: from the periphery to the centre, become elongated soon after 
the opening of the flower and bend inwards, until their anthers are 
near the opening; the anthers of the inner staminal whorl then come 
to lie immediately above the stigmas. If one places a young flower 
in a closed glass box, the phenomenon may be followed step by step, 
and one observes at the same time, that as long as the flower re- 
mains in the glass box, the anthers remain closed. In an open box 
on the other hand, the anthers are seen to dehisce as soon as they 
have come under the opening of the flower, and their pollen is seen 
to be scattered on the stigmas. Observation in the field likewise 
proves, that the anthers remain closed in damp weather. 

Honey is not secreted in any place other than the petals. In the 
main the arrangement of the flower is quite like that of Fritdllaria. 
The closed condition of the corolla can hardly be explained other- 
wise than as a device to prevent the rapid evaporation of the nectar 
into the air and is connected with the erect position of the flower’). 

As a second example of the methods of nectar-secretion in 
Ranunculaceae, | now choose the flowers of Clematis and of Anemone, 
which do not possess petals, but where the calyx takes the place 
of the corolla, and where no nectar is observed on the periphery of the 
flower. This is the reason, why they are referred to as nectarless 
plants in the literature on the biology of the flower. That this is by 
no means correct, is at once evident when we wash the ovaries, which 
are thickly covered with silky hairs, for a moment with a drop of 
distilled water on a slide, and then warm the water with a drop 


of Feratine’s solution; we then obtain a strong glucose-reaction, 


proving that the hairy covering of the ovary is saturated with nectar. 
Further investigation shows, that this nectar is derived from the 
interstaminal portion of the thalamus, 

The droplets of nectar, which are secreted here, are sucked up 
between the stamens and the ovaries and are retained, especially by 
the hairy covering of the latter. 

I must now recall that many years ago, Bonnrer already drew 


1) I believe that this is also the explanation of the closed flowers of Calceolaria, 
Fumariaceac, Antirrhineae, Rhinanthaceae ete. 
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attention to the interstaminal secretion of nectar in Anemone nemorosa. 
He stated that the thalamus contains much sugar, and that its inter- 
staminal portion is covered with numerous thin walled papillae, from 
which, under favourable conditions, minute drops of nectar are seen 
to exude. My own investigations have shown me that what Bonnier ’) 
observed, may be called a pretty general phenomenon in the order 
of Ranunculaceae i.e. in many genera, nectar is secreted from this 
portion of the thalamus. 

The flowers of Anemone and of Clematis may therefore be con- 
trasted with those of 7'rodlius, as regards secretion of nectar, Here 
the nectar comes into direct contact with the ovaries and it is 
evident, that the numerous drops of honey, which are found every- 
where between the stamens, and which are constantly renewed, 
contribute not a little to the maintenance of a certain degree of 
humidity in the neighbourhood of the ovaries. 

It is remarkable, that in many other Ranunculaceae the nectar is 
‘secreted in the flower in two places, so that a peripheral and a 
central secretion may be distinguished. It should be noted, that in 
some genera’ the two methods of secretion are of about equal im- 
portance to the plant, but that in other genera the peripheral one 
is much the least important. 

The flower of Aconitum may serve as an example of a plant in 
which both seeretions are of importance for the protection of the 
sexual organs. 

At the beginuing of the flowering-period the 3—5 quite glabrous ovaries 
have not yet reached their full development. They can scarcely be 
discerned, as they are enclosed by the numerous stamens. These 
stamens are distinguished by broad filaments, which are very rich 
in glucose, and which, being closely pressed against the ovaries, 
protect the latter against external influences. The sexual organs are 
kept moist by a secretion of nectar from the interstaminal portion 
of the thalamus.*) The sepals and petals are also rich in glucose. 

The two superior petals are metamorphosed to nectaries with long 
stalks and during the time of flowering these secrete a copious 
supply of honey. The two superior, dark blue sepals have coalesced 
to form a helmet-shaped hood, which, as long as the flower is still 
in bud, encloses it for the most part and further, during the 


) Bonnier, G,. Les nectaires. Annales des sciences naturelles. Botanique. Tome 
Vill. 1879. p. 141. 

*) Not unfrequently the nectar-drops can be detected on the stamens with a 
simple lens; the presence of nectar between the stamens may moreover be easily 


demonstrated chemically, by depriving a young flower of its calyx and corolla, and 
washing it with water. 
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flowering-period, acts as a protective roof to the two nectaries and 


the sexual organs below them, while the latter are surrounded by 
the remaining sepals and petals. The secretion of nectar has once 
more rendered the flower a moist chamber, in which the sexual 
organs are protected against the dangers of dessication. At first the 
stamens, with anthers bent downwards and closed, lie turned away 
from the entrance of the moist chamber. Later they become erect; 
afterwards they become elongated, and so bring the anthers to the 
entrance of the flower, where they can give up their excess of 
moisture to the air, at least when the latter is not too damp. As 
they dehisce, the stamens again bend downwards with empty anthers. 
The broadened parts of the filaments do not, however, bend in this 
way, but retain their original position and protect the ovaries 
throughout the whole of the flowering period. It is not until this 
stage that the stigmas, which are now fully developed, come to 
the entrance of the flower. - 

Although the corollar-nectaries of Aconitum are not much less 
important than the thalamus, as regards secretion of nectar, this is 
not so in all genera of Ranunculaceae, as has already been pointed 
out. In Ranunculus, Batrachium, and Ficaria the corollar-secretion 
is of much less significance and that of the thalamus certainly much 
more important. In Pulsatilla the corollar-secretion is still further 
reduced and in the genera Paeonia, Caltha, Anemone, and Clematis 
the corollar-nectaries no longer occur; here the honey-secretion of 
the thalamus has become of primary importance. 

In Caltha palustris secretion of nectar can be observed in the 
flower in three places: first at the periphery of the thalamus, where 
in the allied Helleboreae the stalked corollar-nectaries are placed ; 
secondly at the interstaminal part of the thalamus; thirdly on the 
wall of each ovary. The ovaries of Caltha are glabrous, but on both 
sides of each ovary there is a spot, covered by hundreds of delicate 
papillae with very thin walls. Each of the latter secretes a minute 
droplet of nectar, and the large drop, which is formed by the fusion of 
the droplets, can easily be detected with a lens between any two adjacent 
ovaries. The parietal papillae here replace the hairs of other genera, 

The extent of the reduction in the peripheral nectar-secretion of 
other genera is best observed in Ranunculus and in Pulsatilla. 

The flower of Ranunculus acer for instance, agrees with that of 
Trollius both as regards the position of the stamens relative to the 
ovaries and the elongation and inward-movement of the stamens. 
The nectar-secretion at the base of the petals cannot contribute to 
the protection of the sexual organs by keeping the flower moist, 
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except possibly on the first day of flowering, when the corolla is 
still cup-shaped. In no case can this secretion be of importance 
during subsequent stages, when the corolla is spread out. If there 
were here no nectar-secretion at the interstaminal portion of the 
thalamus, the ovaries would be in danger of rapid destruction owing 
to dessication. 

In Ranunculus auricomus the peripheral secretion is still much 
less important. Here often one or two and sometimes all petals are 
wanting, and with them the nectaries; frequently, moreover, the 
nectaries are rudimentary. 

In the genus Pulsatilla the peripheral nectar-secretion is likewise 
insignificant (its seat is in the metamorphosed anthers of the outer 
whorl). In Pulsatilla vulgaris, P. pratensis and P. vernalis it has 
been observed, that the nectaries frequently do not secrete any nectar; here 
nectar-containing and nectarless plants are found; P. alpina is quite 
free from nectar, according to Scnutz. The nectar-secretion from the 
thalamus is therefore, also in this genus, of primary importance ; 
during the flowering period the numerous ovaries are each, as it 
were, covered by a mantle saturated with glucose. 

In the natural order of Malvaceae the true significance of nectar- 
secretion is not less clear than among Ranunculaceae. 

I shall not be able to consider this subject in detail in the present 
communication, but may recall, that Berens showed in 1879, that in 
Abutilon, Althaea, and Malva the bottom of the calyx bears a nectary, 
consisting of a large number of closely crowded multicellular 
‘“Sekretions-Papillen”’, which together form a large secreting surface. 
Kach ‘“Papille’ consists of a large number of cells, placed in a row, 
e.g. in Abutilon insigne 12—14. What Benrens thus describes pro- 
bably applies, as far as my own investigation extends, to all Malvaceae. 
I found these nectaries also in the genera Hibiscus, Kitaibelia, Malope, 
Anoda and Sidalcea. 

Whether in general, bowever, secretion is a constant phenomenon 
in these calyx-nectaries, is doubted by various authors. Of many 
species it is not known whether they ever contain nectar, and of 
other species the accounts are contradictory; in the case of some, it 
might be assumed, that the individuals of the same species differ 
among themselves. Thus, for instance, Kircaner could not find any 
nectaries in Adutilon Avicennae, whereas in this country the same 
plant is so rich in nectar, that the latter can be seen with the naked 
eye. As regards Hibiscus, those species, which are best known in 
Europe, namely H. syriacus, H. Trionum, and H. esculenius are 
regarded as nectarless. The large flowers of Abutilon are however very 
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rich in nectar, so much so, that the nectar is removed by honey-birds. 

Being peripheral, the secretion of the calyx-nectaries may be 
compared with that of the corollar-nectaries of Ranunculaceae. My 
investigations have now shown me, that in the order of Malvaceae 
a central secretion of nectar may also be observed, which in most 
genera gives the impression of being the more important — perhaps 
in all genera except Abuwtzlon. 

As is well known, the stamens in Malvaceae are united to form 
a tube. This staminal cylinder, which extends upwards round the 
ovary, is, at its base, joined to the corolla in such a way that their 
common tissue encloses the ovary and hides it from view. If the 
ovary be now liberated from its little “house’’, its wall, in almost 
all- JJalvaceae, is found to be thickly covered with nectar-secreting 
trichomes of the same structure as those, which constitute the calyx- 
nectary (Sekretionspapillen of Brnrens) and these trichomes conti- 
nually pour a layer of glucose on the ovary. In Hibiscus esculentus 
and in H. Trionum these ovarial trichomes are even larger than 
those of the calyx-nectary, and consist of 28 cells. The ovaries are 
therefore not only enclosed in the staminal tube, but are always 
confined in a space, kept moist by nectar-secretion. 

[ hope afterwards to return to a detailed study of this order, 
which is so extremely interesting as regards nectar-production. 

Before closing this communication, I still wish to call attention to 


two important matters. In the first place to the secretion, which takes — 


place in many flowers, while they are still in bud. We are accus- 
tomed to assume, that secretion only begins at or after the opening 
of the flower, but I have found many exceptions to this rule. The 
phenomenon may be observed in Ranunculaceae especially. The ovaries 
of Clematis Viticella, covered with silken hairs, the ovaries of 
Paeonia, Pulsatilla and of Aconitum are bathed in nectar, long before 
the opening of the bud, and it may probably be assumed with safety, 
that the seeretion of nectar, which already takes place in the bud, 
serves here to protect the sexual organs, and is therefore comparable 
to the secretion of water in flowers with a water-calyx. In the flowers 
of Aconitum 1 found that indeed the central, but not the peripheral, 
secretion may be observed before the opening; this suggested to me 
that the latter secretion serves more especially to keep the flower 
moist during the flowering period. Further investigation will be 
required to show, whether this difference can also be traced in other 
plants with a double secretion of nectar. 

Before there is any question of the flower’s opening, a copious 
secretion of nectar may also be observed in other plants, such 


ne 
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as Melandrium album (Lychnis vespertina), Hyoscyamus niger, 
Galanthus nivalis, many Papilionaceae and Epilobium anqustifolium. 

In the second place I think it may be useful to refer briefly to 
the so-called nectarless plants, because it might be argued that these 
do not support the truth or general validity of the hypothesis, put 
forward above. 

I have already had an opportunity of pointing out, that some 
plants, which do not contain nectar, have their ovarian-wall covered 
with waa, and others with glands secreting mucilage; to these 
secretions the same biological significance is attached as that, which 
I think should be attributed to nectar-secretion. Furthermore, I have 
already mentioned a number of plants, which are recorded as nectar- 
less, but which, nevertheless, must certainly be reckoned among 
those containing nectar, namely species of Anemone, Clematis, 
Pulsatilla, and Paeonia in the order of Ranunculaceae, also Helian- 
themum vulgare and the various species of Verbascum and Hibiscus. 
I will only add, that it can be easily shown by chemical means, 
that the so-called nectarless Rosaceae: Rosa, Poterium, Agrimonia, 
Aruncus and Spiraer have been wrongly included in this class. 
Here indeed the nectar is often difficult to observe, but it is none 
the less present, as in other Rosaceae. If the flowers are extracted 
with water, so that the nectar, which has been thickened by evapo- 
ration, passes into solution, the presence of glucose may readily be 
demonstrated in all these plants. Finally it may be pointed out in 
this connexion, that very many plants do not require a special 
protection by nectar, either because the ovary continues its growth 
without interruption, (on account of early fertilisation, which often 
already takes place in the bud) or because it is not exposed to the 
air during the flowering period. 

The latter case occurs especially in the genera Plantago and 
Luzula, in Nymphaea alba and Erythraea Centaureum, in Luncus, 
in most Grasses and in other anemophilous plants. 


Mathematics. — “On a theorem of PatntEvé’s.” By Prof. W. Kapreyn. 


1. Patnievé, in his well-known memoirs on differential equations 
of the first order, investigated the question when the integrals 
possess a definite number of values or branches if the independent 
variable turns round the critical parametric (not the fixed) points. 

For differential equations of the first degree 


WM a 
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where P and Q represent polynomials in y, he has proved that if 
the integrals possess m branches, there always exists a substitution 
oe tA ss ge 
Mynr-—l yn! _ ices + M,y+1 


by which the equation (1) may be reduced to an equation of 
RiccatTI 


.- (2% 


Sieh dle Ek | 3) 
the coefficients L, M, G; H, K being functions of wz. 

Our object in this paper is to prove this proposition in another 
way, starting from the form of the integral 


any® + Apr y™' Fw. tay +a, 
y+ ay +... tay Ee, 
where C represents an arbitrary constant and 2 and u functions of z. 


The treatment of the two cases n =2 and »=83 will be sufficient 
to show that the proposition holds good generally. 


C= 


(4) 


2. If n= 2, it is evident from the integral 
_ Ay? + AY + 4, 

y+ HY + Uo 

that the differential equation must be of the form 


we CORK fin og hy 


dy _ay* + ay*® + a,y* + ay + 4, 
die b,y? + 2b,y + b, 
the coefficients a and 6 representing functions of z. 


Differentiating the equation (5), we find between a, 6, A, u, the 
following relations 6 being an indefinite factor, 


(6) 


Ga, mag \ 
Oa, = p,A,' + 4,’ — Au,’ 

Ba, = u,A,' + u,2,' +4,’ —A,u,' — an,’ 
Ba, = tA,’ + 4,4,’ — A,’ — Au,’ 

Oa, = 1,4,' — Agus, 

0b, = 4, — U,A, 

Ob, = A, — tyr 

Ob, = 6,4, — HeA,- 


From the three latter equations (7) may be induced 
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b,a, — b,a, + 5,a, = 0 
bu, — bu, — 6, = 0 
and from the five preceding 


(8) 


aq ft ea 0 1 0 0 0 
a tt, (bee eee eee Mey © 0 
u,=9 oa & KH 1. xd, 7} Be By 1 —4, A, 
a 0 wm & —4, CR Bee rte 4, 
a 0 0-35 0 Cy 0 a. 0 -A, 


This equation may be easily reduced to an equation of Riccatt. 
For adding up, in the first determinant the third column multiplied 
by 4, to the fifth and in the second determinant the second and 
third columns each multiplied by 4, to the fourth and last, we get 


a,l 0 0 0 1000 0 
8:4 6 a 2. Oe ee 
u=—| 44,4, 1 5] : uu, 1 6, 0 
a, 9 ww, 4, 0 ww, 5, b, 
ae. 6 a0 00 yu, 90 4, 
If now we substitute 
b+ 6 
yp, = 
1 


s 


in the denominator, and subtract the fourth and fifth columns each 


multiplied by re from the second and third, we find 
1 


10000 
u,1 000 


b, = b,*- b,b, 
b 
0 0 = b, b, 


1 


00008, 


If we in the same way subtract the fifth column multiplied by a 


1 


from the third, the numerator takes the form 
31 
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a, 1 0 O@ 
b,+5,u 
a, 7 1 D5 
b 
4 & fF (1 4 |=An?+ But 6 
: 
b,+6 
a, 0 0 zs alto b, 
1 
a, 0 0 ee ae | 


where the coefficients have to be determined still. 
If we put uw, = 9, the coefficient C is found to be 


1 2, 
a 

C= ay b, b ote 3 (6,°—,6,)- 
i." 


Dividing further both members by u,? and supposing afterwards 
UU, — ©, we get 


a0 00 0 
b 
a, 10 0 
b, ae 
b 
Az |a1 21 b |=—ap, =F (b,'—byby)- 
1 1 1 
7 ; 
a, 0 0 5 . 
1 
g00 4-4 


Differentiating both members with respect to u,, and substituting 
u, = 0, we get for B the form 


a,0 0 0 0 a,1 0 0 0 
2 by 
ge i a EKO 
b 
1 1 
b b 
B= a, 1 —- 1 b -f- a0 — 0 Bb 
b, b, ; 
b b, 
a 6 Ore a, 0°00 — 5b 
i b, 1 1 b, 1 
2 O20: 8 e270. k @ 


The first of these determinants is identically zero; the second 
developed, gives 
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b,? bs 2 
Bie me Oe Oty ba, + 62a, — 3% 
1 1 
Hence «, satisfies the following equation of Riccati 
1 
= — (b,*— 6,62) u,” te (6,?a,—b,b,a, + b,?a,—b, bya, + 63°a,)u,— 
1 1 
=! (b Sb (9) 
Sb 
1 


We now proceed to find the substitution of PainLevé. 
From the general integral 
__ Aoy*® + Ay + 4 
9 + hy + Me 
it is evident that mu, is that particular solution of the equation (9) 
which satisfies the equation 


if we attribute to y that particular integral of (6) which corresponds 

to the value C= oa 
Therefore : 
hus vat's by? + boy 

aa boy -+- b, 

is the substitution which reduces the differential equation (6) to (9). 


3. From the preceding we may also deduce the conditions which 
must be satisfied by the given differential equation. For the three 
last equations (7) give 


d (by cae sl PL ta PO _ ¢ #,A,— Hod, 
da \ b, dx 2 re oa ee ay ee Rae ig 


6 (b,b,'—b,b,' ) —— by ag’ +b, a,'—boA,'—b, Agu,’ -+ bedou,' 


or 


and 
6 (5,6,'—b,),’) — bo Ar’ —b,u,A,' + bu,4,' + 6,4,’ —b2A,u,’. 
Combining each of these with the five first equations (7) and 
eliminating 4,' 4,’ 4,’ u,' uw,’ we may write the conditions 


a, 1 0 0 0 0 
ba Bw, 1 0 —A, 0 
a, Uy fy 1 —A, —A, sae 
a, 0 wm 4° 2, 
a, 0 0 ae | =, 


(6,5,', —6, b, 2; —6,A, ba 
. 31* 


and a, 1 
a, Hy 
a, H, 
a, 0 
a, 0 
(5,50) Bote 


0 0 0 0 
1 0 —A, 
fy 1 sie —A, sd 
Hy (4, —A, —A, 
0 By 0 —A, 
| —b,u, bot, 6,4, —b,A, 


where (2,),') and (0,5,') mean 6,5,’ — 6,6,' and b,b,' — 6,6,’ respectively. 
Reducing these determinants in the same way as before, we have 


immediately 


b 


a.-0..9 aes ef 


Tt 


a, 


A 8 oy as 


0000 8, 


asi) Oe a ae 


the latter row representing the following values 


a = (b,5,') B= — 4, y=}, d=—b, e—0 $=0 
a= (0b) P= te, yo oF 


6,+6,u, 


If we write np, = 
1 


e=—b? $=4,), 


(11) 


—— the determinant (10) takes the form Ap, + B. 


) 


By differentiation with respect to u,, A is determined by 


or 
A= —a, b, (6, 


RORY 6 

dt, 

ae 

b, 

— a,b, 

“eae 
b, 

5: sae 


ld 
—,)| 5-2 — 


le 
belie Fa Bal 
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In both cases this expression vanishes. Therefore both conditions 
are found by writing u, =O in the equation ‘10). In this way the 
conditions we looked for, are the following 


ag id 000 0 
b 
a 5 Yo € 6 
1 
b 
a, 0 th 0 
b, Sa eee es se E49) 
b 
a, 0 0 = db, 4, 
1 
a, 0 000 8, 


where the last row is given by the relations (11). 


4. When n= 8, the general integral 
_ Ay +4,y'?+Ay+4, 
Y+ey +H +4, 
shows, that the differential equation must be of the form 


dy _ %y" + a,y* + a,y* + a,y’ + ay’? + ay + a, 


= const. 


dx b,y* + 4b,y*® + 6b,y? + 46,4 + 8, 4) 
with the following relations between the coefficients a, 6, 4, u: 
6a, = 4,' 
6a, = “UA, + a,' se Ae, 
6a, = HA,’ +- uA, +2, — A,u,' —~ Ags,’ 
Ba, = Udy + 4,4,’ + U4,’ + 4,’ — Ayu,’ — a,u,' — ayy,’ 
Ba, = woA, + UA, + Ur,’ — Ay — 4,6,' — ayy,’ 
Ba, = yd,’ + Hydy — Agee,’ — Aye,’ 
(15) 


Ga, = u,a,' — A,u,' 
6b, 4,—4p, 
46b, = 2a, — 2,u, 
66b, = 3A, + Ayu, — Au, — 3A,u, 
46b, = 22,u, — 22,u, ) 
6b, = 4,u, — a,u, 
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Eliminating alternately the »’s and 2’s from the five last equations 
(15) we have 
$b.2,2 — 6b,2,, + 2b, (2,4, + 32,a,) —b a= 0 | 
6b,2,2 — 6b,a,2, + 2b,2,? + b, (84,2, — 2,a,) = 0 
(3u, — uu.) 6, + 2u,°b, — 6u,6, + 66, = 0 
u,°b, — 2 (Bu, + wyu,) b, + 64,6, — 36, = 0 


(16) 


The two latter equations (16) enable us to express uw, and mw, in 
function of w,. For multiplying the first of these by 26,, the second 
by 4,, and adding up, we find the following quadratic equation 


(u,6, ai 2u,6,)? + 6b, (u,, SFY 24,05) mE 3 (46,6, ae b,6,) = 0 
sO 
u,b, — 2u,b, = — 3b, + V3i, 
where the square root stands for both values, and 2, represents the 
expression 
i, = 36,7 — 46,b, + 5,),. 


This result, in connexion with 
Hy, (4,5, Bod 2u,b, + 66,) eg 3, + 6u,, 
gives 
__ 8b, + 6u,), __ 6b, + 3u,b, 
Oe Bh ee ee ee ee 


Now the first seven equations (15) lead up to 


Pats es Paes ee ee, Ga Wee aay Sack 
~— 0—a, 0 Uy 0-—A, 0 0 
eo , 8 1 Ava Se i Ry, 0 —A,—A, 0 
u,'=O\a, oy fy fy 1 —A,—A,/: |, By Mg 1 —A, =a —A, 


a 9 & HH 4,4, —4, f Hy Hy, Mg —a, —A, —Ag 
a, 0 0 pp Bw O =A, (C0 pppoe, —2; 
e 0 0° 0 pgp, 0 0] (0 Otte we ee —2, 


which reduces to an equation of Riccatt. For adding up in the 
numerator 4, times the third column to the sixth and 4, times the 
fourth to the seventh, and in the denominator 4, times the second, 
the third, and the fourth columns respectively to the fifth, sixth, and 
seventh, we find 


where 


H2 

4H, 

MH Uy, Pe 
My By 


0 
o ' 6 


— oC 8S & 


uw, u 2b) 0 mw wy 


iy 0. ME ON SMe. py 
| 


ie Ot 40 .e. 0 


i 


u is determined by the relation 


6063 4-2, 2—Aye, og 6b, + 4,5,—2y9), 
Gu = =e 6 


3 


3 


0 0 0; 
0 0 0 | 
0 Pe ee 

oe.7-.0; 0 | 
fg 2b, db, 
gor @:. @ 2b, 
sae | tard | ie 


0 ed 
——— 3 (36,+ V 3%.) — 3 m. 


3 
“If we substract in the nnuleraion times the sixth and seventh 
m 


eolumns from 


3u, 


the third and fourth and in the denominator — 


m 
times the fifth, sixth, and seventh from the second, third and fourth 
columns, the value of yw’, reduces to 


ae! Pare ee 


al 


OO oe ae 
ae ee 
6b 
ft 
m 
3b, 6b, 
ca. RES 
m 
ea oe 

m 
C220), «0 
ore: 0 


Serer -o° 6 
G2. 0 Oita 1°50 


6b 
O° b. '@ 4, — 
m 

3b, 6b 

F220, Oc58 tu. — pe 
m 

3b 

ere ol ie (Oc 


pei | eae diel: Sea | 


0 

0 

6% 4:6 
1 2b, Bb, 0 
6b, m 
— = 2, >, 
3d m 
sri Ope My 
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Here the denominator N is evidently independent of u, and may 
be written 


18 


er ee ee 


he 1 2b, b 
ape 8 4 


_ m* (2b,6, + 4b,b,) m 


+ 4b? + 4b,%, + 


3b,*6,° siete 126,6,6,6, 
rs : 
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This takes a simpler form if we eliminate all the powers of m 
except the first. The definition of m gives 


m* = (366, — 3b,5, — 12b,b,) m + 18b,b.b, — 72b, bab, 
i: 8h, Vs 
m 3 (4b,b, — ,b,) 


hence 


35,76,? — 126,6,6,6 
Be. <= * = — b,b, (66, — m). 


m 
With these values, and putting - 
i, = bybyd, + 2b,b9b, — by* — b,b,? — 0,20, 
we obtain finally 
Ai 4 4 4 ne 
N= = m — = (8i,+b,i,) = 5 V3i—Ai, = = (V'8i2—%,) . (18) 


Introducing now the values of uw, and wu, in function of uw, in the 
numerator, we may reduce this to Ay,?-+ Bu,+ C, where the 
coefficients are to be determined still. 

If we put uw, 0, C is immediately found 


1 0 5 , © 
6b 
Gaels : ey A b, 

m 

3 
C= eri eae | 2b, “ime 
m m 3 
3b m 
ee Ae ee 
; m 3 


If we divide further the second and third columns by u, and substi- 
tute afterwards u =o, the equation is reducible to 


ste 1 0 0 bd. Lie. 
m 

6b ; 

6, Obs 1 b, 2b, is | b, 
——--~ 4, —-—4, = ~—a 
° { 8b, 6, 4, ‘m 8b, $b, m 

| m m P 8 ite ee 

| hee Sad add 0 0 8), m 

m 4 m 8 


Differentiating the numerator with respect to “, and putting ~, = 0 
afterwards, we find the value of B. This value consists of two 
determinants ; the first of these is identically zero, therefore 


seer 26 0 0 0 
a, eee @ 2G. 0 8 
™m 
a, etd 6 b 0 
m 
b 
B=-—|a 0 6 23,°. b, 
3b, 36 m 
ae Se 
6b m 
FO ee oe 0 
a tO 465 Bb O54 0 
or 
; 12d 
B= —a,| 2,0, +35 a (4b,* + 6,5, — 60,bb) 


2 
—a, . = (bm + 6b, — 9b,bs) 


as =, m — 3b,b,) 
2 
cae ele (bom — 2b,b, — 6,6,) 
2 
rm = (6,m — 3b,6,) 
2 
—a, . = (bm + 6b,? — 9b,b,) 
12d 
a Ez es op *+ b.b,?—6bob, »)| 
With these values the differential of Riccati takes the form 
ee 3 
Uy = — —- a,b, a eee er (19) 


and the same reasoning as before shows that if the necessary condi- 
tions are satisfied the substitution which reduces the given differen- 
tial equation (14) to the equation (19) may be inferred from 
y° + uy? + ey + Hy = 0. 
Substituting the values (17) we conclude finally that 
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_ __ my® + 6b,y* + 8d 
oe By? + Obiy + m 
reduces (14) to (19). 


(20) 


5. To determine in this case the conditions, we differentiate the 


b b b b 
four values  , — , — , — expressed in 4 and u by (45). This gives 
Bact bat Gbas eae 


- 66(b ,b3') = (6bg42—3b,M,)A;'—(b,4, + 6b3)aq' + byutgd,' + 3b,A,' + | 
+ (6,2; + 6b,2,)utg'—b,agu,'—3b,a,4,' 
66(b,bs!) == (Bbapt, —Bbapt,)Ag'—B 02,45! + (bahtg—3b9)A,' + 85,2,' + 
+ byAyMg’ + (3524, — 5,29)’ — 30,4, 4) : 
6O(b,by'J=—3b, pA, + (Bb g¢,— by )Ag' + 5, Myd,' + (3b,—3dgM9)2,' + 
+ (b,4,—3b2A,) tty’ —b, Agtt,' + (3b24g—3b, a; )uy’ 
6O(b,b')=—3b,§,2,'—bofty Ag! + (Botta + 6b2(4,)A,' + (3b,—6byu,)a9' + 
+ by, pa'—(bAat 6b24,)tt,' + (6624, —36,,)u,' 


(21) 


Combining each of these equations with the seven former equations 
(15) and eliminating the quantities 4,'2)'2,'4,'u,'u,'u,', we obtain 


6222 % 0 0 

rs eae 0 —aA, 0 

a, fy > the 0 —Aa, —A, 0 

o te th Me he ee 0 
0g 0 eh Re 

a, 9 en 0 —Aa, —A, 

a, 0 0 osm 0 —A, 

Cy: Ce Cy OA, Ce OG ii 


where the last row is formed by the coefficients of each of the 
four equations (21). Hence for the first of these 
C, = 6(b,bs'), Cy = 6bopt, — 3b,u,, ete. 
If we reduce this determinant in the same way as before, the last row 
becomes in the first place 


4,U A 1 mee BS ty 
Cys Cy, Cy C,, Cy, cae Cat $ : ‘ a 


and secondly 
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Site C+ Ce _ HeAtsCr tC. 5 Sete tC, 
6 ut m 6 , 
4,C,+C, 4,C0,+¢, 4,C,+(C, 
(ed : 6 ; 0 


C,, Cy, Cy, — og oe 


7 
_ h £2 : 
a 
= © 
i 
: 
2 
7 
> + 
‘ 


? 


that is for the four cases successively 


a 6 (b,b,'), 6 Dopto—3b,u abies, ee 
or a2 is 2 4*o) 2 pad ’ poe 


3b,b, 66,6 
6 (b,bs'), 3 bp, —3b,u,, — > 7 =~ Shy, 8d,4—~ 2b,", 5,5, , 0 
| 3b,b, 6b,? 18), 
P oe) —Sh.u., — at < , 3b, sa, bsm-2b,b,, b,b,, -3b,b, 


, 3b,, —2,b,, 5,2, 0 


36,7 6b,b 186.) 
6 (6,6), — 3 Baty, 38 = ’ “— ’ 3b, —— ’ 


— 2b,b,, b,b, + 2bym, — 12b,b, 


which may be represented for a moment by D, D, lL, D, D,D,D,D,,. 
After these reductions it is evident that only the second column 
contains the quantities u, a, u,. Hence, with regard to the relations 
(17), this determinant may be written in the form Au,+B, where 
the value of A is found by differentiating with respect to u, and B 
by substituting u, — 0. 

In this way A takes the form of a determinant of the eighth order 
which immediately leads to the following of the sixth order. 


3b, mmm 
— 0 0 SY y gee? J ees 
1 0 0 gPig Paz 


——l1l 0 Bh 0 b eon HG § 


-() 


D, D, Dd, 
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Developing this determinant, and putting 
m* 4b,b,+2b,, 4b,b,°+4b,2b, 


m + byb,(byb,—4b,b,) = P 


81 9 3 
we have 
oN ee ee 2b,m m 
A=a,u (=) | D,' —-—- Dy — = D, —— D, + 26,D, + 1D, |. 


If we introduce now the values of the quantities D in the last 
factor, this leads in the four different cases to 


26 
ies — m* a 4bob,m + 2b ,(6,6,—46,6,) 


2b 
—=zi im? + Abgdym + 2b,(b,5,—45,,) 


2b 3 
— =m? + 4b,bym + 2b,(b,,—40,0,) 


2b 
— =! m* + 4b,bym + 25,(b,5,—48,),). 


If we observe that we have by definition 
m?—6bym 


b,b, —46,6, = ; 


it is evident that in all cases A — 0. 
The conditions are therefore determined by B= 0, and this may 
be written, after a slight reduction 


a, 5 Wee eae Tee ce 
a, 2b, ; 0° a ee 
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where the elements of the last row are respectively in the four cases : 
6(b,b.'), 12b,bo, —(b,b,+2b—m), 26,,, bm, —2b,b,, b,?, 0 
6,b,bs'), 3b,b., —b,b,, 2b,b,—bym, b,m, —2b,?, b,b,, 0 
6(b,b.'), 0, —b,b,, 2b,%, b,(m—6b,), bom —2b,b,, b,b,, —3b,b, 
6(b,b,'), 0, —b,%, 2b,b,, b,(m—6b,), —2b,b,, b,b,+2b,m, —12b,b, 


6. Following the same way in the general case, we obtain for 
u,' the quotient of two determinants each of order 2n-+-1. If we reduce 
these as before, the denominator will be seen to be independent of 
4 and mw; and the numerator will only contain the quantities 
{on—1y fn—2- > ,, u, in two columns. Now f—1, #n—2,-- @, may be 
expressed as linear functions of #,, and this proves at once that the 
numerator must be a polynomial of the second degree in x,. If, 
therefore the necessary conditions are satisfied, the quantity , is an 
integral of an equation of Riccam1. The substitution which reduces 
the given differential equation to this equation of Riccati will then be 
found from 


| y+ ey" +--+ y +o, = 0 
by determining #n—1,...4, in function of uw, and expressing mw, in 
function of y. 


Physics. — “The law of shift of the central component of a triplet 
in a magnetic field.” By Prof. P. Zeeman. 


In two communications to this Academy '*) on “Change of wave- 
length- of the middle line of triplets’ | gave conclusive evidence 
obtained by means of Micuetson’s echelon-spectroscope that the 
central line of some triplets is shifted. The fact of this displacement 
was established simultaneously with my own observations by 
GMELIN *) and JAck *). GMELIN first gave the law of shift in the case 
of the mercury line 5791. According to him the change of wavelength 
under consideration is proportional to the square of the magnetic force. 


In the second part of a former paper on “Magnetic resolution of 
spectral lines and magnetic force’ measurements concerning the 
asymmetrical resolution of the mercury line 5791 are given‘). 


1) P. Zeeman. These Procedings February 1908, April 1908. 

*) Gweuix. Physikalische Zeitschrift. 9. Jahrgang S. 212—214. 1908. 
5) Jack see Votcr. Magneto-optik. S. 178. 

*) Zeeman. These Proceedings November 1907. 
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Supposing that the asymmetry of the separation is entirely due to 
the shift of the central line towards the red, one should conclude 
from the communicated numbers that the displacement increases nearly 
linearly with the strength of field. This investigation was made 
. with Rownanp’s grating, the principal object in view being to prove 
the existence of asymmetrical separations. I succeeded in this respect, 
but I think now I have overrated the accuracy of the extremely 
difficult determinations of the amount of the asymmetry. In fields of 
the order of 20000 gauss the asymmetry is 35 thousandth parts of 
an Angstrom unit, while the RowLanp grating used permits in the 
chosen, first order to resolve lines, the difference of whose wavelengths 
is 0.12 AU., hence with the field intensities mentioned we have 
to do with a quantity which is already -four times smaller than the- 
limit imposed by the resolving power. 

It is only because we have to do in determining the asymmetry 
with a difference of two quantities which are above the limit set 
by the resolving power, that there may be question of measurement. 

When we reach however the utmost limits of the method used 
then sources of error come to the front, which partly are caused by 
our mode of appreciation of the distance of two adjacent lines, partly 
are connected with particularities in the formation of images by 
gratings, not yet sufficiently understood. 

It is therefore undoubtedly to be preferred to use for the further 
investigation of the shift of the central line a method warranting 
greater resolving power. GMELIN in his investigation has used MicnELson’s 
echelon grating, and it seems that he has largely succeeded by syste- 
matic procedure to interprete quantitatively the results given by this 
instrument. His result therefore possesses high probability and more- 
over is now supported by the theory given by Vorer') in order to 
explain the large asymmetrical separations, a theory which assumes 
the existence of couplings between the electrons. 


I thought it however to be worth while to investigate the matter 
by a method independent of RowLanp’s and MicHELson’s apparatus. 
Fapry and Perror’s method seemed most appropriate. The greater 
part of the measurements communicated in this paper have been 
obtained with a 5 m.m. étalon, already used on a former occasion. 
Some determinations were made with an étalon with distance-pieces 
of invar as suggested by Fasry and Perrot in order to diminish the 
dependence upon temperature. It was constructed for me by Joni, 


') Voret. Magneto-optik. S, 261, 
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The thickness of the air-layer in this étalon was nearly 25 m.m. 


With this distance and using the light of the mereury line 5790 


in the magnetic field the limit of the method is being rapidly approached. 
Hence the accuracy of the results obtained with the 25 m.m. étalon 
is in our case hardly superior to that to be reached with the 5 m.m. 
apparatus. 

The arrangement of the apparatus was described with sufficient 
detail on a former occasion’). For the purpose now in view it was 
desirable to investigate exclusively the vibrations parallel to the 
magnetic force. A calespar-rhomb therefore was placed between the 
source of light and the first lens. Two images of the radiating 
vacuum-tube are now obtained near together on the étalon, the 
non-desired one being screened off. A photograph was taken with 
the field on, and before and afterwards one with the field off. 

Besides the inner ring, always also the second- ring, in some cases 
also the third and fourth one, was measured and the result used in 
the wave-length calculation. 

The formula for the calculation is the one first given by Fasry 
and Prror, still remarkably simplified in our case *). 

In the following table the results are given relating to the mercury 
line 5791. The first column contains the number of the experiment, 
the second one the reference-number of the spectrogram; Aa, is the 
change of wavelength of the central component. The field intensities 
are given in the last column. Their re/ative values, which are only 
necessary for establishing the law connecting displacement and strength 
of field, are exact. These numbers must be increased with 1 or 2°/, 
in order to reduce them to gausses. 


Experiment Plate n°. Ai, in A.U. H. 


rs | 208° 0.0085 12700 
2 209° 0.0088 12700 
3 211 0.0169 20700 
4 212¢ 0.0074 13950 
5 214° 0.0201 20600 
6 218% 0.0367 28250 
7 218¢ 0.0358 28250 
8 219° 0.0360 28250 
9 220° 0.0353 29170 
10 2204 0.0406 29780 


_*) Zeeman. These Procee dings December 1907. 
*) See These Proceedings December 1907, February 1908. 
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The experiments 4 and 5 are made with the 25 m.m. étalon, the 
other ones with the 5 mm. apparatus. In the figure the results are 
graphed. The smallness of the displacements may be illustrated by 
the statement, that the outer components of the triplet 5791 are 
separated 0.500 A.U. from the unmodified position in a field of 
29750 Gauss. The ordinate measuring 0.500 A.U. would be 75 ecm. 
in the figure. 

The results 1, 2 and 4; 3 and 5; 6, 7, 8, 9, 10 were combined 
in each case by assigning simply to each mean displacement the 
mean magnetic intensity. The three principal values, thus obtained 
are indicated by crosses. These points and the origin lie very approxi- 
mately on a parabola. 


O04OAL : 57 
Q030AE 4 
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Inspection of the figure or a simple calculation easily shows that 
the quadratic law is obeyed within the limits of the errors of obser- 
vation of the measured displacements. The magnitude of the dis- 
placement has been measured in the average in each of the ten 
points to within 0.002 or 0.003 A.U., 

In order to show how the values of 44, were obtained, I will 
give the calculation of one case in full. 


An — 4, = =—— (a,* — Gn") 


4, = 5791 A. E. H = 12700 
Etalon 2d=10mm. R=120 mm. 
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x, ,2m diameters of the rings-in m.m. 
a, mean of 2 diameters on plates taken before and after am. 


i First ring: 
: xv, = 3.662 a,? = 18.410 
; : 0.160 
% &m == 3.640 iat Fae 
: Second ring: 0.171 
x, = 2.608 o,* = 6.802 
0.182 
4 Bn 8.578 He = 6620 
he 0.1712, 
- Ad, = — 7 = 0.0086 A. E. 
-_ In the case of the triplet of the mercury line 5770 no displacement 


i. of the central line could be found. In a field of 28250 the following 
values of the diameters were obtained with the 5 m.m. étalon: 
First ring Second ring 


‘ bh a 
t ‘et 
a see) 


4 2.199 3.409 field off. 
a 2.193 3.408 field on. 
: 2.199 3.394 field off. 


___Hence the central line of 5770 remains within the limits of experi- 
_ mental error exactly in the position of the unmodified one. 


"Physics. — “Contribution to the theory of binary mixtures,’ XII. 
(Continued). By Prof. J. D. van per Waats. 


In the discussion in the preceding contribution on the question 
whether there is any possibility that values of v>6, might occur 
_ in the case that the locus of the points of intersection of the curves 


a 
=0 and —=0 is a closed curve, we have also discussed 


- 433) the case that (g"") or: 
ecu a eee 


| peeed this ui there to the Gilowing | form : 


1— as 
—ce(l—ay os) c a, cu? 
= bs bad a6 
ywn that if n>2, the value of a,—caz* may become 
ye for the high values of 2. The limiting value of «x is then 
4 32 


is Royal Acad. Amsterdam. Vol. XI. 
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a a 
equal to Ve so that we have a, = [7 =. We then observed 
c c 


‘(p. 435) that if such a limiting value for « exists, our conclusion 
that y”’—0O must possess a minimum value which is negative, can 
no longer be considered as proved; but we omitted the observation 
that the thesis that » would have to be < 6,, may not be considered 


as proved any longer either. If viz. the substitution of «=a, should. 


mr 


make the first member of (gy) negative, whereas, as we saw before, 
the substitution of «—0O makes the first member of (g'’) positive, 
then a value of 2 must exist which makes (g"’)—0O both on the 
branch of (gy) with the negative sign for the third term as on that 
with the positive sign. Then it is therefore unnecessary, that (¢"") 


possesses a minimum value, and there is no reason for the positive — 


sign for the third term, and so no necessity for v being smaller 
than §,. 
Let us seek the condition for: 


nity V\a,—c (1 —ag)*} 


Ee Va 0 
n z i 
or 
tg oe a 
ph y c 
n a 
c 
Let us write; 
ee A,X 
-=—=-_ ]— = 1—. 
mote (1—ag) + ; &q (1—ay) 
or 
a a.a 
or 
a a, 
-= — — (l—ay)?}. 
: & ; (1—«y) 


The condition put above, becomes then : 
n—1l 1 


or 


or 


be ee et ae a ee po Po Sis i eon a i 
ea EEE Ly Te a es ee ee ee en eS a ee ee ee eT ee 
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n? (1+8,) n? 
ees (we 
pope Sey 
or 
ne, Le 0 
(n =i — (l—a,)? < 
or 
i 
ae < 1—2y. 
And taking into account that 2, = ee *, we obtain 
as condition: 


(n—1)>V1+8,+2Y/,. 

I have given it in this form in the “Erratum” accompanying the 
preceding Contribution. 

Before discussing the signification of this condition I will remark that 
we might, indeed, have obtained this result in a less intricate way. 

Let us directly put the value v= 4, in the equation for the closed 
curve, and let us examine what value of « then satisfies the equation. 
If v= ),, then v—b =(b,—6,) (1—2), and v* = b,’. Equation (a) of 
Contribution X p. 318 becomes then: 


—— yak ee Se ae 
or 
gc gate en ee 1 
et Ga a 
— (1—2) +- — a—2 (1—2z) 
c c 
or 


1 1 
nz (1+¢,) (1—a) + n? (1+e,) 2—2 (1—a)(n—])? 
then we find as condition for es calculation of « for which v = 8,: 


1-+-, 
(n—1) (l—«a) + = eit —«(l—z)=0 
or 
ae 1+¢,—n’e, cE igo 
e—esylt (@@—1)3 +a eRe ee wees «(BD 


As 1-+ «, must certainly be positive, because a negative value of 
a, is inconceivable, we see that if the above equation has real roots, 
it must have two for positive values of x in all possible cases, also 
if «, and ¢, should be negative. The condition for the roots being 
real is: 


32* 
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1+¢e,—n*e,_ 2YV1+e, 
oF (n—1)? > n—1 
or 
n—l n—1 


So the same condition as had been found above. 


If we represent the condition for the possibility of v > 0, again | 


graphically, it is given by a parabola, and that the same as occurs 
in fig. 36 p. 321, but shifted downward in the direction of the 
e,-axis by an amount —1. We need not draw it, but we shall 
think the points of contact with the ¢,-axis and with a line ¢,—=—1 
indicated by the letters Q’ and P". To satisfy the circumstance 
v >b,, the point (¢,, €,) must lie inside the space which I shall 
call O’P"Q". But for the possibility of the closed figure the point 
(e,, €,) must lie inside the space OPQ — in both cases below the 
corresponding parabola. This can only occur when the two areas 
mentioned cover each other or as least overlap. This requires 
(n—1)? >1 or n> 2. So the points (€,, €,) giving a closed curve, 
for which the value v > 0, occurs between two values of x, are 
confined to. a smaller space, again bounded by the axes and a 
parabola. In this case the parabola touches the ¢,-axis at a distance 
n(n — 2) from the origin, but intersects the ¢,-axis at a distance 
__ n(n—2) _n—2 


- from the origin. The condition that the two values 
n 


of « for which v= 8,, coincide, and that the closed curve touch a 

line v = 4, is this: that the point (¢,, ¢,) shall lie on this parabola. 
1+e, nV & : 

Then z= Wa and 1—«= . If we compare this value 
(n—1)° n—1 

of « with that which we have called a above, 2, appears to be 


d 
besides highest value of w for which = is equal to O for the points 


of the closed curve, also the value of # for the point in which the 
closed curve touches the line v =6,. If volumes occur which are 
larger than 6,, then the greatest volume lies at a value of #< ay. 
Let us now more closely examine the space which OPQ and 
OP’ have in common, and inside which the points (¢,, €,) must 
lie for the condition v > 6, to be satisfied. For m very large this 
space will be very large in the direction of the ¢@,-axis, but in 
2 

the direction of the ¢,-axis it remains limited to an amount 1 — -— 
n 

and so below unity. Also by simple construction we can now indicate 
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a rule for the place of the points (¢,,¢,) which satisfy the require- 
ment that the portion cut off by the closed curve from the line 
v=b,, have a given value. 
From equation (8) of ea 479 follows : 
1+e¢,— eS : 1+, 
22—1 Poe Per Ff 
amis Cae ew |[te eae [tac 
If we represent the highest value : x by «,, and the smallest 
by 2z,, then: 


(«,—2,)’ = E + eo] 4 a 


(n— (n—1)* 
or 7 
1--8, («,—2,)? ee 1+, (w,—#,)’ 
ta iy | =1+ ere Tae. 
. a ey (e,—2,)* 
| + 4n* 
or 


14+ &, a —x,) (7,—2,) 
ae (Ale |=" Ales yt ae | 


So the points for which 2,—#z, has an equal value, lie again 
on a parabola, and one of the same shape as that of fig. 36; but 
now it has undergone two shiftings. 

The first shifting is that in which all the points of the parabola 
have descended by an amount —1 in the direction of the ¢,-axis 
which makes it the upper limit of the space now under discussion. 
But the second shifting is one which takes place in the direction of 
the diameter or the axis of the parabola. The amount of the second 
shifting must be such that it can be considered as the resultant of 
a displacement in the direction of the negative ¢, by an amount 


(7,—2#,)° 
4 


(n—1)? and a displacement in the direction of the 


(,—#,)* (n—1)? 
+ n® 
ing as 2,—w, is greater, this second shifting is more considerable — 
but as soon as the shifting would proceed so far that the parabola 
would have no more points inside the original space VPQ we have 
exceeded the possible value of 2,—w«,. The extreme limits of 2,—2z, 
tr  a—2 
a-1 a—1' 
This greatest value of «, —2,, which is equal to 0 for n = 2 itself 
approaches 1 with increasing value of m. We may also express the 


equal to 


. Accord- 


negative ¢,-axis by an amount equal to 


are then on one side O, and on the other side 1 — 
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above as follows. When we have a point («,, €,) in the space which 
OPQ and O"P'Q" have in common, the closed curve will possess 
volumes which are greater than 6, — and by shifting this point 
in the direction of the axis of the parabola till it meets the first- 
(7,—2#,)° 


4 (n—1)’, in the 


mentioned shifted parabola, we find the value 


projection of this displacement on the ¢,-axis, or the value of | 


(z,—#,)* (n—1)? 
+ n* 
So the length of the line drawn through the given point in the 
direction of the axis of the parabola till it meets the second parabola 
teaches us the value of (#,—wz,)?; to which we may add that the same 
line prolonged to the other side so below the given point, shows 
us also at what value of a the middle of a, and a, lies. If the 
continuation of this line passes through the point ¢, = 0 and e, = — 1, 


in the projection of this displacement on the ¢,-axis. 


1 
the middle of 2, and a, lies exactly at doar If this line intersects 


é 1 
the ¢,-axis below «, = — 1, then ee and the other way 
about. We have viz. from () : 
1+¢,—2’e, 
a — 
+4 =lb aa 
or putting ac" — 
1+¢,—n’e 
— 22,— — Shae 
1 &m @—t)? 


For given value of w, this represents a straight line, the direction 

& ; : " : ; 

of which is given by — =n’. This straight line intersects the ¢,-axis 
& 


2 
in a point ¢, + 1 = — (n—1)’ (1—2z,,); from this formula the given 
rule appears. 

Such rules may also be given for the dimension and the place of 
the closed curve itself — and for the accurate knowledge of the 
properties of this curve the knowledge of such rules is not devoid 
of importance. Thus the equation (3’) of p. 319 Contribution X 
leads to: 

&,—n'e,|* 46, 

(m—1¥}  (n—I) 

when the values of « between which the curve exists, are represented 
by a, and a,. If we derive from this: 


1+ 


(¢,—2,)/ = 


TOPE PC ee TROVE ST ON ne PT 


pare mms 
Cy hn | fe Sarees 
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&, (7, - «,)? 

(n—1)? te 

it appears that the locus of the points ¢, and e, for which the closed 
curve has the same width, is again the same parabola OPQ, but 
shifted in opposite direction of the axis by an ameunt of such 
a value that the projection on the ¢,-axis is equal to (n—1)’ 
7. For the points of OPQ itself the width is, therefore, equal 
io 0, and for the origin, in which ¢, and ¢, is equal to 0, ,—7,=1, 
and the curve occupies the whole width. The decrease of the values 
of «, and «, obtained by shifting in the opposite direction of the 


&, («,—2,)* nt 
ee 7g 


d’ 
axis of the parabola, promotes therefore the intersection of = 0 


dad’ 
— =0, and so furthers the non-miscibility. In the same way 
v 


and 


we find, representing the value of aves by Zn: 
&,— ne, 
(n—1)? 
So if we trace a line parallel to the axis of the parabola through 


1 — 222 = 


i 
the origin, this line is the boundary for the points for which z,, 25 


For the points for which ¢, >n*¢,, 2p >> and the other way 
about. 

And finally this property. We may also write the equation (@’) of 
p. 319 Contribution X indicating the limiting value of x which cor- 
responds to given value of ¢, and «, as follows: 

oo} a Se 
fcipa: @-ipica 

Let «=a, for one of these limiting values, then this equation 
becomes : 


E 


& ok n*e, 1 aA 
(n—1) a2, (n—1)? 1—z, 

And for constant value of 2,, this last formula represents a straight 
line for the points (*, , €,). On this straight line also the point must 
lie for which not only the one limiting value of z= z,, but also 
the second, and for which the two values of z therefore coincide. 


Ve ‘ 
ee . Hence we get back again 


and 1—2, = - 


In this case 2, = 
n—l n— 
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the limiting relation between ¢«, and «, orin other words the equation 
of the parabola by this substitution in the equation of the straight 
line. So this straight line is a tangent to the parabola, and one 
touching in the point in which also the second limiting value of 2, or 
x, coincides with z,. From this follows then this rule. If we draw 
a tangent to the parabola in the area OPQ, then all the points (e, ,,) 
for which one of the limiting values is equal to the value for zx of 
the point of contact, lie on this tangent. If we draw a second tangent 
to the parabola, the point of intersection with the first tangent has 
ihe property that the values of «of the two points of contact belong 
to it for z, and a,. If we have drawn one tangent, tangents may 
be drawn from all the points of this line lying on the lefthand side 
of the point of contact, so from all the points for which ¢, is smaller, 
and «, larger than that of the point of contact, to the points for which 
é, 
to indicate in what part of the space OPQ below the parabola the 
points lie for which the values of «, and «, are such that the whole 


: ; 1 
closed curve remains restricted either to values of Do me or to 
1 
values of ap erat we must begin with finding the point on the para- 


1 
bola for which «#, =, = This is the point for which ¢, = n’e,, 


and which therefore lies on the line which is drawn from the origin 
in the direction of the axis of the parabola. In this point we must 
trace the tangent to the parabola. From the ¢,-axis this tangent euts 
6 ey (n—1)" 
off a portion = — 
P y) 2n? 


So it is a line parallel to the straight line PQ of fig. 36, and it 


and from the ¢,-axis a portion = 


OP OQ pe: 
cuts off from the axes parts equal to “> and Th This tangent divides 


the space OPQ below the parabola into three parts, viz, the part 
below this tangent, and the two other parts above this tangent and 
further bounded by the parabola and one of the axes. The righthand 
one of these two parts contains the points, for which the closed curve 


1 
remains confined to values of «< > Kor the lefthand part the 


reverse applies... 
So according to this result either of these cases would be possible 


: ; 1 
either that the closed curve remains restricted to values of a> re 


is larger, and so 2, >.,, and the other way about. If we wish. 


Sa ieee 
age DN ha ie le aa 
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or to values of ace. But if it is asked whether it is probable 


that both cases occur, this probability depends on the value which 
F must assume in these two cases. The point in which these spaces 


a}? 
in y For this point to be 


touch, is the point where ¢, = n* ¢, = 
possible the following equation must hold : 
(2n + &, + n*e,)? = 42 (1 + €,)n*(1 + 8,) 
We find from this by substitution of the values ¢, and e, : 


Be (n +1) 
~ (n+ 1)' + 4(n — 1) 


So in any case a value of / <1. It becomes smaller as 7 increases, 
1 
and the limiting value for » =o amounts to % Such a small value, 


however, / will most likely never assume. And if we now take 
into consideration that for the points of the lefthand part, for the 


points of which 2>> the value of /? will have to be still smaller, 
we arrive at the conclusion that if n is large, the case that the closed 
curve remains restricted to values of “>> will not have much 
chance of occurring. For the point in which the two spaces touch 
is equal to e for n = 2, and this value is equal to forn = 3, 


and we may consider these values of / as probably possible. So 
that we arrive at the conclusion that for not great values of n, e.g. 


1 
n = 3, the closed curve, if it exists, can occur at’x > > but that for 
higher values of n», and also if /? should be >1, the other case, 
1 
oe rE is possible. 


Let us now proceed to derive some results on the miscibility or 
non-miscibility in the liquid state from what has been observed on 


dw dp 


the intersection of = 0 and —- = (0, for the ease that the locus 
dx? dv? 


of the points of intersection is a closed curve, and to compare these 
results with the observed facts. All the properties discussed of the 
closed curve are perhaps no longer necessary if we could have 
anticipated this result. They have, however, been necessary for me 
to come to this conclusion. And if we do not content ourselves with 
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more or less vague indications, but want to give clearly defined 
statements, the knowledge of most of the properties discussed is 


necessary. 

I already treated one of the meanings of the closed curve, p. 331 
d° a 

Contribution X. In this case contact of = 0 and : + =0 occurs 
v 


for the first time at low temperature 7’; at rising temperature there 
is intersection of these two curves. But with further rise of 7’ the 


two points of intersection draw nearer together, and at 7’= 7’, there 
2 


d 
is again contact. For the case mentioned —~ =0 had again to lie 
& 


2 3 
in the region where ; sé = 0 is negative above 7’= 7’. But.a second 
2] 


ease is possible. 
With constantly rising temperature the intersection of the two 
curves may always proceed in the same sense, and then there can 


a? 
ai =O must disappear 


also be contact at 7’= 7,. Then the curve 
. & 


is positive. In Contribution III I gave the 
Vv 


in the region where 


17 ha 
equation which is to decide whether — =0 is to disappear in the 


one region or in the other, viz.: 


citg(1 —arg) = 4y,? 
a <1 +y9 


3 d? 


d 
If the sign > holds, Pt = 0 disappears in the region where rr) 
wv 


is positive, and the other way about. And now, to answer the 
question whether the first mentioned case takes place or the second, 
we must examine this equation, bearing in mind that «, and «, is 
positive, and that the points (e,,¢,) lie below the parabola OPQ. 

The values of a and y, are dependent on n, and quite determined 
by this quantity; and according to the list of calculated values 
occurring in the beginning of Contribution III, 2, can only vary 
between '/, and */,, and y, between '/, and 0, So the second member 
of the inequality to be investigated is entirely determined by the 
ratio of the size of the molecules, but the first member depends 
moreover on ¢, and &,. 

Let us write this first member, omitting the index to ay: 


af} 


( 487 ) 


cxa(1— x) ca(1— a) oe 
no a,(1—a#) + a,a—ca(1—z) “i 
1 1 
aioe oie 4 aMl+e) 
a ee ea @ 1 -s) 
or 
ca(1 i : 1 


a 1 " n® 1 4 $4 n*é, 1 “ae 
(n—1)? x (n—1)?1l—«a (n—1)?2 (n—1)? l—z : 
Now there is a series of values of ¢, and ¢, (see p. 483) for which 
“EGS? EA ala | : 
es oe aes 

the value of Gi) x + mipt cs is equal to 0. All these values 
are given by a line which touches the parabola in a point for which 
ae — 4, so a point which, as the parabola itself, is entirely deter- 

nia : 
mined by the value of m, and lies on the line which passes through 


2 
the origin in a direction st at(; : ) This direction approaches to 
3 —— 2 
2 
; for very great values of m, and to n°* itself for values of e which 
are but little greater than 4. All the values of ¢, and ¢, occurring 
below the parabola are reached when lines are traced parallel to the 
said tangent. Thus: 
e°4 n?s, 1 
cern = + = eae 
(n—l)?a = (n—1)? l—ea 
represents all the points below this tangent, when a is given the 
negative sign; and then the second member can descend to — 1, in 
which case the origin itself might occur. All the points above the 
said tangent are reached, when « is given the positive sign, and 


l=:2ate 


1 
then made to ascend till 1+ a@—=-—, in which case the point Q is 
& 


1 
reached. For «@ such that 1+ «= ae, the point P is reached. 


So we have for points below the tangent: 
ew (1—2) 1 
a a 1 n* 1 ; 
nthe ecitine 
in which a@ lies between 0 and 1, and is =O on the tangent itself. 
For points above the tangent we have: 
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ce(1—x) | . 1 
a ae 1 n? 1 
wil a @elp ieee 


1 
in which @ lies between 0 and —-—1; whereas to reach the points 
& 


lying above the tangent on the side of P we need not go further 


—1. Of course in the same way as illustrated in an 


than e= 
—z# 


example ‘above we have again to consider whether all these points 
points probably occur by investigating the value of 2°. 
aw (i— 
The form’ ia wiki Wa ean given, now consists of two 
a 
aa a ee 

(n—1)? a (n—1)? l-w 
depends only on m, but the second part @ depends also on ¢, and ¢,, 
and as the second member of the inequality which is to be in- 
vestigated, does depend only on », we cannot expect the circumstance 


parts in the denominator. ‘The first part 


ad’ 
Tot, when disappearing, lies in the positive region of 
@s 


whether 


d* : 
re or in the negative one, only to depend on the ratio of the size 


of the molecules. But this we may at once consider as a result 
obtained that as the parallel line is farther from the origin, and so 
the values of s, and ¢, are larger, the value of the first member of 
the inequality becomes smaller, and so there is a greater chance that 


the second member exceeds the first. For greater values of s, and ¢, 
3 


there is a greater chance that the disappearance of — = 0 takes 
d*y 
dv? 
miscibility will be limited. Or rather, a phenomenon that attends 
non-miscibility, will be checked by this. Thus for n=, for which 


place in the region where <0, and the degree of the non- 


1 l n ; 
2=—, and y= a! and - = 1, the first member of the inequa- 
tio 


‘ 


2 
lity will be equal to 2 for the origin, to r for the points of the 


1 : : 
tangent mentioned, and 7 for the point P if we include also the 


lefthand part above the tangent in our caleulation ; the second member 


2 ‘ha , * 
is equal to % Then + =0 disappears just on the verge of the 
Gaz 


eM 
ee hee 
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region of as positive or negative for the points of the tangent. For 
v 


a? 
the points above the tangent, however, — = 0 disappears where 


— is negative, and the reverse for the points below the tangent. 


dv* 
dp ; 
But let us try to answer the question where om = 0 disappears 


for arbitrary value of n. The reiation between n, w, and y (Contri- 
bution III) is, indeed, a very intricate one — but to my astonishment 
it proved to be possible to find an answer by a comparatively simple 
reduction. If we start from equation (4) of Contribution II], we 
_may write: 


l __ #(l—2) 
pe ar 
and . 
n __ «(l—2) 
ot tae Oe 


If we take the square of the first of these equations, and then 
divide by « — and the square of the second of these equations and 
then divide by 1— a, the sum of the two values obtained yields : 


1 1 b n* a(1—e) 
1 hee A SEE) cadtrerieretnnch Aone 
2 (@—1) * I—#@—ip (laa) 
1 (l—y)’ 
For the second member may also be written me , and the 


3 
condition whether — is positive or negative for the point in which 
v 


a = 0 disappears, becomes then for the points below the tangent: 
av 
1 Ae 
1 (1—y)’ 
Lape Shy 
4: 3.9 


In this equation we have e=1 for the origin and a= 0 for the 
tangent itself. With «#1 we find as condition: 


y (I+ y) = (1 —y)? 


1 
For ¥=7> which belongs to no, the first member of the 


3 1 
inequality is “e and the second member * So, as we found above, 
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d? 
—">0. But for y=0, which would belong to n=—1, the first 
v 
| yacs mee d* 
member =O and the second —1. So for this limiting case ed 
v 


So there is a transition value of n, namely for that which belongs 
1 
6 Sy==1 or y= ". According to Contribution III the value of « 


is about 0.41 and of n about 3.4 for this value of y. 
For the points of the tangent for which a =O, the condition is: 


1 SS fy" 
1 —s' 1+ 
1+ ; - 
= 
or 
0 . 4y? — 3y +1 
or 


0Z(1— 2y)*(1 + y). 
So this inequality can never be satisfied by the sign >; only for 


1 
¥=5 there is equality, as we saw already above. We conclude from 


rw 
a = 0 disappears in 


this that however great the value of n be, 7a 


d? 

the region where is negative for all the points of the tangents. 
v 

So this is a fortiori the case for all the points above the tangent. 


1 1 
When y lies between 7 and 3 and so n > 3.4, a line is to be 


indicated parallel to the tangent on which the points («, , &,) must 


d* ad’ 
lie for —=0 to disappear, just on the verge of <7 =0, But 
v 


1 
for values of ¥<5 and n < 3.4 the disappearance will take place 


a : 
where is negative for all the points below the parabola, and so 
0 


d’ Spe ; d 
the curve == 0 will lie inside the curve <7 =0 both at a tem- 
UP v 


perature below 7’,, so before the first contact, and at a temperature 
above 7, so after the second contact. The place of the straight 
line which contains the points at which the transition of the sign of 


Be sh igs og a titi 
= Pe Seah hank ER ; 


= 


ae hae 
2 its 


nig. Tee 
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ee 


( 491 ) 


d? 3y—1 
— takes place is determined by the value of «=1—~——. 
dv* dy 


or 


—1)7(1 
Ee 7 : ry) So the quantity « has always the same sign, 
y 


and as it cannot be greater than 1, y must always be greater than y 


So the equation of this line is: 
Sate” os, 1. by—! 
(n—1)?2  (n—1)?1—2 = 4y? 

Now we have also the means to decide whether the temperature at 


ad? 
which - = 0 disappears, is higher or lower than the critical tem- 
av 


perature of the mixture of the value of «=z, — in other words 
d? 
whether 7,2 7. If T, < 7%, then — = 0 has left the region where 


d* d* 

=< 0 on the side of the branch of the small volumes of —=0, 
v v 

and this branch is still found even at the temperature 7,. For the 

other case we have a representation of the relative position of the 


two curves after they had left each other in fig. 10, Contribution 
Ill. The condition Ts T;, (see Contribution IIT) may be written : 
2c l—y > 8a 
BOO ay <a 
or 
27 ce (1—2#) > (1+y)? 
4 a < (1l—y) 


1— 1 
If we write further — \ < = ny)” the condition becomes: 


For «= 1, or for the origin O, this condition becomes : 
27 y*2(1 + y)? (1 — y). 


l 
For y= _ or n= & the first member of the inequality becomes 


27 9 
equal to = and the second member to re which means that 
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T,=3T;. But for y=0 or n=1 the first member = 0, and the 
second =1. So there is a value of y, for which 7, = 7}, and of 


course this value must be larger than that which we found above, 
2 


when we determined for what value of y the curve disappears 


dx? 


1 
on the boundary of = 0. So if we put I= > the first member 


dv? 


32 
is equal to 1, and the second to a7 The equality of the two members 


requires y about 0,386, to which n=83.7 corresponds, which is but 
little greater than we found above for the smallest value of n for which 


d*ap aw 
Se 0 goes beyond he 0. 


For the tangent for which « = 0, the condition becomes : 
27 1 Sty) 
oe o> < (1—y) 
We cannot expect another value for the points of the tangent than 


1 
i = The last inequality may also be written : 


0 2 (1—2y)* (1 + 4y + 10y* + y’). 


ey 
Y3 FE 
*; 
“Seek, 
“ a en 
A das | aePnees, 
H=0 asi 
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If we call the value of @ required to change the inequality into 
equality for given value of y, a’ — then the relation: 
mee; SR ene) 


1—a = — ; 
4 (1+y)’ 4y? 


holds for this quantity. 
For the preceding problem, viz. the determination of the relation 


a 
between « and y causing —=0 to disappear on the curve = 0, 
3y—1 

4y° 


1—e= 


held. 
For a'—a we find then: 


i chee aa By OS 
or 
a — DEPT y =~) _ 0-2 +7) 
a 4y? (1+-y)* 4y? (1+-y)° 


From this it appears, what had been clear beforehand, that a’ is 
1 
always greater than a, except for y= os when they are both equal 


to 0, and so for the points of the tangent. A case, however, which 
we can only think as a limiting case, because it would require 
n=. The adjoined figure 38 gives the relation between @ and y 
for the two problems graphically. For the origin a = 1, and for the 


points of the tangent ¢= 0. For the first problem y == for the 
origin, and for the second y= 0,36 — whereas for a0 the two 
values of y are =<. For the second problem the line y = f(a) 
always lies above that of the first problem. Hence for equal value 


of y the point P’ lies at higher value of @ than the point P. 


(To be continued). 
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Anatomy. — “About the development of the urogenital canal (urethra. 
in man.” By A. J. P. v. Dp. Broek. (Communicated by 
Prof. L. Bot). 


In the following communication I am going to give a description 
of the way in which ontogenctically the closure of the urogenital 
canal comes about in man; next I intend trying to throw some 
light upon the composition of this canal from a comparative point 
of view. 

The youngest stage that | examined was a male (?) embryo of a 
length of 30 m.m. from crown to coccyx; a stage which is a little 
younger than the oldest female embryo (l.c. Embryo ee: described 
by Kerpe *). 

The urodaeum (entodermal cloaca) is divided into rectum and 
sinus urogenitalis; there is a primitive perinaeum. The anal mem- 
brane no longer lies near the surface of the body, but forms 
the bottom of a short proctodaeum. Sinus urogenitalis and proc- 
todaeum combine into a short (200) ectodaeum (ectodermal cloaca), 
in whose walls the two component parts are easy to recognize. If 
we follow the part of the wall proceeding from the sinus urogeni- 
talis, it appears that this at the basis of the penis contributes 
to the limitation of the short genital groove (‘“Geschlechtsrinne’’) ; 
before this it continues in the beginning of the penis as an epithelial 
double lamella, phallusframe (‘Urogenitalplatte”, ‘Urethralplatte”’, 
“lame cloacale” etc.). There is not yet a fossa navicularis. 

In an embryo of 4 c.m. the apertures of proctodaeum (anus) and 
sinus urogenitalis are separated by a definitive perinaeum. 

The sinus urogenitalis mouths on the perineal penis-surface with 
an aperture about lozenge-shaped, situated immediately behind a 
circular furrow on the penis. This furrow denotes the limit between 
the glans and the corpus of the penis. 

Following the transverse sections, starting from the apex of the 
penis, it appears how in the part before the navicular aperture 
(fossa navicularis) the phallus-frame as double-lamella penetrates 
into the tissue of the penis (fig. 1 a). In the sphere of the 
fossa navicularis the lamellae of the phallus-frame partly deviate 
(fig. 1.b.), by which on the perineal surface a groove becomes 
visible. The angle between the two leaves becomes gradually larger, 
till at last, in the widest part of the aperture, one is the continua- 


1) Keioex (¥,). Zur Entwickelungsgeschichte des menschlichen Urogenitalapparates: 
Archiv f. Anatomie und Physiologie. Anat, Abth. 1896, pag. 55. 
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tion of the other (figure 1. and d.). The upper part of the phallus 
frame stands like a crest upon the cornerplace of the deviating 
lamellae. (fig. 1 b-d.). 

If we look more closely at the wall of the fossa navicularis, it 
appears that it is only partially formed by the lamellae of the 
phallus-frame; the rest originates from the penisectoderm, which by 
the side of the phallus-frame bends like a fold over its edge (marked 
in fig. 1 b and ec. with g.p.). If this fold is to be called sexual- 
fold, it must be borne in mind that it does not represent the tran- 
sition-edge of the phallus-frame into the penisectoderm, but entirely 
originates from this ectoderm. In figure 1 b the two sexual folds 
are situated close to each’ other, in figure 1 c, corresponding to the 
middle of the fossa navicularis they are farther distant. 

Towards the base of the penis the two lamellae of the phallus- 
frame remain each other’s continuation; likewise the median crest 
remains present; the two sexual folds, on the other hand, keep 
bending to one another till they reach each other in the median 
line and close the urogenital canal. Accordingly the wall of this canal 
consists of two parts, originating from the phallus-frame and from 
the sexual folds (penisectoderm) (fig. 1 d.). At the nature of the 
epithelium they are to be recognized microscopically. 

In the discussion of the older embryos I shall restrict myself to 
that place, where comes about the closure of the urogenital canal. 
I mention in passing that the part already closed, grows in length 
during the following time of development and contributes to the 
growth of the perinaeum. 

‘In an embryo of 5 cm. the place where the two sexual folds 
meet in the median line, is situated somewhat behind the broadest 
part of the fossa navicularis. Here, too, the two wall-parts of 
the urogenital canal, originating from the phallus-frame and from 
the sexual folds are clearly to be distinguished from each other. 
The part of the phallus-frame not separated lies like a crest on the 
ventral wall of the urogenital canal; before the fossa navicularis the 
phallus-frame forms an epithelial double-lamella. In this embryo a 
praeputium has appeared which has not yet entirely grown about the 
penis. The closure of the urogenital canal now goes on in apical 
direction, so that the orificum externum urethrae is removed to the 
point of the penis. This removal runs almost parallel to the growing 
of the praeputium round the glans penis. 

In the closed part of the urogenital canal the wall every time 
consists of the two parts described higher up, which are microscopi- 
cally sharply to be distinguished. Differences appear only in the 
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proportions in which the two epithelia contribute in the formation 
of the wall. In an embryo of a length of 8.5 em the praeputium 
has grown round the whole glans. The orificium externum urethrae 
finds itself not far behind the apex of the penis on the perineal 
surface of the glans. 

The first sections, beginning at the apex of the penis, still show 
the solid phallus-frame (fig. 2 a.). The aperture of the urogenital 
canal is to be seen in fig. 2 a as a groove in the thick mass of 
epithelium, having arisen by the meeting of the two*edges of the 
praeputium. Through this the urogenital canal runs in an oblique 
direction and after some sections it reaches the surface of the glans. 
In that place the two lamellae of the phallus-frame have partly 
deviated a little from each other (fig. 2 b.). The adjoining penisecto- 
derm forms at the edges of the phallus-frame two smal] sexual folds 
(marked in fig. 2 b with g p). By the meeting of these two folds, 
some sections further on, the closure of the urogenital canal is brought 
about (fig. 2 c). In contradistinction to what we saw in the sphere 
of the fossa navicularis, the phallus-frame has by far the greatest 
part in the formation of the wall of the urethra; only a very small 
part proceeds frum the sexual folds (penisectoderm). 

That here, also, the two wall-parts are easy to distinguish from 
each other, is taught by fig.3, in which a part of fig. 2c under 
high power is sketched. 

The epithelium of the phallus-frame is to be recognized in a very 
distinct stratum germinativum of high cylindrical cells; between the 
stratum germinativum on either side there are a number of big, 
little coloured, polygonal cells with large round nuclei. The cell- 
boundaries are very clear. The groove between the deviated parts 
of the phallus-frame possesses a smooth surface. 

The epithelium proceeding from the penisectoderm and covering 
the foremost part of the canal, has quite a different appearance. 

It has a much darker colour, probably partially a consequence of 
the much closer arrangement of the nuclei. A clear stratum germi- 
nativum is not to be recognized, no more are the cell-boundaries 
visible; the limitation of the lumen is not so smooth and sharp as 
in the phallus-frame. 

If we follow the urethra towards the fossa navicularis, we see 
two kinds of changes.taking place. First in the wall-formation a place 
getting larger and larger is given to the penisectoderm; secondly the 
two lamellae of the phallus-frame deviate more and more, only a 
small part remaining in the shape of a crest on the urethra (fig. 2e). 
The epithelium of the phallus-frame is gradually replaced by an 
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epithelium having the character of the penisectoderm. In the section 
from which fig. 2g has been borrowed, the two components which 
are ontogenetically contained in it, are no more to be recognized. 
I cannot omit directing attention in this figure to the epithelial knob 
‘lying dorsally with respect to the urethra. It represents the ‘‘Anlage” of’ 
one of the so-called para-urethralpassages and is to be considered as 
a separated part of the phallus-frame or as a cell-cord grown inside 
from this frame. 

Finally I give in fig. 4 a series of sections through the urethra 
of an embryo 13 cm. long (+ at the end of the 5‘* month) in which 
embryo the state of the full-grown man has been reached. 

The urethra mouths at the end of the penis with a vertical aper- 
ture. Where the urethra is vertical, accordingly before the fossa 
navicularis, its wall, as is shown in fig. 4a, consists principally of 
the epithelium of the phailus-frame; only an exceedingly small part 
proceeds from the penisectoderm, resp. the sexual folds. The lamellae 
of the phallus-frame are almost entirely separated, not because they 
are deviated, but because the central mass has disappeared. 

In the direction to the fossa navicularis also here the’ composition 
of the wall changes and the part proceeding from the phallus-frame 
becomes smaller, the part originating from the sexual folds becomes 
larger. In fig. 4¢ the vertical part of the canal certainly answers to 
the phallus-frame, the rest is for the greater part a production of 
the sexual folds. Also in this preparation the difference between the 
two kinds of epithelium disappears in the sphere of the fossa navi- 
cularis; in the sections from which fig. 4d-g has been borrowed the 
boundaries between the two components are no more to be seen, 

In different places separated cell-cords and tubes are present which 
must be considered as the ‘Anlages” of paraurethralpassages; the 
tube in fig. 4f marked s.g. is the “Anlage” of the sinus of Guérin, 

The series fig. 4, like fig. 2, shows the cause of the change in 
the position of the urethra, which, as is well-known, stands vertical 
before the fossa navicularis, behind it mostly horizontal. The diffe- 
rence is based upon the difference in composition. For before the 
fossa navicularis it is the phallus-frame, which has a vertical position, 
that forms the greatest part in the wall-formation of the urethra, 
only a small part proceeds from the sexual folds. Behind this’ fossa, 
on the other hand, the wall of the urethra is for the greater part 
the production of the united sexual folds, only a small part proceeding 
ontogenetically from the phallus-frame. The deviation of the two 
lamellae of the phallus-frame is in this transformation an important 
factor. 
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Considering the ontogenetical processes which contribute to the 
closure of the urogenital canal, as they have been described before, 
I have to join the group of investigators (RerrerEr, ReicHeL, HERz0e) 
who assume a closure in consequence of the combination of two 
folds (sexual folds) in the median line. I deviate from their opinion 
as to the origin of the sexual folds, which are not the edges of the 
phallus-frame, but which represent folds of the penisectoderm. 

In connection with the processes described above I finally wish to 
give some ideas about the value and the importance of the urethra 
from a comparative ontogenetical point’ of view. For this purpose 
I have to remind of the state, as it occurs in Echidna, one of the 
Monotremata. In this animal, as Kerpen’s') investigation taught us, 
a couple of tubes, the so-called “Samenurethra” and the “Harn- 
urethra” are developed caudally from the glands of Cowper. The 
former runs like a canal through the penis ‘and is a production of 
the phallus-frame; the latter goes from the urogenital canal oblique 
caudally to the ectodaeum (ectodermal cloaca): Genetically this tube 
is formed, because the original single e¢etodaeum is divided by 
means of two folds which come together and unite, into two 
halves, the proctodaeum and the “Harnurethra’. For the group 
of the Marsupialia 1*) have proved that the urogenital canal must 
not be considered as a homologon to the ‘Samennrethra” of Echidna 
(as is generally done for the urethra of placental mammals on the 
ground of its topography. with respect to the corpus cavernosum), 
but that it must be considered as a combination-product of ‘“Samen- 
urethra” and ‘Harnurethra”’, which placed themselves against each 
other and formed one canal. In Peramelés there exists a transition 
between Echidna and placental mammals -(man). 

Applying the explanation given for the marsupialia about the 
genetical composition of the urogenital canal to the urethra of man, 
|! come to the conclusion that here, too, a real “Samenharnurethra” 
exists, homologous to the “Samenurethra’ +- “Harnurethra” of Echidna, 
To be compared with the “Samenurethra” is that part of the urethra 
which owes its origin to the phallus-frame. The homologa of the 
two folds of the ectodaeum are the two folds which I described as 
sexual folds, by whose meeting the closure of the urogenital canal 
is brought about. The part bounded by these folds thereby becomes 
homologous to the “Harnurethra,”’ 


1) Keren (F.). Zur Entwickelungsgeschichte des Urogenitalapparates von Echidna 
aculeata var. typica. Semon, zoél, Forschungsreisen. Lieferung 22, pg. 153—206, 

%) y. pv. Broek (A. J. P.) Zur Entwickelungsgeschichte des Urogenitalkanales 
bei Beutlern. Verhandl, der Anat. Gesellschaft. 22. Berlin 1908, pg. 104—120, 
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From a comparative ontogenetical point of view, therefore, also 
the value of the urethra before and behind the fossa navicularis is 
different. For, whereas behind the fossa navicularis only a very small 
portion of the wall can be considered as a production of the phallus- 
frame, perhaps the vertical part of the lumen as it is found in the 
urethra of man, this changes before the fossa navicularis in such a 
way that there the greater part of the wall originates from that 
frame; therefore behind this- fossa the urethra is principally homolo- 
gous to the “Harnurethra’, before it to the “Samenurethra’”’. 


Mathematics. — “On bicuspidal curves of order four.” By Prof. 
JAN DE VRIES. 


1. It is easy to see, that each curve of order four, C,, with two 

cusps can be represented by the equation 
wa,” + 2a,x,a,° -+ 2b,4,2,° + 2b,a,2,° + cx,‘ — 0. 

The triangle of reference has then the cusps O,, O, and the point 
of intersection Q, of the cuspidal tangents as vertices. 

From the equation 

(7,7, + #,*)? —— 2(b,2, + ba, + 5,2,) 2,* = 0, 
where 26, —=c— |, is evident that 
by = b,a, + ba, + ba, — 0 
represents the double tangent d of C, and that the conic 
u=2,4,+ 2,7=—0 

passes through the tangential points D,, D, of d and osculates C, 
in the cusps O, and Q,. 

By combining the equations 

u? + 26,2,°=0 and- u= ab,2, 
we understand that the conics A, through O, , O, , D, and D, generate 
.a system of pairs of points on C,, which are lying in pairs on the rays 
Qa, + 4b, — 0 

of the pencil, having the point of intersection H of k= 0,0, andd 
as vertex. 

As this system of points with the curve is given we shall denote 
it as the fundamental involution F,. 


If we put 2°=—u, it follows from 


22, + wb, = 0 ? u? = pb,*2,* ’ 
that C, can be generated by a pencil of conies (0,0, D, D,) arranged 
in the pairs of an involution and a pencil of lines (H ) between which 
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such a projective relation exists that the rays d and & through H 
correspond to the double-elements of the involution, the first of 
which is composed of the right lines d and k. The locus of the 
points of intersection of corresponding elements thus consists of the 
line d and a C, with cusps O,, O,. 

The polar line A of point H (6,,— b,, 0) with respect to the conie 4,, 


#0, + 2° = 1 (b,, ++ bi, + 6,x,) x,, 
has as equation 6,(¢,—Ab,x,) — b,(x,—Ab,x,) = 0 or 
ba, = b.2,. 

On the line A lie the points Q,, Q,, which are connected with 
the pair of points P,, P, of F, generated by A, in such a way 
that we have ee 

Q, = (O,P,, 0,P,) and Q, = (O,P,, O,P,). 

The fundamental involution F, is thus projected out of O, and 
out of O, in the same involutory system of points (Q,, Q,). Now 
Q, is the projection of tvo points P, and P,’ of C,, so it is conjugate 
to two points, Q, and Q,’, by means of /,. Therefore the pairs 
Q,, Q, form on / an involutory correspondence (2,2). 


2. The points of C, are projected out of O, and O, by two 
pencils in correspondence (2,2); the line & is for both systems a 
branch-ray, because it is conjugate to the two cuspidal tangents 
k, and k,; the remaining branch-rays are the tangents out of O, 
and O, to C,. 

These tangents are represented by 

26,7,*° + 26,7,°a, — 2b,2,a,* — b,*2,’ = 0, 
2b,a,° + 20,a,*a, — 2b,a,a,? — b,?x,° = 0. 
Through the points of intersection of these two three-rays passes 
the figure, represented by 
(b,°#,'—b,*a,’) + bya, (6,°a,*—b,*w,?)—b, 6,2," (6,2, —6,2,) = 0. 
It is composed of the line h, 
b,a, = b,2,, 
and the conic 
(b,, + b,a,) bz — 6,6, (w,a, + a,*) = 0. 

The tangents 1,, 8,, t, out of O, can thus be conjugated to the 
tangents 1,,8,,t, out of O, in such a way that the points of mler- 
section R=ryyr,, S=ss, T=tt, lie with the point of intersection 
of the cuspidal tangents on a right line h. 

At the same time a new proof has been given for the well-known 
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property '), according to which the singular elements (branch-elements 
and double-elements conjugate to them) of a correspondence (2,2) 
can be arranged in such a way that the singular elements of the 
first system correspond projectively to those of the second one. 

For, if two pencils are connected by a (2,2) we have but to 
rotate them around their vertices until a branch-ray of the first 
pencil coincides with a branch-ray of the second; in the new 
position they then generate a C, with two cusps. From this is 
evident that there are four projectivities between the singular elements *). 

The (2,2) between the pencils «,—4e, and #, =a, has as 
equation 

atu? + 2au + 26,4 + 2b + c¢= 0. 
By the points of A these pencils are arranged in the projectivity 
b Ae bs 

By eliminating 2 we find out of these two relations the equation 
of the correspondence (2,2) between the points which conjugate 
rays of the pencils (Q0,) and (O,) generate on fh. And now it is 
evident from 

b*, we a + 26, b, au + =b,? b, (u + tw) + b,° c= 0 

that this correspondence is involutory. | 

This result is in accordance with the well-known property *), 
according to which a (2, 2) between two collocal systems is involutory 
when the two systems have the same branch-elements. 


3. Evidently the involutory (2,2) on A does not differ from the 
(2,2) which was deduced from the fundamental involution F,. Its 
coincidences arise from the four tangents which one can draw from 
H to C,. Indeed, the polarcurve of H consists of the line h and 
the conic u (passing through the points of contact of d). 

If the branch-point R=r,r, is conjugate to the double-point R’, 
then #’ must be the point of intersection of the rays which the 
points of contact A, and &, of r, and r, project out of O, and O,. 

We conclude from this that the tangential points R,, S, T, of the 


1) Emit Weyr, Beitrdge zur Curvenlehre, Vienna 1880, Alfred Hélder, p. 32, or 
Annali di Matematica, 1871, IV, p. 272. 

%) In my paper “Over viakke krommen van de vierde orde met twee dubbel- 
punten” (N. Archief voor Wiskunde, 1888, XIV, p. 193) I have applied the pro- 
perties of the (2,2) correspondence to those curves. 

3) Emm Weyr ,,Ueber einen Correspondenzsatz”’, Sitz. ber. der K. Akad. in 
Wien, 1883, LXXXVII, p. 595, or my paper under the same title in N. Archief 
‘voor Wiskunde, 1907, VII, p. 469. 
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tangents r,,8,,t, are projected out of the point H into the tangential 
points R,, S,, T, of the tangents r,, s,, t,. 

If S’ corresponds as a double-point of the (2,2) to S=s,s,, then. 
it follows from . 

O,(RR’ SS’) = O,.RR’SS’), that we have O,(RR’ SS’) = O,(R’ RS’S). 

From this follows that the points R,, R,, S,, S, are connected with 
O,,0, by a conic. Also the groups O,, 0,,R,, R,, T,, 7, and 
O,, O,, S,, 8,, T,, T, lie on conics. 

If K=hk .we find out of id 

O, (O, KRR’) = O, (0, K’ RR’) = O, (KO, R’ R), 
that through R, and R&R, passes a conic which is touched in O, and 
O, by the cuspidal tangents. The pairs of points S,,.S, and i T.. 
procure two_analogous conics. 

If two arbitrary points X and Y of h are peijetie out of O, 
and O,, then the points (O,X, O,Y) and (O, Y, O,X) lie in arid 
line through H. 

From this follows that H bears three right lines which contain 
successively the pairs of points 


22 #4, | $=s,t, 
5=r,t, 


ee Me 


- — 6 =s,¢, 

Above we found that these six points lie on a conic and form 
two hexagons having O, and QO, as point of Briancuon: it is now 
evident that they determine a third hexagon, having H as point of 


BRIANCHON. 


4. From (kr, s,t,) = (Ar, s,t,) follows 
(kr ,8,t,) = (74kt,8,) = (84¢,hr,) = (¢,8,7,4). 

So we can bring through O,.and O, three conics Q,, 6,,t, with 
respect to which the line & has as poles the points &,S, 7’, whilst 
containing successively the pairs of points 3,6; 2,5 and 1,4. 

On these three conics the pencils (O,) and (O,), arranged in (2,2) 
determine, just as on /, involutory correspondences (2,2); for, the 
two systems of points generated on them have again the branch- 
points in common. 

If M,, M, is a pair of the (2,2) determined on g,, then the points 
(O,M,,0,M,) and (O,M,,;0,M,) lie on C, and in one line with 
the point 2, namely on the polar line of the point (7,/,, O,O,) with 
respect to @,. 

The pencils with vertices 2, S and 7' generate therefore on C, three 
more fundamental involutions of pairs of points where again each 
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ray contains two pairs. They differ from /, in this, that unlike the 


former they do not contain the tangential points of the double tangent 
as @ pair. 

For M,=WM, we have a coincidence of the (2,2). From this is 
evident that the tangential points of the four tangents which can 
still be drawn from R, S or 7 to C,, are every time connected 


‘with O, and O, by a conic (9,, 6,, T,). 


In an analogous way as for F, we find by paying attention to 
the singular elements of the (2,2) on @,, 6, and r,, that the lines 
S,T, and S,T, concur in R, the lines R,T, and R,T, in S the 
lines R,S, and RS, in T. 


5. The polarcurve of the point (y,,¥,,0) has as equation 
Y, (t,," -+ wyv,? + b,@,*) + y, (@,*@, + &,0," + b,2,*) = 0, 
or 
(y,2, + Y,@,) (7,7, + v,°) + (6,4, + b.y,) w,° | 
By combination with the equation 
(w,2, + #,’)* + 2bp7,° = 0 
of the C, is evident that the points of intersection of the two curves 
lie on v,v, + 7,7 = 0 and on the curve 
£(Yy@, + 1%) bx = (b,y, + 4,y,) (2,2, + 2@,’). 

Therefore the tangential points of the tangents out of a point of 
O,O, lie on a conie 4,. 

For y,:y, = 6,:6,, ie. the point K=vAk, we find the conic 
(6,0, + 6,2,) bc = 6,6, (w,v, + 2,*) through the points 1,2,3,4,5,6. 

Out of the equation 

yb (2%, < w,”) ay 2a br} + Ys (O,(@,#, t w,”) a 2a, bz} = 0 
is evident that the conics 4, form a pencil having as basis the points 
of intersection of a,¢,-+a,7=0 with b,=0 (the points D,, D,) 
and two points of b,7, = b,v, (the line A). 

One of the pairs of lines janie of the lines d and 4h; it contains 
the tangential points of the tangents out of H, two of which are 
united in d. 

The other two pairs of lines belong to two points of O ,U,, for 


which the six tangential points lie ay time on two lines passing 
through D, and D,. 


_6. If (ye) is a point of d, thus 6,=0, then its polar curve with 
respect to C, is represented by 


2(y.@, + ye, + 2y,2,) (e,, + #,*) + by, 0,72 = 0. 
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The points of intersection of these curve with C, which are not 
situated at the same time on 2,2, + 2,?=0 lie on the conic &, 
3y5 (@,% + &,°) = 2 (yt, + Yi@, + 2Y 55) @, - 

So the tangential points of the four tangents out of any point of 
the double tangent lie on a conic through the cusps. 
For y,=0, so y,:Y2=6,:—6, (the point H) we find as it 
ought to be 
(6,2, — b,#,) «, = 0. 
The conies § form evidently a pencil of which two basepoints lie 
on h, the remaining two in QO, and Q,. 


7. The curve of Hxssz of C, has as equation. 

6a,*x,* + 18 (b,2, 4 b,a,) v,7a,?a, + (18¢ + 32) a,?x,?a,? + 
+ 60 (6,2, + b,x,) x,a,2,° + (860,65, ib Ode S\ aw a -}: 
+ 9 (6,2, + b,x,)’ «,* + 18 (6,2, + b,2,) #,° + (180,6, + ¢) e,° = 0. 

By combination with the equation of C, we find that the points 
of intersection of the two curves not lying in the cusps are situated 
ou the curve 

12 (b,a,+6,7,)a,a, + (18b,b, — |\8c—30)a,a,¢, — 27 (6,¢,+6,2,)?7, — 

— (54c-4+ 22) (b,,+b,a,)a,? + (180,b, —19e—18c?)a,? = 0. 

So the eight points of inflexion of the C, are situated on a cubic 
curve passing through the cusps and the point H. 

The polarcurve of the point O,=,%, consists of «,=0 and 
the conic 

24,0, +3b,a,a, + 3 b,x,7, +- 2 c#,* = 0, 
passing through the cusps and through the points of contact of the 
four tangents which meet in the point of concurrence of the cuspidal 
tangents. 

It is easy to see that O, and H are the only points for which 
the polarcurve degenerates. 


Chemistry. — “On the system hydrogen bromide and bromine.” 
By Dr. E. H. Bicuner and Dr. B. J. Karsten, (Communicated 
by Prof. A. F, HoLieman). 


The research, a report of which is given here, was undertaken 
in connection with a remark from Prof. Hotteman, that the exis- 
tence of compounds of the type HBr, bas been assumed several times 
in order to explain the mechanism of reactions in organic chemistry, 
In order to test the validity of (bis assuiaption it was thought desi- 
rable to ascertain, in the first place, whether pure bromine and 
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hydrogen bromide are capable of forming a compound. As in binary 
systems the safest conclusions as to the existence or non-existence of 
a compound may be drawn from the course of the melting point 
curves we have attempted to determine the melting point figure of 
the system HBr-Br. 

It soon became evident that, at atmospheric pressure, the hydrogen 
bromide instantly escaped from the mixtures so that we were com- 
pelled to use sealed tubes. The experiments were now carried out 
as follows: A quantity of specially purified bromine was weighed in 
a glass tube a part of which was drawn out; the tube was now 
connected to a HBr-generating apparatus and placed in a bath of 
solid carbon dioxide and alcohol. As soon as a sufficient quantity of 
HBr had condensed the tube was sealed and reweighed. The hydrogen 
bromide which was prepared from bromine, phosphorus and water 
was dried by passing it through two U-tubes containing P,O, whilst 
care was also taken that no moisture could enter the tube during 
the condensation. The tube was now fixed in a frame of copper 
wire and suspended in a rectangular wooden case, the long sides of 
which consisted of glass panes; in order to get a better isolation a 
second pane was fixed to each of these. Inside this case was placed 
a mixture of calcium chloride and ice for the higher temperatures 
whilst for the lower ones down to — 50° solid carbon dioxide and 
alcohol were used. For still lower temperatures this apparatus is 
unsuitable and the ordinary vacuum vessels were used ; these, how- 
ever, suffer from the disadvantage that, unliké in the other apparatus, 
the tubes cannot be shaken properly without lifting them out. Any- 
how, in all cases we allowed the temperature of both to rise very 
slowly and the reading of the thermometer was taken at the moment 
that the last crystals fused. If only care be taken that the bath is 
kept constant at a trifling lower temperature for some time and that 
the tube and the bath are well stirred we may assume that the 
temperature of the mixture is practically the same as that of the 
bath. The observations were made with an “Anschiitz’”’ thermometer 
down to —40° and a Baupin toluene thermometer for the lower 
temperatures; each determination was repeated a few times and 
the subjoined figures represent the mean result. 

Before stating our results we just wish to explain, that, strictly 
speaking, we do not determine a melting point curve by means of 
the method described, for a vapour phase is also existent in the 
tubes which deviates considerably in composition from the liquid, 


and exists perhaps under a relatively high pressure. And. from the 


weighings we know only the total concentration, and not that of 
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the liquid phase alone. From some calculations, however, it appears 
that the composition of the liquid corresponds fairly well with the 
total-composition '), so that the curve representing our results graphi- 
cally does not differ much from the projection on the ¢, 2-plane of 
the liquid-branch of the three-phase line, when we call to mind the 
p,t,«@ model in space of Baknuis Roozesoom. In any case, the con- 
clusions as to the existence of compounds which we can draw from 
the course of the curve, remain unaltered. 

In the subjoined table our figures are united whilst in the annexed 
drawing they are represented graphically ; it should be observed that 
the composition is expressed in mol. percentage of Br,. 


some ae End melting point. | Initial melting point ~~ 

0.0 — 87.3° 

1.2 — 88 — a 
3.3 — 91 ae 
9.6 — 73.5 — 95.5 
47.4 — 61.5 — 96 
31.6 — 48 — 93 
41.0 — 41.5 . — 95 
50.5 . — 355 

55.8 — 32.5 
69.0 — 4.5 

77.6 — 19.6 
87.7 — 13.4 


The drawing, as will be noticed, does not leave the least doubt; 
bromine and hydrogen bromide do not form a single solid compound. 
It has not yet been decided whether the solid phases which are 
deposited, consist of pure bromine and pure hydrogen bromide or 
of mixed crystals; in the latter case there is a discontinuous series as 
at about —95° a eutectic point was observed. 

Some experiments on the composition of the liquid and vapour 
phases at a pressure of one atm, render it highly probable that a 
compound of the type HBr, does not oceur in the liquid or the 


1) Only in the case of one tube — 77.6'/, Brg — the deviation might amount 
to about 2°, at least under a pressure of 6 Atm.; with the others it amounts 
to at most 1/, %/s. 
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vapour. Moreover, the fact that in our tubes the pressure exceeded 
41 atm. showed that at 1 atm. solid bromine (or the mixed crystals) 
would be in equilibrium with a gas-phase which contains much more 
HBr; from this we deduced that the liquid- and the vapour branches 
of the ¢,2-curve for constant pressure (the boiling point line) are 
much diverged. We tried to prove this by passing gaseous hydrogen 
bromide through bromine at 0° and analysing both the liquid and 
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the gas. The bromine was placed in a tube furnished at the bottom 
with a tap by means of which the solution saturated with HBr 
could be removed. The hydrogen bromide which had bubbled through 
the bromine was passed through a tube furnished with stopcocks at 
both ends, from which it finally emerged in a flask over water. 
After the gas had passed for some time so that it might be taken 
for granted that the bromine was saturated and the tube completely 


( 508 ) 


filled with the vapour which was in equilibrium with the liquid the 
two stopcocks were closed. After introducing aqueous sodium hydroxide 
by gently opening one of the stopcocks until all HBr and Br had 
been absorbed, the solution was introduced into a measuring flask 
and diluted to the mark. An aliquot portion was then titrated at 
once with KJ and Na,S,O,, and in another portion the bromine was 
all converted into bromide by means of H,O, and then titrated 
according to VoLHarD with AgNO, and NH,CNS. In this way we 
found the free bromine and the total bromine from which the relation 
HBr: Br, may be calculated. In a similar manner the composition 
of the liquid was determined. At O° we found for the liquid 
8 mol.°/, of HBr and 92°/, of Br,; for the vapour 87 °/, of HBr 
and 13°/, of Br,'). 

This result renders the existence of a compound in the vapour 
highly improbable, for if a compound occurs in a binary system in 
the fluid phases an inward bend is noticed in the p, a- or ¢, a-curves; 
the liquid- and the vapour branch approach each other more or less 
according to the degree of dissociation of the compound. Judging 
from our observations there can be no- question of something of the 
kind taking place in our case. 

We beg to say just a few words as to the significance of these results 
in connection with the supposition mentioned above. Although we have 
proved that HBr and Br, in a pure state do not form a compound it 
cannot be denied that facts may be disclosed which plead for the existence 
of such compounds in solvents. But those facts only relate to solu- 
tions which possess electrical conductivity power and in which we 
must assume a powerful action of the solvent on the dissolved 
matters: in our case splitting into H’- and Br-ions. One might cer- 
tainly imagine that the Br'-ion has a tendency to take up Br, and 
to pass into Br’,-ion without this necessitating the existence of a 
compound HBr,, but in non-conductive solutions the idea of the 
existence of compounds HBr, should, in our opinion, be rejected. 


Amsterdam, December 1908. Inorg. chem. labor. University. 


1) These experiments are being continued. 
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Botany. — “Dipsacan and Dipsacotin, a new chromogen and anew 
colouring-matter of Dipsaceae’. By Miss T. Tames. (Com- 
municated by Prof. J. W. Mott). 


If leaves of Dipsacus sylvestris are heated for a few hours in a 
moist space to a temperature of 60° C., they acquire a fine dark- 
blue coloration. I have more closely investigated this phenomenon, 
which once accidentally came to my notice, and have studied the 
conditions of the formation of the blue colouring-matter dipsacotin, 
‘its properties and those of the chromogen dipsacar, the localisation 
of the latter and its distribution in the vegetable kingdom. At the 
same time I have traced the occurrence of dipsacase, the enzyme 
which splits the chromogen. 

Here I wish briefly to communicate the chief results of the in- 
vestigation; a more detailed paper on this subject will be published 
in Recueil des Trav. bot. Néerl. Vol. V, 1908. 

The investigation, which was chiefly carried out with radical 
leaves of Dipsacus sylvestris and fullonum, has shown that for the 
formation of the blue colouring-matter a temperature of at least 
35° C. and the presence of water and oxygen are necessary. 

Between 35° and 100° C. the rate of formation of dipsacotin in- 
creases with the temperature. It is only formed after the death of 
‘the leaf. No blue colouring-matter is formed in the living plant, 
even when exposed for several days to a temperature of 35°— 40° C. ; 
the pigment only appears in tlie dead leaves, when the plant is 
dying off. 

If leaves are dried very rapidly at a temperature above 35° C., 
no dipsacotin is formed, or only a very small quantity ; if, however, 
during the warming, the leaves are in a moist atmosphere,t hey are 
coloured blue. 

Neither does the blue coloration occur when oxygen is absent. 
Since it is extremely difficult to free the leaves completely from air, 
I have proved in another way, that oxygen is necessary. The 
chromogen can be extracted by warm water, and if the extract is 
warmed in a space completely shut off from the air, no dipsacotin 
is formed, even on heating for days together. As soon as the extract 
is warmed in contact with the air, the blue colour rapidly appears. 

The formation of dipsacus-blue is therefore accompanied by an 
oxidation. Experiments have shown, however, that the colouring- 
matter does not result directly from dipsacan by oxidation. An inter- 
mediate product is first formed, as is shown by the fact that the 
light yellow extract becomes yellowish red on being heated in a 
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space shut off from the air, and that the yellowish red solution has 
acquired the property of turning blue even without being heated. 
In the formation of dipsacotin from dipsacan a chemical transformation, 
which can only occur on warming, evidently takes place first; the 
subsequent oxidation can also proceed at the ordinary temperature, 
although it is greatly accelerated by warming. 

Of the properties of dipsacotin I only propose to mention, that 
this colouring matter is soluble in water, that it is decomposed by 
sulphuric acid with the formation of a yellowish red product, and 
that it is decomposed by light; three points in which it differs from 
indigo. 

The chromogen dipsacan is decomposed by acids and by alkalies, 
and can only exist in a feebly acid solution, such as that of the 
extract. Acids and alkalies do not, however, ever on heating, produce 
the transformation-product which by oxidation forms dipsacotin. 
This is formed from dipsacan, not only by warming above 35°C., 
but also at the ordinary temperature, through the agency of dipsacase, 
the enzyme occurring in the plant. This perhaps explains an observation 
made long ago by br Vries *), that the press-juice of Dipsacus 
Jullonum becomes black after a few days’ exposure to the air. 
Probably the juice contains both the chromogen and the enzyme, 
and the former is decomposed by the latter. That the colour, after 
oxidation, is black and not blue, may perhaps be attributed to the 
presence of other substances, or to other chemical reactions taking 
place simultaneously. 

Dipsacan occurs in all organs, even including the flower and the 
seed, and all tissues, except the pith of the stem, contain it. The 
cellwall is probably free from dipsacan, as it does not become 
coloured blue. 

The quantity of the chromogen, present in the various organs, 
depends on internal and external causes. Young parts growing 
vigorously, contain most. Under favourable conditions of life the 
quantity is larger than under unfavourable; at temperatures which 
approach the limits of life of the plant, the quantity of dipsacan is 
less. Light exercises no direct influence on the presence of the chromogen. 
In the dark the dipsacan does not disappear from the leaves, but it is 
formed in new, completely etiolated ones. Dipsacan is therefore not 
directly related to carbon-assimilation, More probably the chromogen 
takes part in metabolism, and as it occurs in the plant in such large 

') Hueo pe Vaies, Een middel tegen het bruin worden van plantendeelen bij het 
vervaardigen van praeparaten op spiritus, Maandbl. v. Natuurw. 1886, No. 1, 
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quantity, and especially in parts growing vigorously, it must indeed 
be an important substance to the plant. I imagine that dipsacan is 
continually formed and continually decomposed in the plant, and that 
the product of transformation, most probably that product which 
yields dipsacotin on oxidation, is used in various vital processes. 
In those places, where it is required, it is formed by the enzyme 
from the dipsacan present, and since it is not oxidized in the living 
plant to dipsacus-blue, we must conclude, that it is used up at once. 
Probably therefore dipsacan is the form under which the product 
used in metabolism, is stored up by the plant. This view not only 
explains the presence of the enzyme, but also the fact, that no 
dipsacus-blue is formed during life. 

Besides in Dipsacus sylvestris and fullonum, | have been able to 
demonstrate dipsacan in several other species of Dipsacus, and in 
various species of the genera Succisa, Scabiosa, Knautia, Astero- 
cephalus, Pterocephalus, Trichera and Cephalaria. It is not wanting 
in any of the members of the order Dipsaceae which | have examined, 
so that 1 conclude, that it is characteristic of this order. It does not 
occur in other plants, as was shown by an examination of about 
80 species, belonging to widely different orders. Only in the three 
species of the genus Scaevola of the order G'oodeniaceae, which were 
at my disposal, I found, after warming parts of the plants in a moist 
space, that a blue colouring-matter occurs which is doubtless dipsacotin. 
The occurrence of dipsacan is therefore limited to two closely related 
natural orders, and a certain systematic value must undoubtedly be 
attached to it. 


Groningen, Botanical Laboratory, Nov. 23", 1908. 


Chemistry. — “On the bromation of toluol” and “On the sulfoni- 


sation of benzol sulfonic acid.” By Prof. A. F. Honteman 
and Dr. J. J. Powax. 


(These communications will not be published in this Proceedings). 


(January 27, 1909). 
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Microbiology. — “The splitting up of ureum in the absence of 
albumen.” By Dr. N. L. Sénnezn. (Communicated by Prof. 
S. HoogEwerrrF). 


(Communicated in the meeting of October 31, 1908). 


§ 1. General considerations. Ureum as a source of energy. 


Ureum, secreted as a product of the katabolism in the higher 
organized animal world, leaves the body, dissolved in urine. 

As such this nitrogen-compound cannot be assimilated by the higher 
vegetable world, and hence it would be of no practical impor- 
tance for us, if there were no fungi, especially certain microbes 
everywhere in the ground, which changed it into assimilable compounds. 
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It is for this reason that we have to consider urine, more parti- 
cularly ureum, as one of the most valuable sources of nitrogen for 
arable land. 

Millions of kilogrammes of the indispensable nitrate-nitrogen are 
annually in a biological way formed from urine in the ground and 
are of the greatest use to vegetation. 

Nitrogen taken by man and animal as vegetable albumen, leaves 
the body again for the greater part in the form of ureum, and in 
this way describes a cycle. 

A rough calculation of the quantity of ureum, which in our 
country is produced by the population and the cattle, gives an idea 
of the enormous quantity of nitrogen describing this cycle. 

The data for the amount of cattle have been taken from Verslagen 
en Mededeelingen van de Directie van den Landhowwv. (Reports and 
Communications of the Board of Agriculture). 

The quantity of ureum, daily secreted by the population, amounts 
to + 125000 K.G.; by the cattle + 225000 K.G., making + sii 
K.G., or + 350 tons a day. 

By. biological oxidation, a quantity of nitrate-nitrogen would be 
produced equal to that found in + 900 tons of saltpetre. 

Annually from the + 125000 tons of ureum formed, + 350000 
tons of saltpetre could be produced, representing a value of + 3.5 
millions of £. sterling and this, distributed over the 2155000 acres 
of arable land, would yield + 160 K.G. of saltpetre pro acre. 

That only a trifling part of this enormous mass is utilized for 
agricultural purposes, need not be proved here. Especially in large 
towns for hygienic reasons almost all ureum is lost to any useful 
purpose; on the other hand it would decidedly be of great value 
for farms in the country, to be more careful about collecting urine. 

The above mentioned considerations may serve to draw once 
more attention to the enormous value represented by ureum as a 
manure. 


In the experiments about microbes decomposing ureum the culture 
media generally were characterized by the presence of albumen 
and peptones. 

It is true that von Jaxsou *) and Beirrtnck *) have made experiments 
with salts of organie acids as a source of carbon, but a systematic 
investigation in this direction has not been made as yet. 

Von Jakscn’s investigation in 1881 was especially of importance for 


1) Zeitschrift fir Phys, chem, 1881, 
*) Centralbl, f, Bakt. Il, Abt, VIl, Bd, 1901, 
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the study of the conditions of nutriment of ureum-bacteria. It 
taught us that carbo-hydrates, salts of fatty acids and of organic 
multibasie acids can be assimilated. 

The so highly interesting studies of Brisurtvck about the decomposition 
of ureum by microbes principally treat of the ureum-decomposing 
organisms which in cultures, on application of his accumulation-method 
in bouillon 10 °/, ureum make themselves conspicuous. In the course of 


the investigation some experiments have been made with culture- 


liquids, composed of water, 5 °/, ureum, 0.025 K,HPO, and 1°/, 
ammoniumoxalate, natriumacetate, seignette-salt, ammoniumcitrate and 
ammoniummalate. In these culture-media a strong decomposition of 
ureum takes place after infection with mould. 

The 5 °/, ureum added, however, are not entirely decomposed. The 
easily assimilable compounds, such as ammoniummalate and citrate, 
give rise to a greater ureum-decomposition, respect. 4°/, and 3°/,, than 
those which are not so easily assimilated, such as ammoniumoxalate 
and natriumacetate, in whose presence only 2 °/, ureum is decomposed. 

The study of the microbes which are found in these cultures, 
was not continued at that time. 

The purpose of this investigation is therefore principally to prove 
that the life of numbers of ureumbacteria is by no means dependent on 
the presence of albumen, but that for these ferments the large quantities 
of carbo-hydrates and salts of organic acids, which for microbial 
life are available in mould are extremely fit as a source of carbon, 
whilst at the same time the ureum can serve as a source of 
energy as well as as a source of nitrogen. 

Some preliminary experiments led to the conviction that the most 
different sources of carbon, in culture-liquids containing these com- 
pounds and ureum, dissolved in water, 0,05 °/, K,HPO, are excellently 
fit for the growth of weak as well as for very strong ureum- 
splitting microbes. 

Cultivated in a thin layer of liquid in Erlenmeyer-recipients at + 33°, 
being the optimumtemperature of the growth, strong species, especially 
those producing spores appear; at a low temperature, 15°—23°, less 
strong splitting ferments, especially micrococci are produced. 

The exclusion of other groups and the privilege of the ureum- 
bacteria in these culture-media is so complete, that the latter mixed 
with raw materials, such as mould, sewer or ditchmud, after some 
days contain only ureumsplitting organism. 

If one of these cultures, infected with raw material, is put into 
sterilised liquids of the same composition, the sy Seo ag acne also 
progresses very well there. 
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Which ureum-splitting species will appear depends upon the com- 
position of the source of carbon added and the degree of alkalinity 
of the culture-medium. 

In § 2 and § 3 we shall revert to this more in detail. 


Ureum as a source of energy. 


Ureum gives to the ureum-splitters exclusively energy; in no 
circumstances whatever it is-fit to serve at the same time as a source 
of carbon. 

Different experiments which | have made about this, corroborate 
the truth of former investigations; neither can ureum serve as oxidizable 
material in the sulphate-reduction; denitrification with ureum is also 
impossible. | : 

The part that ureum plays in the growth of microbes, is therefore 
sharply determined. Always the presence of some suitable source of 
carbon is necessary ; this carbon-compound is partly oxidated and there- 
fore also this part serves for energy, partly it is assimilated. 

For the above-mentioned oxidation of the source of carbon atmos- 
pheric oxygen is used; the quantity necessary is very small, which 
can be proved by cultivation in bottles with a stopper, which are 
entirely filled with the culture-liquid. 

Only. the oxygen dissolved in the culture-liquid is then available 
for the microbes and nevertheless the ureum-splitting then takes 
place just as well as when the supply of oxygen is abundant. 

If, however, the culture-liquid has previously been made free 
from oxygen by boiling, after infection no ureum-splitting takes place 
in a bottle completely filled. 

From these experiments follows that a good oreum-eplitting is 
possible, while only very little organic matter is oxidated. 

Now it is a fact that on the whole strong splitting ferments 
show in the cultures a very slight growth and from this it follows 
that also the quantity of carbon, necessary for the structure of bacterial 
bodies is very small. 

These facts prove that a small quantity of a suitable organic 
compound, in the presence of ureum, must be sufficient for a complete 
development of the organisms and a normal ureum-decomposition., 

Now, in order to ascertain what part of the sum of energy 
developed in the culture, is developed in the splitting up of the ureum 
the minimum quantity of carbon-compound, sufficient for a normal 
ureum-decomposition and growth, was determined. For this purpose 
experiments have been made with the afterwards described Lacillus 
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erythrogenes and Urobacillus jakschii in series of culture-liquids, which, 
besides ureum, contain a diminishing quantity of asparagina or 
ammoniummalate. 

Indeed a very trifling quantity of these materials proves to be 
sufficient for a normal ureum-decomposition. 

From the results of the investigations, laid down in the subjoined 
table, it follows that the Bacillus erythrogenes at a normal growth 
splits 500 mG. of ureum with 20 mG. of carboncompound whilst 
the Urobacillus jakschii splits 1800 mG. of ureum with 10 mG. 
of carbon-compound. 

With smaller quantities of carbon-compound the growth of both 
microbes is considerably less than above. 

The quantity of energy, which in the erythrogenes- and jakschii- 
cultures was developed by the splitting of the ureum, amounts respec- 
tively to + 96°/, and 99°", of the total sum of energy developed in 
these cultures. 

At the same time it appears from these numbers that the less 
splitting species want a larger quantity of carbon-compound for the 
decomposition of a certain quantity of ureum than the very strong 
splitters. . 

The figures in the subjoined table denote the number of ¢.c. N H,SO,, 
necessary for neutralizing 50 ¢.c. culture-liquid after five days of 
culture at a temperature of 30°. 

The 50 ¢.c. culture-liquid inocculated with the Bacillus erythro- 
genes, consist of water, in which 0.05°/, K,HPO, 2°/, ureum and 
the carbon-source are dissolved. 

The 50 cc. culture-liquid infected with Urobacillus jakschii has, 
besides 5°/, ureum instead of 2°/, ureum, the same composition as 
the above mentioned. 


Decomposition by Bacillus erythrogenes. 
Quantity of carbon-source in milligrammes 50 40 30 20 10 5 
Decomposition if the latter is asparagine 18.5 17.5 17 17 13 8 
Decomposilion if the la'ter is amm. malate 19.8 17.9 185 18.0 14.2 94 


Decomposition by Urobacillus jaksehit. 


Decomposition if the latter is asparagine 61.5 60 59 60 54 «42 
Decomposition if the latter is amm. malate 60 58 60 59 56.5 39 


§ 2. Caleiumsalts of organic acids as a carbonsource for 
ureum-splitting microbes. 


The organic acids proceeding from plants or produced by fermen- 


tation thereof are principally neutralized in arable soil by the frequently 


occurring calciumearbonate. 
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The general occurrence, therefore, of these salts in the soil caused, 
for the following investigations, calcium-compounds of organic acids 
to be chosen in the first place as a source of carbon for ureum- 
splitting bacteria. 

If in a culture-liquid, containing these salts and ureum, dissolved 
in water to which 0.05 K,HPO, is added, ureum is split, the 
ammonium-carbonate formed will not directly bring about a consi- 
derable increase of alkalinity of the medium, but in the first place 
it will be neutralized by the calciumsalt and that according to 
the formula: 


Ca R + (NH,), CO, = CaCO, + (NH,), R 


Therefore the calcium-compounds of the organic acids exercise a 
retarding influence on the alkalinity; for not until all the calcium 
is united with the carbonic acid formed, the alkalinity’ will advance 
rapidly; then the culture-liquid is like one that- contains an ammo- 
niumsalt of an organic acid as source of carbon. This is treated of 
in § 3. 

But it is especially because of the existence of this period of rest 
before the increase of alkalinity, that cultures with calciumsalts of 
organic acids are so particularly fit for the accumulation of less strong 
splitting organisms, by which means every opportunity is afforded 
for study of these kinds, which are otherwise so rapidly supplanted. 

The cause that during this first period also the ureum-splitters 
have the advantage of all the microbes contained in the raw 
infection-material, so that the latter are already then entirely supplanted 
is that their specific source of energy, the ureum, is at their disposal. 

So if we want to get an insight into the numerous kinds of weak 
ureum-splitters, we have to make a plate-culture before all calcium 
is united with carbonic acid. 

As a rule a good result is obtained when after 2 or 3 days the 
plate-making takes place on meat-gelatine or on a culture-medium, 
composed of water, 10°/, gelatine, 0.05°/, K,HPO,, 0.05 NH,Cl 
and 0.5°/, calc. malate. 

These experiments give a fair idea of the great number of ureum- 
splitting microbes which the soil contains; they follow each other 
as the process proceeds and as the alkalinity increases, till at last the 
strongest, the most powerful bydrolysing kinds are left. 

To give a detailed description of the many weak ureum-splitting 
kinds that exist, would be of hardly any use, 

During my experiments in October, November, and December 1904 
in the Microbiological Laboratory, under the guidance of Prof. 
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Brwerinck at Delft, there regularly occurred in these cultures a 
microbe which drew the attention by the formation of a red and 
yellow colouring-matter on meat-agar and meat-gelatine. The colonies 
are of a bright yellow colour, whilst a red colouring-matter diffuses 
in the culture-plate. 

This bacterium shows itself more especially in cultures with citrate 
and tartrate in large numbers, so that in using these salts the above 
mentioned species can be obtained in great numbers. 

If in the same culture-liquid inocculation is repeated twice or three 
times at a temperature of 23° and a titre of + 35 cc. N. per 
100 ¢.c. culture-liquid, this bacterium is often accumulated almost to 
pure culture. 


Description of Bacillus erythrogenes. 


Bacillus erythrogenes are among the very strong oxidating fer- 
ments; both sugars and salts of organic acids and also albumen are 
assimilated. In tap water 0.05°/, K, HPO, a fair growth takes 
place in the presence of ureum, if one of the following compounds 
as a carbon-source is added: glucose, maltose, cane-sugar, asparagine, 
calcium- and natriumsalts of the volatile fatty acids (except of formic 
acid, which gives a slight growth) and the multibasic acids, such as 
apple acid, lactic acid, lemon acid, argol acid and amber acid (except 
oxalic acid). 

Milk appeared to be a very suitable culture-medium. The develop- 
ment herein is attended by the appearance of a disagreeable sweet 
smell. 

Even calciumhumate added as a carbon-source causes growth and 
therefore ureum-splitting. 

Amylum, however, is not affected, so that evidently no diastatic 
enzym is formed. 

The yellow colouring-matter belongs to the body of the bacteria 
and arises independent of the composition of the medium; however 
for its formation the influence of light. is necessary. : 

The red, diffusing colouring-matter arises only in case the feeding 
takes place with albumen and the light is excluded. Arisen in the 
dark, this colouring matter will soon be decomposed when exposed 
to the light. | 

Cultivated on meat-agar while light is excluded, the white colony 
shows itself on a fine red diffusion-field ; cultivated in the presence 
of light, there arises a bright yellow colony on a colourless field. 

What influence the two colouring matters have on the vitalfunctions 
of the microbe, could not be stated. 
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Gelatine is melted by the strong splitting varieties, not by the weak 
ones. 

The length of the bacterium amounts to 2-—4u 

Breadth 1—1.54 

The bacterium is endowed with the power of motion, and in 
liquids mostly occurs as a double bar; on solid media it sometimes 
forms strings. 

No formation of spores takes place. 

The optimum of the growth lies near + 30°. 

The optimum of its urease near + 51°. 


Ureum-splitting by the strongest species is found in the subjoined table. 

The figures denote the number of c.c. '’,, N. H,S0O,, which are 
necessary for the neutralization of 10 ¢.c. culture-liquid. 

The culture has taken place at 43°. 


In bouillon with ureum. 


After days 1 y Nae 3 4. 
2°, ureum 13.5 33. 45 44. 
6°/, ureum 19. 45 68 68. 


If we compare the species described here with those isolated by 
Léhnis*), they prove fo agree in size and formation of a double 
colouring-matter ; striking is the difference in the power of splitting 
ureum. 

In his experiments. a bacillus erythrogenes split in bouillon 2°/, 
and 5°/, ureum resp. '/,,°/, and 1°/, ureum, whilst the one described 
here splits in bouillon “°/, and 6°/, ureum resp. 1'/, °/, and 2°/,. 

The less strong species, isolated here, still split in the culture- 
liquids named */,°/, and 1°/, ureum respectively. 

So it is clear that the species Bacillus erythrogenes includes varieties 
of very different ureum-splitting power. y 

The powerful splitters are at the same time characterized by the 
possession of tryptic enzymes. 


§ 3. Ammoniumsalts of organic acids as a carbon-source for 
ureum-splitting microbes, 


Ammoniumsalts of organic acids are in media, which at the same 
lime contain ureum and anorganic salts, superior to any other com- 
pounds for the development of strong ureum-spliting microbes. 

Both the split ureum and the ammoniumearbonate of the oxidated 
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ammoniumsalt that has become free contribute to the rapid rise of 
the alkalinity of the culture-liquid. 

Provisional experiments proved that with a ureum-quantity of 
+ 5 °/, in these cultures the best results could be obtained ; with 
this ureum concentration growth is still very good. 

In a way quite analogical with the ammoniumsalts behave diffe- 
rent sugars as carbon-sources for ureumsplitters; the species which are 
most remarkable generally agree with the powerful species isolated 
by Miqur.. - 


A culture-liquid consisting ot : 
100 water 


0.05 K,HPO, 
1 ammoniummalate 
5 ureum 


infected with + two gr. of mould or sewage and cultivated at 
+ 33° contains after 48 hours, sometimes even after 36 hours 
only ureum-splitting ferments. A total supplanting of all other 
organisms has taken place in that short time. 

The decomposition of the ureum takes place in presence of easily 
assimilated carbonsources, such as malate and lactate, more rapidly 
than with compounds which are not so easily assimilated such as 
tartrate or acetate. 

Malate is also for these organisms an exceedingly easily assimilable 
compound, as is generally the case; lactate, citrate, succinate, tartrate, 
butyrate and acetate follow next. 

When, however, in a culture with one of these salts the final titre 
has been reached, the same powerful species are on the whole 
observed in malate as well as in tartrate and acetate cultures. — 

Now if we examine the sorts succeeding each other in these culture- 
liquids, it appears that, when sown upon meat-gelatine */,°/, ureum 
or ammoniummalate-gelatine */,°/, ureum, already after two days, 
when the titre is + 60 c.c. N. per 100 c.c. culture-liquid, the num- 
ber of micrococcis and melting bacteria rapidly diminishes; whilst 
the alkalinity increases, bacteria forming spores together with a 
ureum-splitter not forming spores take their place. 

The many weak splitting organisms observed in the cultures 
with calciumsalts rapidly die off. 

After 3 or 4 days only very strong hydrolysing microbes are 
left, whilst micrococcis and melting species have disappeared. 

The growth on neutral meat-gelatine of the species found in 
strongly alkaline liquids is very slight or does not succeed at all. 
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In general the colonies on meat-gelatine 1°/, ureum or ammo- 
nium malate-gelatine 1°/, ureum are characterized by their small 
dimensions, whilst a field of calciumphosphate- and calciumcarbonate- 
crystals surrounds them. 

After 5 or 6 days the titre has risen to a maximum of + 125c.c. N. 
per 100 c.c. of culture-liquid, so that +4°/, ureum has been split. 

The + or 5 species present are the Urobacillus lewbii (BrtserincK) 
and the most powerful species described by Miguet, the Urobacillus 
maddoaiit, freudenreichit and duclauxii together with a species not 
yet deseribed and not forming spores, which will be called wroba- 
cillus jakschii. 

After infection of cultures with ammoniummalate it is especially the 
Urobacillus maddoaii and urobacillus duclauxii together with the 
Urobacillus jakschi which predominate. Sometimes the Urobacillus 
jakschu supplants the two other species almost entirely and is almost 
accumulated to pure cultivation. 

If we start from pasteurized material, it is especially the Urobacillus 
maddoau and Urobacillus duclauxii which make themselves con- 
spicuous. 

In these culture-liquid the Urobacillus biden ii BewERINCK did not 
occur, so that the latter may be said to belong to the ureum- 
bacteria which positively want albumen for their growth. 


For the description of the Urobacillus leubii, freudenreichii, maddoxii 


and duclauzii it is sufficient to mention the chief characteristics. 
The Urobacellus jakschii, however, will be described more in details. 


Urobacillus lewbit (Briserink). “ 


Urobacillus leubii, which generally occurs in the Vorjlora of 
Beierinck’s accumulation-experiments, is a little moving bar which 
can get oblong spores. 

On meat-gelatine with ammoniumearbonate it is difficult to distinguish 
this species from urobacillus pasteurii. Inocculated from this medium 
on neutral meat-gelatine it grows into two species of colonies: viz. 
into yellow, troubled, thin colonies forming spores and into glassy, 
transparent colonies free from spores. 

The growth is, however, upon meat-gelatine with ammoniumcar- 
bonate much better than upon neutral meat-gelatine. 

The spores can bear boiling heat and can be dried. 

Gelatine is not melted. 

In bouillon 6°/, ureum 2'/,°/, ureum is split in 4—5 days 
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Urobacillus freudenreichti Miquz1, 


Urobacillus freudenreichii is a little moving bar, 5—6 w in length, 
1 broad; on a firm medium it grows into long threads. 

Elliptic glittering endospores are formed, which can stand a heat 
of 94° for two hours. 

Neutral gelatine is slowly melted by the irregularly formed colo- 
nies, whilst gelatine to which ureum has been added, is not melted 
and the colonies on it assume tlie characteristic globular form. 

2°/, ureum in bouillon are decomposed within 4 days at 30°—35”. 

Miquvet isolated this species out of air, riverwater, soil and from the 
excrements of ruminants. 


Urobacillus maddoxii Mique. 


A little moving bar, 3—6 « long, 1 « broad, forming oval endo- 
spores, which are able to bear a heat of 94° for two hours. 

On neutral meat-gelatine it does often not develop, on ammoniacal 
gelatine the growth is rather good. 

Within 3 days 2°’, ureum in bouillon is split. 

The bacterium has been isolated from sewage and river-water. 


Urobacillus duclauati Mique... 


Like the two preceding species moving ; length 2—10,m, breadth 
0,6—0,8 u. 

The bacterium forms small elliptic endospores which are able to 
bear a heat of 95° for 2 hours. 

In a neutral medium no growth arises, on ammoniacal meat- 
gelatine or on meat-gelatine provided with ureum there arise very 
small hardly observable colonies which are surrounded by crystals. 

The gelatine does not melt, but it becomes like viscous after 
40 —50 days. 

2°/, ureum in bouillon are decomposed within 24 hours. 


Urobacillus jakschit. 


Urobacillus jakschii is a small quickly moving bar in a culture- 
medium that is not too alkaline; if some percents of the ureum in 
it have been split, the motion stops. 


Length of the bacterium 5—7 «; breadth 1—1.5 uw. Spores are 
not formed. 
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On neutral meat-gelatine growth is seldom obtained ; if, however 
ammoniumcarbonate or 1°/, to 2°/, ureum is added, there arise 
small coli-like colonies, surrounded by a wreath of calciumphosphate 
crystals. 

The gelatine is not melted, but after a month, it is viscous. 

2 °/, ureum in bouillon are split in 24 hours. Of 10°/, ureum in 
bouillon 6—7 °/, are changed into ammoniumearbonate. 

In culture-media containing the necessary anorganic salts together 
with ureum, a good growth is obtained with the following compounds 
after infection : pepton, asparagine, glucose, cane-sugar, maltose, citrates, 
lactates, tartrates, and salts of volatile fatty acids (except salts of 
formic acid). 


- 


§ 4. Lrisating cultureplates. 


The faculty in bacteria of splitting ureum can according to the 
method of BerrErinck by means of the yeast-water-gelatineplate 
2 or 3°/, ureum, be proved in a very elegant way by the Jris- 
phenomenon formed on this culture-medium by those bacteria. 

It is supposed that the ammoniumearbonate getting free at the 
decomposition of ureum causes the phenomenon, in consequence of 
the precipitation of calciumearbonate and -phosphate. 

An explication of the origin of the irisphenomenon on the yeast- 
water ureum-gelatineplate, has, however, its difficulties, the culture- 
plate being so complicated that it is not easy to get an exact idea 
of the process. 

In the experiments with ureumbacteria on plates composed of 
water, 0.5 °/, calcium salt of an organic acid, 1 °/, ureum, 0.05 wi 
K,HPO,, 10°/, gelatine or 1.5°/, agar, the iris-phenomenon often 
produced itself. 

The possibility of composing a simple culture-plate, if possible 
coagulated by agar, which produces the iris-phenomenon in a beautiful 


way, seemed not to be excluded, when the above facts were taken ~ 


into consideration. 


In this way corresponding phenomena on the yeast-water-ureum-gela- 


tineplate and the irisating of more complicated culture-plates might 
be generally explained. 

After some trials I succeeded in the following manner in composing 
a plate which entirely answers the requirements. 

In pure water agar + 0,5°/, calciummalate or -lactate and 0,05 °/, 
ammoniumeitrate are dissolved; the melted agar is cooled down 
to the still just liquid state, after which a K,HPO, solution is 


iF 
’ 
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added, till a slight opalizing is observed ; now the culture-plate is 
formed of this material. 

This culture-plate is, if made with care, almost clear. The calcium- 
phosphate that has been formed remains dissolved with the ammonium- 
citrate. A drop of ammoniumcarbonatesolution on this medium causes 
the irisphenomenon, while after some moments produces itself a 
precipitate round the drop. 

This phenomenon shows itself in quite the same way, if, instead 


of agar, gelatine is taken. 


The irisating field and the precipitate are microscopically and 
chemically identical to those which are produced on the yeast-water- 
ureum-gelatineplate. : 

If the culture-medium contains no phosphate, ammoniumcarbonate 
put on it gives a very slight field of CaCO,; a drop of ammonia 
produces no irisating field at all. 

If, however, only calciumphosphate, dissolved in ammonium- 
citrate, is present as the only calciumecompound, ammoniumearbonate 
and also ammonia on such a plate cause an extremely fine irisating 
field. 

If + 2°/, ureum is added to this plate ureum-splitting microbes 
cause thereon the ‘‘zrisphenomenon’’. 

From these experiments it appears that the calciumphosphate-preci- 


pitation has to be considered as the real cause of the irisating of the 


culture-medium, whilst the calcium-carbonate formed at the same 
time plays a subordinate part. 

Accordingly the irisating of culture-plates by certain bacteria 
growing on them and the zrisphenomenon of BriERINCK have to be 
regarded as a consequence of the precipitation of calciumphosphate 
in the first and of calciumcarbonate in the second place. 


§ 6. Results obtained. 


1. Decomposition of ureum, in the absence of albumen, may 
take place by different microbes, if some suitable carbon-source is 
present. 


2. In cultures in which ureum-splitting takes place, + 98°/, of 
the total energy is developed by the decomposition of the ureum. 


3. Cultures with calciumsalts of organic acids as a carbon-source, 
are extremely fit for getting weak splitting ureumbacteria. The 
bacillus erythrogenes occurring herein has been described more in detail. 


4. Cultures .with ammoniumsalis of organic acids or sugars as 
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a carbon-source, rapidly lead to the accumulation of strong ureum- 
splitting bacteria forming spores and the wrobacillus jakschi forming 
no spores. 


5. The irisating of culture-plates and the “irisphenomenon”’ on the 
yeast-water-gelatineplate are the consequence of the precipitation of 
caleciumphosphate, whilst calciumcarbonate formed at the same time 
plays a subordinate part in it. 


At the end of this investigation I beg to express my sincere thanks 
to Professor M. W. Beverinck for advising and supporting me in 
these experiments wherever and whenever he could. 


Physics. — “Statistical Theory of Capillarity.” By Dr. L. S. ORNsTEIN. 
(Communicated by Prof. H. A. Lorentz). 
(Communicated in the meeting of December 24 1908). 


In a paper') published in 1893 van per Waats has developed a 
theory of capillarity, which leads to results agreeing sufficiently with 
observation, as has been shown by the experiments of Dr. E. O. pz 
VRIES. 

The methods used in the above mentioned paper have been repro- 
duced with only a slight change in the lectures of vAN DER WAALS 
recently published by Prof. Pa. KoxHnstamm. 

Both in the paper and in the treatise the hypothesis *) is introduced, 
that the entropy of an element of volume is a function only of the 
number of molecules it contains and of that of their collisions. 

By the statistical method of Gisss we can deduce the condition of 
equilibrium for the capillary layer without using a hypothesis of this 
kind and we can easily show that it must be true when certain condi- 
tions are fulfilled. This is the object of the present paper in which 
I shall also determine some quantities that play a part in the theory 
of capillary action. 


§ 1. Let us suppose that » spherical molecules of diameter 6, per- 
fectly rigid and elastic, are enclosed in a vertical cylinder of height 
Z, and of unit of horizontal section, closed at the top and the 
bottom by horizontal walls. Let the axis of 2 be drawn upward and 
let us further suppose that the molecules exert attractive forces on 


) J. D. v. ». Waats, Thermodynamische theorie der capillariteit in de onder- 
stelling van continue dichtheidsverandering. Verh. d. K, A. v. W. Deel 1. 8, 1893, 
*) Compare |, c, p. 16. 
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each other up to distances which are large in comparison with the 
diameter o and with the distance of neighbouring molecules. I shall 
denote by —y(/) the potential energy of this attraction for a pair 
of molecules whose centres are at a distance / and I shall suppose that 
y(f/)=0 for values of f which are large compared with o (and the 
distance between neighbouring moleeules) but small compared with 
finite lengths, the same being also true of the function w (7) determined 
by the equation 

| fodfs—dwp(f).. 2... @ 

Let us now consider a canonical ensemble with modulus @ built 
up of N systems of the above kind. 

We divide the volume of the cylinder by horizontal planes into 
a great number & of elements of a height dz, this height being large 
compared with «6 and small. compared with the distance at which 
the molecules sensibly attract each other. I shall further suppose 
that the potential energy of attraction changes but little over a dis- 
tance of the order of magnitude dz, *). 

We shall determine the number, or, let us say, the “frequency” 
$ of those systems in the ensemble in which there aren, ... m, ... mg 
molecules respectively in the elements dz,... dz, ... dzy. I shall 
suppose that the numbers n, are very large; their sum being n we 


have the relation 
k 
you sn. eee Sn ere eal 4. 
1 


The number of molecules per unit of volume in the element dz, 
(the molecular density) will be represented by n,. 

I shall consider the mutual energy of a pair of molecules as 
belonging for one half to the first and for the other half to the 
second of the molecules. The energy determined in this way is the 
same for all the particles of the layer dz,. I shall represent this 
energy per molecule by ¢,. 

The total potential energy can therefore be represented by 


kc ¢ 
= Nz Ex. 
1 


The frequency *) in question is given by the formula 


1) For the sake of simplicity | shall take the elements dz, of equal magnitude ; 


c Ny, 
our result will be that ge ny (the molecular density) is a function of z, showing 


zx 
that we do not lose in generality by this simplification. 
*) In explanation of the formula (II) the following may be observed, Let us 
consider a system constituted of m molecules of the kind above described enclosed. 
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2"6@ TT1 ee 
a mn de 4h (2amO) é n! 5 (w, dz,)"™ é . . . (IJ) 


§ 2. The properties of an observed system are identical with those 


in a vessel of the volume V. And let us imagine a canonical ensemble built up 
of N systems. 

In this ensemble the number of systems — having the coordinates of the 
centres of the molecules between 2%, and x,-+ da... Zn and 2n-+ dz, and the 


components of the velocities of these points between 2, and, and 2, +da.... 
zn and Zn-++dZn — amounts to 


—Eé& 


N m3" e 4 dx, Soe, Og GM sos lay 8s Ss a See 
Here, the energy of the system is expressed by «, and ¥ is a constant for 
the ensemble depending on © and V. The value of ¥ can be found by integrat- 
ing (a) with respect to the coordinates and the velocities. The result of this 
integration must be N, which yields a relation for +”. The number of the systems 
in which the velocities have any values, but whose coordinates are lying between 
the specified limits is obtained by integrating (a) over the velocity components 
from — oto + om, 


n 


The energy € is given by the relation ¢ = & + bas m (ay yy + 2%) 
1 


in which ¢, is the total potential energy and m the mass of a molecule. Therefore 
the result of the integration is 


2 
N(2x@m) e da, ...dtn- : (b) 

Let us now divide the volume V into k elements dV,.. dVx .. @Vk. If mx 
molecules are situated in an element of volume dVx the 8n, coordinates of their 
centres may still vary between certain limits; in other terms, a certain extension 
is left open to the point representing these coordinates in a 3,-dimensional space. 
! shall represent the magnitude of this extension by 

x (n,, dV,). 

The repulsive forces between the molecules are accounted for by excluding 
from the 8n,dimensional space (dV;)*"s all those parts in which there exists a 
relation of the form 

(e, — ap) + (ys —yn) + (eo — sot ws es 


between the ordinary coordinates of the centres of two molecules. We can 


represent 7 (mz, dV) by 
fu es et dey, ee ‘ . . ‘ . ‘ ‘ (d) 


where the integration has to be extended over the whole space (dVx)%» with the 
exception of the parts determined by (c). By a simple reasoning we can show 
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of the system of maximum frequency in an ensemble (whose modulus 


that with a fair approximation x (m,@V,) can be represented by 


Ny 
(w, dV,) Lr as SEEM att gt: SGD 
where w, is a function of nz. I have calculated for the approximate value. 


bg o = —n (5 0) — at (Fa0') 


(Cf my dissertation and also these Proceedings 1908 p. 116). 
The extension of the 3” dimensional space covered by the systems containing 
Mm.» Mx.. Nk definite molecules in the elements dV,..dVz..dVk can now be 


represented by 
k 


ft (xs AV;). 


l 
The extension covered by all possible systems of this kind amounts to 


Ey (1, dV;) 
n! i: 


In the potential energy we may neglect the repulsive forces, these forces having 
been already taken into account by the exclusions (¢). Supposing that the energy 
is the same for all the molecules of an element dV we can represent the total 


potential energy by the formula 
k 


. NyEx, 


; . 
For the frequency we find : 
3 NE, 


Yy 
nd gtelpeelgnnacs * pS ae 
2 96 nV, 
S—N(2x@m) e my A Bet OF ? 
l Ny! 


or, introducing the function w by means of (¢) 
3 


¥ k NE, 

2°06 (o.dV,)" © 

$= N(22@m) e wl [e e 
1 Ny 


The formula (II) is a direct consequence of the last equation. 

As we are treating a case in which there are differences in density in the 
system of maximum frequency, the question arises as to whether these differences 
have any influence on the value of the function q@. If it were so, this function 
would depend not only on n, but also on the derivatives of this quantity with respect to 2. 

The difference in question really has an influence on the energy, but in conse- 
quence of the hypothesis of p.p. 526 and 527 the density changes so little along 
the length dz, and the value of the exclusions at the limits of dz, is so small in com- 
parison with the value of those originating from the molecules of dzz itself, that we may 
consider q, as depending only on nz. This, however, will be true no longer if the 
sphere of action of the attractive forces is not large in comparison with g; for 
this case the following theory would have to be modified considerably. 


36 


’ 


Proceedings Royal Acad. Amsterdam, Vol. XI. 


( 530 ) 


is proportional to the absolute temperature of the system). *) 

In order to find the condition of equilibrium we have only to 
determine the values of the numbers n, that make the quantity $ or 
logS a maximum. Before we proceed to this Investigation we have 
to express the quantity «, in the numbers 2,. 


B a diysy 
ar r 0 
yax 
ft 
P 
yax 
B A’ 0 
aX y ~y 


Let us suppose that P is a point of the layer dz, We shall try 
to determine the potential energy for a molecule situated at that 
point. Consider first the contributions from the molecules situated in 
two plane layers at a distance rdz from P. We shall indicate these 
layers by dz,, and dz,4,. We cut from these layers cylindrical rings 
by circular cylinders having OPO’ as axis and as basis circles with 

OA= O'A’ =r and OB= O'R’ =r-+dr 
as radii. 
The number of the molecules in these elements amounts to 
2 a rdr dz (n,—y + Det»). 
Considering as equal the distance of all these molecules from P and 


representing it by /, we find for their contribution to the potential 
energy of P 
— xrdrdz (Nyy + Oxy) 9(f) . - * . « (8) 
Now we have 
r? +- (vdz)* = f? 
and therefore f 


de i fof Noe ome oo 
Taking into account (1) and (8) we can replace (2) by | 
adz (i, + Mepy) aP(f) . . . . . . (& 


—— —_—— 


') Cf my dissertation § 4 p. 15. 


se th A 
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The total contribution to ¢, from ali the molecules of the layers 
dz,, and dz,4, is found by integrating (4) with respect to / from 
vdz to ow. Proceeding in this way we find 

— adz (n+ 0.4.) p(ydz) . . - - + (5) 
from which formula the energy per molecule in the layer dz, can 
be calculated by adding up all the values of this expression which 


are such that y (rdz) differs from 0. 
In this way we find 


& = — adz oe (0,40 + Ort.) (yds). . . (5) 
For the potential energy of the system we have the formula 
k k 


SF 8 = — mdz a Ny Yon + np.) p(rdz). . (ILD) 


1 1 


§ 3. We may now proceed to the determination of the condition 
for the maximum. Consider therefore the change of log § when we 
give the variation dn, to the numbers n,. These variations are subjected 


to the equation 
k 
yi on, =0 coe Rae aconeeammee 2 3 
1 


In the following investigation we may replace n,! by sd Wiecoe 


We find for dlog$ 
k 


JS log§ = ¥ |=. — 1+ lgw +n, Ae 6m + 


: dn, 


mdz 


k 
+I ple H(z) (0, + Drty) + 


k 
+ Vin Lived (m+ date) ee GAY ) 
It is easil that th at = ipli 
y seen that the two sums, with which " is multiplied 


are equal, both consisting of the same terms, and further that each 
of them is equal to 


36* 
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Attending to the condition (IV) in the usual way, we find that 
the numbers x, in the system of maximal frequency must fulfil the 
condition 

log'— + 1 pa tee: (VL) 
n du, 0 


whereas the second variation of log $, & log$ given by the formula 


as : Ona , dlog w, 
ae : 2n, +8 ies dn, + 


adz 


_ ym Ye (od2)(Or—» + drys), . (VED 


must be essentially negative. 

The first conditions are equivalent to those given by VAN Der WAALS. 
It is easy to give the equation (VI) the form which is assigned to 
it by van per Waats. We have only to introduce the hypothesis 
that n changes continually with the height and then to calculate the 


energy &. 
We obtain in this way *) 


Oy, d log w, a 
Og hae ae tebe Ma 


os 


=U ), (VI') 


1) To calculate «, we proceed as follows. On account of our hypothesis we 


can write 
(vdz)* d* n, (vdz)*s d*sn, 

1—y ty 2 Zz 2 7 moe ary 
Dy—y + Ny ny, + 2! dz,? (2s)! dz,2s 


Introducing this into the formula for &, and putting 


w(e)dze =a, 
0 
20 . 
(2s)! 2% ap (2) dz = = Cos, 
0 
we find for &, 
J i sn, 
= —arn,—— ee ee re 
1 
1 shall write for &, also , 
= Og Bee ee ll 


it is only in the capillary layer that the quantity ¢,, differs from zero, 
*) We may mention as another advantage in the above deduction of (VI’) that 


‘ Pi 
i TT 
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§ 4. Before I proceed to the discussion of the stability I shall 
consider the equation (VI). Using (6’) we can put for it 


W, dlogw, , 2an, QE, 


age os CE 
Dy,  OBe 2] oO di 


Subtracting the equation (VI) taken for the height 2, +- dz, from 
the corresponding one relating to the height z, we obtain 


1 d log w, @logw, , 2a\dn, 2 dé, 
Sa See er eee Nee, CT 
( hy, 2 dn, Tete an,* @ } dz, © dz, (%) 
If we introduce the function p, determined by the equation 
d 2 
ore wet! so ue a Ae! SA Rr meee t 


— which quantity represents the pressure in every element of a 
homogeneous system with the molecular density n — we easily see 
that we can replace (7) by 


1 dp, dn, _ 2 dé, 


ry: On,dn, dz, © dzx’ 
This equation leads to 


=i | od haere ee weranir eerie ()) 


The form of this relation recalls the statistical condition of equili- 
brium namely that the difference of pressure between two planes 
be equal to the force acting on the mass between these planes. 

By integrating (9) from a point of the homogeneous phase (indi- 


cated by the index /) to a point of the capillary layer (index x) we 
find 


rx ex 
¢ d 
ph— p= fw de = Zr, Ee — 2 eg Oe Sy 
dz 
Zh Zh 
: . d*8n 
we have avoided to prove for each of the integrals | n3 72s dz separately that 
Zz 


, d?sn : 
we can put for it fe fe) dz, as is done in the treatise of van peR Waats— 


Kounstamm p. 238. 
In the paper of van per Waats this gives something accidental to the appearing 
of &, in the condition (V1). This advantage is due to the fact that the hypothesis 


of continuous transition and the expansion «, in a series have been introduced 
after the deduction of the condition (VI). 
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or €&, is zero in the homogeneous layer. Instead of the former 
formula we may put 


-~ 


“x 


d 
Cs ee be Se Ot gira a rea OGL 
dz 
Zh 


Introducing now for ¢&, the series that follows from (6) and (6’) we 
find for the pressure 


2) 


d?sn, dn, xo ‘dn d?*n 
px = Ph + ¥z pi Sees 30x( Se") — sNe ae qe (VITD)") 


It follows from the above reductions that we obtain for the 


pressure p, 
Be 2 a Oi fea 
px = Ph + .f aaa \+ 
s=—@ s=s—l 
d’n, d28— 1 dsn,\* 
. XN — a eae . ‘ V. “! 
+yo| Dv t gee a Ge 


An approximation for p, may be obtained by breaking off the 
series at s—=1; we then find a formula, which agrees with one 
given by VAN DER Waats namely 


dn, 1 /dn,\* cis 
Px = Pr+ Cy war PA eae ah SHA Yuen (VIII") 


1) In order to reduce the integrals contained in the sum, we have the formula 


zy 2x 
dn d*8 d dn, d*s—'n, d?n d2s—|y 
— := alee) itn NS 
dz dz*s dz, dz,2s—! dz? dz2s— 
ah Zh 


Where the remaining integral may again be transformed by the same operation. 
In this way we are finally led to a term in which the integration may be per- 


formed namely 
“dn de+'n (— dsny 
_ ——- nn AE 
( fee dgtt! 2 (FE ): 


zh 
It follows from (VIII) together with the above reductions that by integrating 
from the one homogeneous phase h, to the other /y we obtain: 
Ph, = Phas 
which is the well kwown condition for thermodynamical equilibrium, 
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The constant » of the equation (VI) can be determined, if we 
observe that in the homogeneous phases ¢.,— 0. Representing the 
molecular density of these phases by n, and n,, we have 
dlogw, , 2ad, 


d Ng + 7] 


o d log w 2an Wo 
l = : *= log — n 
a thy, te oa, th 


rss (TT) 


which yields one equation between n, and ny. We can find a second 
by means of the observation made at the end of the note of p. 534 


- We have 


Ui eh ss 8 Bere 8 is (12) 
where the p’s are known functions of n, and n, (c.f. (8)). 

After having determined n, and n, by means of the foregoing 
equations we can use the first to determine um. 

The thickness of the capillary layer depends on the modulus 9, 
it can be determined by means of (VI); we can also calculate the 
number of the molecules in this layer. This number being known, 
the equation (I) enables us to calculate the height of the liquid and 
gaseous phases. 


§ 5. We have now to examine whether the frequency of the 
system determined by (II) and (VI) is really maximum, in other terms 
whether the condition of the system is one of stable equilibrium. 
The quantity d*log$ consists of three parts, the two first of which 
belong to the elements of the homogeneous phases /, and /,, whereas 
the third relates to the capillary layer c. 

We may put the first parts in the form 


dn,? d d log w, Qar, 
dj? log § = Pi pe aod an. Bawah BF apg 4 
ki tog.§ + = ( ag oh pag )+ oi ; 


where o has to be extended over the elements ofthe homogeneous 
h 


layers h, and h,. For the part belonging to the capillary layer we 
have the formula 


dn,? d d log w, 
J* lo — —1 7 
ofa ee ta dns ))+ 


d seats: 
+S Le ™ De Meds) (Oo. + Orgy). » (VII") 


In order that 6? log $ be negative, it is necessary that d*,, log §, d*hs log & 
and d*,/og5 be negative for all possible values of the numbers dn,. 

The parts relating to the homogeneous layers may be written in 
the form 
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dl a. 4? a J of 
Sp. log§ =| —1+ (1. MS a he ‘ 
. dn, 2n; 
he. 
where « is 1 or 2. These contributions are negative, if 


d log wz Zan, 
—( p+ ite ed cote: wy (4K) 


Now, we can érarishonmn this condition by means of the function p 
(c. f. (8)). We then find as a condition for the stability 


Panga, See 


for the homogeneous phases. As for these phases, the function pz 
represents the pressure, the condition (IX’) is nothing else than the 
known thermodynamical condition for stability. 

Not only must (IX) be fulfilled, it is also necessary that d*,log§ 
be negative, for there are possible variations in which dn, is zero 
everywhere in the homogeneous layers. 

I shall transform the first sum in 6°, /og§ by means of (VI). I 
shall write for it | 


~ Its tes | 1d (_, dlogo, 
ig << 7 = ny a ’ 
pa 2 Dy “A n, dn, dv, 
which may be replaced by 
—x In, d W, d log w, 
s — dn; — = P — }. 
J Wate aa Dy ps d ny 


By a transformation of the same kind as that which leads to 
(7), we ean replace the foregoing expression by 


dé, 
] dz» 
FA pT On x, 

dz, 


Introducing the value of #, by means of (5'), and considering that 
the differentiation of n,—, with respect to z, gives the same result 
as that with respect to z,,, we find for the sum under consideration 


Fy 4 dz Jn, On, Asay dN, 
ee ok, by oa ay a Thy dz ‘ 
7] —_— dn, os Piece) dt,—y aay diy4, 

dz, 


therefore (VII") may be reduced to 
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dn, Jp dn,—, Lp eek , 
% x P ViT ’” 
bas sh w (v dz) (2 Se * dest )}. ( ) 


= 
Now we can easily show that this sum is essentially negative. 
For this purpose we arrange the terms in the following way. From 
the first sum we-take the term dn, w(v dz) dn,—,, and also the term 
dn, _, W(v dz) dn,. These are equal, and their sum is 


2 
— dn, dn, —, w (v dz). 
dz 


Next from the secoiid sum we take the term 


and also the term 


Adding those four we find 
1 dn, dn,-, ( On, iY 
ee dz dz, dz, (= og dp,—, 
dag. tgs 


dn A 
This result is essentially negative, me has the same sign at all 


points. *). 

We can arrange all the terms of (VII'") in the same way. Accord- 
ingly, the whole sum may be written as a sum of essentially 
negative quantities, and therefore d°,.log§ is essentially negative. 
From this it follows that a system consisting of two coexisting phases 
with a capillary layer between them is stable, if the homogeneous 
phases taken by themselves are stable. 


§ 6. I shall now determine the entropy and the free energy of 
the system considered. ‘ 
Gipps*) showed that ¥Y, the constant in the equation (II) has 


-}) A similar transformation does not hold for the elements of the homogeneous 


dn 
phases for there —-=0. 


~ 


®) J. W. Gress. Elementary principles in Statistical Mechanics 1902. 
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the properties of the thermodynamical free energy. I shall therefore 
determine the quantity “%, which may properly be called the statis- 
tical free energy. 

Taking the sum of the numbers §, obtained by giving to the num- 
bers n all possible values, we get the total number J of the systems 
in the ensemble. I shall represent this sum by 2,, so that we have 
the identity 


Ny &, 
vaZ i= erent as “y [pen ae ee 


This equation enables us to determine W. In order to find the 


value of >. $, we may by means of (VID) express the frequency: 


$ of an arbitrary system in that ¢, of the system of maximum fre- 
quency. From (VII) it follows that 


2 ' 
dn’, d , dlog w, 
c= 5 Siete 2 ied is ))+ 
= S, @ 
net 
- ode J n, a w (rdz) (dn,—, + fete) de 


Introducing this into the sum ,, we obtain 


k . 
8 ei 
at 6 2, On, 2 (dn,—, 4- dn,4,) a | 


In my dissertation’) I have shown, that this may be replaced in 
a fair approximation by 
k 


y - dn? 
Li=5¥° serene (18) 


The quantity $, is given by the equation 
= oe Ny by 


c Neon "(22m)" "Via a Noes : e 14) 
aglteg “(Qm)Han, 00 Mysviny) pO Dy Bee 


1) pp. 111 and 126, 
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where the numbers n, and n, have the values following from (V1). 
We now have 


dn," 
a 2n, — 
¥. e — (2m) ~ (n,...m;...nz)'h n—'l 
and therefore, using (13) and (14), we find for ¥ 
y 3 k Ny bx 
Qs 2" on o\ —  @ 
e —(22Om)2 n I] (=) e ch ee 
Gisss showed that the quantity — 1 defined by the equation 
on gees ; 
more q oe — . . . . . . . (X11) 


has the proporties of the entropy s. Here the quantity ¢ is the average 
energy in the canonical ensemble; it is equal to the energy of the 
system of maximum frequency ’). 

The kinetic energy of this system amounts to 


3 
—n@. 
2 


For the potential energy we have written 
| k 


Ny Ex 


l 
and the value of ¢ is therefore 


By lg : 
=-29@ Fr 
& 5 n&@ +- z n & 
For s we have the equation 


k 
3 3 a) 
san +5 n log (2% Om) + nlogn + , mx log 
3 f . 
= Const + — nlog O 7 oe 
ons 5 Wiley 5 ae 


Z 
3 7) 
= Const + 5 nog @ + f nlog” de ee tank ee a. CA ED) 
oO 


1) Gress showed that the average energy in an ensemble is equal to the 
most common energy in that ensemble. Now not every system with this energy 
is equivalent to the system of maximum frequency, but the most common energy 
is equal to the energy of the latter system therefore the same is true for the 
average energy. This result may also be obtained by determining « directly by 
means of (VII). 
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This formula can be used to determine s, if we know the manner 
in which n depends on z. We easily see from (XIII), that, just as 
VAN DER Waars supposed, the entropy in each element of volume 
depends only on the density n and on the number of collisions in 
that element’). We could expect this, having found exactly the same 
condition of equilibrium to which his theory leads. 

It must, however, not been forgotten that the whole above develop- 
ment and therefore the hypothesis of van Der WAALS are only valid, 
‘if the assumptions about the attractive forces introduced at p. 526 
and 527 are true. The changes that will have to be made in the 
theory, when these assumptions are relinquished, must be a matter 
of further examination’). 


7. Finally I shall determine the force exerted in a horizontal 
direction by the system. Consider a system identical with the former ; 
only let the section be no longer equal to unit of area, but let it be 
o. It is easily seen that this has no influence at all on the former 
developments. The density n, and the energy «&, are determined by 
analogous equations; the only difference is that n, (the number of 
molecules in the layer dz,,) is now given by n, 0 dz,. instead of 
by n, dz. 

For YW we have therefore the formula 


4 x 
a= Const. + ye (oy -§) dz, = 


Z 
= Const. +0 fi (ue — 5) ae (et a ee 
“0 


The average component, corresponding to the parameter o, of the 


force exerted by the systems of the ensemble is given — as Grpps 
showed — by the relation 
ales ih 
K, —=_=——— . . ‘ . . . . . (XT V) 
do 


The force K,, exerted by the systems of maximum frequency, is 
equal to the average force Ky. Therefore equation (XIV) may be 
used to determine the force in a real system. Before I use (15) to 


- —~- a 


1) The function w is connected with this number. 
*) In this examination the function S (v», dex) introduced in my dissertation will 
have to play a part. 
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determine K,, I shall put this equation in a new form by means 
of (VI) namely 


ya 


¥ d lo s é 
— oom +0 {( qn =o oe + a= 


0 


Z 
d ¢ c 
= Const. +- (u—1) +0 {(@—w si + + “ dz. 
0 ‘ 
with the aid of (10) we can replace this formula by 
Z Z | 
¥ 7) 7) n : 
seh epee - ry pads + 2 { (ne. + 2 ( Teas ac e (XT’) 
0 0 Zh 
For K, we get finally 
Z z 
dn 
K, =p + { (ae ad 2( 2 fede) ds ee ee? Bl 
z 
. -» 0 Zh ; 
4 : Cs d*n, 
An approximate value for KX, can be found, by putting &, = — @ wr: 
2°, 


This value for K, amounts to 


Z . 
C, d? 2 
K=pe+ Sf (a =) )ae= 


& 
ed Cie ds 8) 


When the surface of the capillary layer increases by unit of area 
the free energy (so far as it depends on capillary action) decreases by 


VA z 
dn 
f (Hr taf Leas) ac Bie: aja ns RD 
0 


Zh 


or, if we use the approximate values by 


d*n 
+6, (arae, Sica ee CLER eA ay OD OD 


i. e. the free energy increases proportionally to the surface. Only 
the elements of the capillary layer contribute to the integrals, for 
, : d 
it is only in these elements that « and -. differ from zero. The 
z 
quantities expressed by (17) and (418), taken with the negative sign, 
agree with what is commonly called the capillary energy. In this 
form they also represent the so called surface tension. 
The quantity 


or the corresponding approximate quantity (c. f. (16)) 


Cy d’ nz dn, \* 
4+ —|{ an, —— ; 
eb 8 eh dz’, (= :) ) 


may be called the horizontal pressure in the element dz, at the 
height z,. I shall represent it by py. As we can see from (10), the 
connection between p, and py, is given by the formula 


Pu — Pe = Un Se ee ke ot 


The term ¢&,, being 0 in the homogeneous layer, we have 

Pu = Px = Phi = Pho: 
We can determine the sign of ¢,,, and therefore that of p..— P; 
‘ by means of the equations (VI) and (10). We then come to a discus- 
sion exactly analogous to that which vAN DER WAAIS has given on 
p. 19 of his paper '). 

If one goes upward from the liquid phase, « is first 0, then 
positive, then 0 again, after that negative and finally 0 in the gaseous 
phase. 

By means of the foregoing considerations, we can obtain all the 
results formerly found by van per Waats and the above method 
may also be applied to a spherical mass, whose density is distributed 
symmetrically around the centre. 


') CL. vaw pen Waats—Konnstamm p. 239, 


( 543 ) 


Mathematics. — “On fourdimensional nets and their sections by 
spaces.” (Fourth part). By Prof. P. H. Scuovrr. 


The net (C;,). 


1. In the first communication under this title we have transformed 


the net of the cells C$ into a net (C,,) in two different ways, into 


a net of cells ce and into a net of cells ch. The difference 


between these two transformations may be characterized by the 
remark, that each cell Cy; contains as a part the cell CY from 
which it is derived, whilst it is possible to consider each cell on” 
to be bodily inscribed in a cell c? by starting from two nets of 


CY, each of which fills the space Sp, entirely, related to one another 
in such a way, that the system of the vertices of the cells of the 
one is at the same time the system of the centres of the cells of 
the other and reversely. As we have used the second of these trans- 
formations in the deduction of the table of relations between the 
axes inserted in the first paper, we still cling to it here, though it 


cannot be denied that the advantage of including the cells Cn in 


boxes CY? is not quite so important as was that of including the 


cells cw® in cells ce, cm all cells 9s A, of the net corresponding 
with one another in orientation. 

We again restrict ourselves to the sections of the net (C,,) by 
spaces normal to one of the four different kind of axes of one of 


the cells oy” and therefore of all the cells of the net. We remember 
to that end that the table on page 544 quoted above indicates which 


diameters of the box C$? correspond to the chosen axes OE,,, OR,,, 


OF,,, OR,, of CS. We repeat here the part of it relating to the 
net in the form 
(8) (3) (6.7 (5) (1,2) 

OBoy=0F s OKos= (2,1,1,0)Cs, OF4y=OK.=(3,1, 1 1)Cs, ORoy=ORs=OEsg, 
indicating by means of the figures (4), (8),...,(5), (4,2) between 
brackets the lines of the table, where these sadalie are to be found. 
By this it is immediately evident, that the series of sections normal 
to OE,, and to OK,, involve every time a definite position of the 
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intersecting space with respect to the axes of the including cells 5's 
whilst this position can be chosen in two different manners in the 
cases of the two other series. This gives rise to six different series 


of parallel sections of a cy” enclosed in a ce, which have to be 


considered in the following. 


2. We adopt here the method followed in the second and third 
papers and indicate the results.of the determination of the section 


of a cell eA in two ways. Once more the first plate gives us the 
projection of the limiting elements of the cell oh” on the diameter 
normal to the intersecting space, and the characteristics of the sections 
deduced tabularly from these projections; in this only four series 
of sections present themselves. The second plate shows further the 
form of the sections in parallel perspective, enclosed in the circum- 
scribed eightcell; here we have to deal with six different series, 
’ Finally a third plate principally contains some diagrams with three- 
dimensional space-fillings generated by the intersection of the net, 
whilst the third of these diagrams numbered separately, which domi- 
nates the deduction of the projections of plate I, has been transferred 
thither, in order to facilitate comparison. We now proceed to the 
consideration of the diagrams 1 and 2 of plate III. 


The manner in which the cell cy is inscribed in the box C2) is 


characterized by this, that the vertices of (0) Vo are the centres of the 


faces of C's’. We indicate how these points combine themselves by 
twos to extrimeties of edges, by threes to vertices of faces and by 
sixes to vertices of limiting octahedra, by indicating these octahedra 
in the diagrams 1 and 2. It is immediately clear that eight of these 


24 octahedra are polarly inseribed in the eight limiting cubes of Cr ; 
fig. 1 exhibits two opposite faces ABC, A’B’C’ of one of these 
octahedra, whilst fig. 2 shows two opposite faces ABC, A"B'C" of 


one of the sixteen remaining octahedra. Indeed the vertices of oy? 
divide themselves with respect to the space of a limiting cube of 


Cy, the central space parallel to it, and the space of the opposite 
limiting cube into three groups of 6,12,6 points and the central 
section is evidently the combination (12, 24,14) of cube and octa- 
hedron in equilibrium; from this can be deduced that the second 
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limiting octahedron of which ABC is a face has for opposite face 
‘one of the two faces of this combination parallel to ABC and then 
— it goes without saying — the triangular face differing in orientation 
from ABC. So we get indeed sixteen new octahedra, each of the 
eight triangular faces A” B"C" of the combination (12, 24, 14) procuring 
two of them. 

The projections given under the headings OF,,, OK,,, OF ,,, OR,, 
on plate I can be easily deduced from plate I of the second paper 
by means of the projections of the faces and limiting bodies of the 
including eightcell given there. By tracing the centres of all these 
faces and the octahedra polarly inscribed in all these limiting cubes we 
obtain the results tabulated in the four diagrams 3¢, 3°, 3¢, 3¢ of 
plate I, i.e. in the cases OH,,, OK,, only eight, in the cases OF,,, 
OR,, only sixteen of the 24 limiting octahedra. As the laws of reci- 
procity require that the arrangement of the 24 limiting octahedra 
into groups for the cases OF,,, OK,,, OF,,, OR,, corresponds to 
that of the 24 vertices for the cases OR,,, OF,,, OK,,, OE,, 
respectively, the obtained numbers (2, 4, 2), ete. of the octahedra 
can be completed to the really occurring numbers (6, 12, 6) added 
between brackets. Then from the projections of vertices and octahedra 
those of edges and faces are easily deduced. 


3. We now proceed to the consideration of the sections represented 


on plate II in parallel perspective; of these the sections of the oe 
have been derived from the tables of the plate I, whilst those ofthe 


enveloping CS have been taken from the second paper. 

This plate is divided by three heavy vertical lines into four parts 
successively concerned with sections normal to OF,,, to OK,,, to 
OF,,, to OR,,. Of these parts the third and the fourth are subdi- 
vided into two parts, in relation to the two possible positions of the 
circumscribed eightcell. 


Sections normal to OEF,, = OF.. 


If we restrict ourselves here to the sections of transition and the 
intermediate sections bisecting the distances between these, we have 
to deal with five cases corresponding to the fractions 0, 3° = 35 - 
As to the circumscribed Cs” we then find a rectangular parallelopi- 
pedon, the base of which is a square with side 2, whilst the height 


37 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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1 3 
is successively 0, a3 Ne ee 5V2: 2/2 and as to ou” we geta 


1 
point, a cube with edge a2 a cube with edge 2, a polyhedron 


(382, 48, 18) limited by 6 squares and 12 hexagons with two axes 
of symmetry — which may be characterized as a rhombic dodecahe- 
dron truncated at the octahedral vertices by the faces of a cube — 
and this semiregular polyhedron itself (24, 36, 14) with one kind of 
face, which is also called granatohedron *). 


Sections normal to OK,, = (2, 1, 1, 0) CG,. 


Here we have to distinguish two series of fractions, one related 
to the C,, itself, the other related to the box C,. The fractions 
; “ = ‘tag placed below on the right hand correspond to the 
2 8 8 
16°16" "" 16 
placed above at the left hand present themselves in the second case. 

In our second paper we have explained why the problem of the 
determination of the section of an eightcell loses one dimension in 
the case (2,1, 1,0) C, and all the sections are prisms with height 2, 
the bases of which are the sections of a cube with a series of parallel 
planes normal to the line connecting the origin with the point (2, 1, 1), 


seven sections in the first case, whilst the fractions 


1 
9? 1, 1 on the axis 


of coordinates. For the seven cases presenting themselves here fig. 4 
indicates the form of the bases; so it is not difficult to draw the 
prisms represented in the second column of plate II. As it is not 
quite so easy to deduce from the characteristics given on plate I 
the forms of the sections of C,,, the faces of these sections situated 
in the boundary of the prisms. have been determined independently 
by means of the. diagrams 54, 5’, 5° closely connected to fig. 4. If 
we suppose that OX,, OX,, OY,, OX, (fig. 4) ave the four edges of 
the eightcell concurring in © and that the intersecting space is brought 


i.e. of planes determining segments proportional to 


f 


, , mY 8) i ag ‘a 
_ |) Here too the vertices of the faces of the section of O84 visible in the limiting 


2 
faces of the section of oa” have been brought to the fore; the shaded faces passing 
into one another by a parallel translation of the intersecting space are shaded in 
the same way. 
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parallel to OX, through the seven sections of the cube, it is clear 
that this space will be cut by the space O(X, X, X,) in a plane 
parallel to the endplanes of the prism, by the two spaces (HX, X, X,) 
and O(X, X, X,) in planes parallel to the couples of parallel lateral 
faces of the middle section, by the space O(X, X, X,) in a plane 
not presenting itself in the middle section that — according to 
its position in our figures — may be called the face behind. 
We now try to find in each of these four spaces of coordinates _a 


‘plane normal to the indicated plane of intersection of that space 


with the intersecting space, on to which moreover the projection (of 
the limiting cube situated in that space of coordinates and the octa- 
hedron polarly inscribed in it is as simple as possible. So we get in 
OX, X, X,) the plane OLX, Y), in OLX, X, X,) the plane OLX, X,}, 
in OLX, X, X,) the plane O(X, X,), in OLX, , X,) the plane OLX, X;,). 
With omission of the case OLX, Y, X,) equal to that of OLX, X, X,) 
these projections are represented in the diagrams 5%, 5, 5¢ where 
the series of parallel intersecting planes are indicated by their 
parallel traces. For any position of the intersecting plane the required 
sections of the octahedra are easily found by means of these diagrams. 
So the section pgr of the octahedron in the lozenge os of fig. 5% is 
the hexagon of the endplanes and the section p’q’r’ of the octahe- 
dron in the rectangle o’r’ of fig. 5° is, the deltoid of the lateral faces, 
of the middle section, whilst the section p'g'r's’ of the octahedron 
in the rectangle o"?t’ furnishes to us the hexagon in the face behind of 
the section corresponding to the fractions “and it With the aid of 
the characteristics of the sections tabulated on plate I we then easily 
find how the visible faces of the section are to be completed to the 
total boundary of the polyhedron by means of faces situated within 
the prism. 
_ The form of the polyhedral sections of C,, obtained in this manner 
is rather complicated and therefore not easily described ; all the forms 
admit of two common characteristic features: they possess an axis 
with the period 3, in our figures the horizontal line MN, and four 
planes of symmetry, three through the axis and one normal to it. 
This axis M/N is no axis for the prismal section of the circumscribed 
C,, the middle section excepted; for this section it is an axis with 
the period 2 and in connection with this it becomes an axis with 
the period 6 for the middle section of C,, that admits of seven 
planes of symmetry. 

It is easily verified that the length of the axis MN within the 
seven different sections is successively 

37* 
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V2, 6 V2, 6 V2, 6: V2, 6 VY 2, 6 V2 and 22. 


Sections normal to OF,, = OK,,. 


To the five polyhedra presenting themselves here — see the first 
column of the third part of plate II — correspond below to the right 


the fractions_0, 


2 
—,..-+,—, above to the left the fractions —, 
8 8 12 


3 6 
5° ae 

Here too the problem of the determination of the section of the 
eightcell has lost one dimension, these sections being prisms with a 
height 2, the bases of which are sections of a cube, this time normal 
to a diagonal. Here too it is desirable to determine independently 
the_ faces of the sections of the inscribed C,, situated in the limiting 
faces of these prisms. To this end we have to revert to the diagrams 
5¢, 5°, 5° and to replace the series of parallel lines representing 
the traces of the intersecting planes normal to the planes of the 
diagrams made up in the supposition of the intersecting space (2,1,1,0) 
by those which are connected with the simpler supposition (1, 1, 1,0). As 
the new diagrams 5° and 5° become equal to one another, the new 
series of parallel lines have only been indicated — by dotted lines 
— in the diagrams 5¢ and 5’. So we find — entirely in the manner 
explained above — the section wvw of the octahedron in the equi- 
angular semiregular hexagon ¢x forming the end planes, the section 
t’u’v'w’ in the rectangle s’ x’ forming the three lateral faces of the 


5 
prismal section corresponding to the fraction ig? 8° we easily get 


— once more in the same manner as above — by means of the , 
data of plate II the total boundary of each of the five sections of C,,. 

The forms obtained in this way possess the same characteristic 
properties as* those of the preceding group, an axis J/N with the 
period 3 and four planes of symmetry for the excentric sections, an 
axis with the period 6 and seven planes of symmetry for the central 
section. We can only record this difference that here the line MN 
is an axis for the sections of the C,, and those of the circumscribed 
C, together, and that its length within the polyhedra always remains 2. 


Sections normal to OF ,, = (8,1, 1,1) CG. 


Here we find — see the second column of the third part of plate II 
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— the five sections of C,, already obtained, but enclosed now in 
parts of rhombohedra, regularly truncated at one of the axial vertices’), 
and — as far as the middle section is concerned — enclosed in an 
unmutilated rhombohedron. For these sections of the circumscribed 
eightcell one may compare plate II of our second paper. 

Here too the sections of C,, and C, correspond principally with 
one another with respect to axis and planes of symmetry. Only the 
plane bisecting the axis MN perpendicularly is not a plane of 
symmetry for the truncated rhombohedra and the axis maintains its 
period 3 for the unmutilated one. 


Sections normal to OR,, = OR,. 


In this simplest case partially mentioned above we find —— see the upper 
region of the fourth part of plate Il — corresponding successively 


2 
to the fractions 0, oe the octahedron, the semiregular polyhedron 


“A ’ 
(24, 36,14) with one kind of vertex, and the combination (12, 24, 14) 
of cube and octahedron in equilibrium, always enclosed in an 
invariable cube. 


Sections normal to OR,, = OE,,. 


Here the three sections once more must be characterized by pairs 


ae Ie 
of fractions, below to the right 0, Fe oy related to 2a above to 


3° = . related to C,. 

_ The three sections of €,, found above reappear here —- see the 
lower region of the fourth part of plate I1 — successively inscribed 
in a tetrahedron, a semiregular polyhedron (12, 18, 8) with one kind 
of vertex, and an octahedron, represented in their turn inscribed in 
cubes for the more simple deduction of the true measures. 


the left 


1) These rhombohedra bounded by lozenges with acute angles of 84°15'39" are 
represented in toto, the section with the truncating plane being indicated by 
heavy lines, 

In arranging the sections on plate Il I mistook the sections of the C, occurring 
here for cubes, though | myself had indicated their true nature in the second - 
paper. After having read the manuscript Mrs. A. Boote Srorr had the goodness 
to set me right as to the text; but the diagrams could no more be corrected. 
Happily the difference between these cubes and the slightly elongated cubes that 
should replace them is hardly perceptible. 
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4. From the two ways mentioned in the preceding paper leading 
to the knowledge of the threedimensional space-fillings generated by 
the intersection of the net (C,,) we choose here the more theoretical 
one, in which is deduced from the section of the intersecting space 
with a definite cell C,, how this space must affect the other cells’C,,. 
To this end we indicate in diagram 6 how the boxes C,@) filling 
twice the space Sp, project themselves on the chosen axes OF,,, 
OK,,, OF ,,, OR,,. Of the projections on the axes OF,, (2,1, 1,1) C,, 
OK,, OR,*) coinciding with the named ones the third case OK, 
distinguishes itself from the other by this that the centre of the 
eightcell (2,6, 6,2) does not project itself in the projection of a ver- 
tex; in connection with this each space-filling corresponding to OK, 
deviates from the general rule according to which the difference of 
the fractions corresponding to sections partaking in a selfsame space- 
filling is itself a fraction with numerator unity, the denominator of 
which is equal to the number of equal parts of the projection of an 


eightcell. So according to this rule this difference is 5 in the first 
1 
and the fourth case, 7 in the third case of the fig. 6, and it ewould 


l : 1 
have been 3 in the case of OK,, but 7s now only ms 


Now we have indicated in general which sections of C,, must 
generate together a space-filling we can proceed to the treatment of 
the individual cases; we shall then see that in any of these combi- 
nations of sections each face occurs twice in the same position, 
as the juxtaposition of the pieces requires. 


Space-fillings normal to OE,,. Here we have to deal successively 
Haan? 4 15 26 
with the combinations of fractions (0, 3) (ss) fais) so we find 
three space-fillings, that of granatohedra, that of granatohedro truncated 
at the six octahedral vertices and of small cubes, that of cubes with 
edges twice as long. 


Space-fillings normal to OK,,. Expressed in the fractions belonging 
C, here the combinations | 0 oe ai) (; ci ll ce 
ye” ee ee eee (% i 16’ 61)" \i6" ati Tee 
(~ 6 10 14 


i6'01' 16’ 3) present themselves; as no threedimensional section 
py 7) j 


1) In order to make the diagrams fit better on the plate, the order of succession 
is changed there by interchanging (2,1, 1,0), and OK,. 


Sn a ora 
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‘ 2 : ‘ . ; 
of C,, corresponds to 0, — these symbols, difference in orientation 


16°16 


; : 4 8 5:9 19 6 \. 
being disregarded, may be reduced to (5 16)’ \ 16°16’ 16)’ \ie)’ 
We now consider each of these cases separately. 


Case (5 a} In this space-filling the middle section (26, 42, 18) 
8 ES ee 
with the fraction 76 Occur. one orientation only, whilst the poly- 


4 ; 
hedron (11,18, 9) with the fraction v7 occurs in two different posi- 


tions passing into one another by a rotation of 180° about the axis 
MN with the period 3. In order to make this space-filling perfectly 
clear we project it successively on a plane normal to the common 
direction of the axes and on one of the axes. These projections can 
be found immediately, if we know how the ¢éomposing polyhedra are 
to be put in contact with each other. Therefore we indicate first 
that two polyhedra of different form in facial contact with each 
other have always a deltoid in common, whilst this contact can be 
realized for two polyhedra (11,18,9) by a lozenge only, for two 
polyhedra (26,42,18) by a hexagon only; this is clear if we bear 
in mind that all the axes MN are parallel. 

The projection of the space-filling on to a plane normal to the 
axes MN may be regarded as the superposition to one another of 
two wellknown plane-fillings (fig. 7°), that of regular hexagons and 
that of equilateral triangles, the vertices of the polygons of the one 
being the centres of the polygons of the other and vice versa. If 
this space-filling is cut by a plane bisecting an axis MN normally 
the result is the plane-filling by triangles or that by hexagons accord- 
ing as that axis belongs to the form (11, 18, 9) or to the form 
(26, 42, 18). 

The projection of the space-filling on to an axis is given in fig. 8¢ 
in two layers of which the upper one is related to the axes of the 
central section, the one below to the axes of the polyhedra (11, 18, 9). 
The axes MN of the first group with the length 2)2 fill the whole 
line, whilst the axes M’N’ of the second group with the length 


4 
32 leave parts of the line uncovered. On one axis of both 


groups the projections of the vertices of the polyhedron have been 


indicated, on MN the points A, B, C, D, on M’N’ the points 


( 552 ) 
A’, B’, C’; of these C, D, N coincide respectively with N’, A’, B’). 
eee ee 
peave ee Sees : , ) ‘ 
Case Cars: Each of the three forms (14, 21, 9), (26, 39, 15), 
7 


3 
(32, 48,18) with the fractions 16°16’ 16 ous in two oppositely orien- 


tated positions. The shape of the faces proves that two polyhedra (=) 
in contact must have an isosceles trapezium in common and two 
polyhedra (=) a hexagon of the equatorial belt, whilst the required 
parallelism of all the axes WN only allows the possibility of two 
polyhedra (a) having a hexagon, and two polyhedra & having 
a hexagon of the equatorial belt in common. Moreover the contact 


5 7 
of a polyhedron e and a polyhedron (5) must find place in 


3 7 
an equatorial hexagon, that of the forms (=) and (=) in a deltoid, 


3 5 
whilst the forms =) and ( 4) may be in contact by a hexagon. 


From all this may be easily deduced that the projection of the 
space-filling on a plane normal to the axes (fig. 7°) consists in the 
superposition of two plane-fillings, of which the one brought to the 


3 
fore here contains equatorial sections of the polyhedra (Fa) and 


5 
(=) whilst the more regular one of hexagons, the vertices of 
which coincide with the centres of the polygons of the former, is 


built up of equatorial sections of the polyhedron ra} This proves 
3 
at the same time that no two polyhedra (35) are in facial contact, 


5 
neither that two polyhedra (=) have a hexagon in common. 


The projection on an axis is represented in fig. 8 in three layers, 


7 5 3 
successively related to the polyhedra (5) (<)> (aa): In none 
of the three layers do these axes cover the line of projection entirely. 


In the manner explained above have been indicated on MN the 
projections A, B,...,H, on M'N’ the projections A’, B’,..., F’, 
1) These points have been indicated by the same letters on the polyhedra 
8 1] 
corresponding to 16 and 16 the second part of plate Il; but here the dashes 


have been omitted, 
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on M’’N’’ the projections A’’, B’’,..., D’’ of vertices; here the 
pairs and triples (2, M’), (, MM’), (G; A’; A’), (4, B’, BY), (NLC) 
coincide. 


Case (a) In this ease of the unique polyhedron (14, 24, 12) 


occurring in two opposite orientations, bounded by an equatorial belt 
of six isosceles trapezia and two polar regions of triples of lozenges, 
the contact of the polyhedra takes place either by an isosceles 
trapezium or by a lozenge. 

The projection on a plane normal to the axes consists in the 
plane-filling of regular hexagons, each of these hexagons divided in 
the same way into three lozenges. 

The projection on an axis (fig 8°) consists of two layers; all axes 
MN, M’N’ have the same length. By the projections A, B, C, D 
of the vertices each axis is divided into five equal parts; the last 
two segments CD, DN of MN cover the first two segments J’A’, 
A’B’ of M’N’. 

If we consider the portion of the space-filling situated between the 
two planes normal to the plane of the diagram (fig. 8) according to 
a and 6 and if we imagine that the halves of the polyhedra (14, 24, 12) 
lying between these planes are hollow, we have before us a figure 
in space, imitating very nearly the shape of the honey-comb of the 
beehive. Indeed a space-filling, the polyhedra of which-really are 
double beecells has been described by A. ANDrxErNI'). But the space- 
filling derived here from fourdimensional space does not characterize 
itself by the known minimum property of the beecell; it is rather 
closely connected with the space-filling by granatohedra. If we divide 
a granatohedron in two equal halves by a plane normal to a diagonal 
and rotate one of the halves an angle of 180° about that diagonal, 
we generate a polyhedron also limited by six isosceles trapezia and 
six lozenges, but the trapezia have another shape. 

Space-jillings normal to OF,,. Expressed in the fractions belonging 
to the sections of C, we have to deal here with the two combinations 


pa 4 10 ‘3 Rae 
Bia yan: eee ae Ga) which may be reduced to 


ee ce. 
is) wa (is 


1) In Anpreini’s memoir “‘Sulle reti di poliedri regolari e semiregolari e sulle 
corrispondenti reti correlative” (Memorie della Societa italiana delle Scienze, 
series 3, vlume 14, p. 75—129, 1905) the three dodecahedra filling space are 
treated in the paragraphs 76, 77, 87. For the rest my study has nothing of any 
importance in common with his work, which is nicely illustrated by stereoscopic 
views of threedimensional space-fillings. 
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4-8 
Case @& a) Of the two polyhedra (12, 21,11), (18, 30, 14) 


4 6 
corresponding to (5) ; (33) only the first one occurs in two opposite 


orientations. The facial contact of two forms (12, 21,11) takes place 
by a triangle, that of two forms (18, 30,14) by a hexegon and that 
of two polyhedra of different shape by a trapezium. 

The projection on a _ plane normal to the axes is ropredanied in 
fig. 9°. In the three shaded hexagons ABCDEF one recognizes 


6 
immediately the upper planes of three central sections =) and in 
LMN the base, in F,E,B,A,D,C, the equatorial section of the body 

4 | 
(Ge) lying between, ete. 


3. (Ob 
Case (5 ; 5): Here both forms (18, 27,41) and (380, 45,17) 


occur in two different orientations. Two polyhedra (18, 27,11) of 
the same orientation have no face in common, two polyhedra 
(18, 27,11) of different orientation in contact have a hexagon in 
common, so as to make their axes one another's production. Contact 
of two polyhedra (380,45,17) takes place either by a semiregular 
hexagon or by a hexagon with two axes of symmetry in a plane 
inclined with respect to the axes, according as the two polyhedra 
correspond or differ in orientation. Contact by a hexagon with two 
axes situated in a plane parallel to the axes JN takes place between 
two polyhedra of different shape. 

The projection of the space-filling normal to the axes MN is 
represented in fig. 9’. In the three shaded semiregular hexagons drawn 


ch oe Oa 
in toto one recognizes easily the three upper planes of the section 7am 


the other shaded parts of the figure portions of lower planes of 


se , VES 
the section (=) in opposite orientation, in the two larger semiregular 


12 


hexagons partially covering one another in the centre of the figure 


38 
equatorial sections of the form (; 5) for which the thickness, i. e. 
the segment on the axis lying within the polyhedron, is half as 
5 
large as that of (5) ete. 


Space-jillings normal to OR,,. Finally we get here two known 
space-fillings, that of octahedra and combinations of cube and octa- 
hedron in equilibriam, and that of the body (24, 36,14) of Lord 
KELVIN, 
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Geophysics. — “On the duration of showers at Batavia.” By 
Dr. J. P. vAN DER STOK. 


Since January 1st 1866 hourly observations of different meteoro- 
logical quantities have been made at the Batavia Observatory and 
also of the rainfall so that, at present, a series of 40 years is available 
comprising some 25000 rainy hours distributed over about 8200 
showers. 

In less favourable climates it is not practicable to have such 
observations made continuously night and day and, as self-registering 
instruments are subject to frequent interruptions, this series may be 
regarded as a unique material for investigation. 

The purpose of this inquiry is to investigate the distribution of 
showers of variable duration in different seasons, and to apply to 
these frequencies suitable frequency-formulae. 

A rainy hour is defined as every hour during which rain fell, if 
it were only 0.1 m.m.; the duration of a shower is defined as the 
number of subsequent hours in which rain was observed: e.g. by 
a shower of 10 hours’ duration we do not assume incessant rain 
during this period, but that no hour has passed without some rain 
having fallen. 

As during the first decade no observations were made on Sundays, 
the total amount of hours e.g. for January is not equal to: 


40.31.24 — 29760 
but to: | (40.31—44) 24 — 28704. 


The results of this inquiry have been summarized in Table I. 

Average values of quantities so divergent and intermittent as 
rainfall are hardly sufficient to.convey an adequate idea of the way 
in which this phenomenon affects the climate and it is questionable 
whether excessive quantities or durations are to be included in the 
computation, because even the mean values deduced from a long 
series of observations may be affected to an important degree by 
one shower and thus the meaning which we attach to averages, 
loses its value. 

Consequently the frequencies given in Table II give not only a 
more complete, but also a more accurate idea of this climatological 
factor than the average values of Table I. 

From this summary it appears that in April, almost suddenly, the 
condition of rainfall shows an alteration such, that the probability 
of showers of long duration is considerably reduced; in the next 
months this probability again increases whilst in August the distribution 
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TABLE I. Showers at Batavia, 1866—1905, 


Number Percent. 


hisses of Mean dur. Mean numb. 


ous Rane fae [owes home | tga 
Saas 08705 | 4456 | 15.5° | 4367 3.98 | 44 
February 26136 | 43965175 | 1951 3.65 | 4.45 
March...... 28680 026 10.5 | — 939 3.22 | 0.79 
April....... 27792 | 1704 gal | ees ie ey Mise een WY 
May......:. | 98680 | M38 | 4.0 | 498 2.66 0.36 
June, |. :sees 1 27768 | 4222 | 4.4 | 405 3.02 0.34 
SJaly. fi.3 22. | 98798 | 024 | 8.2 | . 3M 2.74 0.28 
Augustus... 28680 16 | 4.8 | 219 9.43 | 0.48 
September... 27768 | 897 | 38 324 2.77 | 0.98 
October ....) 93704 | 129 | 4.2 | 480 2.54 0.49 
November ..| 27768 | 2039 | 7.3 | 709 2.88 0.61 
December... 28704 | 3372 | 41.7. | 4074 es 0.90 
Year........ 338112 | 25078 «7.42 | 8190 3.06 | 0.58 

| | 


shows some resemblance to that of April. The phenomenon of rain- 
fall, therefore, is subject to an annual variation consisting of a single 
period as shewn by the percentage of the showers and a semi-annual 
period with minima in April and August. Further it appears from 
Table II that showers of 24 consecutive hours rarely occur (14 
cases in 8190), but that, although very rarely, showers of 100, 109 
and even of 147 hours have been observed in February and March. 


2. Besides the numerical representation as given in Table II, also 
an analytical representation is of some importance as, in the constants 
calculated, peculiarities of the curve of distribution often occur which 
appear neither in the numerical, nor in a graphic representation and, 
at the same time, these constants can be considered as a quantitative 
measure of these peculiarities. 

In treating frequencies of this kind, the number of constants to 
be used must remain restricted to a few, as every constant necessitates 
the computation of an average of higher order and constants based 
on high moments will, in this case, be practically idle. 

It seems, therefore, desirable not to introduce more than two 


8 ee a 
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TABLE Il. 
Frequencies of duration of showers at Batavia, 1866—1905, 


in || Jan. Febr. gat hee. May June July | Aug. Sept. Oct. | Nov. Dec. 
hours | 

447 | 357 | 277 | 290 | 137 | 412 | 415 | 80! 89 | 152 | 221 | 316 
2 || 304 | 263 | 954 | 185 | 121 | 145 | 89) 55 96 | 154 | 193 | 273 
3 || we | 203 | 138} 140! 71 | 55} 62) 36] 65) 86 | 126 | 175 
4 1430 | 196} 89) 59| 38) 46] 26/ 16] 32] 30] 52) 41 
5 || st| 77| 89) 48) 26| $3] 43; 40} 42} 27} 33) 64 
6 | 54 | 60| 45] 17/ 40/ 44/| 13} 7| 44) 43 | 34) 89. 
7 || ot| 43| 93| 44) 42| 9] 7] 4] 6] 10} 12] 2 
9 93) 99| 48) 42) 61° 7) 40! 3) 5} —| 18) 90 
Oo 471: Ml Ae) Ree 6 St Sr -St et] Ol 44 
1 Ae SO Sa SS at be a] et 8] 8 
oo 4 ae BS ere ee ee OT OBO 
12 re Wes cd Wadey Ge eet TA TS i iy On! Ra Be oe eo ae | 
13 OE Owe eee a eee Se ee 
14 6 Bek rR ieee eee Dots beet ET hae 
A Ce ad eat tee) pee eed ten) Skt oe 1 Be 8 
16 a ee pat eee he ech easp aes to fae tS 
47 Pita diag te es Bae ee ene ees es ee 
Eh le tT ce ee Wma: tio See fae [ment eee | eet 
19 bee et eed. ate Pe Pay ee Pe 4 
20 Op Eee of Og oS ES RS ee Ce Geng ees mo eee | 
Sg aay fag Beas eee eee te a oie ee aa en a 
29 —} —}| 4; —| —/| --}| —| —}| -—| —| —] - 
2 | —| —| —| —| —| —]|.—|-—-| —| —| 144 - 
24 RecA Pei apees |. Toma, BSS am Ey pe i Sa ALE: sins fs bem =A watts 

25 Se dt BOE a Oe, ee Ee ane eee 
Bete | ope hea el eb el | i] 8 
ee eae et ee fe 
. SA ee RR eR a a SEL Cae ae pe ee ee en 
e 9 a} | Se eee ae SH] —] | | 
> 30 ley CRM eS Sl ES ae piles GR aed Ae a 
| 31 Re tae eee (eS Sh eS Le el RS <a es a ee | ‘Bs pts 
ie i fa ed es es oe en 
33 4{/ —} —}| —} —!}| —|}| —}| —}] — | 2S) age Ed vee 
i too 4 | ee | —}; -| -| — - ti peels awe 
109 || - Geeta ne aR eg eS ee coe Jer 


Pee Pe a eh ee re a 


480 709 4071 


Total |1367 1951 | 939 | 664 | 498 | 405 | 341 | 219 | 324 


oer 


( 558 ) 


constants in the formulae, so that no average values higher than those 
of the second order need to be calculated and, as the phenomenon 
presents an annual and a semi-annual variation, it is reasonable to 
expect that this number will be sufficient to arrive at a suitable 
expression for the law of distribution. 

Then, in the first place, the frequency-formula known as Type III 
of Prof. Prarson’s formulae finds an application. 

As the quantities under consideration are rainy hours, with the 
exclusion of hours in which no rain has fallen, the funetion must 
vanish for «=O if we take the duration zero for origin of coordinates, 
then for increasing values of z the function will rapidly rise to a 
maximum-vValue and decrease in a continuous way without any 
definite limit. 

In this case Prarson’s Type III assumes the form: 

a Baad tari ne eta cae Im C 

If we put 

Mt — 2 


the expression for the mean of the nt order becomes : 


TT @ 
kn = en fo zPtn dz. 
0 
and 
Se UP (p+) 
“=—Z] e—? zP dz = ——_--— = 1 


from which we find for the determination of the two constants m 
and p the expressions: 


et phil ae ee Sn! me 


% being defined so that the area of the curve becomes equal to unity, 
this quantity must not be regarded as a characteristic of the curve. 

Applying these formulae to the frequencies of Table II, we find 
the values given in Table III. 

In computing the means it is to be noted that the duration of a 
shower of say 3 hours is not to be regarded as a duration between 
2.5 and 3.5 hours, but as a mean duration of 2.5 hours, because 
any duration beyond 3 hours would transfer the quantity into the 
4 hours group. Further it must be noted that for February and 
March the excessive durations of 100 and more hours have been 
excluded from the calculation, 


ft 


TABLE Ill. Constants of PeEarson’s formula, 
Type Ill. 


BI | m | p 
January — 0.3249 0.357 | 0.163 
February 0.3073 0.365 | 0.273 
March 0.3483 0.408 0,997 
April | 0.6441 0.854 1.194 
May | 0.5575 | 0.734 0.944 
June 0.3021 0.486 | 0.466 
July 0.4863 (0.600 | 0.625 
August 0.6829 0.832 4.022 
September 0.5044 0.677 0.876 
October (0.5443 | 0.648 0.646 


December | 0.3344 | 0.350 0.431 


| 
November 9.4129 0.494 0.413 
eed 
3. In the second place we have to consider the formula in series 
form given by the author in a former publication ') for the case 
that the function must vanish for «= 0: 
See es ee eee ne (8) 
and, if the mean of the nt" order is represented by: 


Hn = | ua dx 
0 


' fn Un—-1 


= mo Hn—2 (—1y" 
"O(n + Vint 1 In(n—1)! 


2in—1)(n—2)! nn 


+ (4) 

We may now introduce a suitable alteration of the scale value 
<y multiplying form. (3) by the factor and further writing 
every."here zh for xv and wh” for tn. 


A’, =u, = 1 
ha Bh uh at 1 
‘SAP . 2 

A' By uh 1 


1) These proceedings Vol X (799—817). 
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As by the use of these formulae the function and its integral assume 
rather large and the A-coefficients small values, it is desirable to 
divide the function by (zn -++1)/ and to multiply the A-coefficients 
with the same factor, then: 

a= A; Wat 
An == Ag (n+ 1)/ 
(n+1)! Uni = Wri 


Bim 
A, aes A—2 : 
_ ht 3y,h 
aS Sa Vi a 
a uh? duh? Gu ,h 
A, = 3) —_ 2) 1! — 4 etc. 
The constant 4 may then be determined by putting: 
A, =0 
from which ; 
2 
k= — 
fy 
and 
2 2 3 
4, i Ag = Mee 
(, Uy, 


TABLE IV. Constants of the series-formula. 


Cee 
January | 0.613 0.7206 
February 0.573 0.5714 
March 0.651 0.6292 
April 0.778 |—0.0893 
May 0.752 | 0.0297 
June 0,662 0.3640 
July 0.738 0, 2304 
August 0.823 |—0.0119 
September 0,722 0.0652 
October 0.787 | 0.2154 . 
November 0.694 0.4448 
December 0.635 0.7669 


ee ee ee 


re ee ee 
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Table IV exhibits the values of the constants 4 and A, as 
calculated by means of these formulae. 

Either formula gives a. good image of the characteristic differences 
of the curve in the course of the year, viz. the sudden transition 
in April, the congruity between the curves for April and August 
and the single and double annual variations in the phenomenon. 

If we define as normal the curve obtained by putting p= 1 in 
Prarson’s formula and A, =O in the series-formula, both formulae 
assume the form: 

u = Ae—th x 


and. we see from Tables III and IV that in the East-monsoon the 


curve approaches the normal form; in April, May, August and 
September its shape is almost fully normal, but in June and July 
the curve clearly shows considerable deviations from this simple type. 

Peculiarities of this kind are not perceptible in the rainfall during 
these months at Batavia, but in some other places, more directly 
exposed to the influence of the South-East-monsoon as Tyilatjap, a 
rather large increase of rainfall obtains after April, thus giving rise 
to a secondary maximum. In the West-monsoon the deviations from 
the normal type are greatest. 


4. Owing to the rather large irreguiarities in the data, the 
monthly frequencies as given in Table II are not very suitable to 


‘serve as material for putting frequency-formulae to the test of a 
* comparison between observed and calculated aggregate values; for 


this purpose, therefore, all frequencies for the period April to 
November have been taken together and reduced to a total of 1000. 
(Table V). 

In the last column of this Table frequencies are given between 
the limits « and 0, which frequencies are to be compared to the 
corresponding values calculated from the formula: 


o- (xe 
0 


For the constants of the formulae we find: 


h = 0.9141 U — 0.5366 
A, = 0.6429 m = 0.5576 
p = 0.2222 
The integration of the series-formulae between the limits z and 


38 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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TABLE V. 
Frequencies of duration of 
showers, April —November. 


Bap in BET il Il 
4 | 4496 | 36 | 316 
2 | 1008 | 2983 | 599 
3 | eu | 172 | .774 
A 299 84 | 855 
5 197 55 | 910 
6 119 34 | 944 
7 Th a1 | 965 
8 56 46 | 984 
9 97 8 L 989 
40 42 3 | 992 
M4 43 4 | 996 
12 4 1 | 997 
43 5 4 | 998 
44 5 1 | 999 
15 3 4 | 4000 
16 ake 
7 (|< 4 
48 Rei 
49 pe 
2% ed 
21 = 
99 1 
9:4 

Total | 3562 | 1000 


o offers no difficulties; from the differential equation of the w 
function it follows that: 


a* et l- dle 


zx 
jolt = " Ps ees ik Madina f, 
oats Jere de (nfl)! ‘on de 
0 
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Introducing the factor 1 we find : 
B,=1—(1 + ah) 


eth? 
eh h 
D : G— - 3) e+ 
a*h?® 
B,=-- 3] eth — B, 
th? 
B,=— 7; eh 3B, — B, ete. 


Values of these integrals are given in Table VIII and. corre- 
sponding values of the function in Table VII. The figure shows how 
a frequency-curve (full line), as represented by the wp functions, is 
constructed out of ifs components (broken line) for the case that 
both 4 and A, are equal to unity, which does not differ much from 
the conditions which obtain at Batavia during the dry season. 


‘ 


0454 


(30 


osq} 


The integration between fixed limits of formula (1), Type III, is 
very laborious; substituting : 
mMem=Z 
we find by development : 
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Owing to its feeble convergency, this expression is of no practical 
use for values of z greater than 3. 

In Scuiémitcn’s Compendium, 2te Aufl. p. 261 in the chapter 
“Unvollstandige Gammafunctionen” the way is indicated to trans- 
form this expression into a much stronger converging series: 


= | 
Ae—z 
1 f em oe de = 1 — w— 2 hy 2 +} - — ete. 
mp1 2 +1 (#+1)(@+2) 
0 : 
where, in our case, 4=1—p=0.7778 and 
a, = A= 0.7778 a, = 4? + a= 1.2484 
a, = 2% — 0 6050 a, = 44 4+ 4a? — 2 = 2.0082 


a, = 2° + 102? — 52? + 82 = 8.1881. 


The results of this investigation are summarized in Table VI. 


TABLE VI. 
Calc. series Calc. pseeils 
Observ. Calc. 
A,B, | AB, | Tota || ‘Ye “Series | Type Ill 
1 316 232.7 74.9 | 307.6 321.9 8 — 6 
2 599 545.4 67.5 | 612.9 581.3 | + —44 18 
3 771 758.9 13.4 | 772.3 746.5 | —4 24 
4 855 879.7 | —24.3 | 955.4 848.2 | 0 7 
ty 0 941.0 | —36.4 | 904.6 909.8 | 5 0 
6 44 973.1 | —33.2 | 939.9 046.7 | 4 ~~ 
7 965 987.7 | —24.8 | 962.9 968.6 | 2 4 
8 984 994.5 | —16.5 | 978.0 981.6 3 —_4 
9 989 997.5 | —10.4 | 987.4 989.2 2 0 
10 992 998.9 | —5.9 | 993.0 993.7 —4 —- 
11 996 || 999.5 | —3.3 | 996.2 996.3 | 0 0 
12 997 900.8 | —4.8 | 998.0 || 007.9 || ~—4 —1 
13 8 | 999.9 | — 0.93 | 999.0 | 098.8 | —4 —1 
14 goo 999. 96 | — 0,48 | 999.48 | 999.28 | 0 0 
15 1000 | 999,98 | — 0.2% | 900.74 | 999.58 0 0 
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Values of the function y,+.- 


TABLE VII. 
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TABLE VII (continued). 


> n=0 na>1 n= 92 n=3 n=4 
5.0 0.033 0.0506 0.0056 —0.0266 0.0126 
54 0.0314 0.0482 0.0073 —0.0257 0.0106 
5.2 0.0287 0.0459 0.0088 —0.0247 0.0086 
5.3 0.0265 0.0437 0.0104 —0.0236 0.0067 
5.4 0.0244 0.0415 0.0142 —0.0224 0.0049 
5.5 0.0225 0.0393 0.0192  —0.0212 0.0933 
5.6 0.0207 0.0373 0.0130 | —0.0199 0.0018 
5.7 0.01% 0.0353 0.0136 — 0.0187 0.0004 
5.8 | 0.0176 0.0334 0.0142 —0.0174 —0.0009 
5.9 0.0162 0.0345 0.0146 —0.0161 — 0.0020 
6.0 0.0149 (0.0298 0.0149 — 0.0149 — 0.0030 
6.5 | 0.0098 0.0220 0.0151 —0,0091 —0 00%3 
7.0 | 0.0064 0.0160 0.0138 —0.0045 —0.0074 
7.5 0.0042 0.0144 0.0449 — 0.0012 —0.0070 
8.0 0.0027 0.0084 0.008 0.0008 —0.0059 
8.5 | ‘0.0017 0.0056 0.0079 | 0.0022 | —0.0045 
9.0 0.0014 0.0039 | 0.0061 | 0.0026 —0.0031 
95 0.0007 00027 0.0047, 0.0027 —0 0020 
10.0 0.0005 0.0018 0.0035 ; 0.0026 —0.0014 
10.5 0.0003 0.0012 0.0026 | 0.0023 —0.0004 
41.0 0.0002 0.0008 0.00149 0.0019 0.0000 
44.5 0.000 0.0006 0.0013 0.0016 0.0008 
42.0 | 0.0001 0.0004 0.0010 0.0M3 0.0004 
425 0.0000 0.0002 0.0007 0.0010 0.0005 
13.0 rant 0.0002 0.0005 0.0008 0.0005 
13.5 oo 0.0001 0.0003 0.0006 0.0004 
140 bail 0.0004 0.0002 0.0004 0.0004 
14.5 — 0.0001 0.00L2 0.0003 0.0008 
15.0 ae (0.0000 0.0004 0 0002 0.0003 
15.5 <t ee 0.0001 0.0002 0.0002 
16.0 _ 0.0004 0.0001 0.0602 
16.5 ra Btn 0.0000 0.0001 0.0001 
47.0 te vo ahi 0.0001 0.0001 
47.5 sib Ra es ().0000 0.0001 
18.0 col ne Es a 0.0004 
18.5 bes we as te 0.0000 
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TABLE VIII (continued). 


| j | 
Ea n=O. “| n=1 n= 2 n=3 n=4 

| 

| | | 
5.0 | 0.9596 | —0.0812  —0.0562 | 0.0214 0.0140 
5.4 | 0.9598 | —0.0793 | —0.0555 | 0.0184 0.0151 
5.2 | 0.9658 | —0.0746 | —0.0547 0.0159 0.0162 
5.3 | 0.9686 | —0.0701 | —0.0538 0.0135 (0169 
5.4 | 0.9744 | —0.0659 | —0.0597 0.0142 0.0175 
5.5 | 0.9734 | —0.06¢18 | —0.0515 0.0090 0.0179 
5.6 | 0.9756 | —0.0580 | —0.0503 0.0070 0.0182 
5-7 | 0.9776 | —0.0544, | —0.0489 0.0050 0.0188 
5.8 | 0.9794 | —0.0509 | —0.0475 0.0032 0.0182 
5.9 | 0.9811 | —0.0477 | —0.0464 0 0016 0.0184 
6.0 | 0.9897 | —0.0446 | —0.0446 0.0000 0.0178" 
6.5 | 0.9887 | —0.0318 | —0.0371 | —0.0060 0 0154 
7.0 | 0.9997 | —0.0293 | —0.0298  —0.0093 0.0149 
7.5 | 0.9953 | —o0 0136 | —0.0233 | —0.0107 0.0083 
8.0 | 0.9970 | —0.0107 | —0.0179 | —0.0107 0.0050 
8.5 | 0.9981 | —0.0074 | —0.0135 | —0.0100 0.0024 
9.0 | 0.9988 | —0.0050 | —0.0100 | —0,0088 0.0003 
9°5 | 0.9992 | —0.0024 | —0.0073 | —0.0074 | —0.0008 
10.0 | 0.9995 | —0.0023 | —0.0053 | —0.0061 | —0.0015 
10.5 | 0.9997 | —0.0015 | —0.00388 | —0.0048 | —0.0049 
44.0 | 0.9998 | —0.0010 | —0.0027 | —0.0038 | —0.0020 
414.5 | 0.9999 | —0.0007 | —0.0019 | —0 0029 | —0.0019 
42.0 | 0.9999 | —0.0004 | —0.0013 | —0.0022 | —0.0017 
12.5 | 1.0000 | —0.0003 | —06.0009 | —0.0017 | —0.0015 
13.0 ies —0.0002 | —0.0006 | —0.0012 | —0.0012 , 
13.5 es —0.0001 | —0.0004 | —0.0009 | —0.0040 
14.0 ie —0.0001 | —0.0008 | —0.0007 | —0.0008 
vy OS 2 eaeag —0.0001 | —0.0002 | —0.0005 | —0.0007 
mou | 0.0000 | —0.0001 | —0.0003 | —0.0005 
wei se —0.0001 | —0.0002 | —0.0004 
1D = —0.00% | —0.0002 | —0.0003 
165 40 oie 0.0000 | —0.0001 | —0.0002 
17.0 i aS cae —0.0001 | —0.0002 
OP Be. a —0.0001 | —0.0001 
18.0 on as a3 0.0000 | —0.0004 
Te ae ee =a —0.0001 
1.0 ioe be i 0.0000 

Mathematics. — “On curves of order four with two flecnodal points 


or with two bifleenodal points.” By Prof. JAN pr Vrirs. 


’ 


1. The points of a binodal curve of order four, C,, are projected 
out of the two double points QO, and V0, by two pencils in corre- 
spondence (2, 2). 

So such a (, is determined by the relation 

Ag hl? +04, AI fg A a, A? a, Ape, AF Ay gt” +g Ay = 0, 
where 

A=a,:a, and p=@,!a,. 
According to a well-known property the eight singular rays (a) 
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are in four ways projective to the eight singular rays (f); conse- 
quently through QO, and QO, pass four conics bearing. each fom 
points of intersection of two tangents out of UV, and QO, and at the 
same time four points of intersection of rays out of O, and O, to 
the points of contact of those tangents (double-rays of the (2, 2)). 

If O,O, is a branchray for both pencils, one of the four conics 
degenerates, in which case C, has cusps in O, and O, (see my 
paper “On bicuspidal curves of order four’, Proceedings of the 
meeting of Dec. 24" 1908, Vol. IX, p. 499). 

We suppose that O,O, is conjugate as double-ray to the branch- 
rays O,O, and O,O,. The equation of correspondence must then 
furnish for 40 and for «=O the equations 4? = o and 2? = @; 
nence’ a. = 0; a,, = 0). a, = Oa 0. 

The equation of C, can now be written in the form 

w,*a,7 + 22,0,0, (b,¢, + ba, + b,2,) + 2,4 — 0. 

In each of the two double points one of the branches has an 
inflectional point; the corresponding tangents are w, = 0 and «, = 0. 

Out of each of the two jlecnodal points three more tangents can 
be drawn to C,. They are represented by 

b,?a,*° + 26,b,2,?@, + (b6,7—1) «,a,* — 2b,2,* — 0, 
b,*a,*° + 26,b,7,°x, + (b,*—1) wa,’ — 2b,2,° = 0. 

By eliminating «,’ we find 
(6,°a,° Migs b,°«,’) m2 2b, (6,°2,*° — b,*x,*) of (6,*—1) a," (6,2,— 6,@,) == 0: 

So on the right line 6,7, = 6,2, lie three points of intersection of 
the tangents out of O, with the tangents out of O,. We shall indi- 
cate it by h. 

It is evident that these three points and the point 0, are the 
branchpoints for the.two collocal series of points in correspondence 
(2,2), determined by the pencils (O,) and (Q,) on the line h. So 
according to a well-known property this (2,2) is involutory. 

Indeed, we find out of 

AP? +26, Mw +2b,Au*+2b,4n+1=—0 
and 
bd beat, 


that the (2,2) is indicated on A by the symmetric relation 


B® a? el? + 2b, 6? (ww + wu) + 26, bb, uw’ + 6,7 =0 
between the rays projecting it out of O,. 


2. If QQ’ is a pair of the involutory (2,2) on A, then the points 
P, =(0,0, 0,0) and P,=(0,Q', OQ lie on C,. The line rt. 
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intersects O,O, in a point H, separated harmonically by the line h 
from 0, and 0,. 

So the pairs of points P,, ?, form on C, a fundamental mvolution 
F,, of which each ray through H contains two pairs. 

The coincidences of /, are the points of contact of the tangents 
out of H(y, = 6,, y, =— b,, y; = 90). The polar curve of H has as 
equation | 

(b, v7, — b, w,) (@, e, + a, bz) = 0, 
so it consists of the line A and the conic 
v, + a, by = 0. 
The points of intersection of this conie with C,, 
via +24, #, 2, by + 2,4 = 0, 
lie on 2,7? =O and on w,? = 2,’. 
By combining 
Og == i ay 
with the equation of C, we find (w,«, + .,*)? =0. So H is the 
point of intersection of two double tangents. 

The points of contact of these double tangents forming two pairs 
of F, and being generated by the conics a,v7, + x,° = 0, the sup- 
position is at hand that #, can also be determined by means of the 
pencil of conics 

&, @, =u @,*! 

Indeed, the movable points of intersection of these conics with C, 
lie on the rays : 
(1 + @’)¢,+205,=— 0, 

passing through H, whilst the line A, 
b, @, = b, a,, 

is the polar of H with respect to each conic 
@,@,=@2,’. 

Resuming we can say: 

Of a C, with two flecnodal points O, and O, two double tangents 
meet on the connecting line O,O, of the double points. The points 
of contact of the four tangents which it is possible still to draw out 
of their point of intersection to C, lie on a right line, which contains 
moreover three points of intersection of the tangents 1,,8,,t, out of 
O, with the tangents r,,8,,t, out of O, and the point of intersection 
of the inflectional tangents f, and f, in O, and O,. 


3. From (/, 7, 8,4) =(/,7, 5,4) follows 
CA, 15 1b) rg Fa te 85) = Ot Ms) = r, J): 
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By this three conics 9,,6,,7, through O, and O, are determined 
containing in succession the quadruplets of points 
CG ’ gre ’ 8,t, Ad £18, ; 
Fits > Mites 2 Bits 1 thy 
Sits + 8 + %%; » &Ff,-’) 
On these too the pencils (O,) and (0,) arranged in (2, 2) determine 
involutory (2,2), which then again are connected with /undamentat 
involutions on C,. The pairs of such an involution lie on rays through 
the pole R,S, 7’ of O,O, with respect to the corresponding conic 
0,,9,,T,. This pole is the point of intersection of two double tangents ; 
F this follows amongst others from the fact, that the point of contact 
P. of each tangent of the C, drawn from # must lie on the conic e, 
i and must be a coincidence of the involutory (2,2); the number of 
. these tangents amounts thus to four, so that the remaining tangents 
out of R must coincide two by two in two double tangents. ° 
For further particulars about the properties which can be deduced 
f from these observations | refer to my paper mentioned above and to 
. the paper named in it published in “N. Archief voor Wiskunde, XIV.” 


4. We shall now suppose that O, and OU, are bijlecnodal points. Let 
us choose the point OU, in such a way, that the tangents in O, and 
in O, are separated harmonically by O,0,,0,0, any by 0,0,,0,0,, 
then the equation of C, has the form 


wa,” — a,*a,*x," —a,*a,*a,” + ba, 0,0,” + b,0,2,° + b,a,2,? + 4,4 = 
If O, and O, are to become biflecnodal points, then we shall every 
time have to find when substituting «, = + a,a, and x, = + a,a, 
that 2,‘ = 0. For this is necessary 6, + a,b, = 0 and b, + a,b, = 0, 
thus b, = 0, b, = 0 and 6, = 0°). 
So we have to deal with the ame 


@,°2,° — a,*x,°2,? — a,*a,%a,° + a,‘ = 0. 
If we write for this 
(z,° ne. *2,°) (w,? Ss Fa a,*w,*) + (c? ay a,*a,”) w,* = 0, 


and if we put moreover 

ae toe a, *a, - oe == f?, 
it is evident that C’, can be generated by the projective involutions 
of rays 


) The six points 1189, 8172, 8\t, 48, 472, 7fg lie on a conic; for, through 
17g, 882, lg passes the line h. 

*) We find moreover that C, cannot have at the same time a flecnodal point 
and a biflecnodal point. 
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Be ate a8 fa 
— A(#,?—a,’z,*)- 


In this C, thus a! quadrangles are described having all O, and O, 
as diagonal points. 


Py 
» 


The vertices of these quadrangles evidently form a fundamental 
involution F,. 


Out of 
w,*=( a,* + 4f) a@,’, 
4a,>=(4a,*— ff) 2;? 
we find for the diagonals of the quadrangle (4) the equation 
(Aa,? —f') w,? = (2a,2+22f) a,?. 
So all quadrangles have in Q, their third diagonal point. 


At the same time it is evident from this that we can build up the 


above mentioned /’, out of pairs of the fundamental F, of which 
each ray through QO, contains two pairs. 


If the two pairs coincide then the ray which bears them is a 
double tangent. 


The pairs on the ray #2, = oz, we find out of 


fl? + (a,2—a,%9") 4 + fo? = 0. 
Thus for a double tangent we have 


(2,°—a,’o’)? = 479°, 
or 


a,?0° + 2fo — a,* = 0. 


So O, is the point of intersection of four double tangents corre- 
sponding to 


a,*«," + 2fa,e, — a," = 0, 
or, what comes to the same, to 
a,’a," + 2ca,a, + a,7a,* = 0. 
The eight points of contact lie on a conic. 


For, the polar curve of O, degenerates into w, = 0 and the conic 


a,*a,* + a,*a,’ — 2c*a,* = 0, 


5. We shall show now that the remaining four double tangents are 


connected with two fundamental involutions of pairs which can be 
generated by conics. 


The curve C, can be generated by the projective pencils 


(7, — 4,#,) (#, — a,”,) = ofe,’, 


Q (#, + 4,0,) (w, + 4,0,) = — fa,’- 
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Evidently the two variable points of intersection of conjugate 
conics lie on the line 
20 (a,a, + a,2,) + (9? + I fv, = 9, 

passing through the point H, having as ‘coordinates (a,, — a,, 0). 

Each line 

a,a, ee a,x, +. 6fa, = 0 

bears two pairs of the fundamental involution which can be generated 
by each of the two pencils of conics; for we have 9? — 269 + 1=0. 

For @ = +1 these pairs coincide and we find the double tangents 

a,0, +.4,0, = fe, = 0. 
In a similar way the pencils 
(w, — a,@,) (v7, + 4,,) = Qfe,’, 
Q (a, + a, #5) (a, ‘i a,a,) rag — fa, 
determine a fundamental involution. which is also generated by the 
rays out of the point H, (a,,a,,0), through which at the same time 
the double tangents 
a,v, —a,a, + fa, = 0 

pass. 

The four double tangents form a quadrilateral having O,0,0, as 
diagonal triangle. 


6. The polar line of (a,, +a,,0) with respect to the conic 


(x, — 4,,) (w, + a,2,) = efa,’ 
is represented by 
4,0, = a,e, = 0. 

From this ensues that the pencils (H,) and (#/,) determine two 
involutory (2,2) on these two lines 4, and /,. Their branchpoints 
are generated by the nodal tangents and the tangents which can 
still be drawn out of O, and Q,. 

_ If we write the equation of C, in the form 
(w, 


it is evident that the lines 


7 — a,*2,*) a,’ — (a,?2,? — c*x,’) «,? — 0, 


6/4)? as ta)? 
touch it on wv, = 0. 
In an analogous way: the lines 
a,7a2,? a C2,” 
have their points of contact on #, = 0. 
And now we see directly that these two pairs of rays intersect 
eacb other on the lines A, and /,, 


a0, + ae, = 0, 
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which bear at the same time the points of intersection of the nodal 
tangents 
@,? = a,*2,? and #,* = a,*z,’. 
The remaining points of intersection of the two fourrays lie on 
the conic 
a,*a#,° + a,°x,? — (a,2a,* + ¢”) #,° = 0. 
This is immediately evident, if we eliminate out of the equations 
(a,7a,* — c*x,*) (a,? — a,’x,*) = 0, 
(a,?a,° — ca,*)(a,*? — a,?x,?) = 0 
the quantity z,'*. 

The coincidences on /, and h, here also originate from the tangents 
out of H, and H,. Indeed we find for the polar curves of H, and H, 
a,(v,2,° — a,°a,x,’) + a,(v,’?a, — a,?2,7,7) = 0, 

or ¢ 
(a,a, + aa.) (e,4, = .4,0,2,*) = 0. 
From this is evident at the same time that the conics 
&, 8, = a,a,2,* = 0 
generate the points of contact of the double tangents meeting in 
H, and #H,. 
By combining the equation 
2,7a,* — a,*a,’2,* = 0 
with the equation of C, we find that the eight points of contact 
of the four double tangents are situated on the conic 


a,*a,*? + a,°a,* = (a,%a,* + *) @,? 


7. The curvefof Hxssx is represented by 

(a,*2,°-+ a,?a,") w,2a,7 + {(8a,%a,*—6c’) w,°a,? — (a,°a,*+-a,7x,7)*} w,? + 
+ (a,?a,?—2c*) (a,*7,*+-a,*a,*) a4 + 2a,%a,? cw,° = 0. ; 

If we eliminate «,’," out of this equation and the equation of C,, 

‘ oP a,” or (4,7w,” 1 a,*w,*) a,” + o*a,* = 90, 
it is evident that the points which the two curves have in common 
besides V, and OU, are situated on the conic 
8 (a,*,* +- a,*a,*) = 20*a,*. 

The vight points of injlewion of a C, with two bifleenodal points are 
points of intersection with a conic. 

They lie two by two on four right lines through the point of 
intersection ,. of the four double, tangents of the first group. 

The polareurve 9, of the point (y) is represented by 


CY FY gy) gy yy” gy” ig (Ay g + 2" ge a," + 2c? v=. 
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As it is touched in O, and QO, by the lines 
F Yoqts —a*,y,t,= 90 and y,#, —4,"y,2,= 9, 
we find that 
Y Yok ly — 4, *Yol) Xgl, — Uy", Y yt, 2, + Cy,*x,” = 0 
represents a conic 7% touching the polar curve in QO, and Og. 
If (y) lies on C,, then 
YP Ys — 4 Ys Ys’ — 49 Ys + Ys’ = 9, 
i. e. (y) also belongs to ,. The tangent (y) to 4, has as equation 
YY a(Yr%2+ Y2@y) — (4,7 YQ? 447 Y Ye s-Ys (417 Y 3%. +4,7Y 2, ) + 2c%y,* a= 0. 

As when (x) and (y) are exchanged it determines the polar curve 
y, it represents at the same time the tangent in (y) to C,. 

In each of its points C, is touched by a conic which touches the 
polar curve of that point in the bijleenodal points. 

The curves (, and 9, have two more points in common. If / is 
their connecting line, then the pencil determined by C, and 4, + / 
contains a curve composed of 4, and a second conic. From. this 
ensues: The points of contact of the six tangents out of a point of C, 
can be connected by a conic. 


8. The projective involutions of rays (O0,) and (0,) have as 
double rays 
A= ©, @ =, , £— F &,” S= 0, 
a= —a!:f,a=0. | oe 
When the double rays 0,0, and O,O, are conjugated to each 
other, their point of intersection becomes a third double point of C,. 
This takes place when we have 


L+%=0, or & = 0. 

The C, is then represented by 

@,%a,? — a,*x,'2,? — a,?2,*a,* = 0. 

So it has three bifleenodal points. As is evident from the above 
we can describe in this C, o quadrangles having the three double 
points as diagonal points. 

The double tangents of the first group are now replaced by the 
tangents in O, (§ 4). In each of the biflecnodal points the tangents 
are harmonically ‘separated by the lines to the remaining two 
double points. 

The C, with three biflecnodal points have been extensively treated 
by Lacurrre (Nouv. Ann. 2° série XVI, 1878) and by Scuourr (Archiv 

der Math. und Phys. 2° Reihe, Il, II, 1V, VI, 1885— 87). 
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Mathematics. — “On curves which can be generated by projective 
involutions of rays.” By Prof. JAN DE VRIks. 


1. By the symbol 
(2, + agity)) 
we shall indicate a homogeneous form of order n. 
By the projective involutions of rays 
(agg + 4,2,)™ + A (atyeey + a0) = 0, 
(6,2, a EP “15 i (8,2, a B25) iad 0 
a curve Cy, is generated in which oo’ 2n-sides are described pos- 
sessing in VO, and 0, n-fold vertices. For brevity I call such a 2n-side 
bisingular. : 

O, and QO, are n-fold points of the curve. The tangents in O, 
form a group of the first involution which is conjugated to the group 
of the second containing the ray 0,0,. These two groups determine 
a singular 2n-side, where QO, replaces }n(n-+-1), and QO, replaces — 
4 n(n—1) vertices. | : 

If we can describe in a Cx, with two n-fold points one bisingular 
2n-side it bears an mfinite number of those figures. 

For, if the indicated 2n-side is represented by the two groups of rays 


(4,7, + a,7,)=0 , (6,2, cB b,2,) = 0, 
and if 2, ma, is one of the rays of the first group, then the sub- 
stitution must furnish 2," (0,7, + b,ma,)™ = 0, 2, = ma,, O, being 
an n-fold point. Hence the equation of (2, must have the form 
(a,7, + 4,0) (B,@, -+- B,e,)\™ = (b,@, + bya.) (a, + at) . (1) 
But then the equation can be formed by elimination out of 
(a,a, + a,a,)™ + A(a,a, + a,a,)\™ = 0, 
(b,0, + 5,0) +4 (B,c, + Bx)” = 0, 
and the curve contains the oo! bisingular 2n-sides which can be 
indicated by these two equations, 4 varying. 


» (2) 


2. We shall now investigate under which condition two projective 
involutions of rays will generate a curve (Cs, with three n-fold 
points O,, so that n’* points of intersection of two conjugate groups 
of rays are vertices of three different bisingular 2n-sides having each 
two of the points OU, as n-fold vertices. 

In that case we must be able to bring through the points of inter- 
section of 
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(aja, -+- a, =O and (6,2, + 6,2, =0 
a group of rays 
| (c,@, + ¢g@ = 0 
It is now at once evident that this is only possible when the first 
two equations have the following form 
Ag"ay” —a,"@," = 0, a,"2," — a,"v," = 0, 
so that we have 
a,"v," — ag"&2" = 


Out of 
a,"x," we a,"@,” a 2 (a@tg" a9" pee at,"@,”) —_— 0 
and 
4,"2," — a,"2," + 2 (a,"2,” sais a,"x,") —0 
follows 
(4:"@y"—a,"@,") (@,"a," —@,"0,") eK (a,"2,"—a,"2,") (a@22"a9"”—a,”"",") pee A 


or in transparent notation 
(aa) ,a,"vy" + (aa), x,"@," + (aa)yr,"7," = 0... « (3) 
The tangents in O, are represented by 
— (aa), a" + (aa)a," = 0. 

lf a =-ke, isthe equation of one of these tangents, then the sub- 
stitution in the equation of the Cs, evidently furnishes «,27 = 0. In 
each of the n-fold points each tangent has pe (n + 1) points in 
common with the corresponding branch. 

For each value of 4 we find a figure consisting of 3n lines (of 


which however only 3 or 6 are real, according to n being even or 
odd) and (n*? + 3) points (of which 4 or 7 are real). *) 


1) We have in particular for »=3 a configuration (123, 9,). From this ensues, 
by the way, that of the configuration (9,, 123) corresponding dually to it only 3 points 
and 4 lines can be real. From the above itis evident that the 12 lines of the (94, 123) 
can be represented by 


rat =.0, & =0 
Eo = 0, &,=0 and fy = hig =e lFs, where -§=1 is. 
£5 = 0, Ey =0 


The three lines & = & = &, & =e) = +8, & = °F, = ef, contain together the 
9 points. They are also indicated by 
Ly + XL + Xz =O, XY + eXy + %%y =O, My 4.27%%y + ex;3 = 0. 
The 9 points lying also on 930, they are the base-points of the pencil 
(0 +> a + Xy) (& $- Ly -f 7g) (Wy + 22%, + 27g) ++ M AqQxz = 0. 
And so here we have found back the canonical equation of Cy. 
, 39 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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3. The projective involutions of rays 
(a,vz, + a,z,)™ + dz,* (aja, + a,2,)"—"= 0, 
(b,27, + By,)") + Aart (Byer, + Byer," = 0, |” “i 
generate evidently a (,,, which has O, and O, as (n—k)-fold 
points and as equation 
(a,x, + a,x,)™ (B,¢, + 8,2,)°— = (6,2, + b,2,) (aa, + a,2,)"— . (5) 
The two multiple points are for / > 1 of a particular kind. For 
the tangents in QO, are represented by (e,7, + a,27,)"—) = 0, and 
each of them has as is evident from substitution (4+ 1) points in 
common with the corresponding branch of the curve. 
For 2, = 0 we find 


wrk @n—k (a,8,0,*—b,a,0,*) = 0. 


Therefore the curve is intersected by O,O, in a group of the invo- 
lution 7; which has VO, and O, as k-fold points. 

If we can describe in a Cy, with two (n—k)-fold points a bisin- 
gular 2n-side having those multiple points as n-fold points it has an 
equation of form (5). But then it can be generated by two involu- 
tions of form (4) and it bears therefore o bisingular 2n-sides. 


4. For k=n we find a C, which will in general not possess any 
singular points. Yet it is in general not possible to generate a C, 
by two involutions of rays of order n. For, the centres O, and O, 
of the involutions must be n-fold points of an involution /,, of which 
the points of intersection of C, with O,O, form a group. But then 
the polar curve of O, would have to have (n—1) points in Q, in 
common with the right line ©O,Q,, and this is not possible for a 
general Cn. 

But each cubic curve can be generated by two projective cubic 
involutions of rays. Their centres O, and QO, are conjugate points of 
the curve of Hesse, for the two double rays which Q, possesses 
(besides the threefold ray O,0,), bearing each of them the points of 
contact of three tangents out of O,, form the polar conie of O,, 
whilst the rays which complete the two double rays to groups of 
the involution form the satellite conic of O,. 

Let us now take inversely 0, and QO) as two conjugate points of 
the curve of Hesse. We regard QO, as centre of a cubie involution 
which has 0,0, as threefold element, whilst a second group is formed 
by three tangents the points of contact of which lie in a line 7, so 
that their points of intersection with C, are situated on a line s, The 
line counted double and the line s we unite to a group ofa cubic 
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involution (O,) having O,O, as threefold ray. We now make the 
two involutions projective in such a way that the threefold rays 
correspond, that the group (rrs) is conjugated to the group of the 
three tangents and that finally the groups are assigned to each other 
which are determined by the rays to an arbitrary point of C,. The 
two involutions then generate a C, having with the given C, ten 
points in common, thus coinciding with it. 

In each general cubic curve we can thus describe w* bisingular 
hewagons. 

Thew threefold points he on the curve of Hesse. 


5. If the ray O,O, counted double belongs to corresponding groups 
of the cubic involutions (O,) and (Q,), these involutions generate a 
C, which has O, and Q, as points of inflection the tangents of which 
meet each other on the curve. For, out of 


ayy’ + Ba,a9*x, + Saga a,” + a,e,? + Aage,? = 0, 
b,w,* + 36,a,%a, + 3b,7,x,? + 6,a,* + Av,a,* = 0 
we find 

(a,v*°+8a,29°&,+8ageqv,*+0,0,*)a@, = (b,2,°+3b,a,%7,43b9a,a,'+b,2,")ao, 
and this is satisfied by 3 

4, = 0, e,e,"= 0 and 2, = 0, a.2,°= 0. 
According to the rule found in § 3 O,O, is harmonically divided 
by C,. 

Inversely, when two stationary tangents of a C, intersect each other 
on the curve whilst their points of contact are harmonically separated 
by C,, then those points are threefold vertices of a bisingular 
hexagons described in C,. 

For, in that case the equation of C, has the form 
(c,a,* +- ¢,@,”)@,@Q + (f,2, “+f Java “t Fs) #@ at, + (9,2, + 92%,)a,° = 0. 
If we replace it by 
{c,2,* = fia 'a, + (4/5 Se Q)a x,” + Ja% 5}, + 
ey@,” + f,e,?a@, + (4/; — e)e,e,* + 9%, "} 2, = 0, 
it is evident, that the curve can be generated by the pencils 
ce," + fw, + (4f; + Q) ea? + 9,¢;° + da,2,? = 0, 
Cx," + f,%,72, + (4; ~=@) va," + g,2,° — Azv,a,* = 0. 
Here we can still replace (2 + 9) by u. 


Se 
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Physics. — “On the law of the partition of energy in electrical 
systems.” By Prof. J. D. vAN DER WaAAts Jr., (Communicated 
by Prof. J. D. van per WaAaALs). 


It is well known that Maxwenr was the first to pronounce the 
thesis that in the case of statistical equilibrium every degree of 
freedom will possess on an average the same amount of kinetic 
energy. In my opinion BouTzMaANnn’s and Gupps’s investigations have 
raised the validity of this thesis for the systems to which their 
theory applies, above doubt. And yet this result is difficult to recon- 
cile with the experimental data. It has already long been known 
that the gas molecules must undoubtedly possess more degrees of 
freedom than would follow from the specific heat at constant volume 
in connection with this law. R 

BotrzMANN *), Gipps *) and others have expressly stated that systems, 
as they occur in nature, always exhibit important points of difference 
with the systems for which the said law was proved. For BourzMann 
and Grpss have drawn up their statistical theory exclusively for 
systems which have a finite number of degrees of freedom, and 
for which the equations of classical mechanics hold. The systems 
occurring in nature, on the other hand, always contain electrical 
charges; so we have always to deal with the ether with its infinite 
number of degrees of freedom. Moreover for the changes of the coordinates 
no longer the mechanical laws are exclusively to be taken into considera- 
tion, but also the fundamental equations of the theory of electricity. 

In view of this an extension of the statistical method, in such a 
way that it applied also to electrical phenomena, was urgently 
required. An attempt at such an extension was made by Jmans *) and 
by Lorentz *). They arrived both at the conclusion that also in this 
case the law of equal partition of energy holds. Their considerations, 
however, pointed out a new difficulty. When every degree of freedom 
possesses the same amount of kinetic energy, the ether with its 
infinite number of degrees of freedom would finally acquire all the 
energy. A consequence of this would be that in case of equilibrium 
between a material system and the ether, as is found in all heat 
phenomena in consequence of the radiation, the velocities of the 
molecules and the electrons would become zero. Moreover the ether 
would then have to contain the energy in such a way that all the 


1) L. Bourzmans, Wiener Sitzungsb. LXIUI p. 418. a, 1871. 
*) J W. Gres, Statistical Mechanics. p, 167. 

*) J. H. Jeans, Phil. Mag. Series VI. Vol. X, p, 91, 1905. 
) H A. Lonentz, Nuovo Cimento, Series V, Vol. XVI. 
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energy had accumulated on the side of the infinitely small wave-lengths. 
It is clear that here too theory is in direct contradiction with 
experience. Still it is easy to see that we must come to this conclusion 
if we assume the three following suppositions : 
i ee 
Jy 
A. ‘The relation = =0 is satisfied. Here n represents the 
vey She 3 
roi 


total number of independent variables, , an arbitrary of these variables. 


In mechanics both the generalized coordinates and their time varia- 


tions or the corresponding momenta are to be considered as independent, 
so that in a mechanic system represents twice the number of 
degrees of freedom. 

&. There is statistical equilibrium. 

C. All the phases (in the sense of Gipps) representing the same 
energy, lie on the same path. 

By Jeans') and by W. Rrrz’*) attempts have been made to explain 
this contradiction between theory and observation. In a certain sense 
also by M. Pranck, though the latter does not start from Grsps’s 
statistical method in his theory of radiation. As none of these theories 
satisfies me entirely, I shall state here another direction in which 
a solution of the contradiction might be sought. Before proceeding 
to this, however, I consider it my duty to indicate why the three 
theories mentioned do not satisfy me, as else | should not be justified 
in adding another view to the number of existing ones. 

On a superficial consideration Rirz’s theory makes the impression 
to look for the solution of the difficulty in this that it rejects suppo- 
sition C. For Rirz wants to reject a great number of states of the 
electromagnetic field which are compatible with the field equations, 
because in his opinion they cannot occur. Thus he assumes only 
waves originating from electrons, not such ones as converge on them, 
because, if the latter existed, the electron would be a perpetuum 
mobile. From these words it appears already that it is really suppo- 
sition 6 that is rejected by Ritz. The system he considers, constantly 
loses energy, and so it is not in equilibrium. If we think the material 
universe to occupy a finite space surrounded by an ether which 


reaches to infinity, it must of course lose energy, and cannot be in 


equilibrium. But then we knew already that on account of the 
prevailing differences of temperature the material universe is not in 
equilibrium. We have always only to deal with limited systems 
which are surrounded by other systems, and which are only for a 


1) Comp. i.a. lc. and Phil. mag. Series VI. Vol. Il, p. 638. 
' ®) Rivz. Phys. Zeitschr. Vol. [X. No. 25 p. 907. Anno 1908, 
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certain limited time excluded from external influence, and may be 
considered to be in equilibrium. During the time, however, that the 
equilibrium exists, every particle must on an average absorb as much 
energy as it emits. So an inward radiant vector must exist during 
that time. F 

But, says Ritz, when we consider a finite system, we must always 
think it enclosed within walls which contain a finite number of electrons, 
and which therefore can reflect the radiation in fewer ways than 
Lorentz’s totally reflecting walls can. So Lorenrz’s theory is not 
applicable to the natural systems. This really offers a difficulty. | 
Even the y-rays of radium pass through metal screens in a consi- 
derable” degree, and it is possible that vibrations of still smaller 
wave-length possess so great a penetrating power that they are never 
in equilibrium of radiation in our experiments. Yet it seems to me 
that there are facts which indicate that in Rrrz’s observation, which 
is quite correct in itself, the clue to the explanation of the normal 
spectrum is not to be found. For it seems to me that if Ritrz’s 
explanation was the true one, the spectral formula of RayLeicu 
would have to hold for all wave-lengths which are still regularly 
reflected by the walls, which is by no means the case. Moreover, 
we should then have to expect that this formula would be fulfilled 
with the greater degree of approximation as the walls were thicker, 
and so more wave-lengths were approximately in equilibrium of 
radiation’; then we should not find a definite spectral formula in- 
dependent of the thickness of the walls. We may finally imagine 
the walls to be infinitely thick, so that they would contain an 
infinite number of electrons, and Ritz has not shown that also in 
this case his restriction of the number of possibilities in the inward 
radiation originating from the walls, is justified. 

While Rrrz’s theory deals only with the normal spectrum, JEANS 
tries at the same time to find a solution of the difficulties attached 
to it, and of the difficulties attached to the specific heats. He, too, 
thinks that he has to find the solution in the fact that supposition 
B is not satisfied. He thinks, namely, that the coordinates of a 
system may be divided into two kinds: 1 those which we may call 
conservative coordinates, which possess an appreciable kinetic energy ; 
2 those which we may call dissipative coordinates, which can receive 
energy from the conservative ones only exceedingly slowly, and 
which lose the energy they have received so rapidly by radiation, 
that they never possess an appreciable quantity of energy. Then the 
kinetic energy which must be ascribed to systems agrees with their 
number of conservative coordinates and so is less than would cor- 


“ aa 
eed \ 
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respond with the total number of degrees of freedom. So this agrees 
with what we ,observe with regard to specific heat. 

-An objection to this theory is, that it is inexplicable how such a 
system could be heated by radiation. For then the dissipative coor- 
dinates would first absorb heat, and then transfer it to the conser- 
vative coordinates. But they can only transfer it, when on an 
average they have more kinetic energy than the conservative coor- 
dinates. So if such a body was exposed to the radiation of a hotter 


_ body, it would absorb very much heat before the temperature began 


to rise, and on further heating by radiation the dissipative coordinates, 
too, would have to receive energy, and the specific heat would 
therefore be greater than when the heating was done by conduction. 
On account of these and similar conclusions which might be made 
from Juans’s theory, this theory did not seem satisfactory. 

Finally in PLanck’s theory it is not possible to ascertain which 
of the three suppositions is to be rejected. Still it is clear that we 
can never obtain PLANcK’s spectral formula, if we accept the three 
suppositions. His suppositions must, therefore, be incompatible with 
the three suppositions given here, and probably the hypothesis that 
the energy can only be absorbed in fixed energy-quanta, will be 
irreconcilable with our suppositions. Of course, this is no objection 
to Pianck’s theory; the assumption of the three suppositions bringing 
us into conflict with experience, one of them must in reality not be 
fulfilled. Of more importance seems to me the objection that the 
supposition of these fixed quanta of energy which can only be 
absorbed or radiated as a whole, and which, moreover, have a 
different amount for radiation of different wave-length, clash altogether 
with all our ideas on the behaviour of vibrators, and that it is 
difficult to see how it could be reconciled to the ordinary laws of 
radiation by vibrators, of which PLANck also made use in his theory. 

Nor would this objection perhaps suffice to make us reject the 
theory, when there were urgent reasons why we should have to 
assume the existence of these energy-quanta. In my opinion, however, 
these urgent reasons are wanting. PLANckK used the supposition of the 
existence of these energy-quanta to bring two equations into harmony, 
which have been derived in an entirely different way. One‘) has 
been derived from the laws of BoLrzMann (STEPHAN) and Wien, which 
are again derived from the 2°¢ law of thermodynamics in connection 
with the fundamental equations of the theory of electricity, and 
which, therefore, hold for all the systems for which these laws hold. 


1) M. Pranex. Vorlesungen tiber die Theorie der Warmestrahlung p. 149 equation 223, 
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ut 


This equation runs s=F( , in which S represents the entropy, w. 


Y 
the energy, v the frequency of the free vibrations of the vibrator and Ka 
u 


still unknown function. The other equation’) may be written S=F' = 
in which ¢ represents a small quantum of energy, into which the 
total energy of all vibrators with frequency » is divided, after which 
these atoms of energy are distributed over the different vibrators accord- 
ing to the laws of probability. If these equations are to be in 
harmony, ¢ must really be =», as PLANCK assumes. The question, 
however, is, whether there is sufficient cause to assume that these 
equations do harmonise. And in my opinion this is not the case. 
For the first equation holds for real bodies, the second for the 
fictitious systems of vibrators, which most likely do not oceur in 
the real bodies. In the first place so many different kinds of vibrators 
with so many different free periods are hardly to be assumed. 
And moreover every vibrator will, no doubt contain a moving electron 
whose motion strictly speaking is controlled not by a differential, 
but by an integral equation, so that the vibrator has not one, but 
a whole series of periods for its free vibrations. 

Now P.LAnck asserts that it is of no importance whether his radiating 
systems agree with those really occurring in nature. For, he says’), 
KircHHorr’s law teaches that we always get the same normal 
spectrum independent of the nature of the walls. This, however, 
seems tO me an inaccurate interpretation of the law of KircHHorr. 
lor this law states only something about walls occurring in nature, but it 
does not decide anything about the spectrum that would be formed 
in a space inclosed by walls with fictitious properties which deviate 
from what really occurs in nature. Hence the interpretation of 
KircuHorr’s law that the spectrum would be independent of the 
nature of the walls, is to be rejected. The real gist of the law is 
much better rendered by saying that all walls occurring in nature 
have such properties that they give rise to the same spectrum ; 
what these properties are which all real walls have in common, is 
not yet quite known. Only on special suppositions did Lorenz *) 
succeed in examining this. 

That this acceptation of Kircnnorr’s law is really the correct one 
appears from this that in his cited paper Lorentz sueceeded in 
imagining walls of, such a nature that the thermodynamic laws of 
radiation are not fulfilled in their mutual radiation, He imagined, 


') loc. cit. p. 153 in the middle. 
*) loc. cit. p. 100 and 101, 
* H. A. Lonen'ez, These Proc, IX p. 486, 1900, 
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viz., two uniform systems, of which the linear measures of the 
second are a-times larger, all masses ?-times larger, and all charges 
of corresponding parts #/e-times larger than of the first. it now 
appeared that when the velocities of the parts of the systems were 
the same, that then the ratio of the electrical forces in corresponding 


points was /f/a*, so the ratio of the densities of energy ?/a*. Then, 
however, the ratio of the temperatures is as that of the kinetic energy of 
corresponding particles, i. e. 8:1, so that the law of Bo.tzMann is 
fulfilled only when 6‘ = 3/e® or B= 1/a. As, however, it is always 
possible to imagine these systems in such a way that « is not 1/8, 
it appears that the thermodynamic laws of radiation are not fulfilled 
for arbitrarily chosen systems. So when we make arbitrary suppositions 
concerning the nature of the walls, we run a great risk of choosing 
them in such a way that the spectral distribution with which they 
would be in equilibrium, does not agree with the real normal 
spectrum, this could only be incidentally the case. And so there is 
no ground to assume that the two formulae of PLANCK mentioned 
represent the same spectrum, which removes the ground for the 
assumption of the energy-quanta. 

JKANS') considers it a difficulty to assume that walls could be 
imagined for which the thermodynamic laws of radiation are not 
fulfilled. I do not see the difficulty. The thermodynamic laws are 
only empiric laws. And when we come to the conclusion that the 
radiation of arbitrarily imagined walls does not satisfy the second 
law of thermodynamics, whereas experience teaches that the real 
radiation does satisfy it, we have simply to conelude from this that 
such walls do not occur in nature. We should, indeed, meet with 
a difficulty, if we could show that the laws of thermodynamics had 
to be applicable to all conceivable systems. The statistical derivation 
of these laws seems really to imply this. This, however, is only 
seemingly the case. For any fictitious system, whatever properties 
we ascribe to it, a state of statistical equilibrium will, no doubt, 
exist which is characterized by the fact that a certain quantity, 
which we may call the probability, is maximum. If we call the 
logarithm of the probability entropy, then for every system the 
theorem will hold that with given energy and volume this entropy 
is maximum. But it has not been proved a priovi that the entropy defined 


dQ 
in this way, is always represented by 7s of at least it has only 


been proved for mechanical systems, and not for electrical ones, 


1) J. H. Jeans, Phil. Mag. Series V1 Vol. XIl p. 57, 1906. 
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which we are now discussing. It is not even self-evident by any 
means that a temperature could be defined for every conceivable 
system. And we even know that two walls of the nature Lorentz 
‘has loe. cit. imagined, when their particles had the same kinetic 
energy, so that they were in equilibrium of temperature as regards 
their conduction of heat, would transfer heat to each other by 
radiation. And reversely, they would not be in equilibrium of con- - 
duction of heat when they were in equilibrium for the radiation. 
As now in the derivation of the Jaw of STEPHAN with the aid of the 
cycle of operations described by Barrot1 and BoLtzMANN use is made 


d 
of the supposition that = {F , this law need not hold for an 


arbitrarily imagined body, and can only do so incidentally. 

In virtue of the above I think that other explanations are called 
for, which might be able to reconcile theory and observation. And 
it seems to me that such an explanation might be found in this 
direction that we assume that the supposition A is not fulfilled, and 
this we may do without introducing new hypotheses, without coming 
in conflict with the current theory of electricity. It is true that 
Jeans and Lorentz have come to the conclusion that supposition 
A is satisfied, but it seems to me that their considerations only refer 
to electrons which possess a mechanical mass; they do not seem to 
apply to electrons without mechanical mass. 

To show this we shall consider systems agreeing with those 
examined by Lorenrz'). A number of electrons are enclosed in a 
parallelopiped space with totally reflecting walls. It is true that the 
objection advanced by Ritz to such walls, is not to be entirely 
refuted, but without this supposition we can never imagine a system 
in statistical equilibrium, and when we think the space so large that 
the radiation reflected by the walls, has long been absorbed before 
it has reached the central parts, the condition in the central parts 
will most likely not be influenced by the walls. Besides, the reflected 
radiation will behave in almost the same way as if it was emitted 
by a medium of the same nature outside the enclosed space, so that 
also the parts lying nearer the walls will probably be in the same 
condition as if the walls did not exist, and the medium extended 
also outside the walls. ! 

| shall assume the electrons to be spherical, so that their position 
is entirely determined by the cartesian coordinates X YZ of the centre, 
As further data | shall choose the electrical and the magnetical 
forces in the different elements of space. In their stead we might 


') H. A. Lonenrz, Nuovo Cimento Lc, 
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also have chosen the coordinates used by Lorentz; this would have 
been more symmetrical and more elegant. The coordinates chosen by me 
however, may allow us to determine the quantities, which we wanted 
to determine, in a somewhat simpler manner. For the rest the result 
of the investigation is the same in the two cases. 

It is, however, clear that we may not choose the three components 
of the electrical foree € and the magnetic force quite arbitrarily 
in every point. For § must satisfy the equation Div. ) = 0, and 
Div. € is also determined in every point if X, Y, and Z are given 
for every electron. So if we take &,, €,, , and ), as independent 
variables, €z and 9, are determined, with the exception of the constant of 
integration. This constant, however, is not arbitrary, but determined by 
the. conditions that the normal component of 9 and the tangential one of 
€ must be zero at the walls. These conditions yield more equations 
than the number of constants at our disposal. Hence we have still 
to diminish the number of independent variables by considering still 
fewer components as independent variables in the elements adjoining 
the wall. However, | do not think this will affect our further reasoning. 

Of course the conditions Div€E =e and Div =O cannot be 
rigorously satisfied, when we really think € and constant within 
the elements. We can then take it e.g. in such a way that we 
understand the mean values in the elements by the given components 
of € and §, while inside these elements © and # are linear functions 
of 2, y and z, and they do not show any discontinuities on the 
boundaries of the elements. 

The changes of siate in our systems are now determined by the 


following equations : 
2 did d& 
Rot € = — — Rat 5: — = 
¢ Ro i c 2) 7d + oY 


fe (€ +[v SD] ) dv 7 mv, 
fe [+ (€ + [¥ 8])] do = Mw. 


In these latter two vector formulae, which yield six scalar equations 
when written down for the different components, r represents the 
radius veetor from the centre of the electron to an arbitrary point, 
m the mass, W the moment of inertia, and v the velocity of an 
arbitrary point, so that » =», —[rw], when v, denotes the velocity. 
If this value of v is substituted, six equations are obtained in which 
the six components of », and Ww occur linearly. 

We have here at once to distinguish two cases: 

1. m and M are not zero, i.e. we assign a real mass to the 
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electrons. In this case the equations serve fo determine the accelerations, 
the velocities are to be considered in this case as independent variables. 


2. For some electrons m and M are zero. In this ease the accele- 
rations disappear from the equations. Now we e¢an solve the com- 
ponents of », and w in determinant form, as they form a set of six 
linear equations. The elements of this determinant are integrals which 
are to be extended over the electron, and are known if © and 
have been given in every point. So v, and » appear not to be 
independent variables in this case. The number of variables is, 
therefore, smaller than in the case that the masses are not zero. 
And this is not strange! in the expression of the kinetic energy the 
velocities of the electron do not occur when we ascribe the energy 
to the medium. Only if by the supposition of a quasi-stationary 
motion a connection is established between the motion of the electron 
‘and the forees of the field, the equation of the energy can be reduced 
to such a form that », and w occur in it. 


The values of », and w thus found must now be substituted in 
Dr ale ‘ _ dé. 
the equation c Rot.) = a + ev to find the value of on 


uw 


If we now examine in how far supposition A has been fulfilled, 
it is at once evident that this is certainly the fact in the first case. 


Op 
Then = = 0 even for every variable separately. 
P 
. . . Ov x . 

In the second case, however, it is different, then va is not zero. 
For the integrations occurring in the elements of the determinant 
which determines »,, must be extended over another region when 
the electron is displaced. When differentiating we should bear in 
mind that ©. is determined from g, whereas 9 changes in the points 
of the space if the electron is displaced, so that ©. is to be considered 
as function of X, Y, Z. 


dS) fh BD: oe aan 
It follows from , = Rot & that > 8 independent of 9, so 
at ( 
Mos ate 
dt 


that the terms FY are zero. The same holds for the terms 
) 


0g, 


for elements which fall outside the electrons; but not for terms inside 


3 de, . : de, 
them. For there : is determined by " = Rot, ) — eve and vy 
at t 


; : rg _ dy | 
being dependent on &,, this is also the case for re It is true that 
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si 


—- becomes very small for every element, and zero in the limiting 


0, 


case that we take infinitesimal volume-elements, but the sum of these 
quantities for all the elements falling within a certain electron does 
not become zero, but when the volume-elements become infinitely 
small it verges to a certain limit, which is not to be neglected by 


Or,» 
the side of ao: Here too, we must remember that we must not only 
differentiate with respect to ©, where this quantity occurs explicitly, but 
also that ©. depends on ©,. For by varying ©,, we vary g, unless 
we take care to bring about a suitable modification in ©. in the 
surrounding elements. 
1 dD r=A Ojs See . 
Equation ——- = — 2 ~" now indicates that we havea stationary 
D dt r= Op, . 


state if on every path covered by a system the density of phase 


-5f2_# 
D=e P 


form which Y assumes it seems hardly possible to draw further 
conclusions, unless we sueceed by a felicitous reduction or by 
making a better choice of the independent variables from the begin- 
ning in rendering this sum in a much simpler form. 

For the present | must confine myself to pointing vut that it seems 
that in this direction a solution is to be found of the contradiction 
which has existed up to now between theory and observation. And 
if this should prove to be the only way in which this can be done, 
it is a qualitative proof of the existence of electrons without mecha- 
nical mass. 

We must, however, point out that it can only prove that some 
electrons do not possess any mechanical mass, not that this would have 
to be the case for all electrons. For as soon as electrons without 


: op 
mechanical mass occur, the relation > = = 0 is not fulfilled. The 


is made to satisfy . On account of the intricate 


supposition that some, e. g- the positive electrons will possess mecha- 
nical mass, and others e. g. the negative electrons not, is by no 
means excluded by these considerations. 

If we should take Kircnnorr’s law as holding for arbitrarily 
imaginable walls, the partition of the energy in the normal spectrum 
would of course never enable us to conclude anything concerning 
the nature of the bodies by which the radiation is emitted. If, however, 


( 590 ) 


this view is the correct one that the bodies give the same spectrum 
only because they have certain properties in common, then it must 
be possible to learn something about these properties from the partition 
of energy in the spectrum. And thus we may hope that a further 
development of the application of the statistical method to electrical 


systems may tend — not to find an accurate formula for the spectrum, 
which would only be possible if we a priori perfectly knew the 
nature of the electrons — but rather to test whether a hypothesis 


concerning the nature of the electrons gives rise to the correct 
spectral formula, and so whether it is to be accepted or rejected. 


Botany. — “Some remarks on Sciaphila nana Bil.’ By Prof. 
F. A. F. C. Went. 


While working at the 7iuridaceae, collected by Mr. G. M. VerstEnG 
during the expedition to Southern New-Guinea in 1907, I have 
also examined the plants of the same order, which are found in 
the Botanical Museum of the University of Utrecht. In so doing I 
came across alcoholic material of a Sciaphila brought from Buitenzorg 
by Mr. Purim and collected at Tjiomas. 

When an attempt was made to name this plant, it at once became 
evident, that it was not Sciaphila tenella Bu. and it was therefore 
surmised that the other species described for Java, namely, S. nana BL., 
had been met with. Now the diagnosis of Bi.uMe is of such a nature, 
that it is impossible with its aid to recognize the species'); nor are 
the figures of his plate XLVIII conspicuously clear. I soon found, 
by comparison with Bxccarr’s monograph of Malay Triwridaceae, 
that the specimen in question evidently agreed completely with his 
S. corniculata’). 1 will shortly give detailed proof of this identity, 
but first remark that Beccart himself had noticed the agreement 
between Biume’s S. nana and his own S. corniculata, for he speaks 
of S. nana*) as follows: F 

“Non ho visto questa Specie, ma dalla figura lasciata da BLUME 
mi sembra poterla includere nel gruppo della S. corniculata e della 
S. Arfakiana’’. 

In order to obtain greater certainty I have examined the original 
specimen of Biume’s in ’s Rijks Herbarium at Leiden. 

Under the name of Sciaphila nana Bu, there are here found, 


1) C. L. Brome. Museum Botanicum Lugduno-Batavum I. p, 322. 1549—1851. 
*) O Beccant. Malesia Ill. p, 3836, Tav, XXXIX, Fig. 5—13, 1886—1890, 
5) 0. Beccan. |. c. p. 338, 


( 591 ) 


pasted on one sheet of paper, three plants, numbered 1, 2 and 3. 
RetcHenpacH had written there: Mihi specimina 2—3 sint tenella, 
specimen 1 nana Br tantum H.G. Rs. fil.’ I completely share this 
opinion; there can be no doubt, that 2 and 3 are specimens of 
S. tenella Bu., while the other specimen is the one, which served 
for Buumx’s diagnosis, as it is exactly the same as that used for the 
illustration of the habit. Only in this illustration two flowers are — 
still present, whereas the specimen now possesses but a single one. 
This renders the Leiden herbarium specimen of little use for deter- 
mination, as one would at most be justified in sacrificing a part of 
it, when preparing a monograph of the order, supposing also that 
one had sufficient reason for assuming, that no new species of 
Sciaphila will be discovered, a by all means remote contingency. 
As was mentioned, the specimen of the Utrecht museum is cer- 
tainly identical with Brecari’s S. corniculata. 1 will now mention 
the reasons for this conclusion. Since staminodes are wanting in the 
female flowers, and the rudiments of pistils in the male flowers (which 
have three stamens), and since the style is found on the top of the 
ovary, it is clear that our plant belongs to the subgenus Hyalisma. 
E Here several species are further excluded, because in the centre 
) between the stamens there are no sterile organs, which, according 
to Bxrccart, are appendages of the staminal connectives. There then 
' remain S. nana, which for the above-mentioned reasons we will 
leave out of account for the present, 8. Arfakiana, in which the 
segments of the male perianth terminate in appendages, which are 
here wanting, while the style in also fixed on the ovary in another 
way. than in the specimen, with which we are here concerned, and 
S. corniculata. Of the characters, given by Bxccari as typical of this 
latter species, all are found in the specimens from Java. I mention 
them here in succession. Small low plants, with somewhat strongly 
branched shoots and thick fleshy roots. Only the extreme tips of the 
shoot-branches bear flowers; of these the two or three lowest flowers 
are female, the upper ones male. The latter are present in larger 
numbers, but the uppermost generally remain buds. The perianth of 
the male flowers has six lobes and the latter are provided at their 
top with a few long fine hairs, resembling cilia; the filaments of the 
three stamens have more or less grown together. While the male 
flowers have definite, albeit short peduncles, the female flowers may 
well be described as sessile in the axil of a braect. Most characteristic 
are the pistils, which, as Beccart indicated, are sigma-shaped, while the 
upper part of the ovary and the style are more or less papillar; the 
description might perhaps still leave some doubt as to the identity, 
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but the figures of ovary and fruit: 10, 11 and 12 are quite similar 
to the specimens in the Utrecht museum, as indeed all the other 
figures. Only the cilia at the top of the perianth leaves are figured 
soniewhat shorter; this is, however, intelligible, as Beccarr had dried 
plants to work with and I had excellently preserved alcoholic material 
at my disposal. 

My conclusion is therefore that the plants found in Tjiomas belong 
to Sciaphila corniculata Brcocvart and that the distribution of this 
species is consequently not limited to New-Guinea, as Brccart had 


imagined. 
If we may now assume that the figures of S. nana given by BLUME 
are not very accurate — an assumption which does not seem to me 


to be very hazardous —, and if we further eliminate from, BLUME’s 
description the unbranched shoot, which was probably due to an acci- 
dental property of the specimen described, then it seems to me, that 
we may well assume, that S. nana of Buume and S. corniculata of 
Brccarr are names for one and the same species, especially as so 
far no other species of this genus have become known from Java 
except the so widely different S. tenella Bu. 

There is however no complete certainty on this point, and as 
long as this is not the case, it will be best to affix the name of 
the accurately described Sciaphila corniculata Brocart to the specimen 
in question, and for the present to regard the name of Sciaphila nana Bu. 
as not sufficiently well characterized. Possibly a future monographer, 
having many more data at his disposal, will be able to restore this 
name, but at present it is better to reject it. 

Utrecht, December 1908. 


Astronomy. — ‘Zhe Solar Vortices of Hate”. By Mr. A. Bresver Jz. 
Communicated by Prof. W. H. Junius. 


On the more or less cyclonic configuration of the hydrogen flocculi 
around the spots on the spectroheliographs of the solar atmosphere 
and on the shifting and the becoming invisible of one of these 
flocculi at a short distance from a spot, Hate recently founded the 
hypothesis that the spots are vortices, which from the solar atmos- 
phere continually absorb the hydrogen, which there comes back 
every time as new protuberances or floceuli outside the spots. ') 


') Hate: Astroph. Journ, Sept. 1208 — Contrib, from the Mt. Wilson Sol. 
Obs. No, 26. 
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At the outset I think I ought to observe that this hypothesis, 
which is considered by Hate himself, with the laudable caution 
characteristic of him, as still very uncertain *), 1s in a hardly explicable 
contradiction with the equality of the angular velocity of the hydrogen- 
flocculi in every latitude, which Hate has made probable in an 
earlier investigation *). 

For if, between these flocculi and the spots there is the connection 
that HaLe supposes, we should not expect the same angular velocity, 
at each latitude, but rather very different angular velocities, which 
would have to answer to the great aequatorial acceleration of 
the spots. 

But the hypothesis that the spots are absorbing vortices, has often 
been proposed, but has always turned out very improbable. For a 
vortex leads us to expect first of all that it rotates. But generally 
nothing is seen of this rotation in the spots. CarrmeTon, Seccyy and 
Youne have more than once intentionally set this forth. According 
to these observers some indication of a cyclonic configuration is 
shown in only 2 or 3 per cent of the spots, and this configuration 
is most times such that it would prove a rotation in opposite 
direction in different parts of a same spot and consequently an 
impossible rotation for the whole spot.*) Moreover MircHet ‘*) as 
well as Hare and Apams,*) in their investigations of the spot-spec- 
trum, have found the gaseous substance of the spots generally in 
almost perfect rest. Besides the spots, as a rule, do not seem to be 
concave, but convex. °) 

Although these clear facts, which have been known a long time 


already, make it very improbable that the spots are to be considered 


as absorbing vortices, in Hae’s paper on “Solar Vortices” this 
improbability is demonstrated also in other ways. If there were in 
reality absorbing vortices above the spots, it would be impossible 


1) Hate: Contrib. 26 p. 14. 

*) Hate: Astroph. Journ. April 1908. 

8) Youne: The Sun 1895 p. 126 — Sgccur: Le Soleil I. p. 89. 

*) MircHELL: Astroph. Journ. 22 p. 38. 

’) Hate und Apams: Astroph. Journ. 25 p. 87. 

6) Already at the first discovery of the spots CHRIsTOoPpHORUS SCHEINER drew 
the attention to their often occurring convexity and to their origin as through the 
bursting of bubbles. (Rosa Ursina 1626—1630 p. 461, 493, 513 etc.). See further: 
How ett: M. N. Dec. 94 -- Sidgreaves M. N. March. 95 — Wison: M. N.55 
p. 458 — Frost: Astr. a. Astroph. Il. p. 734 — Maunper: Journ. Br. Astr. 
Ass. 17 p. 128 — Corte: Astroph. Journ. 7 p. 248 — Moreux: Bull. Soc. 
Astr. de France Jany. 1907. 
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of course that their absorbing action would only be shown by a 
single one among the many floceuli which Hae saw floating above 
_ the spot studied by him. Yet we should have to believe in that 
impossibility, for among all the other flocculi above the spot Hair 
could not observe one, not even among the smallest and nearest to 
the spot, that showed the slightest advance towards the spot’). 

In my opinion it is not at all certain even that this single dark 
floceulus, which Hate thought sufficient to prove the absorbing action 
of the Solar Vortices, actually disappeared in a spot. It is also 
quite possible that this flocculus, amidst other incessantly renewing 
and shifting flocculi, has been covered up by them in consequence 
of which it has become invisible. On very close and unprejudiced 


inspection, to be sure, we see that much of the quasi-absorbed 


floceulus is left on the clichés obtained after the supposed absorption. 

But even more clearly than by the hydrogen flocculi the non- 
existence of material vortices is proved by the imperturbable rest of 
the calciumflocculi, which never show the least trace of a cyclonic 
configuration *), although according to Hae and also as appears 


from their angular velocity *), which Fox found to be somewhat 
smaller, they are probably even a little nearer to the spots than the 


hydrogen flocculi. 

So it is on account of all these old and new direct evidences that 
I have come to the conviction that the spots are no material vortices. 
Neither the spectroheliographs of Ha.g, nor his discovery that there 
are lines in the spectrum of the spots, which most probably show 
the Zeeman effect‘), have been able to indirectly weaken my con- 
vietion. 

So, if, according to me the spots are no material vortices, but 
when the cyclonic configuration of the hydrogen-flocculi still reminds 
us in some degree of such vortices (vortices to be sure, according to 
Hate “so complex”, I should prefer to say “so impossible” that, 
not unfrequently they show opposed motions in neighbouring places) *) 
we have now to explain how, also without material vortices, such 
a quasi-cyclonic configuration can originate. 

A few years ago already I showed a way to come to that expla- 


1!) Hate: Contrib, 26 p. 15. 

*) Have: Astroph. Journ. April 1908. — Fox: Astroph. Journ. Sept. 1908. 

‘) Hate; Contrib. 26 p, 1, 6; Plate XXXVI. 

4) Nature, Aug. 20 1908. 

* Have: Contrib. 26 p. 6 “Although most of the points in a given region 
appear to move together, there are a sufficient number of apparently opposed. 
motions to weaken seriously the value of the evidence”, 
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nation, when I pointed out as follows how the Polar Auroras 
originate on the earth through the spots on the sun.') If we want 
to follow this explanation, we must suppose that there are radio- 
active substances on the sun. This supposition is surely not in the 
least extravagant, since we know how generally such substances are 
found on the earth and also take in consideration, how as a rule 
the same substances which we know on the earth, are also found 
on the sun. Moreover it is probable, also according to Ruruer- 
ForD, that on the sun the radioactivity of matter will show itself 
even more energetically than on the earth, which is so much cooler. *) 
If now there are radioactive substances on the sun — and also the 
presence of Helium is in favour of this — such substances will 
remain hidden under the photospherical shell, owing to their 
great weight, just as all other elements of great weight. So, under 
this shell their a, 8 and y rays will originate. But for the greater 
part these rays will be prevented by this comparatively thick shell 
from escaping from the sun. Only where there are holes in this 
photospherical shell and so especially where we see spots, this 
impediment will not be so great. And so, out of each spot just as 
out of the leaden vessel in the investigations of Mrs. Curie a bundle 
of more or less parallel 8 and y rays will come forth, vertically 
going out into the wide world. If now such a bundle, which is often 
many times thicker than the earth, comes in contact with our atmos- 
phere, it will bring here about all these electric and luminescence 
phenomena which have already been considered by BrrkeLanp, 
PauiseN and Arruentus 1 as caused by kathode rays of the sun 
and 2 as the cause of our Polar Auroras and of our magnetic 
disturbances. *) | | 

If, by means of these supposed strong bundles of rays there is 
such a simple connection between these earthly phenomena and the 
cavities of the solar spots, we understand at once: 

1. why these earthly phenomena have the same period of 11 
years as the spots; 

2. why also every year these earthly phenomena show maxima 


1) De Nieuwe Courant 19 Febr. 1907 — Bull. Soc. Astr. de France Juin. 1907 
p. 283 — Essai d’une Explication du Mécanisme de la Périodicité dans le Soleil 
et les Eteiles rouges variables. Verh. Kon. Akademie van Wetenschappen te 
Amsterdam IX. 6 p. 19—21 (1908). 


®) RuTHERFORD : Radioactivity 1904 p. 344 — Maunper: Knowledge Nov. 1903 
p. 255. 


8) ARRHENIUS: Lehrb. d. Kosm. Physik. p. 152 — Pautsen: Bull. Soc. Belge 


— dAstr. Oct. 1906 p. 381. See also my Essai of 1908 p. 20—23 referred to above, 
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in March and September and minima in June and December. (For 
the axis of the sun is in such a direction that in March and 
September those bundles of rays which are surest to reach us, are 
most numerous because then they are emitted from the parallels of 
7*/,° respectively southern and northern latitude, which are compara- 
tively rich in spots, while such bundles occur most rarely in June 
and December, because then they must proceed from the equator 
which has very few spots). 

3. why these earthly phenomena also have a period of 27 days 
which agree with the synodical-rotation of the spots, and 

4. why also these earthly phenomena often become more powerful 
suddenly, when a great spot appears on the sun. 

My hypothesis that Polar auroras will originate here when bundles 
of 8 and y rays thrown out by the solar spots reach our atmosphere, 
is considerably strengthened by the important fact discovered by 
Sir and Lady Hveerns, that when also here in our laboratories the 
rays of Radium come in contact with our atmosphere, they cause 
in it a luminescence, which spectroscopically show the same four 
nitrogen lines, which have also been found among the most important 
of the Polar Aurora by PAvIseEN '). 

Though the Polar Aurora shows many distinct phenomena, which 
agree very well with my explanation of its origin, it also shows 
many other phenomena, which, although very mysterious still, are 
also of the highest importance for the theory of the sun. Such 
mysterious phenomena are the rapid motions which the light confi- 
gurations of the Polar Auroras so often show. What it is that in 
the Polar Auroras causes their bows to wave, their curtains to fly, 
their brilliant sea of flames to trill, their bundles of rays to flash 
out suddenly, we do not know. But we do know (and that is the 
thing really of the greatest importance for the theory of the sun) 
that all these rapid motions cannot be ascribed to material changes 
of place. In the time of von Humsonpt, who tells it to us*), the 
inhabitants of the Shetland Islands may have considered such motions 
as caused by a “merry dance in Heaven”; the astronomers may still 
go on taking rapidly appearing rays on the sun for ‘terrible 
eruptions’, here on our calm earth such fantastic speculations are 


1) Sir W. Huooins a. Lady Huaeeins.: Astroph Journ. Sept. 1903, On the 
spectrum of the spontaneous luminous Radiation of Radium at ordinary tempera- 
tures. — The four nitrogen lines photographed in this investigation and found 
among the most important of the Polar Aurora by Pavutsen are the lines 
8372, 3576, 3918 and 4285. ARRHENIUS: loc. cit. p. 910. 

4) vy. Humpotpt: Kosmos 1*t vol, 2nd part p. 200, 
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too naive. For us it is impossible to see material eruptions in the 
bundles of the auroral rays which often shoot up as quick as light- 
ning. In all such sudden shiftings of light the molecules of our 
atmosphere remain comparatively at rest and probably it is only 
electrons or ions that move. 

But if our Polar Auroras are such movable electric configurations, 
which originate when bundles of 8 and y rays, sent out by the 
solar spots, come in contact with our atmosphere, then it is quite 
conceivable that analogous movable configurations will originate also 
in the solar atmosphere itself around the spots, if there these same 
bundles, just escaped from the spots and consequently much more 
powerful even than here, pass through the solar atmosphere. Thus 
the Protuberances of the sun and the rays of its Corona would have 
the same cause as the Polar Auroras of the earth and the “Solar 
Vortices” of Hate would be “Solar Aurorae’’. In all these phenomena 
only ions would move, and, as I have already maintained these 20 
years '), the matter would remain at rest. 

For that identical origin of on the one side the Protuberances and 
the Corona of the sun and on the other side the Polar Auroras on 
the Earth, which identical origin 1 have already discussed in my 
last Essai *), pleads also the remarkable agreement, which Srassano 


1) As the fundamental principle of my theory of the sun I have always demon- 
strated the impossibility of the dogma of the solar eruptions. That demonstration 
will be found and will be seen to become more and more powerful in the following 
papers: Verklaring van de veranderlijkheid der roode sterren p. 9 —11. (Mei 1888) — 
Essai d’une Théorie du Soleil et des étoiles rouges variables p. 20 (Dec. 1888) — 
Théorie du Soleil. Verhandelingen Kon. Akad. vy. Wetensch. te Amsterdam I. No. 3. 
p. 1—80 (1892) — Astron. a. Astrophysics Dec. 1903, March ! 894 p. 218, Dec. 1894 
p. 849. — My last Essai of 1908 referred to above p. 1—31. Het 17de Jaar- 
verslag van het Technologisch Gezelschap te Delft, p. 87—124, Een theorie van 
de zon. 

*) Essai d’une Explication du Mécanisme de la périodicité etc. 1908 p. 20—23, 
84, 125, In this my last Essai | have shown on p. 21, that, if the solar spots 
throw out the bundles of rays which I suppose, it is very clear why the same 
period of 11 years of the solar spots is also observed in the 3 following lumines- 
cence-pheromena; 1. in the protuberances and the corona of the sun, 2. in the 
Polar Auroras on the earth and 3. in the Comets. Thus it appeared in the inves- 
tigations of Berpericu that during the maximum period of the spots (so, when the 
Comets have the greatest chance of being brought to greater luminescence by the 
bundles of rays meant by me) the radiance of the Comet of Encke is greatest and 
that then also the discovery of very small Comets is most successful. (Astron. 
Nachr. n®. 2836 and 2837). The sudden variations of light, which the Comets 
sometimes show and which now have been seen again so distinctly in the Comet 
of Morexouse, may also be explained perhaps by their temporary contact with the 
bundles of rays thrown out by the solar spots. On the same page 21 of my 
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discovered in the spectra of these three sources of light. Stassano 
2 
has found, that while S of the lines in the spectrum of the Polar 


Aurora must be ascribed to Neon, Argon, Krypton and Xenon, also 
the light of the Protuberances and especially of the Corona greatly 
emanates from the same newly discovered elements of the Zero-group. 
Among the spectral lines, which have been found in the Protuberances 
by DesLanDres and Hats, there are, according to Srassano, 44 which 
belong to this Zero-group and nearly all the 339 corona lines, photo- 
graphed by Humpareys during the eclipse of 1901, are also lines of 
this group.') And so it is the same elements which (according to 
me also for the same reason) cause the same light to shine on the 
. outside of the sun and the earth. 

If there is therefore great reason to take Haunr’s “Solar Vortices” 
for Solar Aurorae, the configurations and the motions of the hydrogen- 
flocculi in these Vortices do not at all clash with the improbability 
of the existence ‘of material vortices. 

For these flocculi then agree with the electric light configurations 
of our Polar Auroras and like these they will move without any 
change in the place of the molecular matter. 

Hate’s Solar Vortices instead of weakening my idea about the 
rest of the sun, give on the contrary unexpectedly a_ splendid 
support to this idea. For they help to remove the principal 
objection, which has always wrongly been raised against this idea 
and has been derived from the shifting of the spectral lines. 
For if, for the many reasons developed above, we consider these 
-Vortices as Aurorae, they lead us to the conclusion that, although 
a gas is at rest, yet it will show shifted spectral lines, if only it 
contains enough ions rapidly moving in the line of sight. The 
correctness of this conclusion, at which, on other grounds also 
Scuuster has lately arrived,*) was a few years ago experimentally 
paves by Srark, when, in examining the light of hydrogen in the 


Essai is also illustrated the characteristic change of shape of the corona with the 
period, and the rays of the corona are not taken for real eruptions (as ScHarBeRLe 
does), but for luminescences, analogous to the rays of the Polar Aurora. In my 
Essai (p. $4—88) has also been treated the repartition of the Protuberances, little 
agreeing with the repartition of visible spots. Openings, too small to be seen as 
spots throw out nevertheless their bundles of rays which form their Protuberances, 
If now these openings, as my theory tries to demonstrate, are smallest at a latitude 
from 60 to 65°, then with that the constant minimum of the Protuberances at 
this latitude is explained too, 

') Anrnuenius: Lehrb. d. Kosm, Physik. p. 911. 

4) Scnusrern: Nature 29 Oct. 1908, 
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direction of channel rays which he led through it, he photographed 
at the same time 1. the normal lines of the hydrogen at rest and 


2. the strongly shifted lines of the hydrogen-ions in motion. ') 


And so finally it appears that the relative tranquillity of the sun, 
never disturbed by terrible eruptions, as has been proved so clearly: 
by numerous important solar phenomena and has been demonstrated 


especially also in the last year by the rotation-investigations of ADAMs, 


Hate and Fox,’) is not even in contradiction with a DoppLxr shifting 
of the spectral lines of the Protuberances. ‘ 


Delft, the 1%* of January, 1909. 


Physics. — ‘On the course of the isobars of binary mixtures.” 
By Prof. Pa. Konnstamm. Communicated by Prof. J. D. van 
prR WAALS. 


1. In these Proceedings of June 27th 1908 van ber Waats 
d d 

showed that only if a’,, < a,a, the curves = =0 and * = 0 can 
v 

touch for volumes larger than 30, the critical volume of the mixture 

taken as homogeneous. On the supposition a,a,—=a*,, the point of 

contact lies at a value v = 6. Now at higher temperature the well-known 

diagram of isobars (These Proc. IX p. 630) leads to the intersection 


d ad’ 
of the two branches of a ll on the line P = 0, which takes 
dv dv de 


place at the minimum critical temperature of the system under dis- 
aden or : 
cussion. Then the line = = 0 divides into two branches, which we 
v 
can now denote as the lefthand branch and the righthand branch. 


d 
The lefthand branch necessarily intersects the line a0 in two 
. av 


j d, 
‘points, and as it contracts more and more, while the line 7 0 


wv 
moves towards the right with increase of temperature — the asymp- 


aoe : ; da db 
tote of this locus being given by i => M tel — contact must 
av na 


take place, and that for a volume larger than that for which the line 


- 1) SrarK: Astroph. Journ. Dec. 1906, p. 362. 


*) Apams: Astroph. J. November 1907, April 1908. — Hate: ibid. April 1908. — 


“Fox: ibid. Sept. 1908. 


( 600 ) 


? —0 has its tangent parallel to the v-axis, and which is therefore 
larger than 36. So it would seem to follow from this diagram of 
isobars, in connection with the just-mentioned theorem of VAN DER 
Waats that the possibility of a minimum critical temperature is 
excluded on the supposition a,a,—=a’*,,. However, already in his 
Théorie Moléculaire vAN ber Waats derived the condition for the 


existence of a minimum critical temperature, viz. : 
a, 74% a1, 4, 
eS eed eb i 
b,. b, b, b, 
It is clear that it is easy to satisfy this condition also in the case 
of a*,, = a,a,, e.g. — if we assume *) 2b,, = (6, + 6,) — by the values 


b, = 36, and a, = 3a,, from which 6,,=26,, a,,=a,V3, so that 
the two conditions (1) become: 


1 
5 V8<l. 


Now it is true that the case will not easily occur that of two 
substances which have the same critical temperature, the one has 
molecules three times as large as those of the other, and a physical 
theory which does not intend to investigate all mathematically possible 
combinations of as and 6’s, but only those which really occur, need 
perhaps hardly consider this point. It would indeed be very desirable 
for us to bave an insight into the way in which the a’s and 0’s 
of simple substances are connected, and for mixtures into the way in 
which a,, is connected with the a’s of the components, so that the 
theory of the mixtures need-only reckon with realisable combinations. 
Now, however, we do not possess this knowledge, and it seems 
hardly possible as yet to indicate in what direction such an insight 
might be gained. Under these circumstances it seems to me most 
advisable to develop as completely as possible the conclusions which 
proceed from the different possible suppositions for the dependence 
of a,, on a, and a,, and to compare these results with the results 
of observation, in order to try and gel an indication in this way 
of the last-mentioned dependence. No doubt we shall treat a great 
many suppositions and combinations in this way which will appear 
to be of no physical signification, but it seems to me that under the 
given circumstances this difficulty is unavoidable, In this sense the 
following investigations concerning diagrams of isobars, deviating 
from those examined up to now and cited above, are to be considered. 


) In fact we must do so, because the theorem of van perk Waats mentioned 
only holds for this supposition. 
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2. It appears from the fact mentioned in 1 viz. that the diagram 
of isobars of fig. 1 loc. cit. in connection with the theorem of 
vAN DER Waals mentioned excludes the possibility of a minimum 
critical temperature for the case a,, = 4,4,, whereas after all also on 
this supposition a minimum critical temperature is not impossible, 


that the diagram of isobars mentioned is not the only one possible. 
Now the shape of this diagram is in the first place controlled by 


d re 
the line eT) and the question suggests itself if in general another 


shape of this line is also conceivable. In the determination of its 
course it was derived from the equation: 


da 
Ut Oe 
(v—b)? db 
MRT — 
da 
that an asymptote must exist for the value of « determined by: 
d db 
— == MRT — 
dx dz 


and that to the right of this point everywhere a positive value of v 


greater than 6 is to be found satisfying this equation. In this it has 


da db 
been tacitly assumed that for the value of x, for which ~~ = MRT a 


6 is still positive; for if } were negative at this place, only a bigh 

negative value of v could satisfy for the values of 2 somewhat larger 
da db d 

than that for which = MRT 2° and hence the course of = =0 

would become an altogether different one. So though naturally that 

value of x for which 6 becomes —0, can never lie within the 


realisable part of the diagram of isobars, it yet appears that the situation 
of this point can determine the course of ? —0 and with it of the 


isobars in the realisable region. 


3. In the complete (extended) diagram of isobars such a point 
must probably always occur. This is self-evident if we should be 
justified in considering the dependence of 6 on « as linear, and it is 
also easy to show it if we assume Lorenrz’s well-known formula 


for 6,,. For then: 
45: 
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and we have to prove that this value is larger than Vb,b,. If we 
now put 6,—=n°6,, the condition which is to be satisfied, is: 


a a ss 


-or 


n° + 3n* — 8n® + 38n7 ++1>0 
(n — 1)? (n* + 2n® + 6n* + 2n +1) > 0. 


It is clear that for positive values of this condition is always 
fulfilled, so that 6,,2 > 6,6,, and the equation: 
b, (1 — #)? + 28,,2(1 — #) +b,a° = 0 
has always real roots. 


or 


4. It has now been assumed in the general diagram of isobars 
(loc cit.) that these roots always lie on the leftside of that value of 


da 

z for which rs =0. To what change will this diagram be subjected 
x ; 

in the opposite case? We begin with determining the course of 


d da . we 
: = 0 in this case. So as >. is positive, according to our suppo- 
L & 


sition, for that value of « for which 6=0O, we can always think 
the temperature so low that for this value of 2, which we shall 


call a, : 


d 
wrt” 
Uv 
oa —_—<l 
. da « 
dx 
d, 
Then we get for the course of = = 0 in the neighbourhood of x, 
& 
v—b 
— eee oe “OF 'e(T ae pee OS ee 
v ; 


Now the value of & is positive for somewhat higher value of a 
than z,, whereas 4 becomes negative for somewhat smaller value of 
d 
z. So we see that two branches of —==0 pass through the point 
wv 
«= a,, v= 0. Ihe two branches lie on either side of the line v = 6, 
and have both positive v forw > a«,, negative v for «< a,. Neither 
of the branches touch the line v = 6, but as follows from (2), both 
form an angle with it, which is the greater as m approaches closer 
to 1. This last result may be verified by a direct determination of 
the direction. For : 


: 
E 
, 
; 
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see ow 
ip 2MRT (db? ds" an" 
dv a ae ese: = (v—b)? 
one ey ae 3 i x 
dx dvudz 2MRT db dx 
(v—b)'de =» 
db 
2urr (7) Me ae < 4. wer (v —b) 
da vo? de 


2MRT = fn ab 


dx 
d'a d*b 
noyn de® 1 da? 
da 2MRY (2 ) ar ae des db 
da dx die 
. dt ae nar teee 
A ee ltyn 


because the second and the third member of the numerator vanish 
when we approach v= 0. 


d, 
It is clear that = 0 has again an asymptote for that value of 
d db d, 
w, for which = sie MKT —. while no points of ——=0 are found 
da 
on the leftside of ae 0, at least as long as we are on the righthand 


db 
side of the point igs 0 on the supposition of a quadratic function for 6. 
ax 


d; ; 
Now too = 0 will approach asymptotically to the line v= 6 on 
wv 


the righthand side of the diagram, when we assume the linear form 
d, 
for 6. If we accept the quadratic form for 6, = 0 approaches 


asymptotically to a line found from v=6 by multiplying all the 
coordinates by : 
1 


MRT (b, +b, — 20,,) 


+ H ‘ 
a, +a,—2a,, 


1+ 


d 
From all these data follows the form for — = 0 indicated in fig. 1. 
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If we take the temperature higher, so that for «= 2,: 
b 
MRT = 
1 
paar 


de 
this shape is reduced to a shape which, as regards its realizable 
part, agrees perfectly with the ordinary one. For then there is an 


a? 
da. MAT xx 
a» 


X 
ce * Fig. 2. 


V dfpeo 
o* 


dx 


Fig. 3. 


db 


da 
asymptote on the right of w,, viz. where — = MRT —. The course 


da 


in the double point «= .,, v0 now follows again from (2), pro- 
vided it is borne in mind that now n>1. (See fig. 2). For comparison 
we reproduce the complete diagram for the ordinary case in fig. 3, 
which will not require any elucidation. Only the transition temperature 


da db 
between fig. 1 and 2, for which q. = MET just at z= ~2,, calls 
& 


for discussion. To simplify the calculation we introduce as origin or 
the coordinates the point «—.z,, v =O; in its neighbourhood we 


may put: 
da db db 
— = MRT — — 
i m= + MRT = Cia 
and 
b= Cie 
where 
a 
__ dx* db 
~ MRT dex 
and 
o=% 
dx 
so that the equation for ——0O becomes: 
a& 
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if we neglect the second powers, from which follows for the two 
roots : 


Ce Cix Cz Cia 
1 Se y Rpcialgea see EO i | ; 
v 2 v BE 2 
2 
2MRT| — 
2C, =) Coat 
byt ae 
C, d?a 2 
dx? 


So we have one finite root and one root equal to zero from which 


d 
follows fig. 4 for the course of sf ee), 


Fig. 4. 


5. In the second place we have to examine the course of 


d . hd . . 
“P —( in the case now under consideration. We may write the 
0 


equation of this curve in the form: 
MRT v*® — 2a(v—b)? = 0. 
It is very easy to separate the roots of this equation. For, when 
a is positive, the first member is negative for v= 0, positive for 
vy =, and positive for v=o. So there is a root between 0 and 
h, and either two or none for v > 4, as is known, according as the 
critical temperature is below or above the critical temperature for 


the mixture under consideration. When 6 becomes equal to 0, both the | 


product of the three roots and the sum of the products taken by 
twos becomes equal to zero. So there are two roots v= 0 in this 


2a 
case. And the third root assuming the value UR?’ the two branches 


F Fy 
Te ee eee 
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passing through the point «=4,, v = 0, appear to be the liquid 
branch and the branch: v <6, which has no physical signification. 
These two branches touch the line v4 in the point mentioned as 
appears from the fact, that the product of these. two roots is in the 
neighbourhood of this point 4°, and the sum of these roots 20. 
Besides we can also prove this directly from the direction of the 
tangent. For: 


os 

Pp 2MRT db dx 

__ dude _ (v—3)’ de» 
(3 e.'= ws Lo. SAR. Ge 
Pi (v—b)* of 


If we substitute in this equation the value for (v—é) from the 


d 
equation for s = 0, we get: 
v 


MRT') 
v's 
db ( 2a ) 


2MRT — —2 
(Z) vy 
dp 3/, 
ie) BY 
2MRT — " 
vt 


When we approach » =O the second members disappear in 
numerator and denominator, so that we keep: 


[ea ie Fo 


v= 
; dp i 
So for a little greater than a,, RP is 0 will have greater volume 


d | | 
than - = 0 for the same wz. If, however, there should occur a 


minimum critical temperature in the system, and we shall see later 

on that this is very possible, there will be a point of intersection of 
d 

a = 0 and = 6) whieh will, of course; constitute a fundamental 
v ‘ 

point for the diagram of isobars. 

Before proceeding to a discussion of the shape of the isobars them- 
selves, we shall have to indicate: for a complete elucidation of the 
problem discussed in the beginning, which gave rise to this inves- 
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d, 


d; 
tigation, in what way the lines = = Oand - = 0 get quite detached 
v 


& 
in this case. For this purpose we must ascertain what the relative 
position of these two curves will be at the temperature, at which 
da db . 3 ; 
ap MRT — just. for x,, and for which, therefore, fig. 4 holds. 
LL & 

Now slightly on the right of «x,, where 5 has very small values 
without a@ approaching to zero, the critical temperature is very high, 
ad : 
so the two branches of = 0 well certainly still exist on the right 
v 
of 2,. But this curve will be closed towards the righthand side, i.e. 
passing from 2, to the right we shall first have mixtures which are 
below their critical temperature at the temperature considered, then 
mixtures which are already above it, and still further to the right 
we may sometimes meet with mixtures which are again below their 
critical temperature, sometimes not. 


6. It is very easy to prove this on the supposition 6,, = 4 (6, + 4,). 
In this supposition we can give a very simple construction for the 


mixture with minimum critical temperature. Let the curve on which 
A lies (fig. 5) represent .the values of a, the right line BD the 


< fi 


2 / - 
E B ro aes onnnitahneogila ts 
Fig. 6. 


Fig. 5. 


values of 4, then: 
ty ABC = > tg DBC 
in the point A. 
As tg DBC is constant, ty ABC is minimum if - is ninimum 


hence we find the mixture with minimum critical temperature by 
tracing a tangent to the curve from &. For this point of contact: 


he 27 db 
Sh i ae 
(3), Warnes’ 


ae | 
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According to a well known property of the parabola the point B 
da 
lies halfway between F and C, (fig. 6), and am being equal to zero 


in £, and increasing linearly with «: 


db 
; is — “Mt oe 
f i) nee Ti nT ae 
E dp da db 
i — |} = MRT — 
So for the asymptote of = 0 to be found in B, so ( =); = 


27 
we must raise the temperature to af T;,. A fortiori the thesis holds, 


of course, if, instead of «,,* = 4,a,, as was put here, @,,* > a,a,. For 
instead of the combination of the curve with the right line HBC we 
get then the combination of the first-mentioned with the right line 
through BB’, and B’ lying to the right of B, the temperature sion 


da 
have to be raised still higher than just now, for Pk to be = MRT 


in the point B’. 

Also in the general case for 6 we can demonstrate the property 
mentioned, and it will appear afterwards that for these general considera- 
: tions it is desirable not to replace the quadratic form of 6 unnecessarily 
by the linear one. We treat the case a,,* > 4,4, at once, so that 
a=0O has two real roots. We choose the point 4 as origin; we 


db da 
call the abscissae of the points where Sle 0, a? and a= Oin 


absolute value resp. 2,, @,, 2,, then we can write the equations for 
a and 6 (see fig. 7): 


= a, (w + #,)* oe, (a, = #,)* = a, (2* + 2x @, + 24,4; eee #,*) 
b=b, (w + 2,)? —b, #,2 =), 2? + 2b, 2, @ 


| 
x = he? 


d 
The temperature at which the asymptote of = =0 reaches the 


point B’ is determined by : 
41 
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da 

dax Oe, 
caida ae GP b, 2, 

dix z= 0 


Now we must investigate if there exist mixtures for which this 
gages is the critical one on the right of 6’. And so: 


“12 — MRT = Stet ere 8 a, (#*+2ax, +22 ty") 
b,x 27:6 = 27 B, (@? + 22e,) 


Hii 


' 


So for the determination of « we find the equation: 


i 8 38 8 
dls ex EES 2 Foo tits eet tad ,#, (2@,—a,) = 0. 


If for the sake of brevity we call the coefficient aks 2°? A, the 
roots are: 


ra 19° +e a G 
= — — —— — & G,—& 
2 VEN Wise | ae Li ir : 
If A is positive, the roots are real, as oe to the supposition 
x, is >«#,, and the expression under the radical sign being larger 


19 | 
than oy Mita We get a positive and a negative root. So this means 


that one mixture on the right of 4’ has its critical temperature at 


d. 
the said temperature. Hence the line a = 0 has a direction // v-axis 
v 


d, ; : 
at this 2, and —=0 does not exist any longer on the right of this 
v 
mixture. 
If A is negative, both roots remain real, for then we get under 
the radical sign : 


lle E fs 
a7” +o 7 Maas (2a,— 


As wz, >, the second term is ae, and the third is smaller 
than the first. So the expression under the radical sign is positive, 


@ Wok eo faa! 


19 
but smaller than 59 ts: The first term of the expression for the 


roots now being positive, we have now two positive values of 
v, i @ on the left of B’ we have first a region of mixtures 
which are below their critical temperature, then a region of 
mixtures which are already. above if, and on this follows again a 
region of mixtures below their critical temperature. So the line 


ee ee 


Ty 
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dp ae? . 
aa 0 has split up into two branches. We need not concern ourselves 
v 
d 
about the righthand branch at least now, for the detaching of © = () 
wv 


d, 
and = = 0. For the point with minimum volume of this branch — 
ars 


which has the well-known shape — lies on the line = ’ = 0, and so 
dp 3; ek. eae ; 
at greater volume than = = 0. The line = 0 can, therefore, inter- 
ae 


sect this rightside part only in the branch of the two curves where 


d 
= >0, and this intersection does not offer anything noteworthy for 


d 
our present investigation. So we have only to examine how = =O 


d 
intersects the leftside half of 0 and detaches itself from this 


v 
left side half or the only one that is left at® this temperature in the 
case just discussed that A is positive. 


7. Now we saw before that in fig. 4 the point where = =0 


intersects the line « = ,, lies at a value of v: 


d, 
At a temperature somewhat but very little lower, = 0 will 


have nearly the same course on the right of «=~, as in fig. 4, 
then, very near the valuez=-2z,, v=v, it will abruptly turn upwards 
and pass through the point «= .«,,v—=0. This follows also from the 
coefficient of direction, which approaches © according to formula (3). 
At somewhat higher temperature the first part will remain almost 
unchanged, but the curve, having got very near «=2,,v =v, will 
now turn abruptly downward to an asymptote lying somewhat to 
the right of x,. So the question whether for this temperature a 
double intersection of = =0 and * 0 will exist, which will 
necessarily lead to a contact afterwards, before the curves get quite 
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detached, is entirely dependent on the fact whether the point 
d 
x= w2z,,v=v, lies outside or inside = 0 for the temperature con- 
: v 


sidered, as appears clearly from the figs. 8 and 9. Now as we saw 


d 
before the point where a feP intersects the line «=a, is deter- 
ig 


mined by : 
2a 
v%, = ——— 
MRT 
* 
i? ont 
p) 
> =9 
% 3 i. 0 
x 
A 1 
Fig. 8. 
xX 
vif 


“ 
° 


CS 


= 
hes 


| 


Fig. 9- 


( 615 ) 
Accordingly the question whether for a temperature somewhat 


da db 
higher than that for which for 2, = MRT. there will be double 
Xv 


& 
intersection and then contact, or no intersection of the two curves, 
will depend on the fact whether the expression : 


‘ db? 
- MRT ( — 
, ace (=) 
: d’a 
3 gee dz* 
7 Pie 2a 
3 MRT 
a de db 
$ or, since we have here — = MRT —: 
dx ‘nv 
2 ‘da 2 
da a(= 
v, (3 da 
v. da da\? 
a de® 4(a,a, a aa -f- (= 


will be smaller or larger than 1. So for the case a,a,=a’,, 
there is no longer any question of intersection above the temperature 


. da 
| da: 
“db” 
> Pee 


MRT = 


because then v, is twice as large as v,, and a,, must have conside- 
rably descended below this value, before there can be question of 
this. Just as vAN pER Waals derived (These Proc. June 1908) we 
get contact if v, = v,, and so 


., 


a —— 
da? 


b 
It appears that the value of —, which belongs to the point of 
v 


contact (loc. cit. fig. 32) becomes equal to zero in this case, not 
because the denominator becomes infinite, but because the numerator 
becomes zero, 
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In a subsequent communication I hope to indicate the course of 
the isobars in the case given here, and to examine by the aid of 
a general survey of the possible combinations of a’s and 6’s,, whether 
besides the diagram of isobars given by VAN DER WAALS and the one 
treated here there are other diagrams of isobars possible for mixtures 
of normal substances with a’s and 6’s which are quadratic functions of w. 


ERRATUM. 


p. 294 line 20 read 6\badc, for 6\bcda. 
22 read 8\dcba, for 8\dabc. 
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Chemistry. — “TJhe system: Copper sulphate, Copper chloride, 
Ammonium sulphate, Ammonium chloride and Water at 30°”. 
By Prof. F. A. H. ScoreinEMAKERs. 


(Communicated in the Meeting of January 30, 1909). 


Although the above mentioned five substances take part in the 
construction of this system only four need be considered as components, 
as between the four salts exists the relation; 

CuSO, + 2NH,Cl = (NH,),SO, + CuCl,. 

The system constructed from the four salts only ought, therefore, 
to be looked upon as a ternary one; we will now see first of all 
how we may represent such a system. 
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Let us take the four substances: AB, AC, BD and CD between 
which may take place the double decomposition : 


AB+ CD=AC+ BD 
If we represent the substances AB, AC and BD by the angles 


of a rectangular isoxeles triangle the rectangular side of which has’ 


the length 1 [fig. 1] substance CD is represented by the point CD 
so situated that the four points representing the four substances form 
the angles of a tetragon. What will now be the composition of a 


T 
XN 
‘ 
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Fig. 1. 


phase represented by point p? This may be represented in various 
manners according to the nature of the three substances in which 
it has to be expressed. 

1. We take as components AB, AC and: BD. 

The point p then represents 2 Mol. BD, y Mol. AC and, therefore, 
1—a—y Mol. AB. 

2. We take as components AB, AC and CD; p then represents: 
1—y Mol. AB, « Mol. CD and, therefore y — # Mol. AC. 

3. We take as components AC, CD and BD; the point p then 
lies outside the triangle having these substances as angles; it then 
represents 1— y Mol. BD, 1 — «x Mol. AC and, therefore, # 4+- y— 1 
Mol. CD; «+ y—1 is negative in this case. 

4. If we take as components AB, BD CD p again lies outside 
the observed triangle; it then represents y Mol. CD, 1—w Mol. AB 
and, therefore, e—y Mol. BD which latter quantity is negative. 


We may, therefore, assume in four ways that the phase p is 
constructed of three of the four snbstances; it is obvious that each 
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of the four assumptions leads to the same composition. This may be 
explained also in the following manner. 

If, for instance, we calculate the quantity A of this phase in the 
four ways described,we always get the same result: According to 
1 the phase contains y Mol. AC and 1—«—y Mol. AB, therefore 
1—zx Mol. A; the same is found according to 2, 3 and 4. 

We also find in each of the four cases that that phase contains 
1—y Mol. B, y Mol. C and 2 Mol. D. | 

If we draw from p the perpendicular lines z and w these are 
also significant. For we find: eye oe tee 


1 1 
e=5(l—a—y) V2 and u=5 (ya) V2. 


For the composition of the phase p we may write according to ‘a 
x Mol. BD, y Mol. AC and 1—a#—y Mol. AB. 
As, however, between the four substances exists the relation 


AB+ CD= AC+ BD 
we may express the composition also in the four substances, for 
instance : 


a—n Mol. BD, y—n Mol. AC, 1—x—y + n Mol. AB and n Mol. CD. 


From this it follows that 1—#—y represents the number of Mols. 
AB minus the number of Mols. CD, while y—vw represents the 
number of Mols. AC minus the number of Mol. BD, Therefore: 


1 1 
= (Mol. AB—Mol. CD)V2 , u= z (Mol. AC— Mol. BD) V2. 


1 
The half diagonal of the square is now - V2; if, however, the 


half diagonal is taken as T we have: 
z= Mol. AB— Mol..CD and u= Mol. AC— Mol. BD. 


The composition of the phase represented by point p may, therefore, 
be deduced in two ways. 

1. From the situation of p in regard to one of the four triangles 
whose angles represent the solid substances. The length of the sides 
of the square is then called 1. We then obtain the composition 


expressed in those three substances which form the angles of the 


observed triangle. 


2. From the situation of p in regard to the two diagonals of the 
square. The length of the half diagonals is then taken as 1. 


If we now add a fourth component, this may be placed on an 
axis in the point 0 perpendicularly to the plane of the square; if 
42* 
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on this we take a piece OW=1, point W then represents the 
fourth component W. The different phases occurring in the system 
will then be represented by the points within the prism W.AB.AC. 
CD. BD. oi 
As in the system now investigated the relation 
Cu SO, + 2 NH, Cl = (NH,), SO, + Cu Cl, 

takes place between the four salts we will, in the case of ammo- 
nium chloride, take the double molecule (NH, Cl), and not the single 
one. If we proceed along the circumference of the square in a 
constant direction the angles represent successively the components : 
CuSO,, CuCl,, (NH,Cl), and (NH,),SO, the water will then be indicated 
by point W in space. 


We may now project the different points in space on an arbitrary 
plane; for this we choose a projection on the square and then obtain 
something like what is represented in Fig. 2. As the drawing would 
become too large the diagonals have only been drawn as far as 
necessary; the sides and angles of the square have been omitted. 

We will now consider first the different ternary systems. 

1. The system: water, CuSO,, (NH,),SO,. 

In this system investigated by Miss W. C. pr Baar three solid 
substances occur at 30° in equilibrium with the liquid, namely, 
(NH,),SO,, CuSO,.5 H,O and CuSO, . (NH,), SO, .6 H,0O. 

The isotherm therefore consists of three saturation lines, namely : 
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de the saturation line of the (NH,), SO, 
on, a ep ge OO, (NH). SO, 6-.0 
ba »” ” 495 APR oS Cu SO, >) H,O. 


If we unite the point O with the point representing the double 
salt CuSO, . (NH,),5O,.6H,O we intersect the saturation line of double 
salt the latter being, therefore, soluble in water without decomposition. 
2. The system: water, CuSO,, Cu Cl,. 
Only two solid substances namely CuSO,.5H,O and CuCl, .2H,O 
occur in this system as solid phases by the side of liquid; point / is 


- the solution saturated with both salts, 47 is the saturation line of the 


CuCl, .2H,O, ka that of the CuSO, .5 H,O. 

3. The system: water, CuCl,, NH,Cl. 

The isotherm of 30° has already been determined by Dr. P. Mxxrsura. 
As solid substances occur, by the side of liquid, CuCl, . 2 H,O, NH,Cl 
and CuCl, .2NH,Cl.2H,O. The saturation line of the CuCl, .2H,O 
is represented by 7h, that of the CuCl, .2NH,Cl.2H,O by Ag, and 
that of the NH,Cl by fy. The line uniting point O with the point 
representing the double salt intersects the saturation line of the double 
salt the latter being, therefore, soluble in water without decomposition. 

4. The system: water, (NH,),50,; NH,Cl. 3 

In this system only (NH,,,5O, and NH,Cl occur as solid substances; 
the saturation line of the first salt is represented by de, that of the 
second by ef; e represents the solution saturated with both salts. 


After this short review of the four ternary systems we can now 
discuss the quaternary system. 

At 30° the following substances can occur as solid phases in 
coexistence with liquid: 
CuSO, .5H,O, CuCl, . 2,0, (NH,),SO, NH,Cl, CuSO, .(NH,),SO,.6H,0 
and CuCl, .2 NH,Cl: 2 H,O. 

As the solutions, which in a quaternary system are saturated with 
solid matter are represented by a surface, there must be six saturation 
surfaces; their projections are indicated in the figure, namely : 


abmlk is the saturation plane of the CuSO, .5H,O 


a. : yi auras ntl. 34.0 

Sgope 5 5 af stilt es DEO 

Epes, i 1» Tteesas, ONEL) SO: 

himog 5,5; : 9 ys CuCl, . 2NH,Cl . 24.0 


bmope Adtue A 2 as 44 an CuSO, ; (NH,).SO, ; 6H,O 
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In order to facilitate the survey, I have indicated on each of the 
saturation surfaces the solid.substances with which the solutions are 
saturated; for the sake of brevity Cu, stands for CuCl, . 2H,O. 


The lines in which the surfaces intersect each other two by two 
represent the solutions saturated with two solid substances. They are 
the following: 
ep, the saturation line of (NH,),SO, + NH,Cl 
Ch re »» »> (NH,),S80, + CuSO, . (NH,),SO, . 6H,0 
bm, ,, ss » >, CuSO, .5H,0 + CuSO, .(NH,),SO,.6H,O 
} Sas ie » 9, CusO,.5H,0 + CuCl, . 2H,O0 
iA, i3; % » »5 CuCl, .2H,0 + CuCl, . 2NH,Cl. 2H,O 
09 55 : i sy NH CuCl INH Gi. 2H Oe 
mo, 5; s 5  », CuSO,.(NH,),SO,.6H,O + 

+ CuCl, . 2NH,Cl . 2H,O 
Cee Ri »» », CuSO, .(NH,),SO,,. 6H,0 + NH,Cl 
lm ,, es » >», CuSO,.5H,O + CuCl, .2NH,Cl , 2H,O 

The points in which the saturation lines meet three by three are 
the saturation points; they represent the solutions saturated with 
three solid substances. We have; 

p, saturated with CuSO, .(NH,),SO,.6H,0 + (NH,).SO, + NH,Cl 
0, si , CuSO,.(NH,),SO,.6H,0 + CuCl, .2NH,Cl.2H,O + 
3 + NH,Cl 
m, 3 » CuSO,.(NH,),SO,.6H,O + CuCl, .2NH,Cl.2H,0 + 
+ CuSO, . 5H,0 
l, ‘i » CuCl, .2NH,Cl.2H,0 + CuSO, .5H,0 + 
+ CuCl, . 2H,0 

We can now see plainly from the figure the solid substances by the 
side of which a defined solid substance can exist in saturated solution. 
We notice that CuSO,.(NH,),SO,.6H,O can exist in coexistence 
with (NH, ’,SO,, NH,Cl, CuSO, .5H,0 and CuCl, . 2NH,Cl. 2H,O but 
not together with CuCl, .2H,O; CuSO, . 5H,0 ean exist by the side of 
CuCl, .2H,0, CuCl, .2NH,Cl.2H,0 and CuSO, .(NH,),SO, . 6,0 
but not together with (NH,),SO, or NH,Cl. It further appears that 
both double salts behave in regard to each other and to water as 
single substances; at 30° we may have a series of solutions 
saturated with CuSO,.(NH,),S50,.6H,0, a series saturated with 
CuCl, .2NH,Cl.2H,O and one solution saturated with both at the 
same time; the latter is represented by point 7. 

Many other conclusions may be drawn from the figure, but this I 
must leave to the reader. 


ae a ee a oes ee 
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Physiology. — “Contributions to the Study of serumanaphylaxis” 
(1st communication). By*J. G. Steeswisk, Foreign Member of the 
Pasteur Institute at Brussels. (Communicated by Prof. Sproncr). 


(Communicated in the meeting of January 30, 1909). 


Of late the problem of anaphylaxis has attracted the particular 
attention of more than one investigator of immunity. On the one 
side the purpose is to answer the purely scientific question, how 
hypersensibility has to be explained, which in an organism may 
appear with respect to very different albuminous substances after 
such a material in some way or other has formerly been assimilated 
by the organism in question. But on the other hand the practical 
serumtherapy wishes to be delivered from the difficulties of the 
serumdisease, and tries to find means of preventing the dangers which, 
already with the first injection, but still oftener with an injection 
that is repeated not too soon, threaten the patient. 

In the meantime the sphere of investigation has been examined 
in many a direction, the literature is increasing, but theory has still 
too frequently to complete what is wanting in a useful supply 
of facts. Therefore an extension of the latter is very desirable, if 
new points of view offer themselves there. This communication is to 
furnish a contribution to this. It contains in a few words some 
results of the first part of an investigation which was made in the 
Pasteur Institute at Brussels and which had the phenomenon of the 
serumanaphylaxis for its subject. 

The literature will only be referred to, as far as this is strictly 
necessary to elucidate my explanation ‘). 

It was THEOBALD Smita who had observed that guinea-pigs which 
had served for the titration of diphtheria-serum, and which accordingly 
had been treated previously with small quantities of diphtheriatoxine 
and antitoxic horse-serum, after a certain period of incubation had 
become extremely sensitive to a second injection of horse-serum, 
that they reacted thereupon as upon the administration of a strong 
poison and — in proportion to the dose — very often perished. 
Orro proved that with nothing but horse-serum (without toxine) this 
hypersensitiveness was also obtained, whilst Rosenau and ANDERSON 
proved that also with the aid of other sera such an anaphylactic 
state could be called into life, and that for each serum in a specific 


1) For an ampler discussion about the present state of the problem | beg to 
refer to a critical study from my own hand, which is shortly to appear in the 
“Zeitschrift fiir Immunitatsforschung und experimentelle Therapie”. 
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sense. Since that time the guinea-pig has become the fit test-animal 
for such investigations. 

I have provisionally confined myself to the study of horse-serum, 
also because the knowledge of this in connection with the origin of 
our therapeutic sera has the most practical importance. 

While a normal guinea-pig bears an intraperitoneal or sub- 
cutaneous injection of 5cm* horse-serum without any perceptible 
symptom. of disease, such an animal (of 250 to 300 grammes) mostly 
perishes however under typical symptoms of intoxication, when about 
12 days before it has been treated with a small dose of the same serum 
fe.g +7%/,,. em*.). Instead of immunity (prophylaxis), which usually 
follows on the administration of a larger dose, here a state of hyper- 
susceptibility or anaphylaxis (Richet) has arisen. The borse-serum 
completely harmless in itself, plays in this case for the sensitized 
guinea-pig the part of a heavy poison. The first sensitizing injection 
must therefore have caused such changes in the organism as to 
change the second serum-injection into a toxic one. 

This process of reaction no doubt belongs to the symptoms of 
immunity, and consequently it ought to be studied with the aid of 
the methods that the doctrine of immunity has procured. It was 
therefore a matter of course that the question was asked: Is in the 
process in question alexine fixed? 

Orto’) answers this question in the negative, in my opinion 
- wrongly. For repeated observation taught me that a sensitized guinea- 
pig, which reacts upon the second serum-administration with sy mp- 
toms of intoxication some time after that injection produces a serum. 
that is exceedingly poor in haemolytic alexine (sensitized red corpuscles 
serving as test-object). A short time (5—10 min.) after the toxic 
injection the alexic power of the pig-serum is still the same; after 
this it decreases gradually and rather rapidly, so that after */,—1 
hour it has become minimum. In this period the animal mostly dies. 
If it recovers, however, the alexine is also seen to increase again, 
so that 1'/,—2 hours after the injection it has returned again to the 
normal level or even higher. This course of things might be graphi- 
cally represented by means of a curve. In anormal, not anaphylactic 
guinea-pig the alexine-quantity of the serum remains constant under 
the same experimental circumstances. 

Now, if the blood is not examined at the right moment, or not 
at several moments during the stage of intoxication, the chances are 
that une is too early (when the alexine has not yet disappeared) or 


1) Manch. med. Woch, 1907, no. 84, 
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also too late (when it has recovered itself again). I presume that 
Orro has thus been led astray. 

I have still to add here that, if the second toxic injection is applied 
not in the abdomen or subcutaneously, but in the circulation — in 
consequence of which the symptoms of intoxication show themselves 
very soon and pass very quickly — these symptoms may already be 
present even before the alexine has disappeared from the serum of 
the animal. From this may be concluded that the symptoms of 
poisoning are not the consequence of the loss of alexine, but that 
these two are processes running parallel, independent of each other, but 
both having a common cause. And this can be no other but the 
reciprocal influence of the horse-serum administered (the antigen) 
and the reaction-products, specific for this, of the sensitized organism, 
arisen after and in consequence of the first injection of the alien 
serum. 

This being settled, we continue asking sucaeliae: where are these 
reaction-products to be found — probably a particular kind of anti- 
bodies? Where do we meet with such materials as show a particular 
and specific aflinity to horse-serum ? 

In order to answer this question, of course the first thing done 
was to examine the serum of sensitized guinea-pigs, but without 
any special result. For in not a single combination such serum 
gives a precipitate with horse-serum. Another possibility for the 
disappearance of the alexine from the serum of the intoxicated ani- 
mals might still be found in the presence in their circulation of 
antialbuminoid sensibilisators of Gencou. But also these seem to be 
wanting; I have repeatedly been able to convince myself that ana- 
phylactic serum, again in not a single combination with horse serum, 
is able to fix alexine. On the other hand I have been able to prove 
that the serum of the sensitized pigs reacts antialexically with respect 
to fresh horse-serum, and especially during the stage in which after 
the toxic injection the original alexine has disappeared from the 
circulation. Although I now reserve to myself the duty to revert 
to the meaning of this fact on a future occasion, yet it seems to 
me that this formation of antialexines (which we also meet with at 
the usual serum-immunity) does not bring us much nearer to the 
explanation of just the anaphylactic complex of symptoms. 

But if not the fluids, it is perhaps the cells that can bring us a 
step onward? — I have applied to the erythrocytes of the guinea- 
pig, and it has appeared to me that washed normal pig-blood, 
brought in contact with horse-serum, whilst a sufficient quantity of 
physiological solution of sodiumchloride is present, is able to fix 
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from the serum the substance that is toxic for sensitive animals. *) 

This procedure was already for another reason known in the 
immunity-literature, because in this way also the alexine from the 
horse-serum is fixed upon the blood of the guinea-pig. *) 

Serum treated thus has for anaphylactic animals lost its poisonousness, 
and this fact seems to me to open a new point of view. For it 
proves that there exists affinity between the toxic principle of horse- 
serum and celJular elements already of the normal pig-organism. 
The supposition does not seem to be too bold that also other elements 
of tissue or organs of the guinea-pig are subjectable to such a fixation, 
and that this affinity is still enhanced in the anaphylactized animal. 
The reaction between the horse-serum and the sensitive elements — 
especially those of the central nervous system — would then give 
rise to the action of the anaphylactic shock, whilst by the side of 
this the secondary fixation of the alexine would be the consequence 
of this reaction to be observed in the serum. Starting from these 
facts and considerations I continue my investigation in this direction. 

In the meantime it is worth while to point out here that already 
some time ago v. Benrine drew the attention to the paradoxical fact 
that a horse containing abundant diphtheria-antitoxines in its blood, 


can yet react upon a relatively small dose of toxine with symptoms ~ 


of poisoning and even with death. Therefore v. BeHrine presumed 
the existence of an histogenetic hypersensibility, which hypothesis, in 
connection with what precedes, grows more probable. 


To the many attemps made by different investigators with varying 
results, to deprive horse-serum of its toxicity by the help of physical 
or chemical means, I have tried to add another, which had a satis- 
factory result. | have namely submitted to dialysis horse-serum in 
so-called “Fischblasencondome’’. From this it appeared that the arising 
precipitation, dissolved in a physiological salt-solution, shows no 
trace of toxicity with respect to sensitized guinea-pigs, whilst the 
serum floating on the surface and free from salt (before the animal- 
experiment reduced to isotonical proportions), gradually loses its 
poisonousness during the process of dialysis. 

Now the proof for the non-poisonousness just of the filtrate is not 
devoid of importance, because former investigations have shown that 
in dialysing antitoxical horse-serum the diphtheria-antitoxines (which 


‘) Take for 1 vol. serum: 1'/, vol. blood and 2 vol. salt solution. — On simple 
dilution with salt-solution in the same proportions, the serum retains its toxicity. 

%) See about the meaning of this phenomenon: Ehrlich and Sachs, Berl. Klin. 
Woch, 1902, no, 21 and Bordet and Gay, Annales Pasteur 1906. 
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are fixed to the soluble globulines) are to be found back quantitatively 


in the filtrate. Thus the way has been paved to obtain an antitoxical 
solution, at the same time free from anaphylactic by-actions, —- 
which might be of great use to the serum-therapy. Erelong I hope 
to be able to give further information about this subject. 


Mathematics. — “The types of bilinear «'-complexes of M;—2in Sp,.” 
By Mr. Lucien Gopraux, at Liege. (Communicated by Prof. 
SCHOUTE). 


(Communicated in the meeting of January 30, 1909). 


I have been recently ') investigating which were the essential charac- 
teristics of the most general type of the bilinear complex of conics 
in Sp,; it is now my purpose to extend my work to the linear 
space Sp, with 7 dimensions. 


Let there be o” varieties M/_» with r—2 dimensions and of order n. 
Any one of these varieties is entirely situated in a linear space Sp,—, of 
the fundamental space Sp,. Let us say that these oo” varieties form 
a oo’-complex. 

The characteristics of such a complex are: 


1. The number u of the J,» situated in a general Sp,—, of Sp,. 
2. The nutes v of the M)_» passing through a fixed point and 


the. Sp, of which passes through a Sp,—s containing the chosen 


fixed point. 

The aim we have here in view is the determination of the essential 
properties of the most general g,-complex Z having the charac- 
teristics w= 1, »—1. 


Let us notice that all the varieties Al’. of Sp, are the sections 


by the Sp,—; of the varieties V,_,; with r—41 dimensions and of 


: : —1l 
order n of a linear system (es as )—1. times itnite K. 


The M,". of L are evidently situated on the V_; of an o’-system 
EK contained in K. 


1) Determination des variétés de complexes bilinenires de coniques. Bull. de 
l’Acad. Roy. de Belgique 1908. 
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Turorem I. — The M,20f L situated in the Sp, passing through 


a fixed Sp, generate a variety Van of r—1 dimensions and of 
order n + 1. ? 
Let d be a linear space Sp,—2, Each Sp,—; passing through d 


contains a M}_». Space d belongs to ,the variety generated by these 


M,"-», for v=1. We deduce from it the above theorem. 


é 


Tueorem II. — A V;_, of the system K’ contains generally but 
one M,» of L. Let us suppose a V;_, of K’ containing two My» 
of Z and let us denote by a, 8 the Sp, containing these two M,-». 
The M;_2 of which the Sp,—; pass through the Spy, common to a 
and 8 generate a V;"4' on which the points common to «, 8 and to 


the two M)_» are multiple of order two. — 
From this ensues that through a point of the Sp,_2 common to 


a, 8 generally no M/_. of ZL will pass of which the Sp,; would 
pass through this Sp,—s, which is contrary to the hypothesis y = 1; 
hence the theorem. 


CONCLUSION : We see that 
1. An Sp,—; contains a single MM). of ZL, thus to an Sp,—1 
corresponds a single V,. of K’. 


2. A Vi. of K' contains a single Mj. of Z, thus to a 


V," . of K' corresponds a single Sp,—1. 
Hence: 


A c’-complex of M;2 with characteristics w=1, v= 1 is the 
intersection of the elements of two varieties in birational correspond- 
ence; one of these varieties is composed of the Sp». of the space, the 


other is a homaloid system of Vy, v-times infinite. 


Liege, Oct. 1908, 
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Mathematics. — “The plane curve of order 4 with 2 or 3 cusps 
and 0 or 1 nodes as a projection of the twisted curve of 
order 4 and of the 1* species.” By Prof. H. pe Vrirs. 


(Communicated in the meeting of January 30 1909.) 


1. If two quadratic cones are situated arbitrarily with respect 
to each other, they intersect each other in a twisted curve 7* of 
order 4 and of the 1% species. If we suppose the plane rt to be brought 
through a point O of the nodal curve of the developable belonging 
to 7* in which plane lie the two tangents of r* passing through 
O, then this plane must intersect the two cones according to conics 
k*,, k*,, touching each other in the points of contact O,, O, of 
the two indicated tangents with r*. We shall now suppose the first 
cone to be determined by the base-curve #*, and the vertex R, the 
second by 4*, and the vertex S. The plane 1 is a double tangential 
plane of 7*, so it must be a tangential plane of one of the four 
quadratic cones passing through r‘; i.e. in rt, and on the line O,0,, 
lies the vertex H of a third double projecting cone of r*; and finally 


_ the vertex 7’ of the fourth cone must then lie in the common polar 


plane of H with respect to the cones [R| and [S], and this plane 
must pass through O, because the double curve of the developable 
of 7* consists of four plane curves of order four situated in the faces 
of the tetrahedron RS 7H, and O, as a point of this double curve, 
must thus lie in one of those faces, namely in the polar plane RS 7 
of H, because the points 0, and O,, whose tangents intersect each 
other in QO, lie on a straight line through H. The cone { 7’] intersects 
t in a conic k?,, likewise touching in O, and OQ, the lines OO,, 
OO,; the cone [H] on the contrary has with tr “ the line 0,0, 
counting double in common. 


2. If we project 7‘ out of O on an arbitrary plane 2, then the 
projection is a plane curve £* with two cusps in the points of inter- 
section of this plane with OO,, OO,; it is convenient to take for 
this plane of projection the polar plane of O with respect to the 
cone [H], because then O,, O,, together with two other important 
points — of which we shall soon hear more — coincide with their 
projections; the cuspidal tangents are nothing but the traces of the 
osculating planes of 7‘ in O,, O, with z. 

The plane z intersects the cone [H] in two generatrices ; 
one is O,0,, the other intersects r* in two points D,, D, coinciding 


with their central projections on 2, and in which £‘ touches the 
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line D,D,, because the plane through this line and O isa tangential 
plane of [H]; so D,D, is the double tangent of k‘, and H is the 
point of intersection of this double tangent with the connecting 
line O,O, of the cusps’). 


Each generatrix of [H] contains two points of r*, lying harmoni-— 


cally with respect to the point H and the point of intersection with 
the polar plane RST’ of H; so if we call / the line of intersection of 
this plane with 2, it ensues immediately that each line of x through 
H contains four points of k*, lying harmonically in two pairs with 
respect to H and h; each pair originates from two points on a gene- 
ratrix of {|}. 

If we consider 0,, 0,, D,, D, as base-points of a pencil of conics, 
then for each curve of this pencil H is the pole of h; each curve 
containing the cusps and the points of contact of the double tangent 
of k*, it cuts this curve in two more points P,, P,, whose connecting 
line passes through H. These pairs of points determine on /* a 
fundamental involution in such a way that on each ray through H 
lie two pairs, originating from the two pairs of points of 7* on two 
generatrices of [| situated with O in one plane; the conics of the 
pencil are thus arranged by the rays out of H in pairs of a 
quadratic involution, whose double elements correspond to O, 0, and 
the double tangent d; the former consists of the conic of the pencil 
touching in 0, and Q, the cuspidal tangents, a curve which together 
with A forms the first polar curve of H with respect to £*; the second 
must break up into the lines 0,0, and d, because this conic must 
touch the line d in D, and D,. By the pencil (#/) and the pencil 
of conics (0,,0,, D,,D,) paired involutorily conjugated to it k* is 
generated as the locus of the points of intersection of corresponding 
elements, where besides /* also the line d appears. *). 

However, /* can be generated in still another way. Let us imagine 
through O,O, instead of a another plane; this will intersect r* 
besides in 0,,0, in two more points P,, P,, whose connecting line 
passes through H and. is divided harmonically by these three points 
and the plane RS 7’; so the central projections P’,, P’, are situated 
likewise on a line through H, and lie harmonically with respect 
to H and h. Let us now consider the pencil of conies (O,,0,, ?’,, P’,). 
The different conics of this pencil are likewise involutorily paired by 
the pencil (//); the branchrays are again O,O, and d, the double 
conies conjugated to them are the conie of the pencil touching in 


/ 1) See the paper of Prof. Jan pe Vries (Proceedings of Amsterdam of Dec, 1908 
p. 499): “On bicuspidal curves of order four”. 
*) J. pe Vases, |. c. p. 500, 
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O,,0, the cuspidal tangents and the one passing through D,, D,,. 
The locus of the points of intersection of corresponding elements 
consists of &* and the line P’,P,. 

We can finally allow P’,, P’, to coincide with the cusps, we can 
thus consider all the conics touching the cuspidal tangents in O,,0, ; 
these too are paired involutorily by the pencil (#/) whilst the branch- 
rays are again represented by d and O,0,; fo d is again conju- 
gated the polar conic of H, to O,O0, a conic having in each of the 
two cusps four coinciding points with &* in common; so it can be 
nothing but the line O,O, counted double. As the locus of the points of 
intersection of corresponding elements of both pencils appears this 
time besides £&‘ still the line O,0Q,. 


3. Among the planes of the pencil (O,0,) are of special impor- 
tance those containing the cone-vertices FR, S, or 7’; the former 
e.g. is the polar plane of O with respect to the cone | 2] and contains 
therefore the two generatrices RO,, RO,. Each of these cuts r* in 


‘one point more, eg. R, and #,; the tangential planes along these 


generatrices to [| pass through.O however; and from this ensues 
that the central projections of RO, and RO,, cutting each other in 
the projection R’ of AR lying on hf, must touch £* at the points 
R',, R',. We can, however, also bring through O two tangential 
planes to the cones [S| and [7’], so: out of each of the two cusps 
three tangents can be drawn to k*, the traces of the tangential planes 
through O to the cones [R], |S], [7]; these tangents intersect each 
other in pairs in three points R’, S’, T’ of h*) (this also follows 
from the harmonic position of the -whole figure with respect to 
H and ‘h), the projections of the three cone-vertices R, S, T. 

Remark. If we take for £,*, £,? (see § L) two concentric circles, 
and if we then project the figure in space on a plane 2 (§ 2) which 
is parallel to t, the oval of Descartes is generated and R’, S’, 7’ 
pass into the foci. 

The twisted curve r* can be generated in six different ways as 
intersection of two of the four cones; let us take in particular [R 
and {|H]. If we make to pass through the line RH two planes y,, u,, 
harmonically separated by the planes RHS and RHT, the points of 
the two quadruples of points lying in these planes are situated two 
by two on four straight lines through each of the four cone-vertices ; 
we now take for uw, the plane passing through the points O,, O,, R,, R,, 
and we shall call the four points in the other plane S,, S,, 7,, T,. The 
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latter four points lie thus with the former on four straight lines through 
S and on four others through 7’; let us now suppose-e. g. that 
O,S, passes through S. The tangential plane along the line SS,0O, 
to the cone [S| has then as trace with r the tangent in O, to &,’, 
i.e. the line OO,, and from this ensues that the four points S,, S,, 7,, 7, 
are nothing but the points of contact of the tangential planes through 
O of the cones [.S] and [7’] with r*; however, we know now that 
these four points lie on two lines through R, so in projection 
the points of contact S’,,S’,,T’,, 7’, of the tangents out of the 
cusps not passing through R’ lie on two straight lines through R’, namely. 
S’, with T’,, and S’, with T’,.*) That they lie also on two lines 
through H follows moreover again from the harmonic position 
with respect to H and h. 

The polar plane of A with respect to the remaining three cones 
is simply the plane STH; it intersects the plane RS7Z’ in the 
line ST (whose central projection falls on h), and the two lines 
of intersection with mw, and w, lying in this plane in two points 
R*, R**, lying on S7, and situated harmonically with respect to S and 
7; R* is then the point of intersection of O,R,, O,R,, R** that 
of S,7, and S,7,. If we transfer these results to the projection, we 
find: of the complete quadrangle O,O, R', R', two of the diagonal 
points are R', R* (the third is H), and of the quadrangle S',T',TS, 
likewise R', R** ; the points R* and R**' lie harmonically with respect 
to S' and T’. A similar property of the same points holds if 
we combine S',,S', with the cusps and then regard the other four 
points; or finally if we couple 7’,, 7’, to O,, O, and join the other 
four to a complete quadrangle. And finally all ‘six points R’,... 7", 
lie on a conic in consequence of the harmonic position with respect 
to 4 and H, whilst the points of intersection not lying on fA of the 
six tangents out of the cusps lie likewise on a conic and at the 
same time in pairs on three straight lines through H. 


4. Besides the group of 8 points just considered consisting of the two 
cusps and the points of contact of the six tangents passing through 
these points, there lie on £* still an infinite number of other such- 
like groups which have with respect to R', S', 7’, H the same 
properties. Let us for instance suppose that the plane p, (§ 8) is 
still passing through ARH but for the rest arbitrary, and let us 
suppose #, again as harmonically conjugate to wu, with respect to 
HRS, HRT, then on r* a new group of 8 points is generated 
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Jying in pairs on four lines through each of the 4 vertices, and whose 
central projections thus possess the same property with respect to 
the points R’, S’, 7’, H. If we divide the 8 projectiuns into two 
quadruples, in such a way that one belongs to the four points of 
u,, the other to those of m,, then the two quadruples form two 
complete quadrangles with the common diagonal points R’ and H, 
whilst the others, R*’ and R**’, lie harmonically with respect to S’ 
and 7”; the pairs of points R*’, R**’ on h form therefore a quadratic 
involution with the double points S’, T'. Similair properties hold 
for the two other possible divisions of the group of 8 points into 
two quadruples, namely with respect to the points S and 7’. 

A special group of 8 points is found by choosing for the two 
planes uw the tangential planes through the line RH to the cone 
[H|, for these are likewise harmonically separated by HRS, HRT, 
but they furnish instead of 8 points 4 pairs of coinciding points of 
r‘, namely the points of contact of the 4 tangents out of & to r*. 


These points of contact lie in the polar plane 9 (§3) of R and on 


two generatrices of the cone [S], and likewise on two of the cone 
[7']; the tangenis themselves pass in projection into the four tangents of 
k* through R’ not passing through the cusps, so: the points of 
contact of the four tangents of k* through R’ not passing through 
the cusps are the vertices of a complete quadrangle whose diagonal- 
points are the points S’ 7’, H; the corresponding points R*’, R**’ 
are the points of intersection of the two sides of that quadrangle 
passing through H with h. 

Another special group of 8 points is generated if we choose for 
the planes w the tangential planes through RH to the cone {2}; 
we then find the four points of 7* in the plane RST, and therefore 
in projection the points of intersection of r* with 4, whose tangents 
indeed pass through H, in consequence of the harmonic position of 
k* with respect to 2 and H. 


5. A group of 8 points of £* must be determined by one of these 
points; for the connecting line of this point with O intersects r* in 
one point, which determines with the line HR the plane u,; and 
by w, at the same time mw, is determined. Planimetrically we can 
deduce out of one point of a group the other ones with the aid of 
the following property. The cone | &] intersects the plane e = STH 
in a conic r*, and we find that r* lies harmonically with respect 
to this and the point #, in that sense that the two points of r* 
on a generatrix of |#| are always harmonically separated by 
R and the point of intersection with r?; in particular 7? contains 
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the four points of intersection of r* with 9, whose tangents pass 
through #, and also the points harmonically conjugate to AR with 
respect to the pairs 0,,R, and O,, R, lying in the polar plane 
O,O,R of O with respect to the cone [ R]. 

By passing to the projection we find out of this the following 
property of k*: through the points of contact of the four tangents 
out of R' not passing through the cusps, a conic r* can be brought 
touching the two tangents which do pass through the cusps in the 
points harmonically conjugate to R' with respect to the cusps and the 
corresponding points of contact; k* now les harmonically with respect 
to R' and r® in such a sense that the four points of intersection of 
k* with an arbitrary ray through R' arrange themselves into two 
pairs, each lying harmonically with R' and one of the points of 
intersection of that ray with r°. 

Of course also the points S’ and 7” possess such a conic, but the 
point H likewise, namely the line A counted double; for, the polar 
plane of H with respect to 7* is the plane RS 7, and the section 
with the cone [| lying in this plane is projected out of O into 
the line A to be counted double. 

With the aid of the conic 7 it is easy to deduce out of one poiut 
of a group the seven other ones. If point 1 is taken arbitrarily, we 
find four others by the harmonic position of 4* with respect to the 
points F',.S', 7’, H and the corresponding conics; on the line Rt 
e.g. are lying besides 1 still 3 points of £*, but among these is only 
one forming with 1, RF’, and one of the points of intersection of R'1 
with 7? a harmonic group. The three then still missing points we 
find by simply combining in proper fashion the already found one 
with RF’, S, 7’, or H. 

Just as in §2 by rays out of H now, too, a fundamental involution 
is generated on k* by those out of R' (or S, or 7") in such a 
manner that on each ray lie two pairs, originating from the two 
pairs of points of 7* on two generatrices of the cone { &] lying with 
O in one plane; each pair is harmonically separated by R' and one 
of the two points of intersection of the indicated ray with 7°. If 
now in two points of r* lying on a straight line through R we draw 
tangents, then these intersect’ each other in a point of the plane 
STH, and the locus of this point of intersection is a plane curve 
of order four, double curve of the developable of r*, with double 
points in S, 7, H and having with r* the four points of intersection 
of r* with the plane S7'H in common. 
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Let us consider in particular the points U,, R; (§ 3), lying on a 
straight line through R, and let us remember that the tangent in O, 
to r* passes through O; we shall then find on OO, a point of the 
double curve of order four, whilst the tangent in that point is the 
line of intersection of the osculating planes of r* in O, and R, ; 
that one of O, passes through O and furnishes in projection the cus- 
pidal tangent in O, to &*; so the central projection of the double 
curve will contain the cusps of &*, and will touch the cuspidal 
tangents here. 

So, summing up we find: the point of intersection of the tangents 
to k* in two conjugate points of the involution generated by the pencil 
(R') generates a curve of order four with double points in S', T', H, 
situated harmonically with respect to h and H and having with k' 
in common the tangential points of the four tangents out of R' not 
passing through the cusps and likewise the cusps and the tangents 
in these. 

The new curve of order four cuts &* besides in the cusps (count- 


ing together for six points of intersection, and the tangential points 


of the four tangents out of F#’ not passing through the cusps, in 


_ six points more, of course again situated two by two harmonically 


with respect to and H; now these six points lie twice with two 
of the four above mentioned points of contact (those namely whose 
connecting line passes through //) on a conic. For, the conic through 


‘two of those points of contact touching in 0, and QO, the cuspidal 


tangents of k*, contains 2 x 3 + 2 = 8 points of intersection of 
the two curves of order four; so the other eight must also lie on 


@ conic. 


Also to the points S' and 7” belongs such a locus of order four ; 
as to the point H we can observe that in space the locus belong- 
ing to H lies in the plane RS 7’ and passes through OQ, so it 
passes by central projection into the line / counted three times, 
because each line passing through O and lying in the plane RS T 
intersects the curve besides in O in three more points ; indeed, through 
each point of / pass three pairs of tangents io £*, whose chords of 
contact pass through H. The central projection of O itself however is 
undetermined, and so. / is covered with points for the fourth time; 
the locus belonging to H consists thus of the line counted four times. 

Remark. The properties found in this § hold in a some- 
what more general form also for £* with two nodes, because they 
have been simply arrived at by centrally projecting the complete figure 
of the tetrahedron of PonceLer; the points #’, S', 7’, H have then 
however not such a simple position as for the bicuspidal £*. 
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6. If we bring the vertex S of the cone [S| on the surface of 
(R), then 7’ coincides with S, whilst the point S= 7 becomes a 
node of r*; so &* possesses besides the two cusps a node and in 
this point S' and 7” lie united. Out of each cusp only one tangent 
more can be drawn to 4*, and these two tangents intersect each 
other in the point R#’ lying on h. Through this point pass two more 
tangents to 4£*, the projections of the two generatrices of the cone 
[R| touching r*. The points of contact of these two tangents with 
x lie in the plane @ (§ 4), the common polar plane of R with 
respect to the cones [|S] and-[#], and so on the conic r? which 
has this plane in common with the cone [A]. This conic contains 
the vertex S; so now k* is harmonically situated with respect to the 
point R' and the conic r? passing through the double point and the 
points of contact of the two tangents out of R' not passing through 
the cusps, and touching the tangents out of R' which do pass through 
the cusps in the harmonically conjugated points of R' with respect to 
the cusps and the points of contact. 

If we bring through the line HR# an arbitrary plane pu, (see § 4), 
then the harmonically conjugate uw, always coincides with the tangential 
plane HRS to ||, which plane contains no other point of r* than 
the node; of each group considered in $4 of 8 points there are four 
coinciding in the node, whilst the four remaining ones form a complete 
quadrangle with the diagonal points R, H, R*. The tangents to r* in 
two points on astraight line through F intersect each other in e and the 
locus of this point of intersection is a plane &* containing the node 
of r*, having in this point a cusp (with cuspidal tangent in the plane 
RST), passing through H and having with 7‘ two points in common, 
whose tangents pass through &. So if we pass to the central 
projection of r*, we find that by the rays of the pencil (R') on k‘ 
again a quadratic involution is generated in such a way that the two 
points of each pair form with R’ and one of the two points of inter- 
section of the ray under discussion with r’* a harmonic group; the 
point of intersection of the tangents in the points of a pair moves 
along a cubic curve lying harmonically with respect to h and H, 
containing the cusps of k* and touching here the cuspidal tangents, 
passing through the points of contact of the two tangents out of R’ 
not passing through the cusps, passing through H and having in the 
node of k* a cusp with cuspidal tangent h. 

The cusps, the point of contact of the two tangents out of R’ 
and the node represent all the twelve points of intersection of the 
cubic curve with &*, 
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7. If, still imagining that the cone-vertices S and 7 are united in 
a point of the surface of {H]|, we suppose the cone [S| to be such 
that it touches the tangential plane in S to {H|, then 7* gets a cusp 
in S and R coincides with S and 7’, so that through r* pass but 
two quadratic cones; the plane RS 7’ remains determined, as the 
polar plane of H with respect to the cone [Rk] = [S]|=[7', 
and in this plane lies the tangent in the cusp R. The central projection 
now becomes a k* with three cusps, and the cuspidal tangent in 
R' is the line h. The double tangent through H remains determined 
as a trace of the plane of projection with the second tangential plane 
through O to {[H]|; however, as is easy to prove from the stereometric 
diagram, the points of contact must necessarily be imaginary. 

As &* is situated harmonically with respect to h and H, the tangents 
in the cusps O,, O, must intersect each other on h; however, / is 
the tangent in the cusp &': so the three cuspidal tangents pass 
through one point. 

The point H forms with the cusps O,,0,, and the point of 
intersection of the line O,O, with 4 a harmonic group; but now 
the same must hold for the two other sides of the 40,0,R’ of the 
cusps; the double tangent d is therefore the so-called harmonical line 
of the points uf intersection of the three cuspidal tangents with respect 
to the triangle of the three cusps; and the points of contact of the 
double tangent are the nodes of the elliptic involution on d, of which 
the points of intersection of d with the sides of that triangle and 
with the cuspidal tangents in the opposite vertices are three pairs. 
With respect to each cuspidal tangent and the point of intersection 
of the opposite side of the triangle with it the curve lies harmonically 
with itself. 


Zoology. — “On Ptilocodium repens a new Gymnoblastic Hydroid 
epizoie on a Pennatulid.” By Miss Wrinirrep E. Cowarp B.Sc. 
Victoria University of Manchester. (Communicated by Prof, 
Max WEBER). 


(Communicated in the meeting of January 30, 1909.) 


Order. Gymnoblastea — Anthomedusae. 
Family. Ptilocodiidae. fam. nov. 
Ptilocodium repens: gen. nov., sp. nov. 
*“Siboga” Expedition Stat. 289. 9° 0,3 S. 126° 24,5 E. 112 metres. 


Among the Pennatulids sent to Professor Hickson from the Siboga 
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Expedition were two specimens of Ptilosarcus sinuosus (Gray)., and 
growing over the tips of the leaves of them a small epizoic hydroid 


was discovered. To a description of this new hydroid, the present - 


paper is devoted. 

The occurrence of an epizoite on a Pennatulid is in itself an 
interesting fact as the Pennatulids have usually been regarded as 
being peculiarly free from any such growths. Only two specimens 
of Ptilosarcus were received from the Expedition and the hydroid 
occurs on both of them. The other Pennatulids of the collection 
have heen carefully looked over, but on none of them has an extra- 
neous growth of any kind been, found. 

Ptilosareus belongs to the Pennatuleae, the section of Pennatulids 
which are distinctly bilaterally symmetrical and have the -autozooids 
in rows, with their body walls fused to form leaves. 

Along the free edges of the leaves of the given specimens of 
Ptilosarcus, the hydroid Ptilocodium grows (fig. 1). It is quite visible 
to the naked eye, though in a cursory glance over the leaves of the 
Pennatulid, it probably would not be noticed. The hydroid affects 
the free edges of all the leaves of the Pennatulid, even those at the 
free extremity. It is suggestive that it does not spread over the rachis 
of the Pennatulid nor even over the main surfaces of the leaves, 
but grows only over the oral ends of the autozooids. 

The hydroid is devoid of any kind of skeleton and spreads over 
the distal parts of the antozooids composing the leaves of the Ptilo- 
sarcus (figs. 2, 3). The colony grows by means of spreading stolons. 
These stolons run singly over the spicular projections of the autozooids 
and along their tentacles; (figs. 2, 3, 4) but over the part immedia- 
tely below this, they branch and closely anastomose forming a more 
or less continuous sheet of basal coenosare. 

The hydroid exhibits the phenomenon of dimorphism, the gastero- 
zooids and daetylozooids being quite distinct. The zooids are sessile, 
arising directly from the stolon or basal coenosare as the case may be. 
" The dactylozooids arise at very short intervals along the stolon 
and are far more numerous than the gasterozooids. Gonozooids occur 
at frequent intervals. They are much fewer in number than the 
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Note by Professor Hickson. The hydroid described in this paper was found on 
the only two specimens of Ptilosarcus in the Siboga collection. As they appeared 
to be of very great interest, and I could not part with the Pennatulids which are 
themselves under investigation, | considered it to be advisable, in the interests of 
science, that a description of themi should be prepared in my laboratory without 
undue delay. | wish to express my hearty thanks to M. Bittann, to whom the 
description of the Hydroidea of the Expedition has been entrusted for kindly giving 
his sanction to the publication of this paper independently of his memoir, 
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gasterozooids but in every case the gonozooid arises, not from the 
stolon but from the base of a gasterozooid (fig. 7) in close proximity 
to the stolon or basal coenosare. 


Stolon. 

The stolons are tubular in structure (fig. 3). Their walls consist 
of superficial ectoderm and a lining of endoderm separated by a 
structureless lamella, the mesogloea. The ectoderm exhibits no traces 


of a perisarc. It possesses a few scattered nematocysts of the smaller 
kind .008 mm. & .005 mm. (vide infra). 


Basal Coenosare. 

The basal coenosare is formed by the anastomosing of stolons 
running over the parts of the autozooids immediately behind the 
tentacles. When two stolons ran together or cross, the ectoderm of 
the dividing walls disappears so that the upper ectoderm of one stolon 
becomes continuous with the upper ectoderm. of the other and the 
lower ectoderm of the one becomes continuous with the lower ecto- 
derm of the other. Thus the basal coenosare of the hydroid consists 
of superficial ectoderm and lower ectoderm separated by endodermal 
tubes (fig. 5). The structure arrived at is thus the same as in the 
coenosare of Hydractinia except that Ptilocodium has no chitinous 
skeleton. 

Nematocysts. 

The hydroid possesses two sets of nematocysts. The larger kind is 
found in the dactylozooids. Here the nematocysts are oval in shape 
and measure .017 mm. & .008 mm. The smaller kind occurs in the 
ectoderm of the basal coenosare and of the gonozooid, the size of 
these nematocysts being .008 mm. * .005 mm. 


Gasterozooids. 

Gasterozooids occur at frequent intervals on the basal coenosare 
and are sessile (fig. 7). They vary in size from .213 mm. high and 
106 mm. broad, to .373 mm. high and .026 mm. broad. They are 
much reduced in structure. There are no traces of tentacles. The 
zooid is simple and _ sac-like; the mouth is a simple pore leading 
from the exterior into the cavity of the zooid. The gasterozooids 
show no nematocysts. The endoderm cells near the mouth of the 
gasterozooids are comparatively short whilst those lining the remainder 
of the gastral cavity are long and narrow. Tbe material is not sufli- 
ciently well preserved to make out clearly the histological structure 
of the cells but it seems probable that the digestive functions are 


preformed by the long, narrow cells of the basal half of the gaste- 
rozoois. 
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Dactylozooids. 

The dactylozooids are very numerous compared with the gastero- 
zooids. They occur at irregular intervals; there seems to be no defi- 
nite relation, as regards arrangement on the basal coenosarc, between 
the dactylozooids and gasterozooids such as we find in Millepora or 
Stylaster. 

The dactylozooids are short and broad and each bears four capi- 
tate tentacles crowded with large nematocysts (fig. 6). The zooids do 
not vary much in size, the average size being .186 mm. < .106 mm. 
The smallest zooids measure 106 mm. X .053 mm. The capitate 
tentacles are .038 mm. in length and .033 mm. broad. The nema-_ 
tucysts of the tentacles are of the larger of the two kinds possessed 
by the hydroid and measure .017 mm. X .008 mm. The ectoderm of 
the remainder of the zooids shews no nematocysts. The endoderm of 
the dactylozooids and tentacles is solid and scalariform, there being 
no trace of a cavity or oral opening. (fig. 6). Judging from the 
preserved specimens the dactylozooids seem little, if at all, contractile. 


Gonozooids. 

The gonophores which are adelocodonic, arise in each case, as 
before described, from the base of a gasterozooid. Thus the base of 
a gasterozooid functions as a blastostyle (lig. 7). 

The gonozooids vary little in size, the average being .3873 mm. X 
186 mm. They are considerably reduced in structure, having the 
form of closed sporosaes. All the gonophores on the two specimens 
received are female. The ova are borne between the ectoderm and 
endoderm of the manubrium and have a diameter of .017 mm. They 
are practically all of the same size but it cannot be said whether or 
not they are ripe. | 

The superficial ectoderm of the gonozooid and the ectoderm lining 
the cavity corresponding to the sub-umbrella cavity of a medusa, are 
separated by an endoderm lamella, which shows traces of radial 
canals (figs. 7 and 8). There is no velum and there are no sense 
organs and only traces of four rudimentary tentacles. Nematocysts of 
the smaller kind oceur in the superficial ectoderm of the gonozooids. 


The Relation between the Hydroid and Ptilosareus. 


The specimens of Ptilosareus sinuosus on which the hydroid is 
growing seem practically unaffected by it. The autozooids are well 
developed, showing no signs of degeneration. 

The hydroid spreads only over the oral ends of the autozooids, 
that is, it keeps near the tentacles of the same, and does not run 
far over the leaves of the Pennatulid, Correlated with this is the 
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fact that the gasterozooids of the hydroid are devoid of organs for 
catching food. These facts at once suggest that the Ptilosarcus bene- 
fits the hydroid by helping it to secure food. 

On the other hand, on looking at a preparation of the hydroid, 
one is struck by the great number of dactylozooids which are so 


well provided with large nematocysts. Such a protection as these are 


capable of affording is probably more than is required by the small 
hydroid. The large projecting spicules of the autozooids of the Penna- 
tulid also, would protect the hydroid. Therefore I would suggest 
that the Ptilocodium is of use to the Pennatulid in the warding off 
of enemies and in stinging prey by means of its batteries of large 
nematocysts and that the Ptilosarens by means of its projecting 
spicules, protects the Hydroid. Thus the Ptilosareus and Ptilocodium 
are mutually benefited. 

Systematic position. 

Ptilocodium seems to have some affinities with Hydractinia, Podo- 
coryne and Millepora, as shewn by the sheet-like, encrusting basal 
coenosare from which the zooids arise independently; but even in 
this character Ptilocodium stands alone in having no chitinous or 
calcareous skeleton to protect it. 

In other respects Ptilocodium is unique. The dimorphism of Ptilo- 
codium is quite distinct from that of Hydractinia and Millepora, and 
probably originated independently. In the first place, the gasterozooids 
of Ptilocodium are extremely unlike those of Hydractinia and Mille- 
pora. They are short, sessile, sac-like structures, without tentacles. 
Those of Hydractinia are long, filiform structures, provided with a 
crown of tentacles. The gasterozooids of Millepora are also much 
longer than broad, not at all sac-like in form, and are provided with 
knob-like tentacles. 

The dactylozooids, also, are very different in structure, in the three 
genera. Those of Ptilocodium are short and broad, and are furnished with 
four characteristic capitate tentacles. The endoderm of the body of the 
zooid and of the tentacles is solid and scalariform, giving the dactylo- 
zooids a marked appearance. The dactylozooids of Hydractinia are long 
and slender and very muscular so that they are capable of coiling and 
uncoiling themselves. They have also a central cavity and according 
to Miss Cotcurr*) are provided with a terminal mouth. The dactylo- 
zooids of Millepora are very similar to those of Hydractinia. In 
possessing a solid scalariform endoderm, Ptilocodium resembles the 
Stylasterina. All the genera,except one, of this group, have the 
endoderm of the dactylozooids solid. 


1) Quart. Journ. Micro. Sci. No. 157, 1897. 
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In all other points except the dimorphism, however, Ptilocodium 
differs from the Stylasterina, and on the importance of dimorphism 
as indicating close relationship too much stress should not be laid. 
The old group Hydrocorallinae affords an illustration of the result 
of laying too much stress on this factor. In this group, the Mille- 
porina and the Stylasterina were formerly united, but it has since 
been pointed out that differences of more importance necessitate their 
being classed as separate orders. 

The next point to consider in discussing be relationship between. 
Ptilocodium, Hydractinia and Millepora, is that of the gonophores. 
Ptilocodium resembles Hydractinia in having adelocodonic gonophores 
but differs from it in having the gonophores arising from the base 
of the ordinary gasterozooid and not from a specialised individual or 
blastostyle. In Millepora there is no blastostyle and the medusae. 
arise independently of the gasterozooids, from the surface of the colony. 
_In Perigonimus, which, in the important respect of the structure 
of the basal coenosare does not closely resemble Ptilocodium or Hy- 
dractinia, the gonophores arise from the hydrocaulus bearing the 
gasterozooid or from the hydrorhiza. This case may therefore be taken 
as an indication that too much stress must not be placed on the 
position of origin of the gonophore in the colony. 

Ptilocodium stands quite apart from other genera of Hydroids with 
epizoic habits. 

The epizoic Hydroid Stylactis minoi described by ALcock ') was found 
on the fish Minous inermis, but differs considerably from Ptilocodium. It 
has hydranths crowned with numerous tentacles rising from the 
hydrorhiza. It is not provided with dactylozooids of any kind and 
iis gonophores are in the form of sporosacs arising from specialised 
individuals which bear tentacles. 

Ptilocodium also differs considerably from Hydrichthys mirus, a 
Hydroid described by Frwkes *) as epizoic on the fish Seriola zonata, 
This hydroid exhibits structures of two kinds arising from the basal 
plate. In the first place there are long, filiform hydranths, which 
are looked upon as degenerate gasterozooids and secondly clusters 
of botryoidal gonosomes. Dactylozooids do not occur. 

Ptilocodium has obviously no aflinities with the hydroid Nudiclava 
described by Lioyp*), nor with Moerisia lyonsi, a Hydromedusan 
from Lake Qurun, described by C. L BovuLpnerr ‘). 


') Avcocx A. Ann. & Mag. Nat. Hist. 1892 vol. X p. 207. 

*) Fewxes. Bull. Mus. Comp. Zoél. vol. XII p. 224, 

4) Luoypy R. E. Records of Indian Museum, Vol. I. Part IV. 

*) Bourenoen C. L. Quart. Journ. Micros. Sci. Vol. lii Jan, 1908. 
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‘In consequence of these considerations the only course to adopt 
is to regard Ptilocodium as the representative of a new family. 

The above piece of work was undertaken at the suggestion of 
Professor Hickson, to whom I wish to express my sincere thanks 
for his most generous advice and assistance. 


EXPLANATION OF PLATE. 


aut — autozooid of Ptilosarcus. 
: bas coen. — basal coenosare of hydroid. 
dact. — dactylozooid of hydroid. 
ect. — ectoderm. 
ect. man — ectoderm of manubrium. 


end. — endoderm, 
end. can. — endoderm canal. 
end. lam. — endoderm lamella. 


end. man — endoderm of manubrium. 
gast. — gasterozooid of hydroid. 
gon. — gonozooid of hydroid. 


mes. — mesentery of autozooid of Ptilosarcus. 

nem. — nematocyst. 

ov. — ovum of Ptilosarcus. 

rad. can. — radial canal. 

spic. — spicule. 

stol. — growing tip of stolon. 

sub. ect. — ectoderm lining the cavity corresponding to the sub- 
umbrella cavity of a medusa. 

sup. ect. — superficial ectoderm of gonophore. 

fent. — tentacle. 

t. p. — tentacles of Pennatulid. 


Fig. 1. External view of parts of two successive leaves of the Pennatulid, 
shewing the extent of the surface of the leaves, affected by the hydroid, 


Fig. 2. Drawing of a microscope preparation of part of the free edge of a 
leaf of Ptilosarcus, shewing the hydroid running out over the spicular 
projections of the autozooids & 20. 


Fig. 3. Drawing of a preparation similar to 2. >< 68. 


' Fig 4. Longitudinal section of a Pennatulid leaf isis the hydroid growing 
: over the free edges of the leaf. 


_ Fig. 5, Vertical section of basal coenosare of the hydroid shewing superficial 
and lower ectoderms, and endoderm canals. 


- Fig. 6. Optical section of dactylozooid of hydroid shewing solid endoderm, and 
__ the characteristic four tentacles. 


- Fig. 7. Longitudinal section of gonozooid arising from base of $asterozooid. — 


Fig. 8. Transverse section of gonozooid. 
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Zoologie. — ‘On the spinispirae of Spirastrella bistellata (O. S.) 
Ldfd.” By Dr. G. C. J. Vosmazr, Professor at the University 
of Leiden. 


(Communicated in the meeting of January 30, 1909). 


Some years ago (1902) I drew attention to the fact that there is 
confusion with regard to the terminology of certain sponge-spicules, 
and tried to clear this up. I arrived then at the conclusion that the 
spicules, which are generally called “spirasters’, far from being 
a sort of “asters”, i.e. polyaxon spicula, ought really to be 
considered as monaxons, the axis of which is a_ helix screw. I 
proposed for that kind of monaxons the term spuaxon (l.c. p. 105 
and 112). In order to avoid further confusion I called the spined 
forms: spinispirae. I had some doubts about the supposition of some 
authors, that transitions between true asters and spinispirae really 
existed, because I never found them and failed to find any proof in 
literature (l.c. p. 105). On the one hand authors make a certain 
distinction between true asters (euasters) and ‘“‘spirasters’’, but on the 
other hand consider both forms as belonging to the same group. 
Thus Toprsent (1900 p. 21) distinguishes the genera Hymedesmia and 
Spirastrella on account of the fact, that the microscleres of the 
former genus are “euasters’, of the latter “spirasters’’. It is generally 
accepted that the microscleres of Hymedesmia stellata are euasters; 
but with regard to H. bistellata there is diversity of opinion and 
confusion. I believe this to be due to an erroneous conception of 
the spicules under consideration. Although I was convinced for myself, 
that these spicules were by no means (polyaxon) asters, but (monaxon) 
spinispirae, I have tried nevertheless to produce proofs for my 
statement by carefully studying the spicules treated in various ways. 
More especially I was led to do this in order to settle the question 
between LenpenreLD and Torsent about the sponge, which Oscar 
Scumipr first described under the name of Tethya bistellata. Is it, as 
LENDENFELD suggests, a species of Spirastrella, or, as Topsent 
believes, one of Hymedesmia? Of course it is no Tethya; so far 
everybody agrees. 

Scumipt (1862 p. 45) described a sponge, which he called Tethya 
histellata, « name which he altered himself into Suberites bistellatus 
(1864 p. 36). Now LenpenreLp believed to have traced the sponge 
in his collection from Lesina and called it Spirastrella bistellata 
(1897 p. 55). From this Topsenr dissented in 1898, alleging that 


ee a Te eee oor 
‘ ee 
‘ 


( 643 ) 


Tethya bistellata O. S. must be transferred to Hymedesmia, and 
consequently he called it Hymedesmia bistellata (1900 p. 125) *). 

Now I possess in my collection from Naples a sponge, which is 
beyond reasonable doubt Scummpt’s Tethya bistellata. I can affirm 
this especially because the spicules absolutely agree with those of 
a preparation I made at the time in Graz and which is labelled 
«“Suberites bistellatus O. S. Origin. Schmidt.” We may suppose, 
therefore, that LeNDENFELD, Topsent and myself really examined the 
same sort of spicules, albeit that I must acknowledge that there is 
no absolute proof. 

TopsENnt says, that the cicroniiets under consideration are euasters ; 
he writes (1900 p. 123) that they are “sphérasters de forme parti- 
culiére ... Chacune d’elles résulte de la congrescence latérale de deux 
sphérasters & actines nombreuses, coniques, pointues et lisses.” And 
later (p. 127): “les sphérasters sont doubles. O. Scumip? a insisté sur 
ce caractére important, auquel l’espece doit son nom.” The question 
arises whether Scamipt’s statement is of great value. In 1862 he 
said (p. 45) that some are “ganz eigenthiimliche Zwillingsgestalten”; 
and further: ‘es sind also Doppelfiguren, welche einige Aehnlichkeit 
mit den Euastern haben.’’ It must, however, not be forgotten that 
Scumipt at that time was unconcious of the sort of spicula which 
he called later (1868 p. 17) “Spiralsterne” or ‘‘Walzensterne” of 
which he mentions as characteristic “dass ihre Strahlen nicht Radien 
eines Centrum sind, sondern in Spiralstellung sich folgen.” 

According to LenDENFELD (1897) are the spicules under consider- 
ation “spirasters” and he gives some illustrations (I. c. Pl. VI fig. 59) 
which clearly show his conception of the thing. Both from his 
illustrations and from his description it follows that the axis is 
sometimes longer, sometimes shorter. LENDENFELD does not believe 
that “euasters’ occur and suggests that Scumipr was perhaps misled 
by an optical illusion. If spicules are examined ‘deren Axen im 
Praeparat aufrecht stehen und daher verkiirzt gesehen werden’ they 
simulate euasters. 

In spite of the fact that Topsent himself remarks, that in minute 
microsclera it is much more obvious that the centre is a line and 
not a point, this author does not consider them as spirasters but as 
double euasters. ‘Plus elles grandissent, plus la tige d’union se rac- 
courcit. Sur les plus grosses, les deux centrums sont directement 


1) Actually the course of events was this: Topsent (1900 p. 113) writes with 
regard to Tethya bistelluta O.S.: “je l’ai mise a sa place naturelle en 1892.” 
However, in that article nothing is mentioned but the name Hymedesmia bistellata 
without reference to Tethya bisiellata. 


( 644 ) 


accolés...” Of course TopsenT has not overlooked that spicula have 
a different appearance whether seen “de profil’ or ‘‘de face”; but 
evidently he did not pay attention to intermediate positions such as 
can be seen if one allows them to turn over. I drew attention 
(1902 p. 170) to the fact that in almost all cases the twisted Character 
becomes plain enough by applying the above device. 

However, there are some more methods to make out the shape 
and the structure of spicules (Cf. Vosmarr & Wusman, 1905 p. 745). 

One of these methods is heating. In using this method it is, 
however, not indifferent in what way it is applied. If isolated 
spicules (e. g. styli of Zethya) simply dried in the air, are heated 
on a platina spatula immediately above the flame, a brownish colour 
soon becomes visible. If they are further heated the brownish tinge 
turns into white. It then frequently occurs that a crackling noise is 
heard and that spicules or portions of spicules jump off from the 
spatula. Such spicules, seen under the microscope, generally appear 
to be cracked or broken; they are brown or black, some were 
quite misshapen as if the spicopal had been partly melted. 

How can these phenoma be explained? BowkgrsBank ascribed the 
brown or black colour to carbonised organic matter, but K6LLIKER 
proved that the colour can certainly not wholly be explained in this 
way. Indeed, in some parts the colour is brown only in transmitted 
light, whereas it is white in reflected light; consequently K61iikur 
declared those parts to contain microscopical air-bubbles. Quite correctly 
-Bérscatt (1901 p. 240) remarks that K6LLIkER where he speaks of 
“Luft”, in fact means “Gas”. WissMaN and myself have demonstrated 
(1905 p. 28), that spicopal is a form of hydrated siliceous acid, 
which can give off water in an atmosphere dried by P,O,. It is, 
therefore, very likely that when the spicules are treated as described 
above, a portion of the water becomes water-vapour. The tension of the 
heated globules of steam of course can be great enough to make 
the spicule explode. This explains at the same time the crackling 
noise and the jumping off from the spatula. Still, it need not come 
to this; hence we see some spicules only slightly cracked, not broken 
or deformed. 

If, however, spicules are not simply dried in the air, but, by 
-slowly warming on asbestus for several days or by P,O,, water is 
taken from them, and they are afterwards very carefully: heated, 
then it is possible to prevent any cracking. Spicules treated in this 
way show quite other details. First of all the carbonised central 
thread is clearly visible. In some spicules the rest of the spiculum 
remained quite transparent; in others a brownish colour is to be seen 
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on special places. Seen with reflected light these places are white; 
on the whole those places have a granular or frothy appearance. *) 
As a rule the lamellar structure is very conspicuous. In certain 
cases the carbonised spiculum sheath is likewise visible. It also 


happens that the carbonised and shrunken central thread is seen as 


a flexuous, continuous or broken, black string lying within the central 
canal (fig. 20—21). Of course the best microscopical figures are 
obtained if the spicules are examined in a medium the index of re- 
fraction of which is equal to or comes very near that of the spicopal. 

Controlling experiments sufficiently prove that no artefacts or any- 
thing of that sort come into play through which no conclusion can 
be drawn about the structure of the spicule. The spicopal being in 
slowly by dissolved the method published by Wiusman and myself, the 
microscope reveals facts wnich are in perfect accordance with those 
obtained in the way described above. One may also combine the 
two methods — heating and dissolving; again the results are the 
same if one follows the process under the microscope. Suppose one 
observes in heated spicules a black central thread with.a brownish 
surrounding; suppose the object is mounted in glycerine of about 


the same index of refraction as the spicopal, the external limit is 


clearly visible as a delicate dark line (fig. 22). Some time after the 
action of the hydrofluoric acid the spicule appears as drawn in 


fig. 23. The silica begins to be dissolved as soon as the hydrofluoric 


acid has penetrated the spiculum sheath; the external delicate line 


‘remains visible but at some distance the limit of the spicopal, now 


thinner, becomes visible. The distance between the sheath and the 
limit of spicopal becomes gradually larger, the brownish surrounding 
of the central thread disappears and finally nothing is left but the 
earbonised central thread and the likewise carbonised sheath (fig. 24). 
This proves, that the brownish colour arround the axial thread does 
not originate from carbonised organic matter. 


1) Biirscnnt admits as is well known, that in spicules which are not heated 
likewise little holes occur and that these holes simply become larger by the process 


of heating and consequently better visible. He says (lc p. 248): “Das Auftreten 


der feinwabigen Struktur beruht darauf, dass eine solche auch schon in der nicht 
gegliihten Nadel besteht, jedoch zu fein, um mikroskopisch sichtbar zu sein. Beim 
Gliihen tritt eine Verdampfung des in den Wabenhohlraumchen eingeschlossenen 
Wassers ein und damit eine Erweiterung derselben bis zur Sichtbarkeit. Fir diese 
Ansicht spricht vor Allem die Beobachtung, dass wenigstens in einem Fall auch 
eine nicht gegliihte Nadel.... den wabigen Bau der Schichten deutlich zeigte.” 
Apart from the question whether in unheated spicules a frothy structure really 


occurs or not, it is certain that the dark colour of heated spicules is due to little 


holes, void of air or filled with some gas, say water-vapour. 
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The experiment can be modified in the following way. Isolated 
spicula are brought into acid fuchsine; if the hydrofluoric acid is 
now allowed to act on the spicules the spicopal will be dissolved, 
whereas the sheath and the central thread will be stained red. In 
both eases the silica is dissolved; in the former case the thread and 
the sheath are visible because they are black (carbonised), in the 
latter case because they are red. In the original experiment the 
spicopal is only optically dissolved. 

What has been said for the styli of Zethya holds true m.m. for other 
spicules of Demoterellida. The structure of several spicules — monaxons, 
tetraxons or polyaxons — is fundamentally the same; in details 


there are important differences. However, I do not wish to speak . 


about them in this paper. I have only mentioned as much as seemed 
to be necessary to show that by the described methods we are able 
to demonstrate most plainly the central thread. This can be done 
also in those cases in which the thread is not visible under ordinary 
circumstances, e.g. if the spicules are very minute or irregularities 
of the surface prevent it. Thus, for instance, in Zethya no central 
threads are visible in the oxyasters or at any rate they are not present 
beyond doubt'). If these spicules are heated with great precaution 
they look under the microscope like fig. 19. It depends, as in other 
spicules, on the grade on heating whether the thread will be blackened 
only or with it its surroundings. Independently of this it is evident 
that the axes originate from one point. 

Applying the heating method to the spicules in question of Spir- 
astrella bistellata (O. 8S.) Ldfd. the microscope reveals pictures as 
drawn in fig. 1—3. It is most evident that we have here an axis 
exactly like that which unquestionable spinispirae possess. Such images 
are entirely unexplainable if the spicules are considered as congrescences 
of two euasters. They fully exhibit their true nature of spicules 
belonging to my group of «a-spiraxons (1902 p. 112). Although I 
suppose this to be convincing, I applied moreover the dissolving 
method. It seems rather a paradox that the shape and the structure 
of a siliceous spicule can be cleared up by dissolving the silica. 
Still it is a fact, as I have frequently learned. WiJsman and myself 
(1905 p. 18) confirmed Birscuii’s observations of 1901, that the 
dissolution of spicopal may proceed in more than one way. Only 
we have given another explanation of the fact. According to our 


ee 


1) On the whole spongiologists speak about the central thread as a constant 
feature of spicules. As a matter of fact stands that the presence of a thread is 
proved only in some cases and that in numerous microscleres nobody saw it. 
As far as | know only KOLLIKgeR found it in oxyasters of Tethya (1864, PI. LX, fig. 2). 
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conception the spicopal which limits the central canal is more easily 
dissolved than that of subsequent layers. It seems that this is likewise 
the case for the radii of oxyasters of Tethya. It is probable that this 
depends on a difference in the quantity of water the “gel’’ contains. 
Now we observed that in pointed undamaged spicules, where conse- 
quently the central canal is shut, the funnelshaped dissolution is not 
seen, at any rate not at the very beginning of the process. The apex 
simply becomes thinner and thinner till the dissolving agent reaches 
the neighbourhood of the central canal, in which case the “funnel” 
often appears. Consequently we have herein another method to prove 
the existence of a central canal. 

On the other hand we may conclude from this, that, if a funnel 
never appexrs there is no central canal resp. no special layer of 
spicopal in the centre. Thus, for example, in spicules with spines, 
the latter disappear gradually and the spicule becomes gradually 
thinner. I have observed this phenomenon very distinctly in acan- 
thostyli of an “ectyon from Naples. 

If the latter method is now applied on Spirastrella bistellata (O.S.) 
Ldfd. we see, that the pointed processes of the spinispirae become 
thinner and shorter, and finally disappear whereas the rest of the 
spiculum later becomes thinner (fig. 4—18). The microscopical images 
one sees during this process leave no doubt with regard-to their 
structure. The more the spines dissolve, the more it becomes evident 
that we have to do with spinispirae. 

Moreover, it follows from the above experiments that the spines of 
these spinispirae are of quite another nature than the actines of the 
Tethya-asters. In the former case (Spirastrella) we have to do with 
local extuberances of spicopal destitute of any central thread or 
canal. In the latter cuse (Tethya) we have organic axes. Indeed, 
the former spicules are monaxons, the latter are polyaxons. 


Consequently the microsclera of Spirastrella bistellata (O.S.) Ldfd. 
are indeed spinispirae. Since LENDENFELD, TopseNT and myself believe 
to have found sponges, which are identical with Tethya bistellata 
of Oscar Scumipt, the species belongs as little to Hymedesmia as to 
Tethya. For the moment there is not sufficient evidence not to bring 
it to Spirastrella. The name for Tethya bistellata O.S. has to be, 
therefore, Spirastrella bistellata (O.8.) Ldfd. I believe with Topsznt 
that it is identical with Spirastrella cunctatrix O.S. 


Proceedings Royal Acad. Amsterdam. Vol. XL. 
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EXPLANATION OF THE PLATE. 


(Fig. 1—21 are drawn 500 times magnified; fig. 22—24 still more magnified), 


Fig 


Fig. 


Fig. 


Fig 


Fig 


Fig. 


. 1—3 Spirasirella bistellata; spinispirae carefully heated. In 3a only the 


central thread (carbonised) is drawn, lying in the central canal. 

4—18 Id. Influence of hydrofluoric acid. In figs. 4, 5 and 6 the acid has 
acted for a short time; only the spines begin to be dissolved. In fig. 7—12 
the process is advanced; the ‘axis’. becomes more and more obvious. In 
fig. 13—16 this is still more the case. 

19 Tethya lincurium; oxyaster after carefully heating; distinct, (carbonised) 
central thread. 

20 id. Middle piece of a stylus, carefully heated. Black (carbonised) central ° 
thread, entirely filling up the central canal. 

21. Id. Id. Shrunken, bent and broken central thread in the somewhat 
brownish central canal. 

22—24 Id. Id. Slightly more heated and brought into the hydrofluoric camera 
of Vosmarr & WissMan; a. central thread, b. brownish layer around the 
central canal, 8. brownish spiculum sheath. In fig. 22 it is seen at the begin- 
ning of the experiment; the sheath lies immediately on the external spicopal; 
the little granula are adhering particles, not belonging to the spiculum. In 
fig. 28 the hydrofluoric acid has penetrated the sheath and dissolved the 
peripheral layers of spicopal, the limits of which are marked c; the sheath 
remained in its place. In fig. 24 all spicopal is dissolved; only the carbonised 
sheath 6 lies as a very delicate cylinder around the central thread, 


Leiden, 2 Jan, 1909, 
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Botany. — Prof. J. W. Mor presents the dissertation of Mr. K. 
ZiststRA, Assistant at the Botanical Laboratory, Groningen, 
entitled: “Kohlensiiuretransport in Blittern”, Groningen, 1909, 
and with reference to this he communicates the following. *) 


In 1877 the speaker published the results’) of investigations, which 
proved, that the carbon dioxide, which is found in considerable 
quantity in soils containing much humus, and which is at the 
disposal of the roots, cannot lead to starch-formation in the leaves, 
when the latter are in a space, free from carbon dioxide; nor can 
this carbon dioxide appreciably accelerate starch-formation in the 
open air. 

From the experiments, which led the speaker to this result, he 
further concluded, that a leaf or a portion of a leaf cannot form 
starch in a space devoid of carbon dioxide, even when parts, organ- 
ically connected with, and bordering immediately on the portion in 
question, are placed in an atmosphere which is many times as rich 
in carbon dioxide as ordinary air. The experiment, which appeared 
to prove that starch cannot be formed even from carbon dioxide, 
which is offered to immediately adjoining parts, was the following. 

A starch-free leaf was placed between the greased edges of two 
similar crystallizing dishes in such a way, that the apex was within 
the space enclosed by the crystallizing dishes, and the base was 
outside. The lower crystallizing dish contained potassium hydroxide 
solution; over the apparatus there was placed a bell-jar, containing 
air to which about 5 percent of carbon dioxide had been added. 

After the leaf had been exposed to the light for some hours, the 
base was found to contain much starch, but in the upper portion, 
even right up to the edge of the erystallizing dish, which was 3 mm. 
thick, no starch whatever had been formed. 

From this the speaker concluded that when carbon dioxide is 
abundantly present in any given part of a leaf, this can nevertheless 
not lead to starch-formation in an immediately adjoining portion, 
when the latter is in a space free from carbon dioxide. 

This result was remarkable, for the stareh-formation in the basal 
portion preved, that the carbon dioxide, offered to the leaf had indeed 
been faken up, and the presence of many intercellular spaces in the 


1) This dissertation will appear in one of the future numbers of the Recueil 
des Travaux Botaniques Néerlandais. 

*) J. W. Mout. Ueber den Ursprung des Kohlenstoffs der Pflanzen. Land- 
wirthsch. Jahrb, VI. 1877. p. 327—363. 
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mesophyll led to the supposition, that the transport of the carbon 
dioxide so taken up, need not be impossible. 

A want of further experimental data made this question remain 
unsolved up to the present. The necessary data have now, however, 
been collected in the investigation of Mr. Zisyustra, who has shown 
that the facts, previously observed by the speaker, had indeed been 
correctly described, but that other results may also be obtained, 
provided one works with different plants from those which the 
speaker happened to have used, or arranges the experiments in a 
different way. Mr. Ziststra was able to show that in the experiment 
described, starch-formation may sometimes indeed occur in the space 
free from carbon dioxide. The above conclusion as to the impossibility 
of starch-formation at the expense of carbon dioxide derived from 
the immediate vicinity, has therefore been found to be incorrect. 
The other results formerly obtained by the speaker, and especially 
the chief deduction, regarding the impossibility of starch-formation in 
the leaves at the expense of carbon dioxide, taken up by the roots 
from a soil rich in humus, were, however, completely confirmed and 
further elucidated by Mr. Zisisrra’s investigation. An explanation of 
the experiment described above, was also suggested and generally 
speaking Mr. Zisistra succeeded in solving pretty completely the 
question of the possibility and occurrence of carbon dioxide transport 
in leaves. How this was done the speaker wishes to communicate . 
below. 

Not unnaturally it seemed desirable to begin the investigation with 
a repetition of the above described experiments. 

This was first done with the leaves of Polygonum Bistorta and of 
Cucurlita Pepo (experiment LIII and LIV)'), which were also employed 
by the speaker in his above-mentioned investigation. In these and in 
all later experiments Mr. ZisistrA demonstrated the formation of 
starch by the so-called Sacus-Scuimprr method, according to which 
the entire leaves, after decolorisation, are examined for starch content 
with the help of an iodine-chloralhydrate solution. This method was 
unknown in 1877, so that the speaker used microscopic sections, 
which is very cumbrous and gives less complete, albeit equally 
certain results. 

The speaker limited himself to applying the starch reaction ‘to 
sections of the apex of the leaf, which was in the space free from 
carbon dioxide, and to the base, which was in the air rich in carbon 

') The*numbers of the experiments are here and in what follows the same as 
those in Mr. Zietaa’s paper. 
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dioxide. He did not, however, examine the strip, 3 millimeters broad, 
which was in the grease between the edges of the crystallizing dishes. 
Now when Mr. ZisustRaA examined the entire leaves, it became 
apparent that starch-formation extended continuously from the leaf 
base upwards over part of this strip, in an area bounded by a 
sharply defined line, somewhat like a zig-zag, but that it nowhere 
extended so far, that starch had also been formed in the space, free 
from carbon dioxide. The speaker’s observations were therefore 
confirmed, but were found to have been incomplete. 

When, however, Mr. Ziststra repeated the experiment with a 
Dahlia \eaf (exp. LV) the result was different. In this case also the 
starch-formation was found to extend into the greased strip, but in 
addition it extended here and there for some millimeters into the space 
freed from carbon dioxide. The border line of the starch reaction 
was here also somewhat zig-zag, but not everywhere equally sharp. 

Finally, when the experiment was performed with a leaf of 
Pontederia cordata (exp. LVI) starch-formation extended uniformly 
for 0.5 centimeters into the carbon dioxide free space. The limit of 
the starch reaction was in this case not zig-zag, but bent regularly 
and was not sharp, since the dark colour of the reaction disappeared 
towards the leaf apex by a gradual transition. Sran.’s cobalt test 
showed, that the stomata of the apex were closed at the end of the 
experiment. 


The possibility now existed that 
‘ in these experiments the greased 
join had not been absolutely tight, 
although it was not very probable 
that this fault should have revealed 
itself in the experiments with 
Dahlia and Pontederia and not 
in others. In order to exclude 
this possibility two pieces of appa- 
ratus were constructed, which, 
with the aid of mercury, per- 
mitted of a completely airtight 
separation being effected between 
the space free from, and that rich 
in carbon dioxide. Both pieces of 
Figure 1. apparatus were used in the inves- 
tigation, but here the speaker will only describe the better of the 
two. (See fig. 1). 
In a Petri dish a, of 15.5 ecm. diameter a smaller one 6 of 
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9 em. diameter was fastened down with resin and wax. Mereury 
was poured into the annular space g and concentrated caustic potash 
into the small Petri dish 7. A glass bell-jar 2 of 3.2 litres’ capacity 
was placed in the mercury, so that the air inside the jar was kept 
free from carbon dioxide. It was now possible to introduce the apex 
of a leaf, which had been freed from starch, into the carbon dioxide- 
free space through the mercury. The leaf base and the petiole thus 
remained outside the bell-jar A, and the petiole was always immersed 
in a dish of water in order to keep the leaf fresh throughout the 
experiment. A piece of metallic gauze was always placed over the 
small Petri dish 6 in order to prevent the leaf from coming into 
contact with the caustic potash. The base of the leaf could now be 
left at will in the open air with its unlimited supply. of carbon 
dioxide at great dilution, or the base could be surrounded with an 
atmosphere ricber in carbon dioxide. For the latter purpose the whole 
apparatus was placed on a tripod in a large porcelain dish, partly 
filled with water. A large glass bell-jar of 38 litres’ capacity was 
placed over the apparatus containing the leaf, so that the space in 
the large bell-jar was cut off by the water in the porcelain dish. 
Into this space any desired quantity of carbon dioxide could be 
introduced. Finally attention may be drawn to the tubes 7 and 4, 
which connected the interior of the small jar with the free atmos- 
phere. This prevented differences of pressure between the interior 
and the exterior from raising the jar and establishing a communication 
between the outside and the inside. Moreover a stream of air, free 
from carbon dioxide, could be passed by these tubes through the 
inner jar. For this purpose the tube & was connected to an aspirator, 
and the tube ¢ to absorption tubes for the carbon dioxide of the 
atmosphere. 

With this apparatus a number of experiments were carried out, 
in some of which the base of the leaf was in the ordinary atmosphere, 
and in others in an atmosphere with much carbon dioxide. The 
portion of the leaves which was underneath the mercury had in all 
the experiments a length of 3 centimeters. These experiments led to 
the result, that not only in Dahlia and: Pontederia leaves but also 
in all the other leaves investigated, a narrow strip of starch was formed 
in the space free from carbon dioxide at the border of the mercury. 
This strip was generally coloured jet black by iodine. 

The following table summarizes a number of experiments performed 
in this manner, 

In all these experiments the small starch strip was of course bordered 
on the side of the mercury by a straight line, but towards the apex 
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TABLE I. 

Pa, | MPM elnino | it 
Dahlia Yuaresii | I 5%, CO? 5 hours 3 mm. 
3 is II open air ee 2-3 , 

» (Cactus) Thuringia XVI 2°/, CO" a 34 , 
Aster macrophyllus V open air 4." « OS. 4 
Sisymbrium Alliaria VI gees at ee 

: ‘ x "et es ee 
Polygonum Bistorta VII - A eo pe 
Aesculus Hippocastanum Vill eta iiss 05 , 

» Pavia IX ae + ae 68°, 
Acer campestre Xx e B Se 6.5.53 
Sambucus nigra XII 21/,°/, CO? ee ) SF 

» ” XIll v » 5» 3 
Juglans regia XIV.) Ble . Oi te 
Acorus Calamus XV x > y See  eeehe 
Heliopsis laevis | XVII hd Gs 4 A. ae 


of the leaf the border was a zig*zag line, which often coincided with 
the presence of veins in the leaf. In those places the border-line was 
sharply defined. In Acorus alone this line was also straight, without 
clearly depending on the veins; in this case moreover, the border 
line was not sharp, but towards the apex the reaction became 
weaker by imperceptible degrees and soon disappeared completely. 

Since in these experiments the apex of the leaf was in a space free 
from carbon dioxide we must assume, that the starch strip had 
been formed at the expense of the carbon dioxide, which had been 
transported from the portions of the leaf nearer the base. 

The most plausible assumption now seemed to be the following: 
that the carbon, dioxide which had been absorbed by the leaf base, 
had been conducted through the parts of the leaf under the mercury, 
and having arrived in the part of the leaf exposed to the light, had 
there given rise to the formation of starch. In order to test the 
validity of this assumption, comparative experiments were undertaken, 
in which the one leaf was placed with its base in air containing 
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2—3°/, of carbon dioxide, and the other in ordinary air, containing 
therefore very little carbon dioxide. 

If the hypothesis just brought forward were correct, one might 
expect that owing to a more copious supply of carbon dioxide, a 
wider strip of starch would be formed in the former case than in 
the latter. It did not seem probable that the increased supply of 
carbon dioxide would manifest itself by a stronger iodine reaction, 
for, as we have seen, in most of the experiments described above, 
the reaction, if it appeared at all, was as strong as possible. 

These comparative experiments were carried out with two sets of 
apparatus of the kind described, both of which were provided with 
a large bell-jar, including therefore the one in which the leaf-base 
was in ordinary air. This was done in order to maintain as far as — 
possible the same temperature in the two smaller jars, for it was 
found that in these experiments the temperature had a great intluence 
on starch-formation. 

The result of these experiments varie! considerably in different 
plants. In some cases it could be definitely shown, that carbon 
dioxide, supplied to the base, had influenced the manufacture of 
starch in the upper part of the leaf, but this could not be demon- 
strated for other plants. 

The speaker first considers the experiments with a positive result, 
summarized in the following table: 


TABLE Il. 
—-—- - sagan Es 
| Width of the starch strip 
Number | Duration in the CO, free space. 
Name. of ex- of ex- 
periment. | periment. Base Base in 
: in 2°/, CQ,. ordinary air. 
Pontederia montevidensis | XLVIII | 7 hours 6 mm. 2 mm. 
Eichhornia speciosa XLIX 7 - i. om. 2 ie 
n” ” L 51/, ” 1,5 ” 1 ” 
Eucomis punctata LI 9 ts 1 “s or. 


The first two experiments were carried out with leaves which 
were as nearly as possible equal, and the last two each with the 
halves of one and the same leaf. 

All these experiments very clearly demonstrate the influence of 
the increased supply of carbon dioxide by the formation of wider 
strips of starch. 
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In the above experiments the leaf base in the space with much 
carbon dioxide was exposed to the light and accordingly this part 
of the leaf was full of starch at the end of the experiment. We 
might now expect that on darkening the leaf-base, more carbon 
dioxide would remain available for transport to the apex, and that 
a wider strip of starch would be formed than in the former case. 
If this expectation were realized, it would be an additional proof, 
that carbon dioxide is transported from the base to the apex. An 
experiment, carried ovt with the two longitudinal halves of the same 
leaf of Kichhornia (exp. LIl) indeed gave -proof of this. Here both 
bases were kept in air with 2°/, carbon dioxide, but one was 
darkened, the. other not. In the latter case less carbon dioxide 
remained available for transport on account of’ the consumption 
of carbon dioxide for starch-formation in the base, and in the course 
of 4 hours a strip of starch , 2—5 mm. wide, was formed in the 
upper part of the control half, as compared with one 5—8 mm. 
wide in the other half of the leaf, of which the base had been 
darkened. 

In these experiments the strip of starch never had anything, like 
a sharp edge on its upper side, nor was there any connexion between 
the limit of the reaction and the veins. The reaction simply became 
weaker and weaker at the edge of the strip and soon stopped completely. 

A series of experiments with other leaves yielded, however, a 
totally different result. Here the strip of starch in the two leaves 
experimented on was always equally wide, no matter whether the 
leaf base had been placed in ordinary air or in air with a high 
carbon dioxide content. 

In some of these experiments leaves of the same plant individual 
were taken, in each case as nearly as possible equal. The subjoined 
table summarizes them. 


TABLE Ill. 
ea Number | Duration | Width of the starch 
: of exp. of exp. strip in both leaves. 
| | 
Sambucus nigra | XIX 5 hours | 3 mm. 
Juglans regia XX Gg: Eines e 
Acorus Calamus ae § XxI ; ee 2 - 
- Zea Mays XXII Gi% Se 
Hordeum vulgare XXIll es l = 
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The negative result thus obtained, could now, after the experience 
with the influence of darkening on the leaf base of Hichhornia in 
experiment LII, be attributed to the fact, that the carbon dioxide © 
absorbed by the base, had been wholly used up for starch-formation 
on the spot. Experiments were therefore also made, in which the 
leaf bases were darkened with black paper right up to the edge of 
the mercury, and therefore remained free from starch. But these 
experiments also gave exactly the same result; the strips of starch 
were equally wide in the leaves with bases in air containing much 
carbon dioxide, as in those with their bases in ordinary air. 

A survey of these experiments is given in the subjoined table: 


TABLE IV. 
| Number Duration Width of starch strip 
Plant. of exp. of exp. in both leaves. 
Triticum vulgare XXIV 6 hours 1.5 mm. 
Zea Mays __ XXV 6a>, y et 
Dahlia Yuaresit XXVI ae: gery 
Aesculus Pavia XXVII es a Ngee 
Tradescantia virginiana XXVIII ere 1 . 


In order to eliminate more thoroughly possible inequalities between 
the leaves compared than could be done by careful choice, a few 
experiments were also performed, in which the longitudinal halves 
of the same leaf were used for comparison, and were darkened at 
the base. These experiments yielded the same result, as given below : 


TABLE V. 
Plant | Number — | Duration | wiatn of starch strip in 
° of exp. | of exp. both halves of leaves. 
Dahlia (Cactus) Thuringia | XXIX 5 hours not noted 
Heliopsis laevis XXX | ae 1.5 mm. 


Finally two experiments may be mentioned, which were performed 
under conditions, similar to those of the last named, but in which 
the caustic potash was omitted in the smaller bell-jar. In all the 
previous experiments the carbon dioxide of the leaf apex would, 
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if it were at all possible diffuse into the surrounding space, which 
remained permanently free from carbon dioxide. This, however, did 
evidently not take place so fast, but that in all experiments starch 
was formed near the mercury. 

Nevertheless the possibility was not excluded, that a wider strip 
of starch might appear, if the carbon dioxide absorbing potash were 
absent. 

Such experiments were accordingly undertaken, and in order to 
make it possible that there should even be some accumulation of 
transported carbon dioxide, the inner bell-jar of the apparatus, which 
hitherto had been of a capacity of 3.2 litres, was replaced by one 
of only 0.8 litres’ capacity. 

In both experiments two halves of the same leaf were taken in 
each case. The two bases were placed in 3°/, carbon dioxide, one 
being exposed to the light and the other darkened. The two halves 
gave exactly the same result and the starch strips were not wider 
than in all the previous experiments, as is shown by the following 
summary : 


TABLE VI. 
Plant | Number | Duration | Width of starch strip in 
; | of exp. of exp. _ both halves of leaves. 
Dahlia (Cactus) Thuringia) XXX! | 4 hours | | 3—4 mm. 
| | 05-1 , 


Heliopsis laevis XXXII bees 


It is obvious from all these experiments that with a number of 
leaves from widely different Monocotyledons and Dicotyledons a 
totally different result is obtained from that of the experiments 
described first. Carbon dioxide, even when abundantly supplied to 
the leaf base of these plants, cannot bring about the formation, at 
about 3 em. distance in the apex of the leaf, of a wider strip of 
starch, than would have been formed without the addition of this 
carbon dioxide. Attention may further be drawn to a difference, 
which again clearly showed itself in these experiments, between the 
reticulate Dicotyledons and the parallel-veined Monocotyledons as 
regards the edge of the starch strips on the side nearest the apex. 
In all leaves with reticulate venation these edges were zig-zag and 
in most places sharply defined, owing to the presence of small veins. 
In the leaves of Grasses, of Acorus and of Tradescantia on the other 
hand there was a gradual transition to the starch-free apical portion, 
without any -relation to veins, and there was no zig-zag border. 
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It would certainly be going too far to deduce directly from these 
experiments, that the carbon dioxide, which is supplied to the base 
of these leaves, cannot at all contribute to starch-formation in the 
apex. Nevertheless the results obtained gave a clear indication as to 
further experiment, intended to show, beyond dispute, if possible, 
what was the state of affairs in these leaves. 

The way in which such experiments should be performed was 
now clear. 

The base of the leaf must be deprived of any supply of carbon 
dioxide, and the question was whether, as might almost have been 
expected from the above, a strip of starch would be formed above 
the mercury. If this were to take place, and in the same way as 
before, the proof would have been given, that the part of the leaf, 
placed under the mercury, itself produced the carbon dioxide, required 
for starch-formation in the adjoining. part, which was exposed to light. 

The experiments which supplied an answer to this question were 
made by Mr. ZisusTrRa in various ways. | 

In the first place an experiment was made with the apparatus 
described above, but without the large bell-jar. A small leaf ot 
Dahlia Yuarezii (exp. XXXIII) was placed in the apparatus in the 
ordinary way, but the base and the petiole were immersed in water 
which had been poured on the mercury outside the small jar. In 
the space free from carbon dioxide the apex now produced a strip 
of starch, similar in all respects to that in the experiments previously 
described, and in addition, a starch strip was formed under water 
in that part of the base which adjoined the mercury. 

Similar experiments were also made with a simpler apparatus, 
which moreover permitted of the water, in which the leaf base was 
placed, being kept quite free from carbon dioxide. 

B iig i Fig 2 gives a representation of this little 
bia i apparatus. It consisted of a rectangular 

| glass box, measuring 9 by 4.5 em., and 
5 em. high, which is represented in the 
figure in section, the wall being indicated 
by 7. With resin and wax a vertical plate 
w Of glass was fixed longitudinally but it did 
not reach to the bottom. The box was 

Hg filled with mereury to slightly above the 
lower edge of the glass plate G. The leaf 
Figure 2, & was introduced underneath the vertical 

plate, so that its base was on the right side of the figure. There a 
layer of boiled water W was poured on the mercury, so that the 
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base was completely submerged. The apparatus was now placed under 


a bell-jar with air, free from carbon dioxide, and: the whole was 
exposed to the light. 

After some hours starch had been formed in this apparatus in 
Dahlia Yuarezii (exp. XXXIV) and in Populus pyramidalis (exp. 
XXXV); there was a strip of starch in the apical portion along the 
mercury, quite like that of the previous experiments; there was a 
similar strip in the basal portion under water, also along the edge 
of the mercury; and finally a narrow strip of starch had appeared 
in the mercury itself, at the place where the leaf had been in contact 
with the lower edge of the vertical glass plate and had therefore 
received light. 

The carbon dioxide, which in this case had been used up in starch- 
formation, could only have been derived from the portions of the 
leaf under the mereury and could scarcely be anything but carbon 
dioxide of respiration from these parts. 

When this had once become evident, a still simpler arrangement 
naturally suggested itself. For this purpose pieces of leaves, free 
from starch, were placed on a layer of mercury, were partially 
covered with black paper, and finally pressed under the mereury by 
means of a glass crystallising dish with flat bottom. The light could 
now reach those parts of the leaves which were not covered by 
black paper, through the bottom of the glass dish. 

Such experiments were made with Dahlia Yuarezi (exp. XXXVI, 
XXXVII and XLI), Sambucus nigra (exp. XXXVIII), Syringa vul- 
garis (exp. XXXIX) and Tilia platyphyllos (exp. XL). In all these 
experiments, which lasted about 5 hours, strips of starch were formed 
in the ordinary way at the border of the black paper in the lighted 
portions of the leaves; the border of the starch on the side opposite 
the paper was again sharply defined in many places by veins. 

We may hence assume, that in all the experiments of the second 
group, in which the result was negative, starch had been formed 
exclusively at the expense of the carbon dioxide, resulting from the 
respiration of the parts of the leaf under the mercury, which carbon 
dioxide -had been transported a certain distance to those parts, which 
were exposed to light. 

In this case the supply of carbon dioxide from outside was 
prevented by the mercury, which also kept off the light. The re- 
spiratory carbon dioxide could therefore not be immediately reduced 
on the spot, but could spread and thus reach the lighted portions of 
the leaf in fairly large quantity. It should further be noted, that the 
epidermis of the darkened leaf-fragment was closed hermetically by 
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the mercury, so that the carbon dioxide formed could not escape 
from the leaf, but had to move sideways. 

The question now arose whether this closing of the epidermis 
was a necessary condition for the suecess of the experiments. From 
the nature of things this might be considered probable, for otherwise 
the respiratory carbon dioxide would follow the line of least resistance 
through the stomata and epidermis. Experiments made with this 
ebject in view have completely confirmed this opinion. A leaf of 
Dahlia Yuarezii was introduced into the apparatus first described, 
with its apex in the small bell-jar without caustic potash. One 
longitudinal half of the apex was uncovered, but to the other half 
a strip of black paper was fastened, by which a transverse strip of 
this half was darkened; this strip measured 17 mm. from the mer- 
cury in the direction of the tip (exp. XLII). In the same leaf it 
was therefore possible to compare: a lighted portion adjoining a 
darkened one, the epidermis of which was shut off by the mercury; 
and a lighted portion adjoining one darkened by paper, the epidermis 
of which was therefore not shut off. A starch zone was indeed 
formed along the edge of the mercury, but not along that of the 
black paper. When the experiment was repeated (exp. XLIII), with 
the portion of the leaf under the paper smeared with a mixture of 
cocoa-butter and wax (according to Stan), the result was quite 
different. This mixture is known to close the epidermis almost 
completely to carbon dioxide, and the well-known starch zone now 
also appeared at the edge of the paper. | 

The use of cocoa-wax finally led to some experiments which may 
be called extremely simple, and which once more confirmed the 
result obtained. 

Leaves of Aesculus Pavia (exp. XLIV) and of Juglans regia (exp. 
XLV), free from starch, were completely covered with cocoa-wax, 
in which condition, according to Srant’s experiments, extremely 
little or no starch is formed during exposure to light in the open air. 
The leaves were, however, exposed to the light by Mr. Zirstra 
after they had been partially covered with black paper or tin-foil, 
and now, as was to be expected, black borders of starch were formed 
along the edges of the paper and of the tin-foil. 

A rather pretty modification of these experiments was finally 
obtained by using variegated leaves, of which the colourless portions 
were quite white, and did not therefore contain any carotin, by 
means of which carbon dioxide might be decomposed, even in the 
absence of chlorophyll. It is further necessary that sach leaves, in 
order to be suitable for the experiments in question, should possess 
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in their colourless parts a well-developed parenchyma, capable of 
producing by respiration a proper amount of carbon dioxide. If such 
leaves, after having been freed from starch, are smeared with cocoa- 
wax to prevent the escape of the carbon dioxide formed by respiration 
and are exposed to the light, borders of starch are developed in the 
green portions, at the edge of the colourless patches, in the same 
way as in the earlier experiments, but without any portion of the 
leaf having been darkened. Such experiments were performed with 
leaves of Cornus tartarica and Elaeagnus Frederici (exp. XLVI) 
and the best result was obtained with Pelargonium zonale (Mad. 
Salleroi) (exp. XLVII). 

It appears from the above, that in all the leaves investigated a 
transport of carbon dioxide was possible to a greater or lesser extent, 
and that this might lead to starch-formation in the portions of the 
leaf exposed to the light. The experiments were arranged in such a 
manner, that this starch-formation generally showed itself in more 
or less broad strips of the leaf. But the carbon dioxide which led 
to the formation of these starch strips was found to be of dual origin. 

In the majority of the leaves investigated, and in all the experiments 
of the various tables, except those of table 2, we had to assume, 
that the starch strips were exclusively formed at the expense of the 
respiratory carbon dioxide, which had been formed in the neighbouring 
darkened portions, hermetically shut off by mercury or by cocoa-wax. 

In the experiments with water plants, mentioned in table 2, the 
respiratory carbon dioxide must no doubt have also contributed to 
the formation of starch borders. These experiments did show, however, 
that another source of carbon dioxide also cooperated, namely the 
supply of carbon dioxide, which had been added to the air surrounding 
the leaf-base, which was absorbed by this base, and which was trans- 
ported through the 3 cm. long portion of the leaf under the mereury 
into the space free from carbon dioxide, and was assimilated there. 

In other words: in most leaves, of Monocotyledons as well as of 
Dicotyledons, only a very limited transportation. of carbon dioxide 
is possible. But in these leaves one has an excellent method for the 
study of this transportation, by utilizing the respiratory carbon dioxide 
of the adjoining parts. 

In a few parallel-veined leaves of water plants on the other hand, 
a much wider transportation is possible, which can be demonstrated 
with the relatively rough apparatus employed. 

The question now arose, how these two varieties of carbon dioxide 
transportation must be imagined and on what the difference of the 
two categories of leaves referred to, depended, 
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Mr. Zisustra _ succeeded in giving : a complete account of these: 
phenomena by the study of the anatomical structures of the various 
leaves used in the experiments. 

The speaker begins with those cases, constituting the majority, in 
which starch-formation only took place at the expense of the 
respiratory carbon dioxide. 

The carbon dioxide of respiration, produced by the living cells, 
will of course diffuse into the intercellular spaces, and as these are 
connected up for longer or shorter distances, we may indeed assume 
that a transportation of carbon dioxide will in the first place take 
place by diffusion along this route. 

Further we must consider, that the veins generally have far fewer 
intercellular spaces than the parenchyma; indeed, they may have 
none at all. 

In this connexion a fact deserves notice, to which repeated attention 
has already been drawn in the above, namely, that the starch strips 
were generally sharply defined by veins on _ the side opposite to 
the carbon dioxide supply, so that it gave the impression, as if these 
formed a barrier across which the starch-formation could not 
extend. The edge of the starch strip was therefore frequently toothed 
in an irregular manner. In the Dahlia leaf, which is coarsely 
reticulate, the strips of starch came out largest in all experiments ; 
especially in those places where the veins happened to be a little 
more remote from the border-line between carbon dioxide production 
and carbon dioxide consumption, the starch had spread furthest, and 
then there was often no sharp delimitation. In leaves with very fine 
meshes between the veins, such as those of Aesculus and Acer, the 
starch zones were correspondingly narrow. 

In parallel-veined Monocotyledonous leaves on the other hand, 
as for instance in the experiments with Acorus, Zea, Hordeum, 
Triticum and T'radescantia, there was no relation between the edge 
of the starch strip and the small transverse veins. On the contrary, 
in these leaves the starch strip was generally seen to be straight on 
the side facing the apex of the leaf and not sharply defined; it faded 
away gradually, albeit fairly rapidly. 

These observations led to an anatomical investigation of the various 
leaves used in the experiments, especially with a view to answering 
the question, to what extent their veins, in the absence of intercel- 
lular spaces, formed barriers, across which the carbon dioxide could 
not move at all, or only very slowly. Should this really prove to 
be the case with the leaves employed, then the simplest interpretation 
of the observed facts would be, that the carbon dioxide can indeed 
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be readily distributed through the intercellular spaces by diffusion, 
but that this distribution can be limited by the wholly or partially 
closed tissue of the veins. In that case one would come to the con- 
clusion, that such leaves are divided up by smaller and larger veins 
into areas, within which carbon dioxide transportation can readily 
take place. The passage from any one such area to another is 
difficult however, or quite impossible. The distance across which 
carbon dioxide can be transported in such a leaf will therefore depend 
very largely on the average size of the transport areas in the leaf. 

The anatomical investigation showed, in the first place, that in the 
case of net-veined Dicotyledonous leaves, the conception which 
has been worked out above, completely explains the phenomena 
observed. Mr. Zisustra indeed found, that in these leaves veins, which 
take up the whole thickness of the leaf, are devoid of intercellular 
spaces. A leaf such as that of Dahha, in which similar transverse 
veins occur only at comparatively long intervals, will have large 
transport areas, and will be able to form relatively wide strips of 
starch. On the other hand in leaves like those of Acer and Aesculus, 
in which numerous vein branches occur close together, and take up 
the whole thickness of the leaf, we can only expect to find narrow 
starch strips such as indeed occur. 

The transport areas, even in the Dahlia leaf, which is in this respect 
in the most favourable condition among reticulate leaves, are neverthe- 
less very small, certainly much smaller than 3 cm. in diameter, 
as simple inspection of the leaf shows. It is therefore evident, that 
in the first apparatus, in which the part of the leaf under the mercury 
measured 3 cm., these leaves were bound to give negative results, 
as regards the conduction of carbon dioxide supplied to the leaf base. 

In all experiments with these leaves, an idea of the carbon dioxide 
transportation could, however, be obtained from the starch-formation 
which took place at the expense of respiratory carbon dioxide, 
derived from other parts of the same transport area. It is also 
evident that in these leaves the edges of the starch strips must often 
follow the irregular course of the veins and must suddenly cease at 
the veins. Only in those cases, in which only a small portion of the 
leaf area was in the dark and so could produce but little carbon 
dioxide, it might be expected that the large lighted portion could not 
fill itself completely with starch, and that the edge of the starch 
strip would not be sharp. Places in which this could be observed, 
were indeed pretty frequent in Dahlia leaves. 

An important question now arose, as to the condition of the various 
parallel-veined leaves, which, in the experiments described above, 
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also formed rather narrow and not very sharply defined starch strips. 
As regards the grass leaves of Hordeum, Triticum and Zea Mays, 
the transverse veins, which connect. the longitudinal veins, are here 
indeed insignificant; the vascular bandles by no means fill up the 
whole thickness of the leaf and much parenchyma remains above 
and below. Investigation showed, however, that in transverse section 
the intercellular spaces of this latter parenchyma are very narrow, 
although they extend pretty far longitudinally. When passing through 
this parenchyma above and below the veins, the carbon dioxide is 
therefore checked very much more than in the general parenchyma 
between the veins, and its course must be much less rapid, although 
it is not stopped completely. In accordance with this, only narrow 
starch strips were formed in these leaves in the limited duration of 
the experiments, which lasted generally for 6, or at most for 7 hours. 
In other words, the carbon dioxide transportation was very limited, 
so that a transference of carbon dioxide across a greater interval 
than 3 cm., in the apparatus first described, was an impossibility. 
The transverse anastomoses of the veins did not however, sharply 
define the starch strips. 

The leaves of Acorus and Tradescantia behaved similarly in the 
experiments performed. In the green parenchyma of Acorws only small 
intercellular spaces occur and here some veins moreover take up 
the whole thickness of the leaf, the colourless central parenchyma of 
the leaf contains it is true many large spaces which extend longi- 
tudinally, but at frequent intervals they are shut off by transverse 
cell-layers, diaphragms without intercellular spaces. Lastly 7’radescantia 
has a very spongy assimilating tissue, but in it many vein-anasto- 
moses occur, which only have minute intercellular spaces. In these 
cases too therefore the agreement between the anatomical structure 
and the experimental result was sufficient to warrant the acceptance 
of the above view. . 

Finally the question arose how the intercellular spaces are distri- 
buted in the leaves of Pontederia, Eucomis and Eichhornia, which, 
as is evident from the experiments of table 2, are much better 
adapted for carbon dioxide transportation, so that in the apparatus 
employed this gas could he carried from the leaf base to the apex. 

The anatomical investigation of these leaves yielded the following 
result. The leaf of Hucomis is parallel-veined, the whole of the 
leaf-parenchyma is very spongy, and the longitudinal as well as 
the transverse veins are very insignificant, so that carbon dioxide can 
everywhere pass freely. There are still better gas passages in the 
curved-veined leaves of Lichhornia and Pontederia. In both these 
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species the parenchyma contains air-channels, running continuously 
from the base to the apex and taking up from one third to one half 
of the area of a transverse section. In these channels there are, it is 
true, diaphragms of one cell thick, but these are themselves also 
provided with many wide intercellular spaces. 

It is therefore merely a matter of course, that in these leaves 
carbon dioxide can be carried over much larger distances; indeed, 
it is clear .that this carriage could extend from the lowest part of 
the base to the very tip, given a sufficient duration and suitable 
arrangement of the experiments. 

It is likewise quite natural, that no veins form a sharp boundary 
to the starch strips on the side towards the leaf apex. 

These observations therefore also completely confirmed the view, 
that the above conception of carbon dioxide transport in leaves is the 
correct one. 

At the same time it will be clear that fundamentally this repre- 
sentation is the same for all the leaves examined. In net-veined 
leaves the transport areas are small and very sharply defined; in 
the parallel-veined leaves of Grasses, Acorus and T'radescantia 
they are small but less sharply defined; in the leaves of Hichhornia, 
Eucomis and Pontederia the whole leaf is one transport area. If it 
were possible to make experiments with the two first-named categories 
of leaves in an apparatus of the first type described, but of much 
smaller size, positive results as regards carbon dioxide transportation 
would then be obtained as readily as bas now been the case with 
leaves of the third category only. 

Lastly there is the question over what distance the carbon dioxide 
transport can extend in various leaves. 

We have seen that in Hucomis, Pontederia and Hichhornia carbon 
dioxide can be transported through a piece of leaf 3 cm. long under 
mercury and then even 1.5 em. farther through the apical portion, 
which was placed in air, free from carbon dioxide and of which the 
stomata were closed. As has already been said, we may assume that 
this distance is by no means the maximum one, but that it might be - 
increased at will, on condition that the duration of the experiment 
were also increased as much as possible. 

In all the other leaves, however, it was found that the carbon 
dioxide could not reach the apex through the 3 em. long portion. 
With some of these leaves experiments were now made in order to 
determine the maximum distance, through which carbon dioxide could 
be transported during the course of the experiment. These experi- 
ments were arranged as follows. The leaves, freed from starch, were 
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completely covered with cocoa-wax and then, here and there, with 
strips of paper of various widths; between these strips portions of 
the leaf remained exposed to the light. 

Borders of starch were then formed along both sides of the black 
strips of paper, since the respiratory carbon dioxide, formed under 
the paper, escaped on both sides. The width of these starch borders 
was slight in the case of the narrowest strips of paper, because 
beneath these but little carbon dioxide was formed; it increased 
with the width of the strips and of course reached its maximum as 
soon as the half-width of the -black strip of paper corresponded 
more or less to the maximum distance through which carbon dioxide 
could pass during the time of the experiment. The half-width of 
that strip of paper, at which the starch borders just reached their 
maximum width, was therefore a measure of the distance through 
which the carbon dioxide in the leaf could pass under the given 
conditions. 

Such experiments were first made with parallel-veined leaves, in 
which the carbon dioxide transport was only limited by the small 
dimensions of the intercellular spaces. The result was, that in Trztzcwm 
(exp. LVII) the carbon dioxide could be transported in 6 hours over 
at least 2.5 em., in Acorus (exp. LVIII) in 6 hours over rather 
more than 1 em., in Tradescantia (exp. LIX) in 5 hours over less 
than 1.5 em. There is every reason for the assumption, that in 
these leaves, in experiments of longer duration, somewhat higher 
values might have been obtained. 

In net-veined Dicotyledonous leaves the case is somewhat different, 
for, as we have seen, in consequence of the absence of inter- 
cellular spaces from veins of a certain order, the carbon dioxide 
transportation is strictly limited to definite areas, the size of which 
may be very different in different leaves. If these areas are minute 
we observe with the narrowest strips of darkening paper also the 
maximum width of the starch borders, the absolute dimensions of 
which are likewise minute. : 

This was the case in Juglans, Aesculus and Tilia, in which the 
distance of the transport could not be accurately determined, but 
certainly did not exceed 2—3 mm. 

In Dahlia and in Sambucus the transport areas referred to are 
relatively very large, the starch borders along the narrowest strips 
of paper are narrowest, and they increase to a certain maximum 
width «along the wider strips. Here, however, this method cannot 
give very accurate results. For if a transport area is darkened over 
its greater part, then much carbon dioxide is indeed formed in it, 
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but this can only cause starch-formation in a small part. Conversely, 
if only a small part of the area is darkened, the starch-formation 
can be observed at a relatively large distance, but then too little 
carbon dioxide is formed in the small darkened portion to give rise 
to starch-formation in the more distant parts. With this reservation 
an experiment may be mentioned, which was made with the leaf 
of Dahlia (Cactus) Thuringia (exp. LX), with the result, that the 
carbon dioxide can here be carried over through at least 0.5 cm. 

In summarizing his communication, the speaker points out that 
Mr. Zisustra has shown that transport of carbon dioxide is possible 
in all the leaves examined, and that it takes place through the inter- 
cellular spaces. The transport is completely dependent on the size 
and extent of these spaces in the leaf. 

In some parallel-veined leaves, such as those of Hichhornia, Pon- 
tederia and LEucomis, the intercellular spaces are very wide and 
extend in an uninterrupted series throughout the whole length of 
the leaf. By the use of suitable apparatus the leaf base can be made 
to absorb carbon dioxide, which moving on through the intercellular 
spaces by diffusion can give rise to starch-formation a comparatively 
long way off in the leaf apex, when the latter is exposed to light. 

In the great majority of leaves however, carbon dioxide transport 
cannot be shown with the relatively crude apparatus employed. In 
such leaves the carbon dioxide transport can be studied by another 
method, which utilizes the fact that respiratory carbon dioxide, which 
is formed in a darkened and shut off portion of the leaf, can diffuse 
from there through the intercellular spaces to neighbouring lighted 
portions of the leaf and can there cause starch-formation. 

Such leaves possess limited transport areas, which are formed by 
spacious and connected intercellular spaces, and which are either 
connected at their margins through much narrower intercellular 
spaces, greatly retarding carbon dioxide transport (Grasses, Acorus, 
Tradescantia) or the areas are completely cut off by veins, which 
have no intercellular spaces (net-veined Dicotyledonous leaves). In 
these leaves with limited transport areas a carriage of carbon 
dioxide over a distance of from 2—3 mm. to at most 2.5 em. is 
possible. 

Finally the speaker draws special attention to the impossibility of 
carbon dioxide transport being of any advantage to the plant in 
nature, in the first. place, because this transport is so extremely 
limited in the majority of cases, and in the second place especially 
because for transport it is necessary that the conducting part should 
not itself assimilate, and also, that the epidermis should be impervious 
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to carbon dioxide. These conditions will doubtless never be fulfilled 
in land plants, in water plants perhaps very exceptionally. | 

It has therefore been established by Mr. ZisisTra’s investigations, 
that the speaker was wrong when, in his above cited paper, he 
came to the conclusion, that a leaf or leaf fragment cannot form 
starch in a space free from carbon dioxide, when parts organically 
connected with it, or even immediately adjoining it, are placed in 
an atmosphere very rich in carbon dioxide. Mr. ZisJisrrRa’s results are 
however, in complete agreement with the main result, formerly 
obtained by the speaker, according to which the carbon dioxide of 
the soil, even if it should be absorbed by the roots, cannot appre- 
ciably contribute to the synthesis of organi¢ matter in the leaf. 


Groningen, January 29%, 1909. 


Microbiology. — “J/nvestigations on the subject of disinfection’. 
By Prof. C. Ekman. 


Last year I communicated results of experiments *) from which it 
appeared that the resistance against high temperature of bacteria 
of the same pure culture is individually very different. While for 
example the majority die off in a few minutes, some may remain 
alive after ‘/,, */, hour, ete. If the times are noted on the absciss 
and the corresponding numbers of survivors are drawn to it as 
ordinates, we get as ‘curve of survivors” a line which in general 
has the form of a \. In a slow process, as it occurs when the 
mortal temperature is taken relatively low, the first part of the curve 
shows itself clearly as an horizontal line and therefore represents a 
latent stage of incubation. Notwithstanding this the period within 
which the first half dies off, is much shorter than the following, in 
which the second half passes away. 

In a quick process, as is observed when the temperature is far 
above the physiological limit, the duration of the incubation will 
become so brief that it easily escapes notice. In connection with the 
inevitable circumstance that the number of observations in this kind 
of experiments cannot be increased arbitrarily, but is confined within 
a rather definite period, the curve may, instead of the \ form, 
assume the shape of a \. 

The latter has also come to light in investigations published the 
other day by Mapsen & Nyman, *) which differed from mine in so 

!) Biochem. Zeitschrift, Bnd, Xl, Hft. 1—8, Festband Dr. H. J. Hawpurcen 


gewidmet. 
* Z. f. Hyg. u. Inf. Kr. Bnd, LVI, 
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far as they were not made in vegetative forms of bacteria, but in 
(anthrax) spores and that the dying off for the greater part was not 
brougbt about by heat, but by a chemical means of disinfection, 
viz. sublimate. 

The said investigators think that they are able to give a mathe- 
matical formula for their curve. They assert namely that the 
same formula is applicable here, which holds good for the so-called 
monomolecular reactions, e.g. for the inversion of cane-sugar by acid: 


da 
z= K(a—2). 

In this formula @ represents the number of living anthrax spores 
that was originally present, « the number that has died off after 
a space of time ¢, and A a constant, expressing the velocity of 
reaction, i.e. the velocity of disinfection. In other words this formula 
means that during the entire process the number dying off at any 
moment, is in a constant ratio to the number of living individuals 
present at that moment. 

Therefore this A~- would yield a very suitable measure to judge 
about the action of a disinficiens under certain circumstances (of 
temperature, concentration, etc.). A much better measure than the one 
customary up till now, viz. the space of time necessary to destroy 
all germs. For it follows from what precedes that this space of time 
is to a high degree dependent on the number of germs which in the 
experiment has been started from. With this number the chance 
increases that there are some among them which offer resistance 
extremely long. On the other hand X is not to that degree dependent 
on the number of germs used in the experiment’) and in order to 
calculate it, the experiment need not even be continued til] all germs 
have died off, but two determinations of « at arbitrary points of 
time would suffice. 

For 

i : In sat 2 $} 
t,—t, A—@ 

These experiences of Mapsen and Nyman have been not only 
corroborated by an English investigator, Miss Harrierr Cuick *), for 
anthraxspores and sublimate, but she has stated a similar course of 
the curve also for the action of three disinfectants on vegetative 


1) Our experiences render it probable that a great number of germs per unit of 
volume somewhat retards the process of dying off. 

*) See the text-books about physical chemistry. 

3) Journal of Hygiene, 1908. 
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forms of bacteria, only with this deviation that towards the end 
the velocity of reaction was decreasing, instead of remaining constant. 

On the score of her experiments. she is inclined to attribute this 
deviation to a difference in resistance between the individuals of 
various ages in the same culture. There would exist, as it were, an 
old and a young generation by the side of each other, the latter of 
which dies off slowest. Such a difference in connection with the age 
does not exist in spores to the same degree. 

Of the curves published by me, it is, however, not only the tail, 
but also the head that shows a deviation. The course is here, still 
apart from the incubation, much slower than according to the 
formula. At the most the middle part is, stating roughly, in accord: 
ance with it. 

Meanwhile it seems to me that this kind of investiga is fiagdly 
fit for a mathematical treatment. 

Mapsen & Nyman, for example, avail themselves of means, resulting 
from numbers of three values found, which deviate 25 °/, and more 
from these means. 

An example from many '): 

found: 193, percentage of the average: 74.5 
» 9380, ts teas 2 127.4 
» 204, id Shee fe 98.1 


average: 259 100 

And if the numerical results of Miss Curck are looked at somewhat 
more closely, they, too, do not appear to be more exact. Sometimes — 
the errors in the observations are so great that, instead of the expected 
gradual decrease, here and ihere an increase of the number of 
survivors was in course of time to be noted’). 

It may be called objectionable, as Mapsun & Nyman do, to rid 
oneself of the deviations between the numbers determined experiment- 
ally and those calculated according to the formula, by remarking : 
“Wenn man die grossen Versuchsfehler, die an dieser Art von Unter- 
suchungen kleben, in Betracht nimmt, ist die Uebereinstimmung eine 
recht gute’. It is true, a line may be drawn between a number 
of points determined experimentally, leaving one point to the left, 
another again to the right, but when, as is not very seldom the case 
here, the deviations from the regularity are considerable, imagination 
and arbitrariness will get too large a scope to inspire confidence in 
the correctness of a curve construed in this way. 


') l. ce. Table XII 
*) 1. c. Table Ill and X, 
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Seeing that my results did not well agree with those of the above 
investigators, and this difference might possibly be based upon the 
fact that the dying off of the microbes was brought about by heat 
and not. by chemical means, I have extended the investigation in 
this direction. Again bacillus coli communis was made-use of, a 
bacterium forming no spores, while as disinfectant was used phenol 
in a concentration of at most 1°/,, generally only */,°/,. The use 
of higher concentrations would make the process of dying off pass 
so quickly, that the time for a sufficient number of determinations 
would be too short, and among others the stage of incubation, if at 
all existing, would easily escape observation. 

In order to have no great differences between the individuals and 
accordingly to render the conditions as little complicated as possible, 
as a rule a fresh (broth) culture, only a few hours old, incubated at 
37°, was taken for the experiments, which culture, in its turn, had 
also been obtained by inoculation from a fresh culture. For the same 
reason the broth culture was slowly moved to and fro in a tube 
specially made for this purpose, which in an apparatus moved by a 
time-piece had been placed in the thermostate. Consequently all 
individuals were in well nigh equal conditions of development, so 
that the results of the experiments were more likely to be equivalent. 

Before we used the culture for the experiment, it was centrifugalized 
in order to remove the clots of bacteria, which were probably to be 
found in it and for obvious reasons would have a disturbing effect. 
Besides it was strongly diluted (+ 1000 times) with physiological 
common salt-solution. It would be necessary, in order to prevent 
suwing too many bacteria, to take of the non-diluted broth culture 
such small samples that, in measuring these, inevitably relatively too 
great mistakes would be made. 

The vessel with the diluting fluid, provided with the necessary 
quantity of the disinfectant, had already beforehand got the required 
temperature in a waterbath with a toluolregulator and an automatic 
stirring-apparatus. After the inoculation with the broth culture the 
mixture was constantly kept in motion by a glass stirrer, in order 
to make the disinfectant work as equally as possible upon all germs. 

As it is of great importance, to take the samples in rapid succession 
and just in time, I availed myself for this purpose of a peculiar 
kind of pipettes, which in case of immersion fill themselves automati- 
cally to the required height, so that the measuring, which takes 
up so much time, was avoided. The samples were put in Petri-scales 
and sown in melted, lightly alkaline reacting meat-agar. The develop- 
ment took place at 37°. The phenol put in the culture-plate together 
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with the samples was bound by the alkali and, also because the 
the quantity was relatively small, it did not disturb the development 
of the colonies, as appeared from control experiments. 

In the graphical representation of the results, to render a mutual 
comparison easier, a number of 1000 living germs has been started from 
and the values found experimentally have been reduced accordingly. 

As proceeds from the figures, the type of the “curves of survivors”’ 
is in our disinfection-experiments with phenol quite similar to the 
one which was found in: dying off by heat; very clearly the \ 
form is again to be recognized in it. 
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As in our experiments nothing has been left undone to put all 
the individualls, both in the process of incubation and that of 
disinfection, under quite the same conditions, a very marked accumu- 
lation of deaths might have been expected on either side of an 
average. In reality, however, this was not the case (most, though, 
with a in fig. 1) and again considerable differences of resistance 
between individuals of the same culture came to light. For this I 
see no other explanation, though it remains for the present only a 
mere supposition, than that the power of resistance during the 
development between two successive divisions undergoes changes. 
It may for example be imagined that under for the rest equal 
cirenmstances a daughter-cell just formed is, on account of her relatively 
larger surface, more vulnerable than a full-grown cell. 

And because the length of generation is relatively short, amounting, 
in strong multiplication, to less than half an hour, all stages of 
development will oceur by the side of each other. 
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As in our former experiments, when the bacteria were killed by 
heat, we now also experienced, while using phenol as a disinfectant, 
that, though cultures of one stock are used at every time, yet we did 
not succeed in coming to somewhat equal results. This is taught by 
a look at fig. 1, in which a number of eight curves have been drawn, 
referring to experiments, made at different times each with fresh 
cultures of the same colistock. The concentration of the phenol and 
the temperature at which the disinfection took place, were in all 
cases the same and yet for the greater part quite different curves 


were obtained. 
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Owing to this, it will not do merely to compare the results of 
one experiment with those of another, unless both are made with 
the same culture and about the same time. Therefore strictly speaking 
parallel experiments are necessary, if one wishes to study the influ- 
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ence of some factor or other, as, the concentration, the temperature, 
on the course of the process. 

Mapsen & Nyman and also Miss Carck derive from their obser- 
vations that the influence of the above factors may likewise be 
expressed in formulas. Thus the well-known formula of ARRHENIUS 
in which the relation between temperature and velocity of reaction 
is expressed, would also hold good in this connection. It seems to 
me, for reasons already mentioned, to be prudent not to follow them 
on this path. Therefore we refer, with regard to the points meant, 
to the figures 2 and 3, without gommenting on the subject. 


Geology. — “On a long-period Variation in the Height of the 
Ground-water in the Dunes of Holland.” By Prof. Eve. Dusois. 
(Communicated by Dr. J. P. van per Stok). 


Unmistakable and obvious is the lowering that the height of the 
ground-water in the dunes of the provinces of North- and South- 
Holland has undergone in consequence of the lowering of the level 
of the water at their east border (the making dry of the Lake of 
Harlem and of a large part of the IJ) and of deep cuttings in the 
dunes themselves (North-Sea Canal), furtheron, not less, by the 
collecting of large quantities of water supplies for some cities and 
towns. 

From these causes there resulted a lowering which may be called 
a permanent one, inasmuch that soon they have bronght about a 
new state of equilibrium with the supply by the part of rainfall 
which soaks in, and the flowing off. This really did take place in 
each case in which certain limits were not transgressed and as long 
as the collecting of water did not increase. 

Side by side with these artificial changes of the height of the 
ground-water in the dunes, there exist also changes by natural, viz. 
climatal causes. These, in this as in other cases, are not continuous, 
but they do oceur in periods. Indeed, in the latest historical past, as 
far as data are available, very clearly dry and wet epochs alternate 
with one another. 

The Commission which, in 1891, inquired in the supplying of water 
from the dunes to Amsterdam pointed out, in their report, that from 
1849 till 1856 there was a period of much rain, from 1856 til] 
1868 a dry period, again followed by the rainy years of 1869 till 
1882. They showed also (for Utrecht) that under the combined in- 
fluence of rainfall and evaporation such wet and dry epochs are 
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found, with maxima about 1855—56 and 1882—1883 and a mini- 
mum about 1869—70. 

In his “Hyetography of the Netherlands’ Mr. ENGELENBURG ') inquires 
if there exists any relation between sunspots and rainfall. He finds 
that we can admit that such a relation, if it exists at all, does not 
appear very distinctly. 

It is the merit of Dr. Laurens Vouyckx, in his elaborate treatise on the 
vegetation of the dunes,*) to have submitted the problem of the 
change of height of the ground-water in the dunes, as it also appears 
from older writings, to a close investigation. He however thinks of 
a progressive drying up of the low places in the dunes, having 
slowly taken place from as long ago as the end of the eighteenth 
century. From a careful consideration of the problem he arrives at 
the conclusion that the cause can only be found in a continuous and 
imperceptibly slow filling up of those low places with eolian sand. 

The earliest intimation of the dunes drying out, which ought once 
more to be quoted, is from the end of the 18 century. In the 
report of a committee from that time to the Government, the reporter, 
JAN Kops*) makes mention of the fact, that at the time of his 
inquiry, in 1797, the obstacle to the culture of the dunes arising 
from an excess of ground-water has been removed for a great 
deal. “In all our inspections, in the North as well as in the South, 
the most experienced people told us unanimously that during the last ten 
years, from year to year, less and less water than before 1s found 
in the plains amidst the dunes. They showed us places which for- 
merly stood two or three feet under water and became extensive 
icefields for winter-sport, but now were only somewhat muddy in 
winter. In other plains, only four years ago, there stood still water 
in spring, from which nothing now is to be seen; and so it is with 
almost all the dunes. This particularity has raised our highest atten- 
tion and surprise, as on account of the well known and alarming 
rising of the level of our rivers and inland water, we should expect 
the sinking down of the water of the dunes to be checked and 
prevented by it. Nobody was able to explicate to what cause this 
decrease of the dune-water should be imputed and we too could not 
trace out the true cause of it. But where it is to be sought for, this 
circumstance is most favourable for all following undertakings in the 
dunes.” (p. 114 and 115). 


1) Physical Transactions of the Kon. Akad. v. Wet. Amsterdam 1891. 

2) Laurens Vuycx, De plantengroei der duinen, Leiden, 1898. 

8) Rapport van de Commissie van Superintendentie over het ondersoek der 
Duinen van het voormaalig Hollandsch Gewest. Leiden 1798/99. 
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So it cannot astonish us that in 1805 A. P. Twenr*) makes mention 
of great dryness, making the birches in the plains amidst the dunes 
die at the tops, andjthat for three years there had been no water 
in places where in earlier times it always had been found, even in 
summer. “Considering that the sea does not be lower now than before, 
as shown by all circumstances, of which not the least certain 
is that the outlets of the inland waters are not improved in this 
part, this matter deserves double consideration by the naturalists’. 

In 1816 and still in 1823 a quite different state of things prevailed, 
as appears from the prize-essay on the making accessible of the valleys in 
the dunes along the coast of Holland by D. T. Grvrrs, *) an answer to 
the question: where and how to drain the water from the plains 
in the dunes and at the same time facilitate the access to them, in 
order that they may no longer lie useless and uncultivated. This, 
namely, was imputed for the most part to the want of the necessary 
evacuation of the water. This inconvenience then was very great, 
and its removing indeed was the chief purpose of the large treatise. 

Concerning a following dry period in the dunes no direct infor- 
mation has come to my knowledge. It appears however that from 
1831 till 1840 the rainfall at Zwanenburg (Halfweg), that is very 
near the dunes, has been considerably below the average. *) 

Certainly the level of the ground-water in the dunes of the com- 
munes of Zandvoort, Bloemendaal and _Velzen, as well as inthe dunes of 
the province of South-Holland (ef. Vuycx, l.¢. p. 184) was very high 
about 1845, so that for instance people skated in the dune-plains 
near Zandvoort. 

On the contrary, about 1860, the ground-water in the dunes stood 
only little higher than in the present period which is get very dry ; the 
water holes which contain now but little water were sufficiently but not 
abundantly provided. Though after 1858 the water supplies to 
Amsterdam, from the dunes, became less than in the former years 
and remained so till 1864, yet it was necessary to make new water 
collecting canals. ; 

Then again follows a wet period, during which many plains and lower 
places in the dunes became marshy or were drowned in winter, 
frequented by a number of waterfowl] (ducks, pool-snipes) and in some 
spots remained occupied by water even in summer, so that water- 


') Wandeling naar de Zeeduinen van Wassenaar tot digt aan Scheveningen, p. 5. 

*, D. T. Gevens. Verhandeling over het toegangbaar maken van de duinvalleien 
langs de kust van Holland, uitgegeven door de Maatschappij ter bevordering van 
den Landbouw te Amsterdam opgerigt. Deel 18, Amsterdam 1826. 

*) Nederlandsch Meteorologisch.Jaarboek voor 1878, p. 288. 
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plants could flourish there. And such a state of things obtained 
in all the dunes, outside the influence of the large water works, 
arriving at a maximum about 1880. 

A few years later the present dry period commenced, by which, 
also independently of each artificial cause for a lowering of the ground- 
water in the dunes, its height decreased so much that in the present 
winter water is only found at 2 M. below the level surface of plains, 
which about 1880 were flooded in winter. Certainly no less than 
2 to 2'/, M., in some places probably more, the ground-water is 
now lower, by natural causes alone, than it was in those wet years. 

The periodical changes of the level of the ground-water in the 
dunes, thus appearing during more than a century, agree in striking 
conformity with the thirty-five-year period discovered by Prof. Ed. 
Brickner, according to which, in almost all the countries of the earth, the 
rainfall and the height of the water of lakes changes. Really between 
1786 and 1805 a dry period occurs (for the Netherlands too this 
appears from the rainfall as determined at Zwanenburg). So in the 
beginning of the 19" century a minimum of rain and the lowest 
watermarks were reached. Then follows an epoch of much rain 
between 1806 and 1825, again a dry period from 1826 till 1840, 
a new period of much rain from 1841 till 1855, a dry period from 
1856 till 1870, with a minimum about 1860, the latest period of 
much rain from 1871 till 1885, with a maximum about L880, finally 
again a dry period, with a minimum about the end of the nineteenth 
century. A few years ago we still were in this dry half of the cycle. 

Since, some years ago Dr. Witiiam J. S. Lockysr') proved, that in 
the amount of spotted area of the sun also, a thirty-five-year period 
could be traced, from 1833 till 1900, the discovery of Brickner surely has 
still gained in importance. On the other hand we now understand better 
what may be the cause of the few temporary or lasting deviations 
of some countries. If the better insight we now have got in the 
cause of the phenomenon discovered by Brickner is well adapted to 
increase our confidence that we have to count with it in future, we 
also need not suffer ourselves to be prevented from this by the 
deviations in question. 

Lately, from the extensive study of the rainfall in Germany by 
Dr. G. Heimann’) and its discussion by Brickner *), it again appeared 
how in our vicinity wet and dry periods, and pretty weli simultane- 
ously with those in the dunes of Holland, alternate with one another. 


1) Proceedings of the Royal Society. Vol. 68. (1901). p. 285—300. 
*) Die Niederschlige in den norddeutschen Stromgebieten. 3 Bande. Berlin, 1906. 
*) Meteorologische Zeitschrift. Wien 1906, p. 565. 
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Progressive decadal sum above or below mean 


Millimeters | decadal sum over 50 years, percents. 
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In the accompanying table I tried to make clear the alternations 
of dry and wet periods of rainfall for some stations in the Netherlands, 
by the decadal sums, progressing from year to year, according to 
the method made use of by Brickner. In the first place we take 
Maestricht having the most continental situation of all the meteoro- 
logical stations in the Netherlands with many years’ determinations of 
rainfall, and being nearest to the basin area of the lower, Rhine in 
Germany (Cleves, Bonn, Triers, Nancy), then Utrecht as intermediate 
between that station and Helder and Leiduin, which most of all the old 
stations may approach to the conditions obtaining in the dunes. The 
fifty-years’ average rainfall of the three first-named Dutch stations 
is computed over 1859 till 1908, the average of Leiduin over 49 years 
only, beginning with 1860, the averages for Germany are over the 
years 1851 till 1900. The double years indicate the middle of each 
decade. 

Now, what we observe is a close agreement and conformity to . 
the rule of Brickner, generally, till 1882. In the last (dry) 
period, _however, Helder and, in a still higher degree, Utrecht 
show! important deviations. Maestricht, on the contrary, agrees very 
well and Leiduin tolerably with Germany and at the same time 
with by far the majority of all the countries of the world. Also after 
1896, till 1900, also in-the basin of the lower Rhine in Germany, 
just as at Maestricht, the—rainfall remains considerably below the fifty- 
years average. About the beginning of the twentieth century the expected 
change took place every where. In the lower basin of the Rhine in 
Germany the rainfall in the years 1896 till 1900 exceeds the fifty- 
years’ average by 4, 8, 10, 6 and 4°/,, and in the latest lustrum 
the rainfall at Maestricht was nearly 10°/, above the average, but 
not so at the three remaining stations, where deficits of 5, 11 and 
12°/; were observed, the wet period evidently not yet having com- 
menced. On account however of the agreement with regular regions, 
during so long a time, as well as of the cireumstance, that anticipation 
or retardation of an epoch is accustomed to be regained in the next 
period, the probability must not be called small, that for the whole 
of the Netherlands an epoch of increased rainfall and ‘of higher 
ground-water levels is at hand, and that especially in the dunes too ~ 
the ground-water will soon be rising. 

Undoubtedly not only the annual rainfall, but also the evaporation is of 
consequence for that rising. But we know that evaporation is relatively 
small in periods of much rain and that, generally, the ground-water 
rises and falls with the amount of rainfall. 

Variations in the rainfall are very strongly indicated by the height 
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of the ground-water in the dunes. This not only is a consequence 
of. this, that water enclosed in sand must rise three times as much 
as in an open basin, the supply being equal; but also of that 
circumstance, that the sand in question is particularly loose and 
composed of grains with equal dimensions, thus readily absorbing 
and giving way to the downfalling water. Further favourable conditions 
are-that the ground is very uneven, not admitting of superficial 
flowing off, and only thinly covered with mosses, grasses, shrubs of 
Hippophaé rhamnoides, Salix repens and Ligustrum vulgare and 
with loose-crowned trees, especially birches. Really Mr. pe Bruyn 
found that, even during the dry years 1895 till 1902, at least half 
the rainfall served as a supply to the ground-water). Moreover 
the geological constitution of the dune region, where eolian sand 
reposes upon the very little permeable fine clayey marine sands 
(Old Sea-clay and Sea-sand of Srarine), favours very mneh the accu- 
mulation of the excess of rainfall. 

The circumstance that so many low plains amidst the dunes, 
having subsisted during centuries, have undergone simultaneously 
quite the same.up.and down variations in the height of the ground- 
‘water, proves, as it seems to me, that we should not, generally, 
impute the becoming dry of the dunes to a successively filling up of 
those low places with eolian sand. 

Another proof of no less strength | find in the phenomenon, already 
observed and rightly explained by Grvers, that, on the whole, the 
surface line of the plains in the dunes runs parallel to the line of 
the ground-water, descending toward the sea and toward the polderland. 

It is indeed unconceivable that those remarkably flat and pretty 
well horizontal, often very extensive Jow grounds amidst the dunes, 
commonly called in North-Holland ‘“vlakken” and ‘“velden”’, have 
had another origin than the sand being blown off — before the time 
that such blowing off was prevented by the planting of sand-binding 
grasses — till the level was reached where it was. moistened by the 
ground-water, raised by capillarity to about thirty centimeters above 
its free level. Really we observe, as far as natural influences prepon- 
derate, that generally only where the character of the underground 
changes, making the water sink down accumulate in such places, in 
other places, these modifications in the geological structure modify 
the line of the ground-water, but at the same time, in consequence 
thereof, that of the surface of the dune plains. 


1) Handelingen van het Yde Natuur- en Geneeskundig Congres, ’s-Gravenhage, 
1903, p. 148. 
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Astronomy. — “On the perivdic solutions of a special case of the 
problem of four bodies’. By Prof. W. pr Sirrer. (Communi- 
cated by Prof. E. F. vAN DE SANDE BAKHUYZEN). 


The special case considered in this paper is that of a central body 
and three planets, or satellites, whose masses are small compared 
with the mass of the central body, and whose orbits are all situated 
in one and the same plane, the mean motions (in longitude) being 
roughly proportionai to the numbers 4, 2 and 1. This special case 
is realised in nature by the three inner Galilean satellites of Jupiter, 
if the inclinations, the influence of the sun and of the fourth satellite, 
and the compression of the planet are neglected. This latter restriction 
is not essential, since the compression does not disturb the periodicity, 
provided only the motions take place exclusively in the plane of the 
planet’s equator. 

Neglecting at first the relation between the mean motions, we will 
consider the periodic solutions of the problem thus generalized for 
the case that the masses of the satellites are zero, i.e. for the unper- 
turbed problem. These may be divided into two kinds, analogous 
to Porncaré’s well known classification of the periodic solution of 
the problem of three bodies. In the solutions of the first kind (sorte 
premiere of Porcaré) the (unperturbed) orbits of the satellites are 
circles, in those of the second kind they are Keplerian ellipses with 
arbitrary excentricities. . 

The solutions of the first kind exist, if the dé/erences of the mean 
motions are commensurable, thus: 

vy —?, — p?, Dy — 0 = gy; 
p and q being integers, mutually prime. This condition can also be 
expressed by saying that the mean motions must satisfy a linear 
equation of the form 
av, + By, + yr, = 9, 
where a, 8 and y are mutually prime whole numbers, satisfying 
the relation 


a+B+y=0. 
The mean motions can then be expressed thus : 
vy, =o v—% vy, =O, YU —% vy, = C,¥ — %, 


where ¢,, ¢,, ¢, are again whole numbers. We have then: 
a=¢,—¢, pmeo—s, y= 6, -— 6, 
pc, — o, J =, — Cy 
Then, if we put 
rit xt = VU, 
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and if we count the time from the instant of a conjunction of II 
and III, and the longitudes from the common longitude of these 
satellites for that instant, we have 

A, = 6,%— v 

A, = ¢,t—v 

A4,sor—u+kK 

ad, + Ba, + 74, = K. 
After the lapse of the period 
2x 


T= — 
v 


the relative positions of the four bodies are the same as for the 
instant ¢— 0, the whole system being rotated in a retrograde direction 
through the angle *7’. 

By a reasoning entirely similar to that used by Porncars*) for the 
‘solutions of the first kind of the problem of three bodies, we find 
easily that the condition, that these solutions shall remain periodic 
if the masses have small finite values, is 

K=0O° or 180°. 

In other words, there must be a symmetrical conjunction or opposition 
of the three satellites at the beginning of the period. *) 

The reasoning by which the existence of these solutions for small 
values of the masses is proved, fails in only one case, viz. when 

z* 


—=0 or a whole number. 
Y 


This exceptional case is analogous to the well known exceptional 
case for the periodic solutions of the first kind of the problem of 


three bodies. 
For the special case of Jupiter’s satellites we have 


as |), Ba — 38) ee 8, KS 1808 
A, = 4r—v + 180° 
A, ae — 
A4A,= t--v 


t=A-A, v= A, — 24, 
In the system of Jupiter we find that v is small compared with r. 
We have roughly (in degrees per day): 
vy = 51°.0571 
x= 0.7395. 


1) Les méthodes nouvelles de la mécanique céleste, tome I, § 40. 
9) See also Les méthodes nouvelles, t. I. § 50. 
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It is owing to this particular circumstance, that the motion of the 
satellites can also be considered as a periodic solution of ‘the second 
kind, as will now be shown. 

In the periodic solutions of the second kind of the ingeburbed 
problem the excentricities are arbitrary, and the mean motions (not 
only their differences) are mutually commensurable. In other words 
we have here x=0. ~ 

If the masses are not vero, hens solutions may also remain periodic. 
In the perturbed motion we must then distinguish the mean motions 
in longitude and those in anomaly. Let : 


l; = njt + lio be the mean anomaly 
Ay =P; t Hh, 
if then a; be the longitude of the pericentre, we have 


41; + 27; 


eras » longitude, 


Inquiring into the conditions that these solutions ‘shall remain 
periodic for small finite values of the masses, we find again that 
there must be a symmetrical conjunction at the beginning of the 
period, i.e. for t= 0. The angles 

Tio — Mo Hoo — Hso 
Ba eho, he 
must all be 0° or 180°. One of the angles /;, (e.g. /,,) can always 
be made identically zero (or 180°) by a convenient choice of the 
zero epoch. There thus remain 4 angles, each of which can have 
one of two values. We have thus 16 combinations which may a 
priori be expected to give rise to periodic solutions. 


20 80 


dx; 2 
Now if = were zero, then at the end of the period 7’= ar 
Y 


the configuration for t= 0 would be exactly restored, as it is in the 
unperturbed problem. It is, however, sufficient to insure the periodicity 


dx; 
of the solution, that the value of an integrated over a complete 


period shall be the same for the three satellites. In addition to the 
conditions of symmetry we have therefore the conditions 


— t= +—— dt = —dt—=—xl . , 
f dt J iit dt ‘i ©) 


After the completion of the period the whole system is then 
rotated through the angle — 7, as in the solutions of the first kind, 
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The mean motions in longitude are the same as in the solutions of 
the first kind, viz. : 
y= GP — %, 

The mean motions in anomaly remain rigorously commensurable.’) 

I will now restrict the discussion to the special case represented 
in the system of Jupiter, viz. : 

6, =O =; y= 2 = 6=—1. 

For the general case similar results will be found, which I do not 
however at present propose to investigate. 

Moreover I will limit myself to the consideration of small excen- 
tricities, which is the only case that is of immediate practical value. 
Whether the conditions (1) do also admit solutions with large excen- 
tricities, is a question which can only be answered by a special 
investigation. 

Under these restrictions we find that out of the 16 combinations 
satisfying the conditions of symmetry, there are only 4 which also 
satisfy the conditions (1). For two of these x is positive, and for 
the two others it is negative. Further, if the quantity 

4,—34,+24,= 
is formed for each of these solutions, it will be found that one of 
the solutions with a positive x has K = 0° and the other has K = 180°, 
and similarly for the solutions with a negative x. Of these four 
solutions that with K — 180° and x positive (the case of nature) is 
the only stable one. 

These solutions of the second kind thus appear, on both sides of 
the exceptional point x = 0, as the natural continuations of the two 
possible solutions of the first kind (K = 0° and A= 180°). In the 
solutions of the first kind the unperturbed orbit is circular, the 
perturbed orbit is affected by a “great inequality’, with the argument 
ct. In the solutions of the second kind this inequality appears as 
an equation of the centre *). In the solutions of the first kind we 
have the condition that the unperturbed excentricity must be zero; 
corresponding to this the excentricities in the solutions of the second 


1) These solutions are based on the same principle as those investigated by 
Scuwarzscnitp (Astr. Nachr. 3506). Scuwarzscuitp, however, only considers the 
case of two planets, one of which has an excentricity, and at the same time an 
infinitely small mass. Consequently the orbit of the other planet, which is acircle, 
is not perturbed. 

2) In the integration by the usual method, this inequality presents itself as a 
perturbation of the excentricities and pericentres. 

Besides this “great” inequality there are, of course, a number of others, whose 
arguments are multiples of +, which are the same in the two solutions. 
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kind are not arbitrary, but must be determined from the equations 
(1). When the value of x is the same for both cases, the two solu- 
tions are entirely equivalent. 

In order now to investigate these solutions according to the theory 
of Porcaré, we must write down the conditions of periodicity 


4 § 
Ey 


yi = 


where for EH; we must take successively each of the elements of 
the system. If further 8; be the small correction to be applied to 
the value of ; (for ¢=0) in the unperturbed orbit, in order to 
_retain the periodicity in the perturbed orbit, then the spaeate of the 
solution depends on the roots of the equation 


OY, Ow, dy, 
OB, + 1 —_ ; 02, oy te as ese, 8) alee OB 
ne Ow, Ow, Ow, a 
A()= iB So =a, 0m 
dt, dwn iy Se 
08 mp PS OR 
If we put s=e*? (or, approximately, 1—s—— a7), then the 


condition that the orbit shall be stable, is that all the values of a 
are real and negative (with the exception of one or more, which 
may be identically zero). 
I will introduce the elements 
| Li, M:, li, Ri, 
of which the meaning is 
Li = mj V4; HL; V1 —¢;? 
l; = mean anomaly 
mr; — longitude of pericentre. 
Supposing the units to be so chosen that the constant of Gauss 
and the mass of the central bedy are unity, the equations of motion 
are: 


ai; _ _—s_ ‘a qm; OF 
a =o he i, 
dl; ei or dn; re or 
ane, ae ee 
F=F,—R 
Pr m,* m,* m,"* 


germ FEET FEY 
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In the unperturbed motion we have 


m;* 1 
i =nit + lo, righ aii 
and the constants a; must be such, that 
n,=4p n, = 2p 2, = & 


The integral of areas is 
’ — I, + HI, + H, = const. 

By means of this integral we can eliminate 17,, and diminish the 

number of degrees of freedom by one. For this purpose we introduce 
G = i. pe F 
J, =, — %, J. = %, — *, 

The equations then preserve the canonic form. *) 

In forming the equations w; =O we need only those terms of &, 
whose integral over a complete period does not vanish, i.e. those in 
whose arguments the mean anomalies do either not occur, or occur 
only in the combinations 

: l=1,—2l, l=l, — 21,, 
of which the mean motions are zero. The constant term will not 
be required in what follows. Of the others, we only require the 
terms of the lowest degree in the excentricities. Thus, introducing 
the further notations — : 
ES 8S 9; — oP 
CE ot eer Meme eS 


we find that & can be replaced by 


Ri ="*"*{ — Ae, cos (l + 2e) + Be, cos (1+ «) | + 
m, M, “a 
+ “AME — Ae, cos (l + 20) + Be, coo(l tw}. . - (3) 
where ; 
A=ta'(4 AG) + A,®) , 
Baa (8 AY + AO — 7), 
aa 


The symbols Ay have the usual meaning (LEvERRIER, Annales de 
Paris, tome 1], p. 260, 262), and must be computed for the value 


1} The integral of areas still exists, if the compression of the planet is taken 
into account, provided only the motion takes place in the plane of the equator. 
Also those terms of the perturbing function which are here used, remain the 
same. The conclusions reached below, thus can be applied unaltered to the case 
of a compressed planet. 
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“= on (::)"= G)"= = 0.680, 


The cme A and ie then are pure numbers. Their values are 
= + 2.381 - p 


is = + 0.964. 
The meaning of the symbols ¢; occurring in R’ 
- 1 


or approximately 
1 


The expressions of the various differential coefficients of -R’ are 


2)/a; OR’ cosg; 1 OR 
Ta a & 08; 


OR’ 


aL; mi da; 


oe ee 
OM; 4m Vai & 08 
of. OR OR AOR oR Or 
0G, om, Om, 0G, Om, On, 
oR OR oR _ «aR OR OR aR 
yee eee Nae ar Lal eee as 
dR oR OR OR OR 
dy, dw | dw! 


y, dow oy, 
The quantities 8; and yw; will be supposed to be correlated to the 


different elements as follows 
To: be, ME Dig Gy sh, ote \ ace Oe ae 
B+ B, + Bs + By + Be y Bey Bes Ber Bry Bro 
> We. W, >We, Wr, Wyo 


correspond : 
and : Wis Wes Wes WY, 
If in #’ and its differential coefficients the elements are replaced 


by their unperturbed values, these funtions become constant. Con- 
sequently the first terms of the developments of the functions yp; in 


powers of the masses are i the form 


{vast 


where D represents a differential coefficient of R' in which, after 
the differentiation, the unperturbed values of the elements have been 


substituted. 
Now we liave 


Fn sed 
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dL; OR’; dG; a OR; 


The functions w,,,,,.W, and w, therefore contain only 
sines of linear combinations of the angles /, /’, w, w'. Further we have 
ete ae 
dl, od, -.0l, 


and therefore the equation w, = 0 isa necessary consequence of wy, = 0 
and wp, == 90. The four remaining mutually independent equations 
ee im aas Or eens coe Os ie a EG) 
correspond to what has in the beginning of this paper been called 
the “conditions of symmetry”. If we put 
,=(l, —24,), =e l,=(,— 21), =a 
wo, = (7, —%,),=8 w', = (x, — 2,), = 8, 


0, 


(the subscript O indicating the unperturbed value, or the average 
value over a complete period in the periodic solution), then the 
equations (4) are satisfied, if each of the angles 


a,a,p,8 
is either 0° or 180°. 
These conditions being satisfied, we can, in the differential coefti- 
cients of R’ (after the differentation) replace the angles /,/', w, w' by 
a, a’, B, 8’. 


The developments of the functions w,, .- . Y, in powers of 8; are 


oR oR oR) terms of 
py, =T ip, O,? + B, 01,0, Tr ee + Bro dl, 0g, + higher orders 


and similar formulae for y,,,,, and w,. Then we find easily 
a] °F, . 
oF 8, aL? + terms of higher order, 
; 1 
and similarly yw, and y,. These equations give 8, = 8, = 8, = 0, 


in other words the mean motions in anomaly (n;) are not changed. 
Finally we have 


Hb 
cok ee |: oR p OR 
YW, mt om, * a7, 
OR OR 
Me Sor or 


The equations »,—wy,,—90 are thus found to represent the 
conditions (1), since 
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* OR 
dn; ; 
= dé = — T 
dt OUT: 


o 


From the value (3) of R’ we find easily (remembering that 
a;—h = n; = cp (c, = 4, ¢, = 2,0, = 1) and 9) 28) 


T 
1 {Z a,A 
== dt = — m, —— cos a, 
2 dt a, &, 
0 
Y 4 
ees 1 Tt=5} B a, A 
hae? =< eee : one ’ 
2 
z: 
lL Wex Leste 
Ose a % dt = rhe 2 cos (a’ + 8’). 
0 
The conditions (1) can thus be written 
xT x 
Oy eg A ee 


Collecting now the 16 different possible combinations of values 


BREE forms aie ee ROS PEt eS oye, 
a | B | a | B ik, | 2, | 2, 
(1) O.* fn P 71 Oe | 0O°c;— | O | + | impossible. 
(2) | 0 0 0 | 180 }— | 0 | — | conditional. 
(3) 0 0 180 | 0 — +  — | émpossible. 
(4) | 0 0 | 180 190 |— | + + | impossibie. 
(5) 0 | 18 | 0 | 0 a | — + | impossible. 
(6) | 0 189 | O | 180 |— | — —] possible. 
(7) | 0 | 180 | 480 | 0 — | O | —| conditional. 
(8) | 0 | 180 | 480 | 4180 |—| O | +] admpossible. 
(9) | 180 | O | 0 0 |+ | — | +] impossible. 
(10) | 180 | 0 | 0 180 |} +4 | — o impossible. 
(114) | 180 | 0 | 180 0 + | O | — | impossible. 
(12) | 4180 | 0 | 480 | 180 | + | O | + | conditional. 
(13) | 180 180 | 0 | 0 + )}0 | -+- | conditional. 
(14) | 180 | 180 | 0 180 | + | O | — | impossible. 
(15) | 120 | 180 | 180 | O | + | + | —] émpossible. 
(16) | 180 | 180 | 180 | 180 |} +] + | -+- | possible. 
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of a,«’,3 and ?, we find the following summary. Only those com- 
binations can give .rise to periodic solutions, in which 2, , 2, and 2, 
are of the same sign. The letter VU stands for undetermined. 

Out of these 16 combinations there are only two, (6) and (16), 
for which the perturbed orbit can remain periodic for all values of 
the masses. There are four: (2), (7), (12) and (13), for which the 
periodicity is only possible if a certain condition involving the masses 
is satisfied. 

For all solutions we find from the equation yw, = 0 


It needs hardly be pointed out, that this is only a rough approxi- 
mation, the higher orders of ¢; having been neglected. In the system 
of Jupiter’s satellites we find actually (see these Proceedings, March 
1909 ')) &,/e, = 6.77. 

Further if we put 

m, ms, 
—=" Sie fg 


m, m, 


cg 
P=n,—~A+4, B, 


3 

then we find, for the solutions (6) and (16), from w,, =0O 
Eos af ‘533 
te 2, 20,4 
If the longitudes are counted from the apocentre of III, and the 
time from a passage of III through this apocentre, we have, for 
t= 0, a, = 180°, /, — 180’, therefore 2, = 0°. For the corresponding 

values for Il and I we find, for t= 0, for solution (6): 


=, <= x, == 180° 
Ls. £ 2e0 
a 0 a= 180 


K =A, — 34, + 24, = 180° 
and % is positive: the mean motion in anomaly exceeds the mean 
motion in longitude. This is the case of nature. 
For the solution (16) we find: 


X= ee #. == -180° 
t. == 180 l, = 180 
4, = 180 4= 0 
x == 180° x negative. 


1) The expressions there given are based on Soumtarr’s theory. The quantities 
sj, Which here appear as excentricities, are thus there considered as perturbations, 
and are called 2, 2, 2g. 
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The possibility of the solutions (2), (7), (12) and (43) depends on 
the sign of 2,. In all these cases cos(a-+ 8) and cosa’ are of the 
same sign. Thus if we put 

Q=u,24—u, B, 
a, 
we find that for positive values of Q the. solutions (2) and (12) 
can exist, (7) and (13) being impossible; for negative values of Q 
(2) and (12) become impossible, but (7) and (13) are possible. We 
find for these solutions: 


Solution (2) | Solution (12) 


Pe a Se AS Spas AE 

t= 0 1, = 0 1== 180 Lee 1803 

AiO 7 a a, = 180 Apa 180 | 
% positive. — -& negative. 

Solution (7) ~ Solution (13) om 
6, 18 Soe ee 2 == 160° a Se F eP 
l, = 180 t8 ss A 1, = 180 
4s 0 A= 0 2, = 180 4, = 180 

*% positive. . x negative. 


All four sblations have: K = 0°. 
For the solutions (2) and (12) we find 


f:_ 98 np eae 

és B a a A 
and for (7) and (13) 

+f ae Q bf ei 1a,Q 

Spf es CR ee aL 


For Q= 0 (or, if higher orders of ¢; are taken into account, for 


a value of © in the neighbourhood of the value for which Q = 0) 
Hy 


we have #«,=0. The solutions (2) and (7) then become identical, 
and similarly (12) and (13). We thus find that the two cases (2) 
and (7) form together one continuous family, which exists for all 
m 
values of —. The same thing is true of (12) and (18), 
M%, 

Thus all that has been said above regarding the existence of the 
periodic solutions has now been proved. It remains to investigate 
their stability. For that purpose we must form the equation (2). We 
introduce the notations : 

l—s 1 O'R oR 


Tm, mt Cady OE ome Pa 
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where x and y represent two of the variables l;, gi and p and q 
two of the variables L;, G;. The quantities (ay) are of the order 
zero in the masses, the quantities [pg] are of the first order. 

With the ajd of the values of y;, which have been derived above, 
it is now easy to write down the determinant A(s). The differential 
dp, oF, 
03, OL, 
remove this, and to make all terms of the same type also of the 
same order in the masses, the five lower rows have been multiplied 
by m,. Then the five upper rows, have been divided by /m,, and 
the last five columns by m,Vm,. Finally every term has been divided 
by 7. The equation then becomes 


coefficients such as will have m, in the denominator. To 


| —p 0 0 0 0 (hh) Ci) Ch’) (iim) (has) 

0 —Pp 0 0 9 (hls) (le’s) (lols) Clam) (lags) 

Pee 0 = 0 0 Chia) (lala) ah) Cam) Claas) | 
0 0 0 —? 0 Chm, (sn) (ag) Gin) igs) | 


0 0 0 0 —, (492) (eda) (aga) (x42) (9292) 
‘Z—-(4) -(44) -t44) -(4G) —(4%:) —- 0 0 0 
—(UyLa] Ke-(lele} (Lele) -(LhG,] -[4G:) 9 —p 0 “0 
| [hla] Cala) Ke (ala) 0G] 1G] 0 
| -(hQ@)  -(4G)] —LGQi-(14G) 14.6] 0. 0 o —» 
—[hG,) -[1G:) —-[lbG:) -[G6,) -[G,G,] 0 


=f {5 


oc sc © © 


For brevity we have put 


3 3 3 
—1 K,= — a= kK, =_ ah, 
4,4, as H34, 
To simplify the determinant (5), we may use the relation, which 
has already been mentioned atove, 
4 (i, a) +2 (l, x) + (/, x) — 0, 
where x represents an arbitrary element. We perform the following . 
operations, which are here, in order to save space, only indicated 
(the ordinary figures refer to the columns, the roman figures to the 
rows) : ue 
To (8) add 4.(6) + 2.(7,, From (VJ) © subtract 4.(VZ/) 
» (VII), 2¢VILD), 
» (Z7T),, 4 (2) + 22), eee a SAB) 
» (2) arr adsl. 
The determinant then becomes divisible by 9’, and the columns 
(3) and (8) and the rows (IJ) and (VIII) drop out. For the sake of 


K,=— 
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clearness I will, however, continue to indicate the remaining columns 
by their original rotation-numbers. 
Now we have’) 


(1, 4,) = ©, (9.91) = (@e), 

(1,/,) = — 2(), (9,9.) = — (wo), 

(il) = 4) + (ll, (9.92) = (Ow) + (0'o), 
(1,9,) = (lo), (1,9.) = — (lw), 
(1,9,) = — 2(lo), (/,9,) = 2(lw) + (U''). 


By means of these relations the determinant can be still further 
simplified. We perform the following operations 


To (7) add 2.(6), From (VJ) subtract 2. (VI) - 
» (12),, 242) ac LE) » ~—«-2-(2) 
» (10) (9), ani EA) ay ci SAD 
» (VY) » (ZV), OE ce ee | 


If now the remaining rows and columns are rearranged in the 
following order 
: Ripley Sines, 7, y oes Saree. Nose C6 2 
1 a VE er 2 eee 
then the equation becomes 


—o9 09 () 0 0 0 *(ley 9 
0 —e 0 dy) 0 0 0 (ew!) 
A,, A,, —@ 0 A,, A,, 0 0 
A,, A 0. :--@ Ay A 0 0 
A (9) ee 21 23 23 24 —0, : (6) 
(lw) 0 —e 0 (ww) 0 


0 O 
0 0 O (o') 09 —e 0 (wia' 
A,, A, 0 0 A, A, —@ 0 
A,, A,, 0 0 A,, A,, 0 TSR 
where the meaning of the coefficients is as follows (I mention only 
those coefficients that will be used below, those omitted all contain 
m, a8 a factor): 

A,,=K,+4K, + terms of higher orders 

A,=A,=—2K,+ » we ” 

A,, = K, +44, es sy ” ” ” 

A,,=-— [4,G,] + 2[G,G,] — [G,4,] 

A,,= A,, = — [G,G,] + [G,G,] 


') These formulas suppose (Il') = (ww') = (Uw) = (lw')=0, This is only true if 
the ‘hird and higher orders of e are neglected, 
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The expressions [pq] all contain m, as a factor. Thus, in order 
to derive the term independent of m, in the development of e, we 
take all those expressions = 0. The determinant then becomes divisible 
by oe’, and is reduced to its first four columns and rows. Four of 
the eight roots of our equation thus appear to be divisible by m,. 
The first terms of the other four are the roots of the equation: 


—o 0 8 0 
o— 0 3’ 
° == 0, 
Ay  4,, —e 0 
A,, 4,, 0 —@ 
or 
o* wy (A,, . + y 8’) °° + (A,, Ay, oe A’,,) 88’ = 0 Fi % ® ij (7) 
where we have put, for brevity: 


ss, CH= 7. 

The solution can only be stable, if the equation (7) has two real 
and negative roots. Now A,, and A,, are negative, and A,, 4,,—A’,, 
is positive. The necessary and sufficient condition that the equation 
(7) shall have two real and negative roots is therefore, that both 
s and s' are positive. Now we have 


oO A, co a— Be, con(a + 8) 
: pee Core (:) 
of es OS Ae, co a’ — Be, con(a' + 8)| 


a, 


For the six possible combinations we find the signs of s and s’ 
as given below 


a B | a B fs | s' 
(8) | 02 180° | 0°) 480°] 4 | +4 
(16) | 180 | 180 | 180 | 180 | — | — | unstable. 
@|o |o | 0 |480 Jo Ve 
(7) | 0 | 190 | 18) | 0 +/0 
(12) | 180 0 180 | 180 | O | — | unstable. 
(13) | 180 | 480 | 0 0 |— | O | unstable. ~ 
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The solutions (16), (12) and (13), i.e. those with a negative value 
of x, are thus certainly unstable. For (2) s will be positive if 
As, — Be, >0. 


By using the value of bay found above, this leads to the condition 


€, 
a, A?’ 
9 Aa te TAY 
eto ss 
Similarly we find for (7) that s’ will be positive if 
Be: gages 
— —— = — 0.46. 
Con me 


For the family consisting of the solutions (2) and (7) we thus find 
that s and s’ are both positive for all values of Q between the 
limits — 0.46 and + 7.41. For the Jovian system we tind Q= + 4.14. 

For the solution (6) both s and s’ are always positive. 

This is, however, not sufficient to prove the stability of these 
solutions. We must also consider the four remaining roots of our 
equation (6). To determine these I divide the last two rows and the 
5% and 6% columns of that determinant by Vm,. Introducing then 

e=oVm,, Ajj= m, Bi, 
the equation becomes 


—p'V mg 0 (il) 0 0 0 (le) 0 
0 —JY mg 0 cl’) 0 0 0 (Uw) 
Ay, Ajs —p'V'mg 0 By mg By mg 0 0 
An Ags 0 <—2'Ving Balmg BayVmg 0 0 
4 (j= . = 0. 

0 0 (lo) 0 —?’ 0 (aw) 0 

0 0 0 (Ua) 0 —p’ 0 (c1'ea") 
ByV mg By mg 0 0 Brg Bu <p 0 

Byung By me 0 0 By Bu 0 —}’ 


If now again we neglect all terms which appear multiplied by 
Vm,, and if we perform the operations 


a 


l 
From (7) subtract (o) . (3), from (8) subtract Me . (4), 


(Ul) (/'l') 
we find 
—e? 90 6 90 
A 0 -g' 0 0 
4 (e)= | ea eee . = 0, 
|Ay, A,, B,, B,,—e 0 
B,, B,, 0 —@ 
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where we have put 
(lw _, a ep 
. € =—=(O00)})— ——.> 
Bee. 
We thus find that 9’ is determined by an equation very similar 
to (7). For the coefficients B;; we find easily 


B,, = A, + H,, 


6 = (ww) — 


where 
. en oe 
H,= ah gee IED Aon 
O/T’, 16 pw,a,a, €*, 
eR 1 u, B Uy ’ 
ee Rr ee ate Y 


For the cases (6), (2) and (7), which are the only ones that we 
need investigate, all these expressions are negative. For H, and H, 
this is at once evident. For H, we find: 


Sol. (6) Sol. (2) Sol. (7) 
P Q Q 
dees 16a°,¢*,” ~~ 16a?,e*,” 16a*,¢",” 


which is also negative in all three cases. The equation determining 
the first term of g’ now becomes 


e* — (H,+ 4,)6+(4,+A,)o} ev? + (A,.4,+A,.A, + H,.H,} o0'—0, - (9) 
The condition that this equation shall have two real and negative 
roots is again that o and a’ are both positive. Now we have 


6 = (ww) — = 0 = (w'w') — bbe 


s' 


It is only necessary to investigate those cases where s and s’ are 
both positive. The conditions of stability thus become 


s.(ww) > (l@)’, 8’. (w'w') > (lo). 
The values of s and s’ have already been given above (8). For 
the other quantities we find 


47* 
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(cneseegeee | 4 A &, cos a — Be,cos(a-+ 0), 


(w'w’) aoe | 4Ag, cosa’ — Be, co (a + 2, 
a, 


(oj 2A e,cor a Be, cos (a+ Al, 
‘ a, : 
(wy aae 2 As, cose! — Be, cos(e’ + 8), 
a, 
from which 
8. (wo) =o | 43% 2,° + Bre,’ —5A Be, &,cosB/, 
(lw)? = a | 4A’e.*-+ Be.?*—4ABé, &,cosp 
3 : 
Therefore 
wy 
8.6 = —— ABe, «, cos 8, 
a's 
and similarly 
1.62 — "4 Be, e, cos 
a, 


The only stable solutions are thus those in which @ and ?’ are 
both 180°, and the only solution which satisfies this condition is (6). 
This solution, i.e. the case actually occurring in nature, is thus 
found to be the on/y stable periodic solution. 

It needs hardly be mentioned that all the proofs given above 
suppose, that the developments in powers of ¢; and m; converge so 
rapidly, that the sign of the various quantities used is determined 
by their first term. What the upper limits of ¢; and m; are satis- 
fying this condition, cannot be stated without a special investigation, 
but nature teaches us, that for the values occurring in the system of 
Jupiter the solution (6) still exists as a stable solution. 


Physics. — “Contribution to the theory of binary mixtures, XIII.” 
By Prof. J. D. VAN pER WAALS, 


We have considered the closed curve, discussed in the preceding 
Contributions, as the projection of the section of two surfaces, viz. 
Pw Pw : : 3 

= 0, and —~ =O, constructed on an x-axis, a v-axis and a 7° 
dz* dy" 
axis. Let the z-axis be directed to the right, the v-axis to the front 
and the Taxis vertically. The projection of these sections on the 


other projection planes will now also be a closed curve, in general 


( 699 ) 


with a continuous course. We shall here chiefly consider the pro- 
jection on the 7’, 2-plane. This projection will possess a lowest and 
a highest point, and be enclosed on the right and on the left between 
a minimum and a maximum value of z, which two values of zare 
the same as those between which the v,2-projection is enclosed. But 
the highest and the lowest point of the 7'a-projection is no special 


point in the v,a-projection. Only in this v,2-projection the points 
: 2 


mentioned have the property that a line — =0 and also a line 
v 


dw 
dz? 
temperature. At all temperatures between this minimum and this 
maximum temperature the v,2-projection is intersected by a line 
d*yp 
dv* 
can take place e.g. for the minimum temperature in a point that 
lies either on the left or on the right of the point in which v has 
the minimum value, and even, but in special cases, exactly in that 


= 0 touches this v,c-projection at the minimum or the maximum 


d’ 
= 0 in two points, and also by’ a line = 0. But this contact 


d 
point. So the quantity _ can be both positive and negative for the 
a 


point in which 7’ is maximum. 


This holds also for the point where 7’ is maximum, but generally 
the first mentioned point is of greater importance. 


d 
If for this first-mentioned point = is positive, this is also the case 


d da’ 
with - for the point in which — = 0 touches the closed curve, 
v 
dp  dpdv _ L ae & foes 
and as ade + oo 0, the quantity ae will be negative in the 


3 
point in which 7’ is minimum. In the same way the quantity = 
pe dp . ee 
is positive, and — is positive for that point because also the line 
dy dw dv 


dp 
= 0 touches, and so aa + qdeda 0, and the contact takes 


: @’ 
place in such a way that the whole closed curve lies inside — ——H 


If the minimum temperature should just happen to be in the point 


“3 dv 
of the closed curve where Pe a we have at the same time 
: zx 5 
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d? d* dv d?* 
a (and all os If, on the other hand — is negative, ee 
dxdv dzx* dx w dv 
3 


is negative and also Ph ts 


If the whole curve has contracted to a single point, this applies 


also to the two other projections — and for this case it is easy to 

express these projections in the value of ¢, and e, and. Then, as was 
& nye 

found before, DOE SS and 1—z= A *. Then the value of 


(n-1)? Ve, Ve, 
n (Ve, +Ve,)* 


Both for «,—=0O and for «,= 0 is 


v-b (n-1)? Ve, Ve, 
or — = 


bo NO or a 


v—b=0, and as we have to do with a point lying on the line 


1 
= is equal to 2a or equal to 1+-B, ot i+ 


d 
pe!) T=0. A maximum value of v does not occur, but a 
v 


v 
maximum value of ; does. The easiest way to find this is by retaining 


the form: 
cae +B=1+4+ en ak ia 
b (l—a# + na)? 
If v could be maximum, then: 
db dB 
io, te _, 
b 1+8B 
or 


(| —a#)* —n? 2? 
n—1 [1+(n—l)e]* _ 0 
1+(n—1)e : (n--1)?a(1- a) 
[1+ (n—1)a]? 


After reduction we should find » =O. But the maximum value of 


(n—1)" 


v dB : 1 
or of —- =0 requires ne = 1 — az or «= —-.. 
b da ; n-+1 
If for « and 1—a we put the value Ye, and nyé,, we find as 


a Ris 
condition €, = &,, and so pr, = pry. Then the value of z is equal 


(n—1)* (n+1)? ee ae be 
ft 1 a me neuen « ins . 
o1+ nF When 7» is small, ; is only little greater 


than 1, and so 7’ much smaller than 7%. But for very high values 
of n, e.g. about 10, the critical volume can be reached, and so 7’ 
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can be = 7). With constantly rising value of n, the quantity ; 


can, indeed, increase indefinitely, in which, however, 7’ becomes an 
ever smaller fraction of 7. The value, however, which ¢, and 


v 
€, will have, and consequently the value of z, rt and 7, cannot be 


chosen arbitrarily. Besides. that «, and ¢, must have such a value 
that the point denoted by them, lies on the parabola OPQ, the 
condition must also be fulfilled that a*,, = Fa,a,. For the case that 
/? =1, the values of ¢, and «, are easy to calculate. Then the point 
(e,,€,) must also lie on a second parabola, congruent with PQO, 
and shifted by an amount 1 along the «, and ¢,-axis in negative 
direction. These parabolae having their axes parallel, there will only 
be a single point of intersection. The equations which are to be 
satisfied, are then: 


(e, — n’ €,)? = 4n'(n — 1) (e, — ne,) 
and 
(e, —n’e, + n? — 1)? = 4n(n — 1)(¢, —ne, -+n—1). 


Then we find: 


Sg eS 
As Rea VT hy =) 1) 
and 
me Joc ate 
Be tad 1), 
Fx: 
or z= tee oo mee The value of 7’ obtained in 


ay iekiy: 
this case is smaller than the one calculated above if we take e, —e,. 
If ? <1, «, increases, of course, and *, decreases and reversely. A 
value of / might be chosen so that 7’ assumes a maximum value, 
but to this we come back later on. But in any case the values of 
2 

i = 0 and ah 
dx? dv* 
touch only at one single temperature, without intersecting further. 
And if n is not very large, this temperature lies very low. Thus from 
v—b\? 
(= 


the formula MRT =2-— - 
ee 


!y l 
culate for n — 2 the value of Thu about, and for other values 
k 


é, and ¢, may be such that the two surfaces 


and the supposition ?=1 we cal- 
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of ? this value of = becomes but little higher. But ¢, and ¢, might 
k 

be such for higher value of x, that v approaches to 3b and 7’ to 
7T;.; this might be the case for n= 10. So we see here the following 
possibilities for the phenomena of non-miscibility, dependent on the 
value of. For low value of n, contact of the said two surfaces may take 
place at so low a temperature that observation is impossible on account of 
the occurrence of the solid state. For increasing value of n this tempera- 
ture rises, and for a certain value of n, it may have risen to ‘/, or '/, 7 
and so the observation will no longer be prevented by the appearance 
of the solid state. As, if contact takes place of the two surfaces at 
certain temperature, two plaitpoinis make their appearance already | 
at lower -temperature, which vanish again at higher temperature than 
that of the contact, three-phase-pressure will exist between two tempera- 
tures. A precise determination of the value of m at which this is the case, 
is not possible, if it were only on account of the fact that we have 
not been able to determine what relation exists between the tempe- 
rature of contact and that at which the double plaitpoint begins to 
appear or disappears, and moreover because we have not been able 
to determine how long the double plaitpoint must have been present 
before the plaitpoint appears or disappears on the binodal line. But 
for small value of m the lowest temperature at which non-miscibility 
sets in, can certainly not be observed, at least not if the cause of 
non-miscibility is to be ascribed to the circumstance discussed here. 

So in the 7’a-projection there is only a single point for which 
the value of x will be found in the left half, in the case discussed 
here. But if we besides draw the 7\x-projection of the plaitpoints 
which are the consequence of the existence of the point of contact 


3 
of “t=0 and 2 =0, we obtain again a closed curve. Probably 
the projection of the point of contact lies, especially as regards the 
value of a, very eccentrically with regard to this curve — possibly 
even to the right outside it. The lefthand branch of this curve is the 
projection of the irrealisable plaitpoints, and these will always have 
considerably moved to smaller values of a. But if the projection is a 
closed curve, they must rapidly approach the points of the righthand 
branch at higher temperature. However, another case may be expected. 
In the case that the projection of the plaitpoints remains below the 
curve indicating the course of 7), the closed curve is to be expected — 
but if the value of 7' should rise so high that the curve 7; = f(a) 
would be cut, the lefthand branch of the projection would meet the 
ordinary plaitpoint, which approaches from the side of the component 
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with the lowest value of 7;. The result is then that the projection 
of the plaitpoints forms a curve which begins at «= Oand 7’= 7%,, 
rises from there to the highest double plaitpoint temperature, then 
falls to the lowest plaitpoint temperature, and ascends again from 
there to 7;,. This last case has been treated more extensively 
These Proce. Vol. VII. The transformation of a branch plait ete. 
Figure 39 gives a schematic representation of the 7',2-projection 
for the first case. The point P represents the point of contact of 
2 2 
the two surfaces ne and ory The full line represents 
da* dv? 
the locus of the plaitpoints, the point P, is the lowest double 
plaitpoint, and P.q is the highest. In the points Q, and Q, the 
realisable plaitpoint appears or disappears on the binodal line — 
and then there is three-phase-pressure between the temperatures of 


Q, and Q,. The dotted curve, which has its lowest and its highest 


4. 


Fig. 39 


( 704 ) 


point in Q, and Q,, denotes the concentrations of the coexisting liquid 
phases at every 7, and the curve Q’,, Q', indicates the concentra- 
tion of the third coexisting phase (vapour phase). The curve 7; = /() 
has been drawn higher in the figure. 

It follows, however, from the remark, Contribution XI, p. 440, 
Vol. XI, that the point P need not even be present, and that yet 
the remaining part of the figure, but then between narrower tem- 
perature limits, may continue to exist. We might even imagine the 
circumstances to be such that the points P., and P.q coincide, but 
then Q, and Q, and Q’, and Q’, would have coincided already before. 

The second case is represented in fig. 40. Again P is the projection 


d 2 
on the 7,z-plane of the point of contact of the two surfaces a — 0 
ax 
Py 
and awe The full curve A Q, Pea Pa Q, B ete. is that of the 
v 


; | If 


L=0 Ned 
Fig. 40. 


plaitpoints. The points P,, and Pq are the double plaitpoints, So 
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‘yy 


there are three plaitpoints between the temperature of A, viz. 7%, 
and that of P.qg, unless 7, should lie higher than A, in which case 
Py would take the place of 7),. The curve 7; = /(#) is also 
inserted in the figure. It will have to intersect the plaitpoint curve 
at «<1, and that twice. The first point has not been indicated by 
a special mark, but the second point of intersection is supposed to 
‘be in the neighbourhood of B. If we draw a p,z-section of the 
surface of saturation, and add to it a line indicating the pressure 
at which there would be coexistence if the mixture behaved as an 
homogeneous substance, the extreme point of this line would lie at 
the same value of w as that of the plaitpoint, at the value of 7’ of 
the second point of intersection just mentioned. 

For higher value of 7’ we have then again the rule that for a 
given mixture 7’, > 7;, which is generally considered as the normal 
case. This being really the case for w very small, and # nearly 1, 
when there is intersection of the curves 7; = / (2) and 7),= @ (a), 
this will have to take place twice. For the points Q, and Q, the 
plaitpoint lies on the binodal line, and between the temperatures 
Q, and Q, there is three-phase-pressure. The concentration of the 
three coexisting phases is indicated by the dotted line Q',Q,Q,Q,. 
We might call the part Q’,Q, of this line the vapour branch. The 
vapour branch presents a particularity in the drawing which has 
escaped attention so far, viz. that it can contain a point in which 
« has a minimum value. | have not drawn this particularity in the 
vapour branch of fig. 39, because it is less probable there. This 
applying to a circumstance which has not been noticed as-yet, and 
which is yet not devoid of importance, a digression to show the 
possibility of the existence of such a point with minimum value of 
wx, may be useful. The more so, because in the discussion properties 
will be mentioned the knowledge of which is necessary if we want 
to understand the full meaning of different particularities occurring 
for the three-phase-pressure. 

Let us call the concentration of the point representing the vapour 
phase, 2,, and let w, and a, denote the concentrations of the liquid 
phase — and let us put #,<2,<,. Now the following equations 
hold: 


ag 
v,, dp = («, — @,) (=) og + My, aT 
1 Jp 
and 


as 
v5, dp = (2, — 2,) fa jsf + %,, 47. 
1 Jp 
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. For the three-phase-pressure both equations hold, and we get the 
value of - for this three-phase-pressure which we shall indicate by 
dp 
dT 


first equations by #,—2,, and the second by 2, —.2,, and if we . 
subtract the quotients from each other, we get the well-known formula: 


by ene, Tern "oper a 


, by eliminating dz, from these two equations. If we divide the 


dp f= 8, @&— a, 

' 
dl’... ere 
v, be me a, : vs orpex Cy 


d 
If we substitute this value of ? _ in the two equations given 
123 


dp as da 
"91 ia ~#,) tee = age, 


dp at 
Vs a = = —2#,) + Ns: 


After division by v,, and v,, we may He write: 


we get: 


and 


dT v 


21 


as de, 
dp as dz, da? »rar +(sF), 
Las oT 
&,—@, 


and 


(=) dx, 
dp __\da,’},»rdT . ($5) 


dT ,,, ie Tohs Le or mm 
@,—@, 
or 
dp dp\ da, Op 
ry ae =(i) pat x4 (7). 


dp 

if we represent b - 
Pp y ( ay 

p and the inerease of 7’ on the vapour sheet of the surface of 
saturation for a section with constant value of «= .,, respectively 


for the coexisting equilibrium between the phases 1 with 2, and 


d 
1 with 3. So the difference ———— (3) , multiplied by 
7 


d i 
and =) the ratio of the increase of 
ta dT’ a9) 


dT 


@,—@, 


cS Ld ae, ie 
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indicates the sign of dz,. In the same way if we change 2 into 3. 
Now it is true that the surface of saturation has been greatly modi- 
fied by the existence of the three-phase-pressure. But this modifica- 
tion is restricted to values of 7’, between those at which this pres- 
sure begins and ends, and also within these limits of temperature, 
the surface of saturation consists only of a lower sheet and an 
upper sheet, if we leave the metastable and unstable coexisting 
phases out of account. So every section for given value of 2, is 
again, except for the modifications inside the said limits of tempe- 
rature, the well-known figure in which the lower branch passes 
continuously into the upper branch. Let us now think the line p,,, 
as function of 7’ traced in every section. Only for so far this line 
lies between the upper and the lower branch of the section of the 
modified surface of saturation, the mixture of the chosen value of 
2 can split up into three phases. If this line intersects either the 
upper branch, or the lower branch, and if therefore part of the 
line p,,, lies outside the surface of saturation, this must be considered 
as a parasitic branch, at least for the mixture chosen. So the dotted 
lines of fig. 39 and fig. 40 represent the values of 7’ for which the 
line p,,, intersects a chosen section of the surface of saturation. 
And so the question whether in fig. 40 the situation of point Q’, 
is such that another point occurs in the dotted curve for this value 
of wz, coincides with the question whether there exist sections for 

V. 


* 21 


which the line p,,, intersects the saturation curve twice. As 
a,— a, 
V,, 


and are negative on the vapour branch according to the formula 


&,—e, 


dx 
for the calculation of or a negative value of this quantity is attended 


is dp dp ; 
with a positive value of ——— —| =~] or with the line p,,, entering 


aT,» Td), 
the heterogeneous region with increasing 7. Reversely a positive 


dx 
value of ar shows that the line p,,, enters the homogeneous region 


with increasing temperature, and therefore appears further only as 


: ae d, 
parisitic branch. Now in the point Q’, the value of (3) is 
128 


s d 
equal to the value of (*) , as it is on the section of the surface of 
z 
saturation for the « of the point Q,, as follows if in the formula 


d 
for —— we put «, + dz, for z,, V,+dV, for V,, and 4, + dy, 


dT 


1238 
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for 4,. Then we find namely 


ai 2, eo 
dp 1 2 1 2 dx, 
Sg dv, 


dr dv d d 
For —" and —2 we may write (3) and (=) because the 
dz, dz, dx,/)p»T dx.) p»T 


phases 2 and 3 then have equal p and 7. Now the point Q,.is a 
liquid phase, and so a point of the upper sheet of the surface of 


Op oats 
-} for such a point is not 
07’), 


great at low temperatures. But yet it is larger on the whole than 


saturation. In general the value of ( 


0 
the value of (5) on the vapour sheet, even for sections for which 
MH 


z is smaller. At least for temperatures which lie pretty far from 
T;, so that there are therefore two possibilities chiefly dependent on 


0 
the temperature: either the value of (se) in the point Q, may be 
x - 


0 
=) for the point Q',, or smaller — and so the value 


of x for the point Q’, may either run back or proceed. 

Over the full width of the three-phase-curve on the right of Q, 
the line p,,, leaves the upper sheet of the surface of saturation with 
rising temperature. This is also still the case for points on the left 
of Q,; but a point will soon occur where the three-phase-curve 
passes to the lower sheet. So this point must lie on the “contour 
apparent” with regard to the 7’, 2-surface; or in other words: it 
must be a critical point of contact. Then too the three-phase-curve 
still passes to smaller value of w. And only afterwards a point can 
occur where « has minimum value, but this only on the lower sheet. 
And if the temperature of Q is comparatively low, the vapour 
branch of the three-phase-curve will certainly run again to the right 
with falling temperature. Accordingly I. have drawn the vapour 
branch in fig. 39 in this way, though there too the cireum- 
stance may occur that # runs back. Besides, the circumstance occurs 
there that 2 shows minimum and maximum value for the liquid 
phases. The condition for «, whether maximum or minimum is 

Op Op dp : 
(57) = *) =-,-—, if we denote the phase where w runs 
OT" J am OL Jan Gan 


larger than ( 


back, by 1, 
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But let us return after the discussion of these particularities, to 
the treatment of the 7’, z-projection of the closed curve. 
-We have already observed that the point P is not found when 
2 
the surfaces = = 0 and he =0O do not intersect. Reversely P 
dx’* dv? 
extends to a curve if the surfaces do not only touch, but intersect. 


We obtain the equation of this closed curve, if we solve the value 


of ; from the equation: 


= (1—4)— 2— 4+ (i+ B)=0 


.. ap Pw yee es 
and substitute it in = 0 or aaa Os It is simplest to do this in 
v ’ 


4a] 
=e, 0: MRT = 2° 


. a 


b b b 
— in MRT =2°(~) (1- ~). If we write z in the following 


v 
form: 


or to substitute the value of 


b 1-VA—B+AB_ 14 VX 


er: 1+B 73 hae 
and 
1,2 _B+VA—-B+AB_ Bt Vx 
pethe 1+B reps Ee 
we find: 
urr 9% (B—2BX+%) + (2B-B*+X)p/Xx ay 


b (i+ B) 


is positive, 7’ is 


cee | 
‘When X=A—B4+AB=4AB\E- 741 


real, and there are two values of 7’ for every value of x. For the 
same values of x for which in the »v, x-projection the two values of 


- coincide, the two values of 7’ coincide in the 7’, 2-projection. 

The values of 7’ assume a simple form “5 these limiting values 
B 

f £ — — 

of x, because then X — 0, ie. MRT=2 -— b GLB 

value must also hold for the case that these limiting values of x 

coincide, which we treated above. We can even simplify this form 


of course this 
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of MRT for the calculation and obtain the form: 


eo 
MRT = ape 1) a] 


— 


x i 3 i wee 
e 


If we seek the maximum value of T, we find for the determination 
of « an equation of the 3'¢ degree, viz.: 


1 3— 


3n— 
(l—«x)* + x({1—2z)* “5 — nia? a Ce jee 


1 

b 
by writing be 

a 


=— —: 


‘ NX 
and putting " 
aie. 


3n—1 3—n 
= 0. 


For n=1 we should have k=1, for n=2 k= 1,22; but for 
k 1 
very high value of m — approaches to = This implies that for n=1 


n 
1 1 
the maximum value of MRT lies at a= so, and for n= oats. 


1 
For all other values of n « lies between 5 and 3° By the aid of 


this value of a we can then calculate the highest value of MRT’ 
for the points where X = 0. But the conclusion is not different from 
that at which we arrived above: viz. that only with nm appreciably 
larger than 3 the value of the temperature can rise to 7}, or even 
to 7%, . 

The value which we found in general in equation (1) for the tem- 
perature of the points of the closed curve is too intricate to be fully 
discussed. We can, however, foresee what in general the shape of the 
T,x-projection will be. For a curve of small dimension the point P 
of fig. 39 and fig. 40 is to be replaced by a smaller chosed curve 
which extends according as the former curve itself assumes greater 
dimensions. Of course the other lines experience the influence of this. 
Thus in fig. 39 the point P,, will descend and P.g ascend. For 
every value of a, so of a, 6, B and X, the first part of MRT in 

a BY4X(1—2B 


: ; ‘ ) . * . 
equation (1), viz; 2« ; (i i BP -—— indicates the value of the arith- 
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metical mean, so half the sum of the lowest and the highest tem- 
perature; and the second part, viz. 2 > QB— B+ X)V X denotes 


the amount that the really occurring temperatures lie above or below 
this middle value. This second part is imaginary outside the limiting 
values of zx. For between these limiting values of x, X is positive, 
and beyond them negative — but the first part exists over the full 
width. The course of this first may be given in the main points. 
Beginning with 7’=—0O and «=O it ends also with this value at 
a=—=1. But for very small value of z or 1—~a, provided it be 
outside the limiting values of 2, this first part is negative. 

For the limiting values of «, where X —0, it has the above treated 
a 3 
61+ B)’ 
values of 2 a value equal to 0 must occur; we conclude to this by 
noticing that if a or 1— , is very small, Bb? and XB may be neglected 
by the side of. B, while X is negative beyond the limiting value of 
«. The curve which represents the first part begins with an ordinate 
equal to zero, then descends below the axis, but intersects the axis 
again before the smallest value of 2 is reached for which X is equal 
to zero, then rises to a maximum value, after which it descends 
below the axis, and finally terminates with a value zero. 

So if we draw the curve 7; as in fig. 39, this curve is of course 
the limit above which 7’ cannot rise for any point of the closed 
curve. The closed curve being the section of two surfaces which 
have each a “contour apparent” on the 7’2-plane, the projection of 
the sections cannot fall outside this outline. So the 7’,2-projection can 
have either one or two points in common with the curve 7}, in which 


positive value MRT = 2 But just beyond these limiting 


Seer . F “ v 

points it must touch this curve. In these points of contact = 5. 
v 

If there are two points of contact i is > 3 between these points. 


v 
The observation that “Gan 3 in the points of contact enables us to 


show that this circumstance cannot occur for low value of n. First 
of all not for »< 2, because, as we saw before, v must there be 
smaller than 6, = 26,. If we introduce into the equation: 


(5) (i—4) —2-4(14+ B)=0 
b b 
the condition = 3, we get: 


=9A—B. 
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Now 


teas. 5 | - n* 1 ‘ 
(n—1)?x (n—1)?1—« 


and A 
1 
TT bed Spee) 
(n—1)?2 ' (n—1)? 1 
Let us take twe extreme cases: 1. the case that «, and «, 0; 
nes | ns, l 


Coie aoe 


2. the case that 


1 
In the first case B= A, and soo B= or it must be possible to 


| es | n? 1 
fi : equation : rs = 
nd real values for « from the equati (ml) Ey aE TE ee 3, 
which values must, moreover, lie between the limiting values of 2, 


in this case «— 0 and «—1. For the roots ‘a be real 


Vie 


1 must be > ; 


1 on 
or 
n : 
or 
| V3+1 
ePides 1at 
/3—1' 
if the sign > is changed into =, there is only one root at 
1 
n = ——— and 1—z = 
i— ni— 


1 
= 3 for z = Ta if e, =e, = 0. Then the closed curve touches the 


curve 7; in the 7a-projection. But then the lower branch of the 
7\x-line will have descended to 7’'=0, Then we have to expect 
fig. 40, however with this modification that P,, lies at a height = 0 


and the three-phase-pressure is already found at all low temperatures, 
\i 
oh Chawn'e, 4 


Gly @'(n-l) 1-7 


In the second case, in which the supposition 


. . v ‘ 
however, involves the assumption that the point for which Pica 
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lies at a value of « which is just one of the limiting values of 2, 


B 
mae and the equation 4—9 A—B yields the value 2 for B. 
) ae | n® 1 


(n—1)' a (w—1pl—« 2 


80 Ve must be he tins or n > 10. 
2 n—l1 
Now, however, if we assign values to «, and «, the condi- 
tion of the second case will in general not be fulfilled, and 
e333 ne, 
(n—1)?n * (n—1)? 1—a 
a 33 nts, 1 
have to put (n—1)'n -b (n-—1)° pi 
« will have a value between 1 (that of the first case), and O (that 
of the second case). And the result will then be that the condition 


must then yield real values for 2, and 


will not have risen to 1 — but we shall 


= <1, or equal to 1—a, in which 


= 8 will require a value of m which is greater than 3.75, but 


which need not rise to 10. 

But I shall not continue the calculations required for this. If we 
review what precedes, it appears sufficiently: 1 that the case that 
three-phase-pressure exists between temperatures that differ little, 
may occur for all values of m — but that if m is small, these two 
temperatures lie too low to be observed. It is not possible to give 
the exact value of n for which these temperatures if they exist, can 
be observed, before the ratio is known between the temperature at 


a? d* : 
which the two surfaces << = O and << =O touch, and the tempe- 
( v 


rature at which the double plaitpoint has appeared or disappears. 
2. That for the case of fig. 40 the required value of n may be 
estimated as at least 4. 3. That as ¢, and ¢, descend below the 
parabola OPQ, the two temperatures between which three-phase- 
pressure can exist, diverge further, and that only if ¢, and ¢ (we 
only deal with positive «, and «, here) have become equal to 0, the 
lowest temperature has descended to the absolute zero point. 

If we further take into consideration that the point ¢,, ¢, lies on 
the curve a’,,=/?a,a,, which represents in ¢, and ¢, an ellipse, a 
parabola or a hyperbola according as ? <1 or >1, and that of 
this curve only those points which lie in the triangle OPQ (below 
the parabola) yield a closed curve which we have treated, we see 
that the phenomena discussed do not only depend on n, but that 
besides special relations must exist for a, and a, and a,,, which are 
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br he a, 1+.e, 
represented by «, and «, positive in the equations eae 7 
c n— 


a, n*(1-+e,) 
atl 
the curve a’?,, = /a,a, lies outside this region, and the occurrence 
of the discussed phenomena will, therefore, have to be considered 
as comparatively rare. If we descend in the region OPQ, so that 
either «, or ¢, or both become negative, then (but the consequence 
of a negative value of ¢, and «, has not yet been discussed) three- 
phase-pressure is to be expecte|! already at 7’= 0. If we go upwards 
along the curve a’,,—a,a,, and if we get above the paraboia 
with «, and *,, there is perfect miscibility. (For the values of ¢, and 
é, required for perfect miscibility consult Contribution XI p. 448). 
As the upward movement along the curve a’,, = /a,a, is attended 


and n—1>Ve«,+nVe,. By far the greater part of 


with decrease of wh it follows from this that if in analogous cases 
Pk, 
the ratio = decreases, we pass from non-miscibility to perfect 
; ky 
miscibility. 

The conclusions in the derivation of which we have supposed to 
treat only normal cases, viz. such for which no chemical action takes 
place between the two components, or for which each of the com- 
ponents behaves normally, are quite corroberated by the observations. 
I know only of one exception, namely that the case of fig. 40 occurs 
also in the observations of Kurnen for mixtures of ethane and aethyl- 
alcohol, ete. In this case we have to put nm either below or just 
above 2. How it is that the abnormal behaviour of alcohol has here 
an influence as if n were increased, cannot be accounted for as yet. 
But in the cases of Bécuner for mixtures of carbonic acid and organic 
liquids, for which also fig. 40 gives the course schematically, n will, 
no doubt, have the value found by calculation. (Bicuner, Thesis for 
the doctorate 1905), 

In conclusion a few remarks. 


1. In fig. 30 of Contribution VI I have already given the course 
of the plaitpoint line for the case of fig. 39, and also of the three- 
phase-pressure of 7’. 


2. The upper and the lower sheet of the surface of saturation 
are subjected to some modification in the case of fig. 39 only between 
the two temperatures between which there is three-phase-pressure, 
The modification for the upper sheet consists in what follows, Between 
the limiting values of a of the dotted closed curve of fig. 39 the 


ee ee 
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upper sheet is raised. At the limiting values of «x this rise is still 
equal to zero. 

But for values of x, which differ from these limiting values, the 
rise assumes certain values, at first, however, only between tempe- 
ratures which differ little. But this is accurately rendered by fig. 39. 
The consequence of all this is that if a certain increase of pressure 
is applied, e.g. if we observe above the maximum pressure of the 
modified liquid sheet, the total non-miscibility has disappeared. If 
we lower the pressure, the non-miscibility may reappear but at a 
pressure which is only slightly less than the maximum pressure 
it exists only over a very small range of temperature. In other words 
there the dotted curve of fig. 39 has greatly contracted. In this two 
cases will no doubt occur, either real minimum pressure occurs, or 
the pressure in the point Q is the highest. At higher temperatures, 
however, splitting up into vapour and liquid is still possible. 

3. If in fig. 40 the circumstance occurs of minimum value of x 
on the vapour branch, there exists for some mixtures, if we take care 
to follow the three-phase-pressure, retrogression of the condensation. 

For the mixtures which show the above discussed non-miscibility 
between two temperatures, both a*,, may be > a, a), and a’,, may 
be <a,a,. However if a*,, >a, a,, the chance to non-miscibility 
is smaller. In this case the points ¢,, ¢, lie on a hyperbola which 
intersects the space O?Q below the parabola close to the point Q; 
and as the intersection takes place nearer to Q, the distance between 


the parabola and the ¢,-axis is smaller. And as soon as the value of 


2 
Qs 


would become so large that the intersection of the hyperbola 
aa, 


with the «,-axis takes place past Q, non-miscibility will be quite 


2 } 32 3 
excluded. So if “2 aa or 


fa Ewen For the full discussion of the 
dw 
dv* 
examine the cases with negative values of ¢, and ¢,. 


=O it now remains to 


a 
intersection of the surfaces <0 and 


(March 25, 1909). 


KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 
of Saturday March 27, 1909. 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 27 Maart 1909, DI. XVII). 


CONTENTS. 


H. J. Hampurcer: “The permeability of blood-corpuscles to calcium”, p. 718. 
A. K. M. Noyons: “About observations on the electro-myogram and form-myogram under 


the influence of fatigue”. (Communicated by Prof. H. ZwaarpemMAKeER), p. 723. (With one plate). 


A. P. H. Trivetu: “A contribution to the photo-chemistry of silver (sub-)haloids”. (Commu- 
nicated by Prof. 8S. Hoocewerrr), p. 730. 

J. C. Kiuyver: “An integral-theorem of GEGENBAUER”, p. 749. 

JAN DE Vries: “A family of differential equations of the first order”, p. 756. 

S. H. Koorpers: “Polyporandra Junghuhnii, a hitherto undescribed species of the order of 
Icacinaceae, found in ’s Rijks Herbarium at Leiden (Plantae Junghubnianac ineditae IT)”, p. 763. 

J. J. van Laar: “On the solid state’. (Communicated by Prof. H. A. Lorenrz), p. 765. 
(With one plate). ; 

O. Posrma: “On the calculation of the pressure of a gas by the aid of the assumption of a 
canonical ensemble”. (Communicated by Prof. H. A. Lorenrz), p. 78). 

J. G. Steeswisk: “Contributions to the study of Serumanaphylaxis”. 2nd Communication. 
(Communicated by Prof. C. H. H. Sproncx), p. 784. 

L. E. J. Brouwer: “Continuous one-one transformations of surfaces in themselves”. (Com- 
municated by Prof. D J. Korrewee), p. 788. 

Pu. Konnstamm: “On the course of the isobars for binary systems”. IT (Communicated by 
Prof. J. D. van DER Waaxs), p. 799. 

W. Kapreyn: “On a class of differential equations of the first order and the first degree”, p. 813. 

J. D. van per Waaxs: “Contribution to the theory of binary mixtures”. XIV. Double retro- 
grade condensation. p. 816. 

P. H. Eyxman: “New methods of stereoscopy”. (Communicated by Prof. K. F. Wenckepacn), 
p- 832, (With 3 plates). 


Proceedings Royal Acad. Amsterdam. Vol. XI. 


( 718 ) 


Phy iology — “The permeability of blood-corpuscles to calcium.” 
By Prof. H. J. Hampurcer. 


(Communicated in the meeting of October 31, 1908). 


It is beyond doubt at present that red blood corpuscles are 
permeable to anions. This was first established for chlorine by 
quantitative chemical determinations’), and also with respect to other 
anions no reasonable doubts exist as to their power of permeating 
the blood corpuscles’), This is~not the case with metal ions or 
kations. It is generally believed that blood corpuscles are absolutely 
impenetrable to these. This opinion seems to be founded on an ex- 
periment by Girper*). This investigator led carbonic acid through a 
suspension of red blood corpuscles in a NaCl solution, and found 
that chlorine penetrated into the blood corpuscles, but that the amount 
of potassium and sodium in blood corpuscles and liquid remained 
the same. The blood corpuscles thus would seem to be impenetrable 
‘to both these kations, and this supposition has the sooner found 
belief as in normal conditions the potassium is found chiefly in the 
blood corpuscles, the sodium in the serum. Tacitly the impenetrability 
of erythrocytes to Na and K seems to have been extended to the 
other kations and various authors have even quite recently expressed 
themselves to this effect *). 

Investigations, however, carried on jointly with Hexma, concerning 
the influence of various substances, and especially of small quantities 
of Ca on phagocytosis have shaken my belief in the truth of this 
view. The fact that phagocytosis and, as I afterwards discovered, 
chemotaxis as well are greatly increased by traces of Ca suggests the 
question whether Ca does not enter into the white blood corpuscles.’) 

The strict proof of this could only be given by quantitative chemical 
determinations. But the difficulty is that white blood corpuscles are 
hard to obtain in great quantities. This does not apply to red blood 


') Hampuncen. De permeabiliteit der roxde bloedlichaampjes in verband met de 
isotonische coefliciénten. Proceedings of the Royal Academy of Science. Series III, 
Vol. VU, 1889. — Over den invloed der ademhaling op de permeabiliteit der 
bloedlichaampjes. Ibid, Vol. IX, 1891, — Zeilschr. f. Biologie 26 1889 S. 414; 
1892 §. 4085, 

*) Hameunorn, Report of the meeting of the Royal Academy of Science, Oct. 27, 
1900. Hameuncen und van Lien. Archiv f. (Anat. u.) Physiol. 1902 S. 4992. 

*) GUnpen. Sitzungsber. d. med. physik, Gesellsch. za Wiirazburg 25 Febr. 1895, 

) Cf e.g. Héuen in the Handbook of von Konynyt and Ricuter, 1907. p.p. 287 
and 288, 

*) Hamponoen and Hexma, Proceedings of the Royal Ac. of Science. June 29, 1907, 
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corpuscles, and as these have never shown themselves different 
as to permeability from the white ones it seemed advisable to make 
our investigations on the former. 

Various methods have been chosen for this purpose. In the first 
place red blood corpuscles after being mixed with an isotonic cane 
sugar solution were washed with NaCl solutions, and it was then 
found that Ca had entered into these salt solutions. It might however 
be objected to these experiments that the red blood corpuscles, after 
being washed in a sugar solution, are no longer in a physiological 
condition and on account of that had become permeable to Ca. 

Therefore the experiments were repeated in another way viz. by 
adding slight quantities of substances to the serum occurring in it 
also under normal conditions. First we added to the blood 0.024°/, 
and 0.012°/, CaCl,. Then serum and blood corpuscles were examined 
as to the amount of Ca they contained, and this was compared with 
the amount of Ca found in serum and blood corpuscles of the blood 
used in our first experiment. If no Ca entered into the blood cor- . 
puscles, all the Ca added would be found in-the serum. If part of 
the Ca passed into the blood corpuscles, this would be discovered 
as well, and as a test it might be investigated to what extent the 
joint increase of Ca in blood corpuscles and serum corresponded 
with the Ca added. 

We subjoin a table which will need no further explanation. This 
table also contains the result of an experiment answering the question 
whether erythrocytes, having absorbed Ca from a serum containing 
Ca, lose their Ca again when brought back into their normal serum, 
in other words whether blood corpuscles also are extrameable to Ca. 

In explanation to this table must be added that the Ca determina- 
tions have been made by burning the dried masses and extracting 
the ashes with dil. HCl and adding alcohol and H, SO, to the clear 
filtrate, Ca being thus precipitated as CaSO,. Finally we must 
add that in these experiments 80 cem. of cow’s blood were used 
consisting of 32.4 ccm. blood corpuscles and 47.6 cem. serum. 

(1). 32.4 ce. dlood corpuscles of blood mixed with 0.024°/, CaCl, supply 
after being washed with a canesugar solution 0.0458 gr. CaSO,. 
(2). 32.4 ce. blood corpuscles of blood mixed with 0.024°/, CaCl, 
supply after being washed with serum and afterwards with a 


canesugar solution . . . - . . 0.0861 gr. CaSO,. 
3). 32.4 ec. blood corpuscles of aki blood supply after being 
washed in a canesugar solution . . . 0.0854 gr. CaSO,. 


(4). 32.4 ce. blood corpuscles of blood mixed with 0.012°/, CaCl, 
supply after being washed in a canesugar solution 0.0398 CaSO... 
49* 
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(5). 47.6 cc. Serum of the blood mized with 0.024°/, CaCl, 


supplied . . . . . + . 0.0492 gr. CaSO, 
(6). 47.6 ec. Serum of fis: blood mixed with 0.024°/, CaCl, sup- 
ite Sea ois a eee . . . . 0.0492 gr. CaSQ,. 


(7). 47.6 cc. of the ibewia seta serum supplied 0.0869 gr. CaSO,. 

(8). 47.6 cc. Serum of the blood mized with 0.012°/, CaCl, 
supplied - 29s) Ki bas, pees ee ee es ee ee 

9). 47.6 cc. Serum to which the same amount of CaCl, had been 
added as to the corresponding 80 cc. blood as sub (J) and 
sub (5) and (6) supply . . . . . . 0.0596 er. CaSOQ,. 


Comparison of the values in this table shows: 

1. that Ca has entered into the blood corpuscles (Cf. (3) ith (1) 
and (4); 

2. that the blood corpuscles give up this Ca when brought back into 
normal serum. (Cf. (3) with (1) and (2). 


3. that the entire amount of Ca added to the blood is found back in 
blood corpuscles and serum. 


Moreover this table demonstrates that in the blood corpuscles of 
normal blood Ca is found (Cf. (3)). 


This last result clashes with the general opinion that in blood Ca 
is exclusively found in the serum. In the well known tables of 
ABDERHALDEN On the quantitative analyses of various kinds of blood, 
for instance, we find that everywhere Ca is being stated as absent 
from the blood corpuscles, and in FRANKEL: “Descriptive Biochemie” 
p. 557 we read: “Das Calcium ist lediglich im Serum enthalten.” 

What may be the cause of this contradiction? We think that it 
is to be found in the method used for the quantitative determination 
of Ca. We know the metal has been determined as a sulphate or 
an oxalate, and it was tacitly taken for granted that these compounds 
are quite insoluble in the fluids in which they are found or very 
nearly so. This is by no means the case, especially not when the 
volume of the fluid is considerable. Close determinations of the 
solubility of CaSO, in acid alcohol have shown me that, besides a 
slight precipitate always visible after 24 hours, a great part of the 
CaSO, remains in solution, 

When we take this solubility into consideration it is found that 
the blood corpuscles contain a by no means negligible quantity of 
Ca, as is plainly shown by the figures in the preceding table. 

Still another method was applied to investigate the permeability to Ca. 
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If the view expressed by J. Lore and others is a correct one, viz. 
that when a NaCl solution is added to cells an interchange takes 
place between Na-ions of NaCl and other kations of the cells, it 
may be expected that an addition of. NaCl to the bloodserum will 
bring about a transition of Ca-ions from the blood cells to the serum. 
To investigate this, 0.1°/, and 0.16°/, NaCl were added to the blood 
serum of a known amount of blood, increases also occurring in 
normal and a fortiori in pathological life and leaving intact the life 
of phagocytes (HamBurGER and Hexma, |.c¢.). Next the amount of Ca 
in the serum was determined and compared with that of the original 
blood. The Ca amount was determined by adding ammonium oxalate 
and measuring the volume of the Ca oxalate in funnelshaped capil- 
lary tubes. 

The result of these Ca-determinations however by no means 
answered our expectations. Instead of increasing a decrease was found, 
as shown by the last column of the following table. 


Na Cl added to Dilution of Decrease of Ca amount 
the serum, serum. of serum. 
0.1 % 9.6 %/p 21.8 % 
0.16 % 122 %p 29.5 %o 


To what could this decrease be attributed ? 

To the dilution of the serum perhaps, which being made hyper- 
isotonic, had extracted water from the blood corpuscles? In the second 
column the percentage of the dilution is stated. If this were entirely 
responsible for the decrease in percentage of the Ca amount, the 
values in the two columns would entirely agree. We see that this is 
not the case and that the Ca amount in the serum has decreased 
more than is consistent with the dilution. We must infer from this 
that under the influence of NaCl, Ca has passed into the blood 
corpuscles, 

It seemed to me that this could only be explained by assuming 
that in consequence of the loss of water a modification in the dis- 
sociation had taken place in the blood-corpuscles and that this modi- 
fication was to be held accountable for the fact. If this were the 
case the addition of an isosmotic quantity of a non-electrolyte to 
the serum, of canesugar for instance, would equally result in a 
transition of Ca to the bloodcorpuscles, and that the decrease’ of Ca 
would be even greater than where NaCl was added. 

Thus the following mixtures were made ; 
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1 100 serum + 0.1 © gr. NaCl. 

2 SOG a Bie | fe jas ne 

3 100: 33 5 es i 

4 100 ee » 0.884 ,, canesugar 
5 100 <7, pray Va’ Open eaR eer ayes a 

6 AOD ne 5 fits BOD sss oe 


Of these 6 solutions and for the sake of comparison also of normal 
serum, 20 ce. were added to 20 cc. of the same bloodcorpuscles. 
After being mixed, the suspensions were left to themselves for an 
hour, after which the amount of Ca in the serum was. determined. 

A summary of the results is found in the following table: 


| 


| Volume of Decrease of 
Ca-oxalate a “a mn 
Unmixed serum. 39 
1. serum + 0.1 9) Na Cl 33 15.3% 
re yc ee tc 29 25.6 0/, 
3 PR a ER 25 36. J, 
4. 4, , 0.884 ,, canesugar 30 23%, 
6.2 RO) ia cae 28 28.3 9), 
6 aes eee ee 22 43.6 9/9 


Examination of this table will show plainly that indeed the addition 
of. canesugar has caused a considerable transition of Ca from the 
bloodcorpuscles to the serum, and further that in accordance with 
our supposition the isosmotie NaCl solutions caused a somewhat 
slighter transition. 

The principal cause for the transition of Ca into the blood corpuscles 
by the addition of some substance to the serum must be sought in 
the fact that the blood corpuscles lose’ water on account of this 
addition; in other words: an increased osmotic pressure of the serum 
causes a transition of Ca to the blood corpuscles. 

lf the inereased osmotic pressure is caused by a salt (electrolyte) 
a movement of the calcium in the opposite direction takes place under 
the influence of the kation of the salt; but this movement is much 
less important. 

In this connection it must be pointed out that the phagocytary 
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power is considerably impaired already hy a slight increase of osmotic 
pressure of the medium, and that the nature of the substance occa- 
sioning the increase of osmotic pressure is not without importance 
indeed, but plays a subordinate part.’) 

More explicit communications on the investigations discussed in 
this paper will appear elsewhere. 


Physiology. — “About Observations on the electro-myogram and 
Jorm-myogram under the injluence of fatigue.” By Dr. A. K. M. 
Noyons, assistant in the Physiological Laboratory at Utrecht. 
(Communicated by Prof. H. ZwaarDEMAKER.) 


(Communicated in the meeting of December 24, 1908). 


As a consequence of my investigations in which the independence 
of the electro-cardiogram with regard to the form-cardiogram *) came 
to light, the question rose whether also for a skeleton-muscle a 
similar independence exists between electric changes and changes 
of form under certain definite circumstances. In order to get data 
with respect to this I started from the principle that in the course 
of a process of fatigue, arisen by regularly repeated stimulation, 
different forms of contraction with changes in erescente and different 
forms of contraction-state as tetanus and tonus can be revealed. 

It is the mutually deviating physiological conditions in the course 
of a process of fatigue which, as might be expected, with the 
existing independence of mechanical and electric reaction upon the 
same stimulus, would sooner or later break the congruence of these 
reactions prevailing at a given moment. Not long ago Bricker *), 
testing the data of Martius, WaLLer, Garten and Durie pointed out 
cases of troubled parallelism. These investigators, in order to make 
the action-current visible, have made use of the capillar-electrometer, 
whereas I regularly availed myself in my investigations of the string- 
galvanometer of ErytHoveN (EDELMANN’s small model). 

In order to cause contraction of the muscle both mechanical and 


1) Hampureer en Hexma. These Proceedings June 1907. 

*) Noyons., A. K. M. About the Independence of the electro-cardiogram with 
regard to the form-cardiogram. These Proceedings October 31, 1908. 

5) Bricxe., E. Th. v. Ueber die Beziehungen zwischen Aktionstrom und Zuckung 
des Muskels im Verlaufe der Ermiidung. Archiv f. d. ges. Physiologie Bd. 124, 1908. 
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electric stimuli have to be considered. The stimulation takes place 
indirectly with the M. gastrocnemius of Rana. The electric and 
form-changes are registered by means of photography. The muscle 
is with the knee fastened to a substratum; the M. gastrocnemius 
is prepared free from the other muscles, whilst the Achilles-tendon 
by means of a thread is connected with a small lever bearing 
a counterpoise which is moved up and down at every muscular 
motion along a_ pulley. The muscle acts at a distance of 2,6 cm. 
and the weight to be lifted at a distance of 5 cm. from the ful- 
crum of the lever. The long lever-arm moves past the slit of the 
registration-box and thus throws a shadow on the sensitive paper 
of the registration-box, while at the same time the string-movements 
and the time-writer are photographically registered. The M. gas- 
trocnemius is carefully kept free from the other muscles to avoid 
the influence of the contractions and electric phenomena of the 
other unencumbered muscles. The M. gastrocnemius is led to the 
string-galvanometer by means of the unpolarizable magazine-electrodes 
with moveable cotton-seeds. One electrode usually finds itself on 
the thickest part of the muscle, while the other is placed more 
proximally. In the last series of experiments the electrodes-seeds 
with an alteration in SAMOWLOFF’s manner, were, by means of a 
thin thread, drawn through the muscle-fascia, fixed to the surface 
of the muscle, .in order to be sure that always the same points 
were led to the string-galvanometer. 


§ 1. Mechanical stimuli. 


The mechanical stimuli have been obtained in one series of 
experiments by falling drops of mereury from the mercury dripping 
apparatus of ScnArer'), whilst in another series of experiments the 
lapping hammer of the tetanomotor of Hemrnnatn produces the 
mechanical stimulus. 


a. Experiments with falling drop of mercury. 


Scnkver’s apparatus is placed in such a way that at first, the 
drops are let fall on a sheet of glass, inserted between nerve 
and opening of the drip-tube. At a given moment when a some- 
what regular dripping has been obtained, the sheet of glass is 


') Scudvren., BE. A. A. Simple apparatus for the mechanical stimulation, Pro- 
ceedings of the physiol, Society, Jan, 1901, 
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drawn away and the nerve itself is hit by the drops, whilst then 
the registration takes place. 

Along a somewhat sloping substratum, on which the nerve rests 
in a groove, the drops of mercury rapidly flow away. By 
changing the frequency of the drops and altering the height of their 
falling, often also spontaneously without any alteration in the external 
conditions for the experiment, all kinds of discongruencies may be 
seen to show themselves between the mechanical and_ electric 
reactions of the muscle. Beautifully regular curves of fatigue, are in 
this way difficult to obtain, as it is not always possible to bring 
about an always equal fall of the drops of mercury, as to frequency 
and direction. The curve in fig. 1, got in the above way, proves 
that the electric phenomenon of the succeeding contractions in the 
case in question every time has the same course and the same 
amplitude. In contradistinetion to this the mechanical effect is repeatedly 
unequal. 


b. Kxperiments with the tapping hammer. 


The tetanomotor of Hempennarn is thus linked in a chain with a 
chronoscope as interrupter that only twice a second the hammer 
hits the nerve in the isolated ivory groove. To preserve the nerve 
as much as possible from too rapid lesion, a bit of muscle tissue, 
to break the thrust of the hammer, is laid across under the nerve. 
The nerve itself is, by means of a little windlass, slightly strained. 
On the whole it is very difficult to regulate the fall of the tapping 
hammer and the tension of the nerve so as to make the stimuli 
every time follow by a regular series of mechanical and electric 
reactions. Now and then, however, it is possible to make a good 
series, as fig. 2 subjoined shews. 

It is seen how the series in fig. 2 begins with a large, initial, 
mechanical and electric reaction, followed by the others which are 
directly much smaller. At the same time there takes place after the 
first reaction a removal of the zero-position, first in one direction 
and then in the opposite direction. On the whole the form- and 
electromyograms are well nigh congruent. Now and again we see 
how the muscle with a compound contraction reacts upon a single 
stroke of the hammer. 

To dose exactly and administer a better, always the same, local 
stimulus, the electric stimulus was in the course of the further inves- 
tigations made use of. . 
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§ 2. Electrical stimula. 


As electric stimuli were used the opening- and closing-currents 
either of a faradaic or of a galvanic current, which was interrupted 
either by means of an interrupter fixed to KaGrnaar’s chronoscope 
of */, second with swinging platina-contacts, or by means of the 
rheotome-apparatus of ENGELMANN connected with a kymographion. 
With this rheotome-apparatus the stimuli were on the whole less 
frequent and the contactstoppers were placed so as to make the 
closing- and opening-stroke follow-each other with well nigh equal 
intervals of 2 seconds. The following objections, however, can be 
raised to these methods of stimulation. In the course of the process 
of fatigue the muscle sooner or later, owing to the weight to be 
raised, the size of the stimulus, its frequency and the previous history 
of the muscle itself, comes into such a condition that the muscle is 
perhaps still potentially able to execute contractions, but is accidentally 
prevented from doing so by tetanus respectively tonus. Further we are, 
especially with the rheotome-apparatus, at which the stimuli as a 
rule cannot nearly be deemed equivalent, not entitled to make 
comparisons between the respective mechanical and electrical reactions 
at different periods of the process of fatigue. Therefore another series 
of experiments was made, in which the muscle, it is true, in the 
manner described just now was tired by means of opening- and 
closing-stimuli of a constant current, but in which during the 
whole course of this process of fatigue the muscle was at regular 
intervals examined in its mechanical and electric reactions by means 
of a single closing-induction-stroke. Every time, however, before 
this closing-induction-stimulus was administered, the muscle was 
first allowed to become perfectly lax. In making the experiment 
a Pont-swing without a connecting cross was made use of, by 
which the nerve could be stimulated at will, either by the periodical 
interruptions of the constant current, or by the single closing- 
stroke, obtained by the falling-apparatus of BerrnsTrin, in the 
primary chain of an inductorium. The usual provisions were made, 
see GARTEN '), to prove that the electric phenomena do not originate 
in artificial current-loops. 

As a demonstration I give here a short review of one of the 
experiments from the last series. 

jrains and spinal marrow of a Rana fusca have been destroyed. 

The M. gastrocnemius, arranged for the experiment in the above 
manner, is stimulated indirectly, alternately with a breaking galvanic 


') Gawren S. Elektrophysiologie. Handbuch der Physiologische Methodik p. 470, 
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current of 2 volts, or with a faradaic current of 2 volts at a distance 
of secondary bobbin on 57. The weight to be raised amounts to 
75 grammes. 

The string-galvanometer with permanent magnet is used at moderate 
strain of the string (15 from 60 degrees). 

The experiment is begun by stimulating the muscle with a single 
closing-inductionstroke, after which the periodical galvanic stimulating 
follows. 

In the beginning of this galvanic stimulating the muscle answers 
with separate contractions, but is soon in tetanus. After some time 
the muscle is again stimulated by the closing-inductionstroke. The 
mechanical and electrical effect hereof has increased. The photo- 
graphic registration shows how tbe electric phenomena as an answer 
to the stimulus by means of the interruptions of the galvanic current 
in general have increased, also how the reaction on the single 
inductionstroke begins to decrease again in size. The tetanus is 
attended with a total removal of the rest-position of the string. 

In fig. 3 it is seen, how the musele under the influence of the 
fatigue now shows a slight electric phenomenon as a reaction upon 
the periodical opening and breaking of the constant current, besides 
how the electric phenomenon as an answer to tbe closing induction- 
stroke is pretty considerable, but is not accompanied by a mechanical 
reaction which is not even to be observed as tetanus at the galvanic 
stimulus. The muscle namely has entirely become slack. The electric¢ 
phenomenon of the induction-stimulus has become complicated and 
stretched. 

1*/, hours after the commencement of the experiment the muscle 
shows neither mechanical nor electric reaction either on galvanic and 
on faradaic stimulus. Only when the faradaic stimulus is strengthened 
the electric reactions become visible again. 

Summa summarum, the following, with respect to our subject, 
most important facts may be gathered from the series of experiments 
mentioned before and partly described there. In the first place it 
appears that under definite circumstances, in this case fatigue, also 
for a skeleton-muscle like the M. gastrocnemius, an independence 
comes to the front of electric and form-changes of the muscle. It 
further appears that the more or less congruency of the above reactions 
is dependent on different factors, among others the strength of the 
animal. 

In general I got, even with the slack M. gastrocnemius of Rana, 
the same results, as to change of length and mechanical reaction, as 
Bricke found for the M. sartorius, as to change of thickness and 
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electric reaction expressing himself as follows: “Wahrend der Ermiidung 
nehmen Zuckung und Aktionstrom ab, und zwar ging die Abnahme 
der Aktionstréme bei wenig kraftigen Muskeln der der Zuckungen 
anniihernd parallel, wenn man die Zuckungshéhe und die electro- 
motorische Kraft der AktionstrOme dem Vergleiche zu Grunde leet. 
Bei besonders kraftigen Tieren war dagegen deutlich zu erkennen, 
dass diese Parallelitét keine strenge Gesetzmissigkeit darstellt, denn 
in diesen Fallen hielten sich die AktionstrOme auch dann noch auf 
ihrer urspriinglichen Starke, wenn an den Zuckungen schon deutliche 
Ermiidungszeichen zu erkennen waren’. 

The grade-formations of the electric and mechanical phenomenon 
are not identical. It further appears that the effect of an induction 
stimulus working now and then upon the slack muscle is changeable. 
In the beginning of the process of fatigue namely the effect increases, 
to decrease later on again. This decrease in size is attended bv a 
stretching both of crescent and decrescent. The electric phenomenon 
now and then yields a complicated image. Fig. 3. Already Durie *) 
knew such a complicated reaction on a single stimulus; also GARTEN, 
HormMann, Britcke *), and Samo.orr*) have observed this in a normal 
muscle. 

It appears that in the course of a process of fatigue the proportion 
of KS> AO as to the electric reaction ofter undergoes a change, 
and that in such a way, that as a rule the difference between KS 
and AO gradually becomes smaller so that KS and AO are equal, 
which generally does not happen before every separate mechanical 
reaction of the muscle has entirely left off. It sometimes happens 
that the KS under the influence of the fatigue is in the end < AO. 
If we make experiments with rather weak currents, it may happen that in 
this way, both the electric and mechanical reaction on the opening-stimu- 
lus do not show themselves for some time, to appear again towards 
the end of the process of fatigue only with an electrical reaction. 
Some of the above mentioned facts have in passing been indicated 
by Samouw Lorre. These facts might be considered as the manifestation 
of an “Entartungsreaction”. In the same way the slackened crescent 
and deecrescent {of the mechanical as well as of the electric reaction) 
may be looked upon. 

Further we often see that in the course of the process of fatigue 


') Dunia A. Ueber die elektromotorischen Wirkungen des wasserarmen Muskels, 
Priteer’s Archiv, Bd, 97, 19038. 
4) Bxtcxe KE. Th. v. 1. ¢. 


*) Samoutorr A,, Einige Elektrophysiologische Versuche. Le Physiologiste Russe 
1908. Vol, V, N°, 86—90, 
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A. K. M. NOYONS. ‘About Observations at the electromyogram and form-myogram 
under the influence of fatigue.” 


electr 


mech. 


Fatigue-curves of mechanical and electric reactions as answer to stimulation by means of 
falling drops of mercury. The time is given in '/, seconds. The middle line gives 
the electro-myogram, the third curve the form-myogram. 


Fig. 2. 


elect. 


mech. 


0.5 sec. 


Fatigue-curve of mechanical and electric reactions as answer to the mechanical stimulus of the 
tetamotor-hammer. The upper line gives the electro-myogram, the next curve the form-myogram 
and the lowest line the time in '/» seconds. 

Fig. 3. 


SALA A BARR ARIA UAR EEE ARAL g 9.5 sec. 


electr. 


Me eee ag 


Fatigue-curve of mechanical and electrical reactions on the faradaic stimulus (a) and 
on the galvanic stimulus (6). The second curve gives the electro-myogram, and 
the third the form-myogram. 

15'/, minutes after commencement of the experimenent. 


poceedings Royal Acad. Amsterdam. Vol. XI. 
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the original diphasic character of the action-current gets lost and is 
replaced by a monophasic image. We see as it were one top of the 
electromyogram wear off, whereas the other top increases, as already 
Lee’) observed for the M. sartorius. Also Bernstery and GARTEN *) 
saw this. 

The peculiar fluctuations that are often seen at the end of a 
mechanical fatigue-curve, also show themselves in the electric fatigue- 
myogram, even in those moments when every mechanical reaction 
has already disappeared. These fluctuations appear sooner and are 
much more intense, when the whole animal is narcotized with 
chloroform or ether. In narecotization the action-currents on the whole 
remain longer in existence than the mechanical effects. Warming the 
whole animal with due regards to provisions to prevent even the 
slightest desiccation, make the mechanical as well as the electric 
reactions on the periodical stimulus increase strongly in size, notwith- 
standing the fatigue ought already to manifest its influence on the 
size of both the phenomena. 

Lastly it may still be mentioned here that, after a short fatigué 
of muscles at weak electric reflex-stimuli and a small weight to be 
raised, I saw, when stopping the artificial stimulus, spontaneous 
contractions appear, which continued for some time*). What was 
striking here was that these spontaneous mechanical phenomena were 
as large as those at electric reflex-stimulation, but that at the same 
time the accessory electric phenomena were much smaller compared 
with those obtained by artificial stimulation. 


1) Lee F. S. Archiv. fiir Physiologie 1887. 


2) Berstein, GARTEN e. a. Handbucli der Physiologie des Menschen von W. Nacet, 
2e Hilfte, Erster Teil, 4e Band, 1907. 


8) It may be provisionally mentioned here that to complete Samoytorr’s work [ 
succeeded, also ina reflectorical way, in obtaining considerable mechanical and electric 


reactions from the M. gastrocnemius, both in consequence of chemical and mechanical 
reflex: stimulation. 
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Chemistry. — “A contribution to the photo-chemistry of silver (sub-) 
haloids’. By Mr. A. P. H. Trivets. (Communicated by 
Prof. S. Hoogewrrrr). 


(Communicated in the meeting of January 30, 1909). 


Introduction. 


Previous investigations into the photo-chemical decomposition of 
silver haloids led to the following formula: 


2 AgHal — Ag,Hal — 2 Ag. 


It is true the great variability in the chemical composition of the 
photo-chemically formed subhaloid has given rise to doubts as to the 
correctness of the formula Ag,Hal, so that J. M. Eper *) even thinks 
it possible that the subhaloid has the formula Ag,Hal,, Ag,Hal, or 
perhaps Ag,,Hal,,, but a satisfactory explanation of these deviations 
was found by Guntz*) in the partial and only superficial photo- 
chemical decomposition, so that when quantitative determinations 
were made, the subhaloid dealt with was never pure, but always 
contaminated with AgHal and Ag. It is a fact that with continued 
Jight action the photo-chemical decomposition of the silver chloride 
never reaches the formula Ag,Cl, but approaches it *). Thus Ricus *) 
found, after silver chloride had been exposed to the action of light 
for 1'/, years, a composition corresponding to the formula Ag,Cl,. 

In 1895 ©. Wiener *) discovered the colour formation of the 
Seebeck-Poitevin photo-chromics by mechanical colour accommodation, 
which can only set in, if there are a number of mutually different 
subhaloids. E. Bauer") took these to be four ‘modifications’ of one 
and the same subhaloid. A little more than a year afterwards 
J. M. Ener’) in his excellent investigations as to the substance of 
the latent image came to the conclusion that there exist a number 
of subhaloids, which consecutively originate photo-chemically one 
from another, react differently on developers, sodium thiosulphate, 
ammonia, ete., and are formed anew by oxidation (nitric acid) in 
the opposite order (as compared with the photo-chemical decompositon). 
These results, however, require a slight correction, because J.-M. 
Knee started from the idea then still generally held, but now anti- 
quated, that the process of development was nothing but a simple 
reduction of the unstable subhaloid-bearing silver haloid grain, whereas 
according to the more recent view, enunciated by W. Ostwa.p *), 
Kk. Scnaum and W, Braun’), and confirmed microscopically by 


( 731 ) 


W. Scuerrer**), every development consists in the precipitation of 
the reduction products from a dissolved silver compound upon the 
germ-subhaloid. Making use of this, in an investigation into solari- 
zation and further properties of the latent image, I *') have arrived 
at the result that the @ subhaloid of the latent image passed, with 
loss of halogen, into another, the 8 subhaloid. Soon afterwards 
B. Water **), without being acquainted with my work, concluded 
from fresh investigations into solarization, that his experiments are 
best accounted for if two really different ‘‘Zerfallstufen” (stages 
of decomposition) of silver bromide are assumed. Although, 
consequently, the existence of a number of subhaloids differing in 
chemical composition and having different properties, has been proved, 
E. Baver’s modification theory may still be maintained by the side 
of it, for one of these subhaloids might possess the power of forming 
a modification by the action of light, through which its absorption 
spectrum might change, as e.g. white ?, is transformed by light 
into orange-coloured P,. Only if it were proved that this change of 
colour of the subhaloid was accompanied by a change in the chemical 
composition of the subhaloid, would the modification theory have to 
be relinquished. I shall revert to this question later on, and assume 
for the present that every subhaloid of a definite chemical composition 
is characterized by its absorption spectrum. 

During the last few years Lipro-Cramer ‘*), on the ground of a 
number of chemical reactions and physico-chemical phenomena, has 
drawn the conclusion that silver subhaloids, with the exception of 
subfluoride, do not exist, and are nothing but absorption compounds 
of collodial silver and silver haloid, and he has maintained the direct 
photo-chemical formation of silver from silver haloid. A short time 
ago I‘) succeeded in showing in a paper on silver subhaloids that 
all chemical reactions and phenomena upon which Lippo-Cramer 
founded the above-mentioned conclusion, can even be accounted for 
in a simpler way by assuming that the subhaloids are chemically 
detined compounds, so that it has not yet been proved that it is 
correct to deny the existence of silver subhaloids. K. Scuaum?'), too, 
has pointed out that the direct photo-chemical product of decompo- 
sition of silver bromide cannot be silver, for if silver bromide is 
exposed to light by the side of bright, metallic silver, Ag Br 
becomes dark, but at the same time the silver assumes a violet 
colour; “es ist thermodynamisch unméglich, dass in dem nimlichen 
Systeme gleichzeitig AgBr in Ag und Ag in AgBr iibergeht”. Hereby 
it was proved, not only that the conception of the silver subhaloid 
as an absorption compound, was untenable, but also that the formula — 
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of the stable silver haloid could not possibly be Ag Hal, but must 
be Agu Hal,, in which 7 is a figure as’ yet unknown. 

Quite independently of K. Scuaum I*°) have arrived at the same 
result by the explanation of a few developing phenomena in the 
case of exposed silver haloid free from binding substance. 

Let us indicate the sensitiveness to light of a substance eeeeny 
by placing the letter / before the name of it, thus: 


/AgJ > / AgBr 
This is also applicable to the substance of the latent image, the 
@ silver subhaloid: : 


(Ag. J. 5 ht Atel s i6: 
Now the remarkable case may occur that seemingly 
1 AgJ 
/(AgJ AgBr) >} and 
1 AgBr 
i.e. the reducibleness, which is pretty generally erroneously identified 
with sensitiveness, increases by exposure more rapidly in the case 
of iodide silver bromide than in the case of silver iodide or of silver 
bromide. 

This is to be accounted for by the circumstance that iodide silver 
bromide produces a substance of the latent image less sensitive to 
light than is yielded by silver iodide, while at the same time this 
substance is formed more rapidly than by silver bromide, in other 
words, while at the same time iodide silver bromide is really more 
sensitive to light than silver bromide. In the most favourable case 
the latent image may consist of Ag, Br,—,. As iodide silver bromide 
was obtained from the synthesis of the subbromide with iodine, it 
follows that the formula of the silver bihaloid must be Agy Bry—aJa. 
On the analogy of this Ag, Br,, is obtained, if bromine is taken 
instead of iodine, so that the general formula of silver haloid becomes 
Ag, Hal,. 

If we now assume that the photo-chemical decomposition of silver 
haloid, resp. subhaloid, again and again forms a new subhaloid, 
each time by the loss of one halogen atom, we obtain the following 
series : 


Ag, Hal, —Ag, Hal; —Ag,Hal,o— ... ~Ag,Halo—>Ag,Hal—nAg . (I) 


it being, of course, not impossible that one or more of these sub- 
haloids do not exist. 

R. Luruee'’) observed no difference between the oxidation potentials 
of the subhaloids of the latent and of the visible photo-chemical 
decompositions, and therefore assumed the formation of the same 
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subhaloid in both eases. In order to determine the chemical com- 
position of this subhaloid, he added at intervals to a known quantity 
of silver a chlorine solution containing */,, of the quantity required 
for the formation of Ag Cl, and then each time determined electro- 
motorically the oxidation potential of the remaining chlorine. In the 
beginning it remained constant at 0,55 Volts, but when the composi- 
tion Ag,;Cl had been reached, it suddenly became 1,45 Volts, and 
after that remained fairly constant. In the synthesis of silver bromide 
he also observed a rise of the potential at Ag,Br. E. Baver**) con- 
firmed this in the case of Ag,Cl, and could further demonstrate a 
slight rise of the potential in proportion as the percentage of chlorine 
increased, from which he inferred that Ag,Cl forms with silver 
chloride homogeneous mixture series (absorption compounds). On the 
ground of the existence of a number of subhaloids it follows from 
this just as well that the subhaloids with an increasing amount of 
halogen show a very slight rise of the oxidation potential without 
there being any need to deny the formation of absorption compounds 
of these subhaloids with silver haloid. At the same time it appears 
that for the present a more exact determination of these subhaloids 
by this method does not promise much success. 

If, however, these results are considered in connection with series 
‘(I), it appears that the first subhaloid formed synthetically, and con- 
sequent poorest in halogen, is Ag,Hal, and the following improved 
photo-chemical decomposition series is obtained : 


Ago Halon — Agen Halon—1 — Agen Halon, >... . > 
—> Agen Haln4i1—> Agen Hal, > 2nAg (II) 


This series is in harmony with the opinion already expressed by 
J. M. Eprr*’) some time ago: “Vielleicht bilden sich auch Silber- 
subehloride, welche als Zwischenprodukte von Ag,Cl und AgCl 
aufzufassen sind.” 

One of the most prominent peculiarities of the silver subhaloids, 
by which they were even discovered, is their absorption spectrum. 
As these subhaloids have the power of rendering the whole visible 
spectrum (the subchlorides do this best of all), I have endeavoured 
to determine experimentally the colour sequence of series (II). 


Method of Investigation. 


The method of procedure might have consisted in photographing 
the sun’s spectrum by the SrEBeck process and in subsequently 
controlling the colour changes by means of a sun~spectrum placed 

50 
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crosswise. If e.g. -the red subhaloid originates after the green, the 
latter will have the power of yielding the red subhaloid, but it will 
never be possible for the green subhaloid to be photo-chemically 
formed out of the red subhaloid. This experiment already made by 
O. Wiener **) yields: 18*, doubtful results, because the primary 
rendering of the spectrum already leaves much to be desired, and 
this is, consequently much more the case with the secondary rendering; 
2°¢, unreliable results, because in this way the chemically pure 
subhaloid is never experimented with, but by the side of it there is 
always an admixture of silver haloid. It is true, the Porrevin process 
yields a better colour rendering, but the results are not any more 
reliable, because, as Lipro-Cramer*') has proved, in this process 
photo-oxidation takes places by the side of photo-reduction. A, there- 
fore, selected another method. 

According to H. Lvueein**) and R. Luruer **) the photo-chemical 
decomposition of silver haloids in a closed space gets with a definite 
light intensity into a state of equilibrium owing to the halogen 
pressure which sets in. Gunrz**) determined the equilibrium pressure 
with various light intensities by exposing silver chloride under different, 
known chlorine pressures, in small glass tubes sealed in a blowpipe 
flame. This method produces decomposition in these tubes, in which 
the pressure is too smali for the state of equilibrium, but is not 
suitable for determining the colour sequence, because the colour of 
the subhaloid can only be observed through that of the halogen, 
consequently very ineccmner: Therefore it is better to proceed as 
follows. 

If silver haloid is sivaioieea in a binding substance (one might 
also say: “if it is placed in a half-closed space’’) the photo-chemically 
liberated halogen cannot escape immediately, but with a definite 
light intensity a halogen pressure D per unit of time will set in, 
which is dependent upon the halogen pressure D, which the photo- 
chemical decomposition process would produce, diminished in the 
first place by the pressure D, which is lost by diffusion, and in the 
second place by the pressure J, which is lost by the chemical 
combination with a halogen absorbent (chemical sensitizer). 


Dx DiL(Die Dee ee. aa 


In this formula D, and D, in the second member, and consequently 
D too, may be modified. 

Now seeing that a rise of halogen pressure is accompanied by an 
increase of diffusion and of the rapidity of reaction of chemical 
combination, a fairly constant halogen pressure may continue to exist 


a 
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for a definite period during the decomposition, if the. chemical 
sensitizer is present in not too small a quantity. (Compare the result 
of the experimental inquiry into the influence of the size of the grain 
upon JD, below, with the accuracy of this reasoning). Practically it 
is not even so very simple to take too small a quantity of chemical 
sensitizer, because the first visible decomposition of the silver haloid 
already sets in, when a quantity of halogen, too small to be weighed, 
has been photo-chemically liberated, which is undoubtedly owing to 
the intense colour of the subhaloids. 

The cause of the more rapid photo-chemical decomposition of silver 
haloid in the presence of a chemical sensitizer has been attributed 
by Guntz**) to the development of heat, which accompanies the 
chemical combination of the liberated halogen, because this photo- 
chemical decomposition is attended with heat absorption. If this 
cause really had such a great influence upon the decomposition 
process, formula (III) would have to be considerably modified. This, 
however, is not the case. Lippo-Cramer **) has demonstrated experi- 
mentally that the chemical sensitizer only accelerates the decomposition 
process, if the silver haloid is emulsionized. Silver haloid precipitated 
in a test tube does not show a trace of accelerated photo-chemical 
decomposition, neither by the addition of silver nitrate, nor by the 
addition of ammonia. | must, however, observe that the colours which 
appear are not the same. Consequently the thermic influence of the 
chemical sensitizer, referred to by Gunvz, is so small that in practice 
it may be ignored, and may at most be taken as a theoretical correc- 
tion of formula (II), especially if it is borne in mind that the total 
amount of halogen that is liberated and reacts in my experiments, 
is extremely small. 

On the analogy of the more or less regular changes of properties 
in the case of other chemical series, as e.g. the fatty acids, it may 
be assumed that the subhaloids according to series (II) will show 
an increased or decreased affinity, however small the differences 
may be mutually. As with a constant light intensity the photo- 
chemical decomposition of the subhaloid gets, at a certain definite 
halogen pressure, into a state of equilibrium, we may say that the 
equilibrium pressure in the case of the subhaloids according to series 
(11) undergoes an increase or a decrease. Even the measurements of 
E. Bauer *’) mentioned before, who observed a rise of the potential 
with a higher proportion of halogen, point to the fact that with a 
constant light intensity this equilibrium pressure will decrease if the 
amount of halogen in the subhaloids is smaller. 

If now formula (Ili), in which, consequently, D is practically 
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constant for some time, is applied to the assumed subhaloids a, 8, y..., 
in which each subsequent subhaloid is poorer in halogen than the 
preceding one, and which with the same light intensity have respec- 
tively the equilibrium pressure D,, Dg, D,,..... then we get 
D> Dg > By D> as fs Fels If D=Dz, then the photo-chemical 
equilibrium will set in with the @ subhaloid, recognizable by the 
colour of this subhaloid, that is to say, the photo-chemical decomposition 
does continue throngh the loss of halogen, but the state of decom- 
position will not proceed beyond the @ subhaloid, as long as Dz does 
not decrease. Thus first a definite colour is seen to constantly increase 
with the photo-chemical decomposition till a maximum has been 
reached, after which, sometimes after a very long exposure, a change 


of colour becomes noticeable. In the case of Ds > D> D, a blend: 


of the colours of the ? and the y subhaloid will appear. Consequently, 
by giving to D a higher or a lower value, we have it in our power 
to determine the colour sequence of the subhaloid according ‘to (Il); 
by decreasing the quantity of chemical sensitizer or by preventing 
diffusion, subhaloids richer in halogen, in the opposite case subhaloids 
poorer in halogen are obtained. 
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The graphic representation clearly shows this. If on the abscissa 
(see fig.) at mutually equidistant points A’, B', C',.... we indicate 
the subhaloids a, B,y,....+- in equal molecular quantities, and on 
the ordinate the equilibrium pressures A'A, B'B, C'C,...., corre- 
sponding to them with a definite light intensity, then the connection 
of the points A,B, C,.... must yield a line which approaches the 
abscissa from 0 in a positive direction. If we assume now that the 
amount of one of the subhaloids, say 8, decreases in such a way 
from £ both in the positive and the negative direction on the 


l 
abscissa, that at — of the distance from £' to A’ or C' there is the 
a 
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“i th part of the quantity of 8 subhaloid (which is in B’), then 
the quantity of 8’ subhaloid will be zero both in A’ and in C’. If 
now we further assume the same distribution in the case of the other 
subhaloids, then beginning at the point O, a series of colours will 
successively appear on the abscissa, among which there are mixed 
colours composed of at most two components between the points 
A’, B', C'..... The equilibrium pressure at any point is then deter- 
mined by the ordinate from this point to the intersection with the 
line ABC.... Suppose that with the photo-chemical decomposition 
a constant halogen pressure D—= OP" prevails, then the state of 
decomposition will not progress beyond /”’, because the equilibrium 
pressure P’P corresponding to P” is equal to OP". Consequently 
in P’ a mixture of the p and y subhaloids will appear, the quantities 
of which are determined by the proportion Ng: N,= PC’: P’B’. 
A mixed colour will then appear, in which, according to the figure, 
the colour of the 8 subhaloid will be predominant. If D becomes 
greater, say D’ = OP,", then the state of equilibrium will set in at 
P,’, where, according to the figure, the colour of the 8 subhaloid 
is predominant. Now by slightly modifying D between the equili- 
brium pressures. of two photo-chemically consecutive subhaloids, it 
must be possible to obtain all transitional tints from one subhaloid 
to another, and this could actually be demonstrated in all those 
cases in which it was experimentally possible. 

To. obtain these results, the subhaloids must, of course, be suffi- 
ciently sensitive to light. Still with a few experiments, as those with 
subiodides and subbromides, phenomena are observed which cannot 
be accounted for as yet, and require further, separate investigation. 
We shall not enter into them here. 

From the graphical representation it further appears that D can 
never become greater than the highest position of the line ABC.... 
above the abscissa. If D is smaller than the equilibrium pressure 
of the subhaloid poorest in halogen, then silver begins to separate 
out photo-chemically. 

If we assume that the line ABC’.... is continued still further 
towards the Y-axis, i.e. that the silver haloid is placed in O before 
the @ subhaloid on the abscissa, then the ordinate belonging to it 
will correspond to the lowest halogen pressure at which the photo- 
chemical decomposition of silver haloid still takes place with this 
light intensity, and which answers to the above-mentioned chlorine 
pressure determinations by Gunrz. 

Now suppose these results to be incorrect, because the continuation 
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of ABC....//OX, or from O onward recedes in positive direction 
from the abscissa, then it will never be possible to obtain by varying 
(D,+D,) the colour of one or two of the subhaloids, but the photo- 
chemical decomposition will always progress more or less rapidly 


in the same way in all cases. However, the results of the experiments 


mentioned below cannot be reconciled to this supposition. 

The influence of the size of the grain. As the photo-chemical 
decomposition of silver haloids is restricted to the surface of the grains, 
it is easy to understand that the size of the grain must influence the 
decomposition process. The finer—the grain, the more “saturated” 
the colour, the coarser the grain, the weaker the colour will be. 
As in formula (III) D becomes greater owing to the finer grain, 
D, and D, will therefore also increase. Consequently by exposing 
coarser and finer silver haloid grains emulsionized under as mneh 
as possible the same circumstances, it can be determined experimen- 
tally, to what extent ) changes through an increase of D,, and an 
increase of (D,+D,) depending upon it. I have made this experiment 
with a fine-grain silver chloride gelatine emulsion, and silver chloride 
gel emulsionized in gelatine, but found, except in the saturation of 
the colours, a very small difference, which might even be put down 
to an inaccuracy in the experiment, viz. a slight difference in the 
amount of chemical sensitizer. 

Control. If in formula (IID) D, is made smaller, D will become 
greater, and the colour of a subhaloid richer in halogen will appear. 
The same thing may, however, be obtained in another way. The 
equilibrium pressure is smaller with a weaker light intensity (approaches 
zero in the dark), but in this case D, will also decrease a well 
as the term (D,-+D,) dependent upon it, and, as has been shown 
by the enquiry into the influence of the size of the grain upon silver 
haloid, D thereby changes little or nothing. The consequence of 
making the photo-chemical decomposition take place with a smaller 
light intensity, will therefore consist in the appearance of subhaloids 
richer in halogen. Therefore, by lowering D as well as the light 
intensity, the same subhaloids richer in halogen, in the opposite case 
the same subhaloids poorer in halogen, will be seen to appear. 

Another means of control is afforded by increasing D after the 
pboto-chemical decomposition has been interrupted by introducing 
halogen into the preparation; in this case the same subhaloids richer 
in halogen must be obtained back again. This method, however, has 
the drawback, that owing to the absorption spectrum of the halogen, 
the colours of the subhaloids are to be observed in a less pure 
condition. 
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The colour value. Seeing that side by side with the subhaloid we 
always have the coloured halogen, although in a less than equivalent 
quantity, the colours of the subhaloids will never appear so clearly 
as in the case of the preparations prepared chemically by M. Carry 
Lea’s and Lippo-Cramer’s**) method. 

The place of the «-subhaloid. My investigations as to the substance 
of the latent image**’) and its preparation*®) show that in fhe case 
of iodide as well as of bromide and chloride the a-subhaloid has a 
green colour. As the assumption of a subhaloid still richer in halogen 
to account for Bunsen-Roscor’s photo-chemical induction *') and for 
auto-sensitation **) is superfluous, I have attempted to trace this 
possibly extant subhaloid by the photo-chemical method. indicated. 
If silver bromide with an excess of potassium bromide is made to 
precipitate from a silver nitrate solution, dried, and exposed under 
carbon tetrachloride to moderately strong daylight, it soon begins to 
show a green colour. In this preparation the diffusion of the liberated 
halogen is extremely slight, and potassium bromide is a very weak 
chemical sensitizer, with which the reaction product KBr, with the 
subhaloid partially shows a reversed reaction in the dark. Under 
these circumstances the a-subbromide is, therefore, obtained photo- 
chemically in visible quantities, and hitherto this has been the simplest 
method found by me of preparing light-proof preparations from this 
substance. The halogen pressure can, however, be increased still 
more by omitting this weak chemical sensitation as well. In a dry, 
pure collodion coating pure silver bromide yielded a grey discoloration 
with the lowest light intensity with which decomposition is still 
to be observed. Ip the dark the light yellow silver bromide appeared 
again after some time; consequently an almost complete re-formation 
of the silver bromide takes place, from which it may be inferred 
that the loss of bromine has been reduced to a minimum, and the 
subhaloid richest in halogen may have appeared with the photo- 
chemical decomposition in a visible quantity. But even now the grey 
colour neetl not be attributed to a subhaloid richer in halogen than 
the a-subhaloid, for the equivalent amount of bromium may mix its 
brownish red colours with the green of the a-subbromide so as to 
yield grey. As, therefore, the green a-subhaloid is to be considered 
the one richest in halogen we know at present, we may say that 
every other colour must be ascribed to a subhaloid poorer in halogen. 

Use of the « subhaloid. If in these experiments we start from the 
green c-subhaloid instead of from silver haloid, a different sequence 
of colours is obtained. With silver nitrate the green preparation very 
rapidly turns grey or black through the formation of mixed colours 
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with the subhaloids poorer in halogen, and with the exception of a 
single case mentioned below, it is therefore unfit for controlling 
purposes. So the best plan is to start from silver haloid only, which 
owing to its white or light yellow colour has little or no influence 
upon the colour of the subhaloids that are formed. 

The binding substance. In most cases gelatine was used for this 
purpose. In a perfectly dry condition it does not absorb free halogen; 
it does, however, in the presence of water. 

The chemical sensitizers. As it appeared desirable to me, in connec- 
tion with these experiments, to obtain as much as possible results 
that could te compared with each other, I have made as little as 
possible use of different chemical sensitizers. Besides alkali-haloid 
and moist gelatine, silver nitrate was selected as being a powerful 
sensitizer. The photo-chemical reduction in the presence of gelatine 
has, as appeared from a parallel experiment without silver haloid, 
no disturbing influence upon the determination of the colours of the 
subhaloids. 


Description of the experiments. 


The silver subiodides. The cause why hitherto nobody has sueceeded 
in demonstrating the iodine liberated photo-chemically, is no doubt 
to be put down to ‘the very unfavourable conditions of diffusion 
(high atomic weight and low vapour tension of iodine), and to 
absorption by silver iodide with’ the formation of an absorption 
compound **). Moreover the visible photo-chemical decomposition is 
always very. slight, notwithstanding the high sensitiveness of silver 
(subjiodide, to which I have already referred more than once, in 
other words, only very little iodine is liberated, which has been 
associated by H. Luaein **) with the low equilibrium potential of 
silver iodide. This makes silver iodide together with iodo-silver 
bromide, mentioned above, the most suitable silver haloids for 
daguerreotypy, in which the destruction of the «-subhaloid, upon 
which the reducibleness depends, would otherwise be much stronger 
as compared with the emulsion processes. Consequently it is unneces- 
sary to emulsionize the silver iodide. — 

If silver iodide with an excess of potassium iodide is precipitated 
from a silver nitrate solution, then a very slight discoloration appears 
on exposure*’), without a subiodide colour becoming observable. The 
cause is probably that during the precipitatien of silver iodide potas- 
sium iodide. is separated out as well. Now in photo-chemical decom- 
position the liberated iodine is absorbed in a less degree by silver 
iodide, but largely by potassium iodide, potassium tri-iodide being 
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formed, which with subiodide gets into a state of photo-chemical 

equilibrium, which is nearer to silver iodide than that of subiodide 
and adsorbed iodine. The sensitiveness of potassium iodide, by which 
iodine is photo-chemically liberated, may also have some influence. 

If silver iodide with an excess of silver nitrate be precipitated by © 
potassium iodide, it is free from potassium iodide. The photo-chemical 
decomposition now proceeds much further; a greyish green colour 
sets in, which points to a high amount of a-subiodide. This seems 
at variance with the observations of Herscner’s effect; and the 
solarisation in the case of the silver iodide daguerreotype plate, where 
with much shorter exposures a decrease of reducibleness undoubtedly 
sets in, owing to the photo-chemical splitting up of @-subiodide into 
B-subiodide and iodine. This contradiction is solved, if it is borne in 
mind that, to render the exposed silver haloid reducible, the presence 
of the «-subhaloid alone is not sufficient, but that, moreover, it must 
be at the surface of the silver haloid, so that through molecular 
attraction the reduction products of the dissolved silver salt or the 
mercury vapour may be able to settle on it. The greyish green 
discoloration may, therefore, be attributable to a high amount of 
- a-subiodide, but it may itself be covered by an extremely thin layer 
of subiodide poorer in halogen. 

If we endeavour to remove the halogen pressure of iodine altogether 
by conducting the photo-chemical decomposition under a silver nitrate 
solution, then the reductions become very complicated. The acceleration 
of the visible photo-chemical decomposition appears to be hardly 
appreciable, while the substance assumes a grey colour, and yet in 
the silver iodide collodion process silver nitrate behaves as an excel- 
lent chemical sensitizer. On a former occasion **) I already pointed 
out that in the light silver nitrate must exercise a strongly oxidizing 
influence upon subiodide, silver oxide being formed, and accounted. 
for the more rapid increase in the reducibleness (i.e. more rapid rise 
of the amount of «-subiodide) by this oxidation, which can act only 
then in such a way that 8-subiodide is more rapidly oxidized into 
a-subiodide than the latter into silver iodide. Consequently when 
silver iodide in a silver nitrate solution is exposed, two opposite 
actions take place: a progressive reaction, the photo-chemical decom- 
position, and a regressive reaction, the oxidation, the former taking 
place a little more rapidly than the latter, which reactions probably 
even with the subiodides poorer in halogen perfectly neutralize each 
other. With oxidation, however, silver oxide is separated out; I 
therefore surmise that the grey ieetoraien mentioned -before must 
be ascribed to this silver oxide. 
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This photo-chemical decomposition might consequently be accelerated 
1st by taking an iodide more sensitive to light, and 24 by decreasing 
the oxidation by silver nitrate (exposure with smaller light intensity). 
Both these conditions have been* complied with in the extremely 
rapid photo-chemical decomposition of e@-subiodide in weak twilight 
observed by me*’). 

Beside these reactions others set in, as the probable formation of 
iodates, oxidation through one of the reaction products of the chemical 
binding of iodine and silver nitrate, etc., the investigations into which 
are partly incomplete as yet. 

As subbromides and subchlorides oxidize far less. rapidly, as is 
well-known, the deviations occurring in the case of subiodides, are 
much less likely to occur with them. 

Further a red subiodide of M. Carry Lea**) is well ‘known, 
which, consequently, must contain a smaller amount of halogen than 
a-subiodide. 

Of the colour sequence of series (II) we accordingly know only 

green,..... YOd 6 55 oS Sli Saas 


The silver subbromides. In the following table the observations have 
been arranged in such a way, that D constantly increases. 


Agon Bron 
Fine-grained. Discoloration in daylight 
In gelatine. (October, 11 to 2 o’clock) 
(1). with 10°/, aqueous AgNO, sol. yellowish, reddish or 
brownish violet 
(2). with much H,O brownish violet 
(3). with little H,O red 
(4). moist reddish violet 
(5). less moist bluish violet 
(6). dry bluish 
Without binding substance 
(7). with KBr under ether, CCI, green 


These discolorations were not observed simultaneously, but always 
when the colour was most intense without passing into another. 
The decomposition takes place so unequally that, when exposed 
simultaneously, (1) and (2) already have a clearly perceptible colour 
after a few tens of seconds, whilst the others show hardly any 
visible decomposition. Compared with each other, the latter prepara- 
tions show little difference in the rapidity with which the colours 
appear. We see here a deviation from Lipro-Cramer’s observation 
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referred to above, that photo-chemical decomposition is accelerated 
by chemical sensitation only in an emulsion. ; 

If in the case of preparation (7) the ether or carbon tetrachloride 
is allowed to evaporate in the dark room after exposure, then the 
bromine is liberated, which is distinctly perceptible by its smell 
and the potassium iodide starch reaction. 

Between the preparations (3), (4), (5) and (6) all intermediate 
tints from blue to red could be obtained by inerease on decrease of 
the amount of water. 

The preparations (6) and (7) still contain a trace of adsorbed 

wailer. 
_ With the very rapid photo chemical decomposition already referred 
to, the preparations (1) and (2) show the violet colour anew. This 
may be accounted for by the fact that D was so small, that no 
constant equilibrium pressure was to be reached in the photo-chemical 
decomposition series. 

When the experiment was repeated a number of tines, preparation 
(1) showed a different colour each time, probably through changes 
in D and the light intensity. In direct sunlight especially the yellowish 
brown colour appears; sometimes it was even blue-black through 
the silver separated out. The yellowish brown mixed colour points 
to the formation of a yellow subbromide with the ultimate products. 

Tests have been made by observing the same _ photo-chemical 
decomposition with weaker light intensities. Then (2) yielded a red 
colour, and (3), (4) and (5) showed a distinct shifting of the colour 
towards blue. Preparation (7) assumed a greyish green colour in 
direct sunlight. Further the red preparation rapidly developed a blue 
colour in bromine water, which colour then entirely bleached into 
silver bromide, without my being able to observe the green sub- 
bromide with certainty. Of the green, blue, and red preparations, 
the size of the grain being the same, and free from binding sub- 
stance, the red one reacted most rapidly upon sodium thiosulphate, 
H,CrO,, HNO, and (NH,),5,0,, and especially the green preparation 
showed considerable resistance. By putting the a-subbromide in a 
neutral 10°/, sodium thiosulphate solution I was able, even by the 
light in the room, to observe distinctly a colour change through 
bluish green to blue. : 

The colour sequence of series II is consequently in the case of 
subbromides : ' 

green, bluish green, blue, violet, red, . . . yellow. ...... (V) 

The silver subchlorides. In the following table the same arrange- 
ment has been observed as in the case of the subbromides. 
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Agen Clon Discoloration in daylight | 
Very fine grain (October 11 to 2 o’clock) 

In gelatine. 

(1) with 10°/, aqueous AgNO, sol. reddish orange 

(2) with AgNO, dry red. 

(3) with NH,Cl moist violet. 

(4) with NH,Cl dry blue. 
Without binding substance. 

(5) with NH,Cl under CCl, bluish green. 


By variation the amount of water all intermediate tints can be 
obtained between preparations (3) and (4), while by decrease of the 
amount of AgNO, preparation (2) becomes reddish violet to violet, 
and has for this reason been placed before (8). | 

The preparations (2), (4) and (5) still contain a trace of adsorbed 
water. 


In Porrevin’s photochromics there also occurs a yellow (more 


orange-like) subchloride. Preparation (1) already yields a colour 
which inclines from red to yellow; therefore the yellow subchloride 
is probably formed after the red. In direct sunlight this preparation 
assumed a yellow colour. However, 1 found no indications that this 
was a subchioride, for neither in ammonia nor in a 10°, sodium 
thiosulphate solution did it undergo any perceptible change, while 
the red and the reddish orange preparation became yellow and 
yellowish brown in these two solutions. So it may just as well be 
photo-chemically formed collodial silver. However, the yellow sub- 
chloride cannot be classed anywhere between or before the other 
colours. In analogy with what is similar in the case of the sub- 
bromides it may therefore be assumed, that after all, it comes afier 
the reddish orange preparation. 

The green @ subchloride is known to be the subchloride richest 
in halogen, and preparation (5) already inclines to it, so that in the 
case of the subchlorides the colour sequence of series (II) is 

green, bluish green, blue, violet, red, orange, yellow. . . (VI) 

The silver subjluorides. Silver fluoride is hygroscopic and too 
insensible to light for these experiments. Still there is a yellow sub- 
fluoride of Gunrz**) with the formula Ag,Fl. 

The silver subcyanides. Their existence is still doubtful. A chemi- 
cally pure silver cyanide preparation of KE. pe Hain, showed the 
same bluish violet discoloration both without and with a binding 
substance, and even under CCl,. In the ease of silver cyanide the 
photo-chemical decomposition therefore takes place according to other 
laws than with the foregoing silver (sub)haloids. 
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The silver subrhodanides. Their existence, too,. is still doubtful. 
On account of its very slight sensitiveness to light silver sulpho- 
cyanide is unsuitable for these experiments. 


Results and conclusions. 


Let us now return to E. Baver’s modification theory, already 
referred to before, which owes its origin to the assumption of the 
existence of only one subhaloid, which view at one time obtained 
universally. As has been demonstrated experimentally, new colours 
- only arise consecutively, if D) decreases, in other words, if more 
halogen is liberated photo-chemically. Every new colour, therefore, 
belongs to a subhaloid poorer in halogen. The modification theory is 
not to be associated with this, and the assumption adopted of 
ascribing a definite absorption spectrum to each subhaloid, can still 
hold good. 

If we compare the colours series (V) and (VI), we see that even 
with the exception of the place of the yellow subhaloid, which has 
not yet been fixed with absolute certainty, they show the same 
sequence of colours, while series (1V), as far as it is known, runs 
parallel with it. If we now bear in mind that, barring slight varia- 
tions, the a-subhaloid is green, both with subiodide and subbromide 
and subchloride, we may account for the parallelism of the colour 
series by the fact that subhaloids of analogous composition have 
analogous absorption spectra. 

The colour sequence itself, too, shows regularity: the colours of 
the silver subhaloids, arranged according to the photo-chemical 
decomposition series, follow Nrersxi’s rule, in which halogen behaves 
like a bathochromic group, in other words, with the decrease of the 
molecular weight of the silver subhaloids the maximum of the absorp- 
tion spectrum is shifted from red to violet. Although the structure 
formulae of the silver subbaloids are still unknown, it may be 
inferred from this that they all contain the group Ag», Hal,, which 
behaves like a chromophore or contains it. The cause of the sensi- 
tiveness to light of the silver subhaloids is, therefore, to be relegated 
to electro-magnetic light resonance. 

As according to Nierski’s rule the maximum of the absorption 
spectrum of a subhaloid still richer in halogen than the a-subhaloid 
must be situated in the infra-red, and may therefore be colourless, 
the above-mentioned experiment for the detection of this subhaloid 
by increasing D appears to be perfectly worthless. Still this does 
not alter the conclusion drawn from this experiment, that every 
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other colour than green appearing in photo-chemical decomposition 
is to be attributed to a subhaloid poorer in halogen. 

If this subhaloid actually existed, it would have to have, in analogy 
with tbe other silver subhaloids, a maximum sensitiveness to light 
in the infra-red in accordance with its absorption spectrum. It would 
then have to make its influence strongly felt in spectrum photography, 
if the silver haloid plate previously received an exposure below its 
liminal value. H. LeaMANN *°) in his experiments as to the infra-red 
spectra of alkali metals has actually observed that through a previous 
exposure and an ammonia bath a highly sensitive silver bromide 
gelatine plate increases its sensitiveness via A into the infra-red 
near Fraunnorer’s line Z, but, and this is the great point, a conspicuous 
rise of sensitiveness in the infra-red appears nowhere from his expe- 
riments. Consequently what H. Lramann observed was nothing else 
than the well-known auto-sensitation of the plate. So we may say 
that a subhaloid richer in halogen than the a-subhaloid does not exist. 

According to Nierskr’s rule silver haloid would have to take the 
place of the colourless subhaloid assumed above, but it shows the 
deviation that the maximum of its absorption spectrum is not situated 
in the infra-red, but in the blue or violet, i.e. where the number 
of vibrations is about twice as high. Consequently in the case of 
silver haloid, too, the cause of the sensitiveness to light is to be relegated 
to electro-magnetic light resonance. ~~ 

In the synthesis of silver haloid from silver and balogen, through 
the series of subhaloids, the electro-magnetic resonator undergoes 
changes which show a striking resemblance to the foliowing well 
known phenomenon in acoustics. If we take a small, thin bar with 
a fixed and a detached end, it will resound at a tone corresponding 
to its key-note; by constantly lengthening this bar, the key-note is 
lowered, and the resonance will set in at a lower number of vibra- 
tions, until, after it has reached its maximum length, the next leng- 
thening will at the same time fix the detached end, by which the 
key-note will get one octave higher, and accordingly the resonance 
will set in at the double number of vibrations. 

Nierski’s rule points to a yellowish green subhaloid as a subhaloid 
still poorer in halogen than the yellow one. In numerous experiments 
repeated under various circumstances, by endeavouring to keep D 
low and constant, I have not been able to observe a trace of it, 
It is true, the appearance of the mixed colours of the subhaloids 
poorest in halogen points to the formation of a yellow subhaloid as 
the last one formed photo-chemically. Consequently the formula 
Ago, Hal, may be assigned to it, 
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In the simplest case all the colours that appear, inclusive of the 
green of the a-subhaloid, may be reduced to 4 different ones, with 
the subhaloids belonging to them. If these subhaloids are indicated by 
the letters a, 3,7, and J respectively, then series (II) becomes : 


AgonHalon >AgenHalen—1 >AgenHalon—2 >A gonHalon—3 +Ag2nHalon—s >2nAg.(VID 


z-subhal. @-subhal. y-subhal. 3-subhal. 
(green) (blue) (red) (yellow). 
in which 
Agon Halon—4 = Agon Hal, 
or 
2n—4 =n 
n=—4 


so that series (VII) becomes : 
Ag, Hal, > Ag, Hal, — Ag, Hal, > Ag, Hal, ~ Ag, Hal, — 8Ag. 
a-subhal. B-subhal. y-subhal. d-subhal. - 
(green) (blue) (red) (yellow) 


To summarize we may place the different subhaloids in the follow- 
ing table, in which Gunrz’s solid subfluoride may very well be classed. 


subhaloid subiodide subbromide — subchloride subfluoride 
a-(green) Ag,J, Ag.Br, Ag,Cl, unknown 
-(blue) Ag.J, Ag,Br, Ag,Cl, . Pa 
y-(red) Ag.J, Ag,Br, Ag,Cl, ” 
d-(yellow) unknown Ag, Br, Ag,Cl, Ag, FI, 


The #-subiodide (Ag,J,) has been inserted in this table, because 
the solarization and Herschel’s effect in the case of silver iodide plates 
point to the existence of this subiodide. 

In conclusion I wish to point out that I *') have only partly 
succeeded in observing the high sensitiveness to light of the a-subio- 
dide. The grey discoloration of the green preparation, which, as was 
shown by the sodium thiosulphate reaction, is caused rather by silver- 
oxide than by subiodides poorer in halogen, resp. silver, can hardly 
be ascribed to the formation of the blue f-subiodide, but may be 
put down to the formation of the red y-subiodide. 

If moreover, the regressive reaction by oxidation is taken into 
account, which, it is true, is less than in full daylight, but all the 
same has not been neutralized, the a-subiodide appears to be still 
far more sensitive to light than described by .me. : 


( 748 ) 


LITERATURE. 


1) J. M. Ever. Photochemie 1906; 217. 

®) Compt. rend. 1891; 113; 72. 

3) J. M. Eper. Photochemie 1906; 217. 

4) Chem. Zentralbl. 1879 ; 367. 

5) Wrepeman. Ann. d. Physik. 1895; 225. Eprr’s Jahrb. f. Phot. u. Repr. 1896; 55. 

6) Eper’s Jahrb, f. Phot. u. Repr. 1904; 616. 

7) Sitzungsber. d. kaiserl. Akad. d. Wiss. zu Wien, mathem.-naturw. Klasse 
CXIV; Abt. Ula; Juli 1905. Zeitschr. f. wiss. Phot. 1905; IIL; 329. J. M. Eper. 
Photochemie. 1906; 277. Phot. Korresp. 1905 ; 425, 176 1906 : 81, 134, 181, 
231; 1907; 79. 

5) W. Osrwaxn. Lehrb. d. allgem. Chemie. 1893 ; 2; 1078. 

%) Phot. Mitt. 1902 ; 229. Eprer’s Jahrb. f. Phot. u. Renk. 1902 ; 476. 

10) Phot. Randachen 1907 ; 142. Phot. Korresp. 1907 ; 384. 

11) These Proc. June 1908; 773. Zeitschr. f. wiss. Phot. 1908; Vi. 197, 237, 2738. 

12) Wien Ann. d. Physik. 1908; 99. 

13) Phot. Korresp. 1906; 1907 1908. Liippo-CRAMER. Phot. Probleme. 1907; 
193. Liippo-CRAMER. K ollotdchemie u. Phot. 1908. 

14) Zeitschr. f. wiss. Phot. 1908; VI; 364. . 

15) Zcitschr. f. Elektrochemie. 1908; 14; Nr. 33; 484. 

16) Zeitschr. f. wiss. Phot. 1908; VI; 358. 

17) Zeitschr. f. phys. Chemie. 1899; 30; 628. 

18) Eper's Jahrb. f. Phot. u. Repr. 1904; 612. 

18) J. M. Eper. Photochemie. 1906; 210. 

20) Eper’s Jahrb. f. Phot. u. Repr. 1896; 89. 

21) Phot. Korresp. 1907; 439. 

22) Zeitschr. f. phys. Chemie. 1899; 23; 611. Eper’s Jahrb. f. Phot u. Repr. 1898; 162. 
23) Zeitschr. f. phys. Chemie. 1899; 30; 628. 
*%) Phot. Wochenbl. 1905; 102. 

25) Phot. Wochenbl. 1905; 93. 


2%) Phot. Korresp. 1901; 224. Liippo-Gramer. Wissenschaftl. Arbeiten. 1902. 


87. Eprr’s Jahrb. f. Phot. u. Repr. 1906; 648. 

27) Eper’s Jahrb. f. Phot. u. Repr. 1904; 612. 

28) Americ. Journ. of Science. 1887; 33; 349. Phot. Korresp. 1887; 227, 344 
871, Caney Lea u. Liippo-Cramer, Kolloides Silber u. die Photohaloide. 1908. 

2%) These Proc. June 1908; 789.Zeitschr. f. wiss. Phot. 1908; VI; 197, bags’ 278. 

”) Zeitschr. f. wiss. Phot. 1908; VI; 438. 

5) Zie Zeitschr. f. Elektrochemie. 1908; 14; nr. 33; 488 489. 

%) According to new, still unpublished ‘experiments made by me, 

%) Lippo-Cramer. Kolloidchemie u Phot. 1908; 106. 

*) Zeitschr. f. phys. Chemie. 1897; 23; 611. 

*) J. M. Ever. Photochemie. 1906; 246. 

%) These Proc. June 1908; 794. Zeitschr. f. wiss. Phot. 1908; VI; 284, 

%) Zeitschr. f. wiss. Phot. 1908; VI; 488. 

%*) Caney Lea u. Liippo-Cramer. Kolloides Silber u. die Photohaloide. 1908; 39, 

*%) Compt. rend, 1890; 110; 1837, 

”) Archiv. f. wiss. Phot. 1900; II; 216, 

*!) Zeitschr. f. wiss. Phot, 1908; VI; 438. 


a th ee at 


oa. a 
BE AT Ee Oe ae 


( 749 ) 


Mathematics. — “An integral-theorem of Gvernsaurr.” By Prof. 
KLUYVER. 


(Communicated in the meeting of February 27, 1909). 


GEGENBAUER has proved a theorem according to which the product 
of two functions of Besse. /’(ax) and /*(bx) with the same para- 
meter v >— 4 can be given the form of a definite integral ‘). 

In a former communication *) I have applied this theorem for the 
case r= when reducing some discontinuous integrals containing 
functions of BrsseL. | shall now give in the following a direct proof 
of the indicated theorem and shall use it to extend former results. 

1. In order to find the product of two functions of Besse. 


ike =) 
(0) = ( fr, T+ h+1) 


we can multiply the absolutely converging power series. It is then 
evident, that (supposing 6< a) we find for the coefficient of an 


arbitrary power of « a finite hypergeometic series with the fourth 
lita 

argument —. 
a 


We get’) 


ax \2h 
h=o (—1)4 (5) 
aba*\—< 5 b? 
tip ( —v-h,-h,v +1, — ). 
4 oe tire Frei" (-» Ts 


To transform the hypergeometric series appearing here I shall use 
the notation of Rremann for the general hypergeometric function 


J* (ax) J” (62)=( 


abe 
| a er MY ee Aer ee Fe 
a ay 
(a+e+8+R+7+7=)) 
P, = (2—a)« [1 + A,(z—a) + Aj(e—a)? +..... ]- 


1) Nietsen. Handbuch der Theorie der Cylinderfunktionen, page 182. 
*) Proceedings 1905. 
5) Nretsen. page 20. 
ol 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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It is then evident that for two of the singular points the differences 
of the exponents are equal, so that besides the ordinary substitution 
of order one also substitutions of order two as : 


0 —1 aoe 0 wo 1 
oe es 
a a 8 B,.iz spar P® 5 0 2,2" ? 
’ , a 1 : e 
*ashaaetn 23 F 
and 
ola 0 wl 
Po) a8 BR? =P > 0 B 2 
! a il é 
Bea a2? 
are possible. 
The indicated reduction runs as follows: 
0 : foe) 0 
b? 7 b 
F(-4, —v—h, v+1, x)= i veer ate 5 1 CE oe 
a a? 
—v —v—h 2v+142h j 
oo 1 % 
b\A : h 4 7 b > 
ao 3 
={—|]P * a ae tae: oey : 
(7) ; 2 2 : "a : 
h ; 
0 —1 +1 | 
: b/ sme h h 2 2 
=2*(-) F 2 0 bets « dee a’*’—b ue | 
a 9 9 a’ +b? | 
h 
2y+1+4+2h -—b— - ei | 
i br Mee : 
— oh (<) P 2 0 0 poe: h a 6 es q 
a 9 a® -+-b* 
v + +h . 
1 —_p— — 
2 


0 a) 1 
h 
b\h_@ h 4a*b? 
rf bes ie A oe 
4 6k ae, ai 
1 
—pyp— — 5 +—-+A 
: 0 —1l +1 
b 2ab 
—2v—h v+}3+h v4 }+h 
a ae 1 
a+b \2h N 2ab | 
see ) Fal Ae —h 0 , eb = 
—2y vt} v+dth 


0 (ora 1 
h 
an aaa i ae . 4ab Be 
(a+) 
—2v wth vt}+h 


a 4ab 
=(s53) a rth Bet, ae 


oh F (—A —v—h, p+. =) = C+ F(— h, v+s. 2v-+1, as): 


So finally we have 


a transformation given by Gauss. 
We now substitute for the just given hypergeometrical series the 
integral 


Perl) (feb 
Vat) J” i (1 ort) % 


and we find if in the integral we put 2 = cost © 


6° te 1 
arh F(-h, -v-h, v+1, a) be, reas *+ b?-2ab cos 4)! sin?’ pw dy. 

In the development found for the product J’ (ax) J*(bzx) the above 
mentioned integral is introduced. 

Putting 

a’? oe b? — 2ab cos p = 2’, 
we obtain 
51* 
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h 
a’ ¥ a’ v —~ 
J* (az) J* ba. = sin” op dg =) , 
2Ya (r+) 2 h! Pi~+h+1) 
0 A090 


or 
a? b a” J* (2) 


Jr (aw) J (be) = = Sra = 
0 


sin?” @ dg, 


by which the indicated theorem of GrGENBAUER has been proved. 


2. With the aid of this theorem we can extend some well- 
known results concerning discontinuous integrals, in which functions 
of BrssEL appear; particularly do the two following theorems *) 


1 fora<e, 
0 fora>c, 


@ 
e+ 


a’ 


J J+) (uc) J? (ua) du = 


2D 


cr t2 7 du __ {4 (c’—a’) fora<e, 
a’ Jo 097 (aS =f) for a> ce. 


0 
lend themselves to this extension. 
The theorem of GrGENBAUER namely allows on the ground of these 
results to determine in certain supposition the value of the disconti- 
nuous integrals 


+1 we nae 
W, = —"— | (ue) J* (ua,) J (ua,) . . J” (as) ——— 
@,7G,”. » . Ay” win—T) 
Te 
cr +2 fs r du 
Wo ae. ie. J’+? (ue) J” (ua,) J’ (ua)... J? (way) GI? 


0 
in which the number of J-functions is arbitrary and v is > — }. 
Let us think the positive numbers a,, a,,...@, to be successive 
sides of a broken line OA,A,...A,, let us put 4 OApAgpi = gr 
and OA, = sk, then we find successively 


™ 


I 1 J” (us,) 

J? Jd? j —— a ae " 3 ° Qy ( / : 

a,’a,’u’ (ua,) (ua,) PA Va I’ (v+- =f 8,” asin fp, ( Pp, 
0 
I J” (us,) 

J? WA J? so b at BE TCE a ES indy d 

a,’a,’u’ ( t ) (ua,) Q% Vx I’ (y+ 9) 8,” 8. Sf, fs ’ 
0 


. * . ’ ‘ . . ‘ ‘ , . . ‘ ‘ . . . *. 


') Nietsen, p. 198, 
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1 “J USy 
J (us, —1) J »(ua,) = ‘us 


8’, —1 0" ,U? 2Ya ae $) J 


so that we get 


sin” Pn—-1dGPn—-1 ; 


TT T Tn 


ZY 9 2¥ st ¥ 
"= /are+ pr J “ene nto f aad raton J n™Pn—1IPn—1 X 
x< = f- J+! (uc) J{us,) du, 
_ 0 


1 r : a 
= 7a Tot yr J an? rv f = rate J We pa ek 2 


J+? (uc) J(us,) S ‘ 
u 


ot? 
x 
8"n 


Let now in the first place be 
e>a,+a,t+.-.--+4, 


then c¢ is certainly greater than s,, and we find 


x 


l : n—l 
bag E Yaron Js” ol 
2 2 x 42 I - 2 re 
Wi.— 4 (¢e —a,*—a, woeaee levarorn, sin ade | 
As 
fe : _ V2«#I(r+4) 
sin?’ a da = 
I'(v+1) 
0 
we find as final result 


ofl 


y 
QO” 5000 O"n 


1 


W,.= , 
[2rd+yP- 


fo J+} (uc) J*(ua,) J* (ua,)..J* (way) aa 


c du e’—a,?-a,? aati 


f J+? (uc) J*(ua, )J*(ua,)...J%(uan) yXn—1F1 2[2°r yy 


0 


QQ 208"n 


(c>a+t+a+....+ ay). 
Still in a second case the values of the integrals W, and W, are 
known. Let a, exceed all other numbers a and let us put 


a, >c+ta,+....+@%. 
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It is necessary then for all values of ¢,,g,, pigs Gn—1 that the 
closing side of the broken line be greater than c and taking into 
consideration the two integral-theorems, serving as starting point, we 
conclude that the integrals W, and W, have both become zero. 


3. We might ask whether results as arrived at above are also attained 
when the functions / (ua) behind the sign of integration have not 
all the same parameter. The following operation shows that this is 
partly the case. Supposing that uw,,u,,.-., 4, are numbers greater 
than v, then under a definite condition the evaluation of the integrals 


etl : du 
7 — l & My 
W = nae fot (uc) J*(ua,) J#x(ua,)... J" (uan) ei 
#, 0 ay 
em — is ay ¢ 7 B, du 
si a, Oy f- (ue) Js(ua,) J#s(ua,)... J” "(ua,) —— yen 
0 


can be reduced to that of the integrals W, and W,,. 


1 


For the reduction of W, and W, we can repeatedly apply the — 
formula *) 


Tv 
uaje—” ry 
na J” (ua cos a) cos’ a sin®*e-2—l ada. 
21») : 
0 


J(ua) = 


We obtain in this way 


oe 


1. 
 ~— Le cos’ +! a, sint—2—l @, da, 
—P 


oS Ae 


n 


2 2 
eee TG.—®) cos2’+1 Ap Sir 24n—2v—1 Onda, x 
0 
ws > J Sy ve 
x (a, C08 G,)’ ++ (An C08 Gy)’ us Ce) oat, 008s) steals Sg OOF ah w(n—!)’ 
0 
1 2 2 
WwW .= cos*-+! @, sin*—2—l a.da,.... 


ge" Pu.) 


n 


2 2 ; 
. Dun a7. ») yi cos’’-+! an sin®#,,—27—I at, dety, x 


') Nietsen, page 181, 
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ete s u du 
J*+? (uc) J’ (ua, cos a,) . . J’ (ua, cos ay) enh 


(a, cos @,)’ ... (dp, cos tn)’. 


If now is given c >a, -+a,+...-+ a,, then during the integra- 
tion the inequality 
c > a, cos a, + 4, COS a, +... + a, COS ay 
will continually hold and the results concerning the integrals W, and W, 
can be applied. 
Remembering that we have . 


ted 


a cos?’+! @ sin2#-2—| ada re 
~ Pa+e) 


Fume, 


f IO hte 
nie. (2+) 


we finally find 


@ 


et! 
= Wee = foe (uc) J (ua,) J#2 (ua,). . J#n (way) rerien 
0 
ba r(i+pr) 
2" ru) PU +u,) » P+)” 
er du 
W, =—— mam | ot (uc) J: (ua,)J%2(ua,) .. . J#n(uay) fea = 
3 pt+1 y vp+t 
OSS) SS ieee oe 


aFe—"r" PL +n,) fata caer 
(c >a, +a, +--+ + an). 
In aaslolal we find out of the obtained value for W, for 
uw}, v= — 3} 


@ 
{= uc sin Ud, Sin Ua, . . sin Udy x 


oy gy U1 a In 


0 
for p= — 3, r——} 


i] 
— 


u 
0 
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Mathematics. — “A family of differential equations of the first 
order.” By Prof. Jan pe Vrigs. 


(Communicated in the meeting of February 27, 1909). 


1. The tangent in («, y) to the integral curve of 


dy 
= Play + Qo) 
v . 
is represented by 3 
— y ={P(w)y + Q(a)} (X — 
For the points of the line =m we have thus 
{ Qu (X —_m)— VY} +y{Pa(X—m+1j=0 

The tangents indicated by them form therefore a pencil of rays 

having the point 


as vertex. 

I call this point the pole of the line «=m. 

By a projective transformation the linear equation is transformed 
into a differential equation, determining a pencil of rays of which 
each ray “has a definite pole. Each line, connecting the vertex 
S of that pencil with a pole, having to touch in San integral curve 
S is a singular point, i.e. a point where y’ is indefinite. To confirm 
this we transform the linear equation by the substitution 


_ autavo+a, a __ bu + 6,0 +5, 8 


ihe cu + ¢,v + ¢, ~ Re om cu + ev +o 7. 
On account of that 


y = P(@)y + Q@) 
passes into 
dv _ (ay — 44) (BP* + ¥Q*) — (yy — oB)y 
du (6,7 stds ¢,) Yat (4,7 ay c,¢)(BP* “ni 7Q*) 


pr = P(=), ge o(<). 


The pencil «=m is then transformed into the pencil of rays 


“= my. 


where 


For a=0, 7=0 lly find =>. 
or a=0, y= 0 we really fin Fan Vole 


') Aleo the points 6=0, 7 =0 and y =0, P* =0 are singular. 
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A pencil of rays with the indicated property I eall critical. 

From the following ensues the property : 

When a singular point of a differential equation of the first order is 
the vertex of a critical pencil of rays, then this equation can be 
reduced by a projective transformation into a linear one. 

If «=a,, y=y, is the vertex of a critical pencil, then the 
substitution 


leads to the aim in view. 


Examp.e I. 
The equation 
dy a + 2a*y + ay’ + y' 
dea fay? + ay" 
has in #=0, y=0 a singular point. 
The tangent in a point of the line y= mz is indicated by 
(m + 1) m?x + 2m +1 
mse = 


(m + 1) m*z +1 


Y — (X — 2). 


By reduction it is evident that the parameter « appears here only 
linear; so the pencil is critical. 
For the locus of the poles we find the cubie curve 


1 ae 2m + 1 
| ~~ (m + 1) m? . = (m +1) m?~ 
By the substitution 
1 u 
2@=—,y=— 
v v 


y = me passes into u =m, and the given equation into 


dv 4 v ie elt 
dus u+d1 pars 
2. Let us treat in particular the equation 
dy 
——P : 
= = Ple)y 


Here the locus of the poles of «= m is the line y = 0 (polar line). 
As the homogeneous equation 


dy qn 
z=") 


has the critical pencil of rays 4 — m&, with the line at infinity as 
pe y y 
polar line, the question arises whether it is possible to transform the 
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homogeneous equation projectively into an equation of the form 
y’ = Play. 

If we put 

&=-—\5 y= —s; 
y y 

then the right line at infinite distance passes into y = 0, the pencil 
of rays 47—mé§ into the pencil =m and the differential equation 
into the divided equation 


dy dx 


yo aie) 
Also the equation 
dy 
Fae Q (2) 


has for the critical pencil «=m a polar line, namely the line at 
infinity. So here the vertex of the pencil lies on the polar line. 

As we can always regulate a projectivity between two point- 
fields in such a way that a point and a line of the first field are 
conjugated to a definite point and a definite line of the second, the 
property holds: 

If to a singular point belongs a polar line, the differential equation 
can be transformed projectively into a divided equation of the form 
dy = P(e) da, 

y 
unless the polar line passes through the singular point. In this case we 
arrive by projective transformation at a divided equation of the form 


dy = Q (a) dz. 
Exampse II, 
The equation 
dy fo ne 
de aya 


has two critical pencils of rays: 
y = ma with the polar line «+ y=0, 
y + 1=m(e—1) with the polar line «= 0, 


For the former pencil the vertex lies on the polar line. By the 


transformation 
u l—y 
a= = aw = 
on y A ' +y 
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this line is thrown to infinity, whilst y = mv passes into uv = 1 : (m + 14). 
We find 


ease ,u—v—gu+C 
du 
and finally from this 
a—l x 
oe ety 


To make use of the second pencil we determine a projective trans- 
formation, which transforms (y -+- 1) : (« — 1) into a linear function 
of w and «=O into v=O0. These conditions are satisfied by the 
substitution 


v Ne a 4s ae ytl = Sul 
elles i » hay oS AWS dig ees mee maa 
We now find 
dw u du 


eo (wf) 


3. When the linear equation 
y' = Ple)y + Az) 


has a polar line we can transform this projectively into the line at 
infinity. The Linear equation is then transformed into a homogeneous 
one, or, where this is not possible into an equation of the form 


dv ; 


_ In the latter case u=m is the critical pencil; in the former 


where 
dv v 
ats & 


the point «=0, v =O is the vertex of the critical pencil of rays. 
Let 


ax + by +c=0 
be the polar line of 


y' = Pay + Qa), 
thus the locus of the pole 
S i Qn 
cm — P, Phe ao 
If we put 
bi set = fm 
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then 
afm +¢ 


: b(m—fm) 
and the linear equation obtains the form 
bw — f (#)) y! = by + af(@) +e. 
It is clear, that by the substitution 
1 
ax +by+e=>— , «=- 
u 


Uu 


Qn = 


the polar line is brought to infinity and the point of intersection 
of the rays «=m is brought into the origin. 
After some reduction we find indeed the homogeneous equation 


dv v 
mAs) 
This reduction is apparently of no use wher the polar line has as 
equation «+c=0. Then | 


1 
m——=—e, 
m 
and the linear equation has this form: 
et Oe 


By the substitution 
v 


1 ; 
@ete=>=-— , y= - 
u 


U 
the polar line is transformed into the line at infinity, the pencil 
«=m into the pencil «~=1:(m-+ec), and we find the divided 
equation 


w+ Q(=— 0) i Ds 


4. Let us look at a few more examples. 


ExampLy II. The equation 
dy _ ay—y*+2 
da w*—wy--2 
has singular points in a#=1, y=—1; «=—1, y=1 and in the 
point at infinity on a= y. 
The pencil « — y= m is critical. We find for the tangent 


(my + m*--2)Y¥ —y) = (my + 2)(X—y—m), 
and out of this the polar line « +-y=0. 
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By the transformation 
esv+u, yrv—u 
the pencil «— y =m passes into the pencil 2u =m, the polar line 
into v= 0, and we find, as we ought to, the divided equation 


dv u du 


e Wok 
Finally we find as integral curves the conics 
| (e—y)* + Claty) =4, 
touching one another in the singular points «= +1,y= = 1. The 
point of intersection of the lines «—y =m is the double point of 
the pair of lines (w—y)* = 4. 
2 2 
When applying the transformation «+ y=—, #—y = ~ we find 
* u u 
that 2—y =m passes into v = 4 mu, whilst the polar line is brought 
at infinity. We find then, as we ought to, a homogeneous equation, 
namely 
dv u 
du v 
For a ray of the pencil 
y +- l= m(«e—1) 


we find 
»_ (@—Iy — (y—2) (Yt) y—m(y—2)__(m—1) ma + (1—2m—m’) 
4 = (e@—1) (© +2) —a(y+1) 2 +2—me Gliese 


thus for the tangent 
[(m—1) e—2] Y = [(m—1) me + (1—2m—m’)] X + 2 (m+1). 


Therefore this pencil is also critical. The poles lie on the line 
y¥—r= 2. 


Exampie IV. 


The equation 
Pn ak ue jie 2 
— @—ay—y+1 
has «=0, y= 1 as singular point. 
The pencil y—1—= me is critical and has y= 0 as polar line. 
By the substitution y— 1 = uz, 
1 v 
a= — 


. ut+v 
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we find the divided equation 
dv util 


ae wt 
EXAMPLE V. 


The equation 
(2*—y) y = ay —1 
has a singular point in e=1, y=1, which is the vertex of a 
critical pencil with the polar line a+y+1=0. 
By the substitution 
3 fe: Su 


onl os ee nl = 


v—u—l1 


this pencil passes into w= const., whilst the polar line is transformed 
into v= 0. We then find 


dv u—2. 
— = ——— du. 
v w—u+l 
Exampie V]. 
The equation 
ayy =e«+y? 


has the critical pencil y= ma with the polar line «= 0 passing 
‘through the vertex. In connection with this the substitution 7 


furnishes the divided equation 
udu + dv = 0. 
The integral curves / 
y® + 2a = Ca’ 
are conics having in O a contact of four points with «=O as 
tangent. 


d 
Exameie VIL. 2 a = ay + y’. 


This equation of Bernovunia has a critical pencil y= ma with the 
polar line «= 0. By the substitution a=1:v, y= wu: v it is trans- 
formed into u~*du-+-dv=0, Out of this we find #—y-+Cry=0. 
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5. When each ray through a singular point determines a system 
of tangents with index two, then the equation is projectively reducible 
to an equation of the form 

dy _ N(a)y? + Play + Qe) 
dae R(a)y + Sz) 

For, this equation determines for «=m the tangents of a conic 
and by the substitution 


t= — y= — 
td es 
(see § 1) it is transformed into an equation having in «a= 0, y= 0 
a singular point, whilst each ray of the pencil a= my possesses the 
above indicated property. 
The equation 
dy a+ y* — 2a°y* — ay 
. de y*® — 2a*y — a 

is in this case, for each ray y= ma furnishes a system of tangents 
with index two. By the substitution 


1 u 
2m, Y= 
v 
it passes into the equation (of Riccat1) 
dv 
— = 2u — uv’? v + v’. 
du 


This can be reduced with the aid of the solution v =u’ to the 
equation (of BrRNouLLt) 
ae =ww+ vw’, 
du 
where w= v —u’*. By w=2z~! we then arrive at a linear differen- 


tial equation. 


Botany. — Mr. vAN ber SToK presents in behalf of S. H. Koorprers 
a communication entitled: “Polyporandra Junghuhnii, a hitherto 
undescribed species of the order of Icacinaceae, found in’s Rijks 
Herbarium at Leiden by S. H. Koorvers” ( Plantae Jung- 
huhnianae ineditae IT)*). 

(Communicated in the meeting of February 27, 1909). 


Polyporandra Junghuhnii, Kps n. spec. Frutew? scandens, ramulis 
teretiusculis novellis pubescentibus. Folia opposita, oblonga, basi acuta 
vel obtusa, apice sensim acuminata; 12—13 em. longa et 4—5 em. 
lata, petiolo 1—1} cm. longo, subcoriacea, supra praeter costam 


1) Continuation of Plantae Junghuhnianae ineditae I in Proceedings of the 
Mathematical and Physical Section, of June 27 1908, p. 158—162. 
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suleatam pubescentem glabra, subtus puberula et trinervia, nervis 
lateralibus utrinqgue 5—7 adscentibus in margine exeuntibus, nervis 
secundariis inter primarios transversis atque venis reticulatis, subtus 
distincte prominentibus. Cirrhi in specimine Jungh. desunt. Flores 
divici; masc. nondum aperti, cymoso-paniculati; feminet ignott. 
Injlorescentiae axillares laxae folium subuequantes; pedunculi pedi- 
cellique pubescentes ; bracteae caducissimae (?), in specimine Jungh. 
dejicientes ; pedicelli alabastris oblongis breviores ; calyx sub-campanu- 
latus 5-partitus, 2 mm. longus, lacinus lanceolatis scariosis, erectis, 
acuminatis 1—1.2 millim. longis, eatus appresse pilosis. Petala 5 
crassiuscula, calyce breviores, extus pilis longis appressis albis. Stamina 
5—6 rarissime 7 filamentis brevissimts, teretiusculis, glabris ; antheris 
oblongis vel linearibus 8—10-locularibus. Pollen globoso-tetratdrum 
laeve 10 w diam. Ovarium rudimentum subnullum. Fructus ignotus. 


Sumatra: “Hochangkola-Tobing’ (leg. Juneuvun anno? 1839. — 
Plantae Junghuhnianae ineditae n. 542 in Herb. Lugd. Batav.). 


The species described above is the third representative of the genus 
Polyporandra Brcc., belonging to the Jcacinaceae and related to 
Jodes Bl. This species, Polyporandra Junghuhnit, was found by me 
in 1908 in ’s Rijks Herbarium at Leiden (Plantae Junghuhnianae 
ineditae N°. 542) and had been collected by Juncuunn in the Battak 
country at ‘“Hochangkola-Tobing”’. It differs 7 a. from the two 
already known species of Polyporandra in the structure of the 


calyx; in P. scandens Brccart (in Malesia I (1877) 125 tab. 7) . 


and P. Hansemanni Eneurr (in Eneier Botan. Jahrb. XVI, Beiblatt, 
N°. 39 (1893) 13) the calyx is cup-shaped and has short teeth, 
whereas in Polyporandra Junghuhni it is 5-partite, with pointed 
segments 1 millim. long. 

Superficially the flowers of Polyporandra Junghuhnii somewhat 
resemble these of Natsiatwn herpeticum Bucuan, but our Polyporandra 
is sharply differentiated from their species by the characteristic struc- 
ture of the anthers, described above. 

That our species must be included in the above-mentioned genus 
Polyporandra Byec., seems to me to be highly probable. Since however, 
all the material, which has as yet been found, consists of a single 
dried branch with young, not completely developed male flowers, 
floral bud and three leaves, I consider it possible that afterwards, 
when the as yet unknown female flower, fruits and seeds of Poly- 
porandra Junghuhnii shall have been found, this species will prove 
to be the type of a new sub-genus of Polyporandra or of a new 


4 
7 


bee Soler uae iP ee 
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genus, directly intermediate between Polyporandra Brcc. and Nat- 
siatum Bucnan. Because the material is so incomplete, I have, however, 
thought it advisable to refrain even from proposing a new snb-genus _ 
and to assign to this species a place in the genus Polyporandra. 

In the Herbarium of the Royal Botanic Gardens at Kew I last 
year compared authentic specimens of the only hitherto described 
species of Polyporandra (P. scandens Buccari and P. Hansemanni 
Ene ier) with JunGHuHN’s unicum of the Leiden Herbarium. In so 
doing I have become convinced that Polyporandra scandens and 
Hansemanni are very closely related but that, as was indicated above, 
our species (Polyporandra Junghuhnit) is sharply marked off from 
these specifically. 

In conclusion I wish to tender my best thanks to the Director of 
the Royal Botanic Gardens in Kew, for the facilities given me for 
the comparison of the above-mentioned authentic specimens of Beccari 
and of ENGLER. 


Leiden, February 26%, 1909. z 


Physics. — “On the solid state’. By Mr. J. J. van Laar. (Communi- 
cated by Prof. H. A. Lorentz.) 


(Communicated in the meeting of February 27, 1909). 


1. In a recently published paper’) I treated the complete theory 
of association, not only for gases and vapours, but also for liquids. 


If we assume that only two simple molecules combine to a 
double molecule, the formula: 


go+(p+ 7/2) 
8 ER gti oeey : reaeg 


en Sie p+ %x 
holds universally, in which ¢ is a constant to be determined, and 
further : 


eae WOR a tae | 


—k 2k 
ee ; Ab=—b, + 28,. 
So the quantity y/ is the change of the specific heat for infinitely 
great constant volume, when 1 Gr. mol. of double molecules passes into 2 
Gr. mol. of single molecules, while Ad is the change of the volume of the 


molecules in this transition. The quantity ¢, = — (e,), + 2(e,), repre- 


1)'In the Arch. Teyler (2) T. 11, Troisiéme partie, p. 235--331 (1909). 
52 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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sents the absorption of heat for 7’— 0 taking place in this transition, 
and in the first member is 8 the degree of dissociation of the double 
molecules. : 

Besides various other things I demonstrated that the known discre- 
pancies between the experimental critical data and those derived 
from VAN pbER WAALS’ equation of state in its usual form can be 
accounted for by the assumption of an association, which would 
even be still noticeable at the critical point. 

I believe that this opinion was already expressed by VAN DER WAALS 
some years ago (1906)'), and elaborated by van Ru in his Thesis 
for the doctorate (1908); it was, however, demonstrated by me in 
the paper mentioned, that quantitative agreement can be obtained 
only when Ad is not =O. Accordingly this quantity Ad. plays an 
important part in my theory, which |] drew up as early as 1902 
on the occasion of a paper by the late Prof. Bakauis Roozmsoom. *) 

But it is not about the above matters, however important, that I 
intend to speak now. I may be allowed to return to what I said 
on p. 259 of my paper in the Arch. Teyler (p. 25 of the reprint), 
namely that the isotherms — if Ad is not = 0 — present very 
“remarkable particularities’ in the neighbourhood of v= 6. (See 
fig. 1 of the plate). 3 

These particularities now consist in this, that the isotherms, 
(for Ad positive only below a certain limiting temperature (critical 
temperature)| after having first risen to comparatively high pressures 
in the neighbourhood of » = 4, bend back again as far as in the region 
of low (even negative) pressures, after which they rapidiy ascend 
again for the second time to the highest pressures. We shall 
namely see that if e.g. 4b is positive, the degree of dissociation ~ 
of the double molecules approaches rapidly to 0 in the neighbourhood 
of v=b=b, + 4h in consequence of the relation (@), which 
causes v—0, after having first greatly decreased, to increase again. 
In consequence of this the pressure will decrease, and it will only 
increase again when v — + begins to diminish again in the neigbourhood 
of the value B=0O. If Ad is negative, 8 will draw near to the 
limiting value 1, and we shall evidently see the same course appear 
in the values of v— 6 and p. 

') In an address delivered in the Meeting of this Academy of Jan. 1906, which 
address has unfortunately never been printed, so that only the fact and the subject 
of the address are known to me. (Cf. also the’ Thesis for the Doctorate of 
Dr. vax Rus on “Schijnassociatie ete”, p. 3 (198). 

*) “Equilibria of phases in the system acetaldehyde -+- paraldehyde etc.” (These 
Proc, Vol. XI, p. 283), Compare also van pen Waais: “Some observations etc, 
These Prog, Vol. XL, p. 803, 


e 
‘é 
# 
, 
ti 


( 767 ) 


It is clear that this may cause a new phase to appear, and that 
besides equilibrium between the vapour phase and the liquid phase 
as in the ordinary theory of vAN per Waats, under particular 
circumstances equilibrium may occur between the vapour phase and 
the third phase, or between the liquid phase and the new phase. 

This phase, the molecular volume of which is somewhat less for 
positive Ab than that of the liquid phase, and for negative Ad 
somewhat larger, cannot be anything but a solid phase (amorphous 
or crystalline), which distinguishes itself from the liquid one in this, 
that the degree of dissociation of the double molecules (see § 3) is 
found in the neighbourhood of 0, so that the molecules are for the 
greater part in the state of double molecules; in the liquid state, 
however, this degree of dissociation can lie between the values 1 
and almost 0, depending on whether we have to deal with so-called 
non-associating or with strongly associating liquids.. 

It is self-evident that formation of triple or multiple molecules 
is not excluded in this, but for the sake of simplicity I shall only 
work out the theory for partially dissociated double molecules in 
the following pages. The phenomena will not show any quantitative 
change by the occurrence of multiple molecules. 


2. Before proceeding to a fuller discussion of the above formula (a), 
we shall first briefly repeat its derivation, and also set forth the | 
influence of pressure and temperature on the equilibrium *). 

In the condition of equilibrium: 


—- uy, = 2u, one 0, _ . . . . . . . (1) 
0g 0g 
in which wu, = “Sy and pw, = ra represent the molecular thermody- 
n, n, 


namic potentials resp. of the double and of the simple molecules, 
we must substitute the well-known values for w, and u,. 
Now: 


0 
Pr [2 — RT Zn, . log Sn,| + RT loge, | 

my, 

FY ) 
uw, = C, — 5_ Ie — RT Zn, . log 2n,| + RT loge, | 
in which the functions of the temperature C, and C, are given by: 

C, = — &T (log T - 1) + [ee — Po] | 
C, Fe k,T (log YS 1) a [(e5)o eae T(s,),] 


Bw, = C,— 


? 


? 


while 


1) Cf, Arch, Teyler, l.c. 
52* 


ny, ta Ly 
es 


3 ere! | : 
=n, =n, 


Hence substitution in (1) gives: 
(— ¢, + ac) —|— 5 8S | + RT tone + 2 log c,) = 0 
; : On, On, ‘ 5 . 
when 2’ = 2— RT =n, . log =n,. 
If 8 is the degree of dissociation of the double molecules, we have: 
02 d2' dn,  d2'dn, 02 02! 
‘OB — On, df" mn, dB Im, 1” On,” 


1 3 
because n, = 1 — 8, n, = 28, so that we may write: 


02 3 
(= Of BCS Ee? Rr tog ae ae 
0p C 
or as: : 
ies ee 
ee a OR 
also : 
0&2 
+2) DET: 
4p? ok 2C,) + 08 
ae BE toes RT apis Sg ORE Dena oe 
So we must determine the value of ae. From: 
(l4+—)RT a 
p Se ee 
v—b v 


follows: 


[rie (1 + p) RT log (v — b) + = ‘4 
v 


so that we find for 2’ (2n,=1-+ 8): 


') In this integration the quantity 6 must namely be kept constant, because an 

eventual equilibrium between the components exerts no influence on the determination 
, 02 0 §2' : 

of the values of 2, = and aa for the two components. In the calculation 

1 2 
of the thermodynamical potentials of the different components of an arbitrary 
mixture we have namely not to take account of a later eventual occurrence of an equili- 
brium. Thus we caleulate here ~,; and gy quite independently, and simply introduce 
for the equilibrium the additional condition — ~, + 24, = 0. So we must imagine the 


integration vac for a perfectly arbitrary ratio of mixing @, which quantity 6 


does not become the degree of dissociation of equilibrium until a/ler the introduc- 
tion of the condition #4, = 2,9. (see also Arch. Teyler p. 4). 


on 
; 
4 
# 
j 
a 
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; v—b a 
S = (1 + 8) RT log —— + —— pv, 


1+B v 
hence (a independent.of 8, see further below) : 
022’ v—b (l+p)RT (dv db a Ov dv 
a a AT EE ov fa [eke elebaeD Fecal Sa ce 
yh 09 A IR & dp) woe dp 
But in consequence of the equation of state all the terms with 
0 
ctl disappear, hence we get: 
08 
02! RT a 
—— = RT log —-__—_ — RT — rm MA. Pau e reer mn | 
pa tas BGS) 0 
db 
when we represent an — 6, + 26, by 46. For 6 we may namely 
write: 


b= 6, (1—@) + b,.28=b, + B(—b, + 2b,) =b, + BAd. 
For a may be written: 
a=(1— B)*a, + 2(1 — 8) 2p .a,, + 48%, . 
But in ease of simple association evidently a,='*/,a,, a,,='/,a,, 
so that: 


a= (1 — @)?a, + 2(1 — 8) 8.a, + fra, =a,, 
independent of ~. 
For the relation (a) we may now write: 
log reat — 2C, + RT log RT — RI log (p i. =) a 
= v 


—Rr—(e +5) a0]: 7, 
v 
or after substitution of the values of C, and C,: 


log es si E (log T — 1)(— k, + 2k,) — (— (@,), + 2(6,),) + 


7 a T (— (81), + 2(8,))) + RT log R + RT log T — RT — RT log 4 — 
— RT log p+ S)—(e +5) 40]: 20 


If we now put: 


ee: k, + 2k, a (8,), + 2(s,), 
zs = + a + log R—1 — log 4=log ¢ 
poe ett 3 
ee = 7Y: St (e,), a 2(e,), = 


we get: 
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hi ry? To ryy a P a/y2 
og — — — loge 4: vlog Ts 2 hee silo 
tog 1—3 BSE es rr! 9 NE as RT 


or finally: 
BCH Gardson\' 
Po it, RT, RT 
Oe eae P+ %/e2 

being the most general equation for the binary dissociation in arbitrary 
state of aggregation. The term with Ad disappears in the gaseous 
p+/2 148 Ab be Ab 

ro eee so that then So verges to 0. 
But for liquids (and solid bodies), it is by no means allowed to 
neglect this term (as was nearly always done up to now). For it 
would be very accidental indeed, if AJ =:— b, + 26,=0. It is 
just this term with Ad, which exerts a very great influence on the 
value of p, and is one of the main causes for the occurrence of the 


solid state. 


5 LOS ea emgy 


state, for then 


For perfect gases p cee may also be replaced by p, and (2) passes 
v ‘ 


into Gisss’s well-known formula for the binary gas dissociation, e.g. 
of N,O, into 2NO,: 
B? rt, RT 
ae ee he mene 

For the further discussion of the equation (2) we refer to the 
original Paper in the Arch. Teyler; we may only be permitted to 
make the following general remarks. 

If we vary the pressure at constant temperature, the second member 
of (2) will approach to © for p=0O(v=o) in consequence of the 
denominator p, hence ® to 1. So in the perfect gas state everything 
is in the state of simple molecules. 

But for high pressures the behaviour will be of two kinds, depending 
on whether 4d is positive or negative. For Ad positive, i.e. when the 
volume of two simple molecules is greater than of one double molecule, 
the second member of (2) will evidently approach to 0, when p approaches 


. e2 

to ». For then this member becomes = ——— = 0. The value of B 
io 4) 

then approaches also to 0, ie, there is complete association for 


p=. If, however, 4h is negative, so that the volume of the double 


; Bess: e+” 
molecules is larger, the limiting value becomes ==, and then ® 
DB 


re 
4 


a 
“ql 
ue 
; 
vi 
Ae 


( 771 ) 
approaches again to 1, after having passed through a minimum value 
at a certain pressure (i.e. a maximum association). In the Arch. Teyler 


(p. 9) I demonstrated that : changes its sign in this case, when 
v has become = 2 (6, —6,)—= 6, —Abd. (Av given by formula (8) 
on p. 8 loc. cit. is namely =O then). 

With regard to the influence of the ‘temperature for constant 
pressure, it is easy to see that for 7’=o as well as for p=O the 
dissociation is complete (81), because y + 1 is always positive. 

But for lower temperatures the behaviour will again be different, 


depending on whether g, + (» + = ) Ab (v approaches then 4, so that 
a/b* may be substituted for a/v*) is positive or negative. If this quantity 


is positive [where 4b can be as well + as — (q, is always positive) |, 
the second member of (2) approaches 0 at 7’ = 0, so also 8 approaches 


0 (complete association). But if g, + (» + =) Ab is negative (which 


is only possible for Ad negative), 8 becomes again =1 for 7=0, 
so that then a minimum value of the dissociation (maximum associa- 


tion) is passed through. | showed on p. 16 of the Arch. Teyler that 
0 
a changes its sign, when (see also p. 15 loc. cit.) ¢g=g, + yR7'+ 


(» + 4 A4v=0. The value of 7’ for this minimum will depend 
v 


on the pressure. 
As for 8=0, 6=6,-+ 840 approaches to 6,, while for B=1 
the limiting value of 6 will be 26,, we may also say that for 


go tlet =) Ab positive 8 approaches to 0 at 7’=0, while for 
1 


a 


Got+(pt+ DB :) Ad negative 8 will approach to 1 at 7’= 0. 


For all this compare the figures 1 to 4 on p. 6 and p. 13 loc. cit. 


3. Let us now examine the course of an isotherm in a p-v-diagram 
at a not too high temperature, and that first for the case that Ad 
is negative. Then, as we saw above, the value of 3 approaches to 1 
for p=, ie. b to 26,, the volume of the simple molecules. So 
this is smaller than 6,. 

The said course is (schematically) represented by fig. 1. (See the 
plate). Besides the usual maximum at B and the minimum at £& of 
the ideal isotherm, according to the original equation of state of 
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VAN per Waals, another maximum at D and a minimum at Chave 
now made their appearance. To A as vapour phase corresponds the 
coexisting solid phase A’. To P' as solid phase the coexisting liquid 
phase P". [ef. also the p-7-diagram of fig. 4 (I), where the line SM 
runs back in consequence of the fact that Ad is negative, which 
implies that also Av is negative for the transition solid-liquid (P P"). 
By approximation the quantity Av is namely = (@;— 8;) 4b, in 
which By. is always > Poa]. The pressure of coexistence at P'P" 
will always be much greater than that at A’A", when the temperature 
is considerably lower than that -of the triple point S (see fig. 4). 
For not too low values of 7’ we may also have a metastable coexist- 
ence gas-liquid QQ" (cf. figs.1 and 4). If the temperature is very 
low (as in the following calculation), 8 will draw near to 1 only 
for exceedingly high values of v, whereas for all values of v between 
A and D the value of @ is practically =O (association is complete), 
as will appear from the following calculation. The minimum value 
of 2, which was mentioned in § 2, then lies in the immediate neigh- 
bourhood of 0. Only between the points D and £ does 8 increase 
rapidly from B=(+)0 to @=(+)1, and this in consequence of 
the rapid decrease from v = (+) 6, to v=(+)26,. From £ to the 
highest pressures 8 remains then in the immediate neighbourhood 
of 1, and becomes exactly =1 for p= o (v= 26,). It is self-evident 
that for higher values of 7’ the values of 8 for P’ and P" will 
approach each other more. 

At the temperature of the triple point S the three transitions 
AA’, QQ" (metastable), and P'P" will coincide. There is only one 
pressure of coexistence (three-phase-pressure). 

For temperatures above that of S (comp. fig. 2 and fig. 4 (ID) 
the coexistence QQ", which was first metastable, has become stable, 
whereas AA’ has now become metastable, just as P’P". (These last 
transitions, of course, at not too high values of 7’). Now only a 
liquid phase coexists with the vapour phase. 

For higher temperatures the minimum at C and the maximum at 
D will draw nearer to each other, and they will finally coincide in 
an horizontal point of inflection C,D (comp.. fig. 3 and fig. 4 (IID). 
From this moment we have, therefore, the original isotherm of 
VAN DER Waats with the simple coexistence gas-liquid. 

At last at still higher temperature (the critical temperature in X) 
also the last maximum (2) and minimum (/) will coincide. 

How all this is modified when Ad is positive, and so the line SM 
runs to the right in fig. 4, will be easily seen by the reader. We 
shall revert to this in a following paper, and mention now only that 


— 


then (see fig. 1) y= 2b, lies on the right of »=d,, and accordingly 
the solid phase not on the right but on the left of the liquid one. 
Not C and D, but D and # will then coincide in an horizontal 
point of inflection (critical point solid-liquid). 


4. After the above digression we return again to the shape of the 
isotherm in fig. 1, and we shall carry out a simple computation 
to prove our statements. For this purpose we shall first modify the 
principal equations somewhat. 


If we put: 
P -+ a/,2 pis ; RT “yf: 
pr Ab)=y ; woe 
we can write equation (2) in the form: 
oe , 
Br A A eet ©, 
Lied Ode ba ¢ 
i. @. 
p ae / fy é 
1—? =4 a] é % ds SAR ee eee is & Te eae (3) 
when 
TN Tae 
aati (— Sb) a 
is put. 
For 
_(+8RT a 
Llp ange 
may evidently be written: 
RT a 


A AN oh ee Age to acute (4) 


and the value of v can be calculated from: 
1+3 
or as b= +b, + 8 Ad, from: 
1 
ed (ee ere ac an a a 


So if we successively assume different values of » for given values 
of 2, y, 6,,-— 4b and 6(7'), we may calculate for each of them the 
corresponding values of 8, v and p. 

If we assume: 
¢ == 2(Gr. Cal.); 9, = 3200 (Gr. Cal.); b, = 1; 26, ='/,; a = 2700, 
so that 
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Ab he ee 
and [with R= 2 (Gr. Kal.)| 
Ap ess Si S</, = (1600)% xX 1/, = 64000  '/, = 82000 
becomes; while for 7’ is taken 9° (absolute), yielding : 


1 hy: 
? = 36 Pes 4600’ 


the equations (3, (4) and (5) become: 


ee 1600 1600 
2 ONG Oita BT eee 
—-_— = $2000 x Prat Bo —= 5 é + ; 
ie f Pe ee ON 
1 1 2700 
i z(¢z +8 - = = 
Pp v | 


For g =o we get evidently : 


Bo 1 3 emt eS ee Pe 
For g = 185 we find: 


log*® a — — 76,077 + 0,4348 g —log'*p . . . (69) 
= — 76,077 + 80,343 — 2,267 = 1,999, 
because : 


27 ~=1600 


log’ —'— —5— XK 0,48429 == 1,180 — 77,207 == — 16,077, 


in consequence of which: 


B° 1 
———s Se 9 7 ; — face ad NES EP) 
a aera B=) 190,84 
So between gy =o and y= 185 8B is practically = 1. 

So we find for v: 


poe eae: Peabo aosll _ 0,492 = 0,508 
abe a ee 200 hae Oe ee 
while: 
2700 2700 
p = 6660 — —_- = 6660 — —-_— = — 3800, 
(0,508) 0,258 


Rh being expressed in Gr. Cal. (2 = 2) in the equation of state, 


a . ’ . ae 
also po and are expressed in caloric units, so that if v, 6 ete. 
v 


’ ’ a . 
are given in eM’ (per Gr. mol), the values of py and ip ergs 
v 
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are found by multiplication by 41,74 x 10°. Then p and «are 
S v 
expressed in dynes per c.M*. But as 1 atm. = 1,01325 10° dynes 


per cM’., we find the number of atmospheres of p and ee by 
v 


c 41.73 
multiplication of the found values by 701s tee 
The found pressure which will lie in the neighbourhood of the 
point / in fig. 1, amounts therefore to — 3800 >< 41,20 = — 156600 


atm., from which appears how enormous the distance is of the points 
D and FE at stich low temperatures. (At higher temperatures both 
the term — 76,08 in the equation for 8 and the factor 36 in the 
equation for p will become considerably higher). 

In a similar way as above we can now calculate for 


gy — 180: 


Bt 


log*® rr = — 76,076 + 78,173 — 2,255 — — 0,160 
a? 
ee |) = 0,640 
1--p? 8 . 
= 1 : 0,640 bis = 1—0,815-— 0,685 
scalar arty “Se 7 aay Manette tar, oa 
2700 
= ~— — 6480 —- 5760 — ‘ 
p = 6480 0,469 64 760 — 720 
y= 170: 
log*® iy = — 76,077 + 73,829 — 2,230 — — 4,478 
2 
: 8 3 = 0,0000331 ; B= 0,00575 
1 1,0058 
» = 1 — — | 0,0058 — == 1:-+ 0,0 = ], 
v 1 5 ( 170 ) +- 0,0001 1,0001 
2700 
= 6120 — = 6120—2700 — 3420. 
p 1,0002 
yp — 160: 
log*® ae = — 76,0.7 + 69,486—2,204 — — 8,795 
C= 0 
1 
= 1 me: 390 oa 1,003 
2700 - 
p= 5760 — — 5760 —2680 = 3080. 


1,006 
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y = 100: 
0 = 4 : = 1.005 
a= >; v= -++ 200 =S— 1,U"0 
3600 wkd = 3600—2670 = 930 
p80 
g@ — 50 : 
=0.;5 north Bae : ort OF 
B= >; vl-{ 1002>: ’ 
= 1800 paki 1800—2650 = — 850 
ii A oe ree Se ts 
g = 10 
1 
=0 ; mee] —— ee OD 
B v + 50 
= 360 ie = 360 —2450 = — 2090 
Pd a ae 
@2=1 
M & 
fs fem ma | at BRE Ei 6 
2700 
= $86 — — 86—1200 = — 1160 
p 3.25 36—12 j 
g — 9,1 
=> 0 — | ; == 6 
Boat ts eee 
2700 
g — 0,01: 
1 
= Q 3 =1+—=-—5l 
B o= S968 
2700 
‘i ahr Clas ies 
yp — 0,001 
1 
=0 ; =1 ——- == §01 
B o=1 + 9,008 
2700 
= 0,086 — ——— = 0,086—0,011 = 0,025. 
Pe eee : 


g = 10-": 


? 
log —" xg = — 76,077 + 0 + 74 = — 2.077 
—h 


hoe 


o= 0,546 X10 ; p= 86 10-", 
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< 
| 


Bhi yee a 00! 5 pee. 


With regard to the course of the values of we see clearly from this 
calculation, that between the points /'(p =o) and E(p = — 4130) 
in fig.1 8 is practically = 1 (? = 0,983 in Z). This is due to the fact 


that between y= o and gy=185, /og’® in (6¢) has a compara- 


ee 
tively high positive value (at = 185 still = 2), in consequence of the 
value of 0,4343g, which is then >—76,08 (this value holds for 


T = 9), so. that iz 


is large, and 8 will lie in the neighbourhood 


of 1 (for g = 185 @ is still as great as = 0,995). 

But between EH and D, i.e. between g=185 and g—170, a 
very rapid change in the value of 8 takes place. The value of 
0,4343 m becomes then namely < — 76,08, in consequence of which 


log? is decreases from a positive value to a comparatively large 


negative one (for g=170 already = — 4,5), so that 8 changes 
rapidly from 1 to 0. In the point D we have 8 = 0,027, while 
3=— 0,006 for ¢=170. For g—180 at about */, of the distance 
between E and D, we have the intermediate value 0,64. 

So the entire change of @ takes practically place between the 
points # and D. Past D 8 remains practically = 0, till at about 
y =10°*', at an enormous valve of v (v = 0,55 & 10"), the value | 
of 8 gradually rises from 0 to 1. In equation (62) the term — log’ @ 
begins then to approach the term — 76,08 in absolute value, and it 
exceeds this term for values of y< 10". For p=10" 8 is 
already 0,09, while for g = 0(v=o) 8 will have become = 1. So 
this transition takes place beyond the limits of the diagram (fig. 1) 
(for 7 == 9). 

What was said above, gives a clear idea of the course of the 
values of 8, and we see at the same time from it, that in the 
transition solid-liquid (P'P") the value of Bygquia is practically = 1, 
and that of @o1¢@ practically —0O. For the point P” lies between E 
and D, and the point 2 beyond D. 

The corresponding values of p have been indicated everywhere 
in the figure, while those of v appear from the above calculation. 


5. In connection with what was discussed before, we will finally 
give the calculation of the different maxima and minima in fig. 1, 
viz, of the points B,C, D and £, 
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From the equation of state: 


_(+48RT a 


v—b v 

it is easy to derive for 7 constant (keeping in mind that 6 = 6, + 
oe p A b): 

dp 1 ne Fn RT 08 


dv —s (vu — 8)? dv) | v—bdo | v?? 
(1+A)(—Ad) - 
i.e. with os 
v—b- 
dp 2a : se RT . ; v—b 0B 
doo —hets Cee 
But from the go (2) for a viz. in the form (written 
(1+) RT 
i for p+): 
v—b 
_ (8) a0 
Be PIES Blselt v—b 
te ORT 1-8 ar 


from which p has been eliminated, follows by logarithmical diffe- 
rentiation (7’ constant) after some reductions (see p. 36—387 loc.cit.): 
v—b B__*/,8 A—4) (1-9) 
1+f8 dv 1+ %/,8(1—8) (1—g)’ 


dg 
By substitution in the expression for =, obtained above we get now: 
v 


dp 2a ee +p) RT 1 (7) 
dv vw? — (v—b?_ 1-1/7, 8(1—A)(I—g)* 
This expression passes into the ordinary one for 8=0O and 1. 


dp 2a RT 


(It is true that for 8=1 we obtain ie wo” but a,v and 


b referring to double-molecular quantities, a= 4a’, v= 2v’, b=2b’ . 


will have to be substituted, in which the accentuated quantities now 
i ee) a Ip __ 2a’ RT 
refer to single molecular quantities. We get then To 0% ee 


as we should get. | 

Let us now first examine the points D and JF (fig. 1), There v—d 
is small, so @ large. In this we notice that the just introduced quantity 
y is the same as our former quantity g. For in (38) ete. 
pt+t'a (1-+-8) (—Ad) 


_-Ab) = SelB Bs eset SPO = 
RT ( h) = y was put, so also am y. Now p= 185 


') See also Arch, Teyler, |.c. p. 26—27. 
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for # and gy=170 for D (see § 4), so that we may write 1) B(1—A)¢ 
instead of 1 + '/, 8(1— )(1— g)* -— if namely the value of ¢ and 
1 — 8 is not too small. It will presently appear that this is not the 
case. 

So in the points D and E£ we have got by approximation: 


2a (14-8) RT 1 RT 
a: Ste) fo eae ee Be si by 1 a ei 2° 
oO a pgp iter mae 7, 80-e)(—aH 
1 
Now in JD (see fig.1) v is in the neighbourhood of 6,, whereas 
in £ the volume v is in the neighbourhood of 26,; hence if we put 
1—~f and 1+ 8=1 for D, where 8 is ‘near 0; and @=1, 
1+ 8=2 for EZ, where £ is near 1, we get by approximation (R = 2) 
oT T 
Bp = — 3) I—pe= 
b,° ea, (26,)° 
So with 7=9, a=2700, 6,=—1, 26,='/,, —Ob='/, we 
find : 


—f (AHt 


18 2 9 1 
Bp= D70050/, 7B et : 1—BE= a0 KB, O00 
So above at D we have neglected 1 by the side of cirea 
0,0133 > 170? = 400, and at EH we have neglected 1 by~ the 
side of circa 0,00083 185? — 28,5; so that the above values of 
Bp and 1—g may be considered as permissible approximations. 
It is now easy to calculate the pressure in the points D and # 


(1+8) (—Ad) 


from the equation of state. With ree = ¢ the latter becomes 
(see equation (4) and (6)): 
RT a 2700 
CT Area ae 
Hence we find: 
pe= 6700 — 10530 = — 3830, 


1 
as according to (6¢) gy = 186 and v = 0,506 corresponds to Bz =I. 


And as y= 173 and vp = 0,99 corresponds to Bp = 0,027: 
Pp = 6230 —- 2750 = 3480. 
As to the points B and C, for them B=O for 7'= 9, as we saw 
before. So there is simply : 
2a 


Pend’ 
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i.e. with 6— 6, =—1: 
if mm ieee OE 
@@-1) 
yielding vg = 298 and vc = 1,063. 

Hence from: 


we find: 
pB = 90,0606 —_0,0304 = 0,0302 
pc = 280 — 2400 = — 2120. 


So reviewing what has been said, we can account for the 
appearance of the different maxima and minima in the following way. 


eb a 
— — the term 
v—b v3 5 


In the expression p= will increase more 


rapidly than > between the points A and B, in consequence of the 
v 7 
decrease of v, so that p becomes larger. Between 6 and C, on the 


a 
other hand, the increase of — will predominate, so that p decreases. 
v 


RIE 
But beyond C, when v comes near 3, tre will again increase more 
v— 


than me and the isotherm will now ascend very rapidly. It would 
v0 


proceed to p =o (according to the original theory), but i consequence 
of the abrupt change of the value of @ between D and E from 0 
into 1, the value of ¢/,2 will increase rapidly from “/y2 to /4.2,. For 
?, where this increase of 8 has ceased, v — 0 will begin to decrease 
again from this moment, so that p can ascend indefinitely. 

Hence, when only the state of association 8 of the molecules for 
sinall volumes is taken into consideration, in connection with the 
variation of volume Ab attending it, not only the liquid state, but 
also the solid state (erystallized or not) is el controlled by 
vAN DER Waals’ equation of state. 

Further particulars, referring to the case Ad positive, to the formation 
of multiple complexes, to different modifications of the solid state, to 


‘yr 


the ratio where 7’, is the triple-point temperature, and 7’, the 


, ’ 
e 


ordinary critical temperature, etc, ete., will be discussed in a subse~ 
quent paper, 
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Physics. — “On the calculation of the pressure of a gas by the 
aid of the assumption of a canonical ensemble.” By Dr. 
Q. Postma. (Communicated by Prof. H. A. Lorentz.) 


(Communicated in the meeting of February 27, 1909). 


To the different existing methods for the derivation of the pressure 
of a gas (or the equation of the isotherm), Gress has of late added 
another, namely the method by the aid of the theory of a canonical 
ensemble. According to this method we take for the force exerted 
by a system on an external body in the direction of one of the 


; de de 
coordinates a of that body, the value — 5 the mean of rite taken 
> “@ia a 


over a canonical ensemble. Dr. Ornstein was the first to apply this 
method '). He shows that 


eat ds ri 
a=—F=-{e* a, 
da Ja 


os a 
in which y is determined by e 7 = f e di, Suppose the gas 


to be in a cylinder, closed by a piston at a height a, A repre- 

sents the pressure exercised on this piston. The pressure pro 
’ 

eM’. will be represented by p=-S and by means of this formula 

Dr, OrNsTEIN arrives at the known result. If, however, we examine 

the method somewhat more closely, we are confronted with different 

difficulties. In the first place it should be borne in mind, that if 


dé 
A= an is to denote the force exerted on the piston, the coordi- 


nates of the molecules must be thought to be constant in this diffe- 
rentiation *). Apart from the energy of gravity, the ¢ consists of four 
parts: #, =the potential energy of the repulsive forces acting between 
the walls of the vessel and the molecules, ¢, = the potential energy 
of the repulsive forces between the molecules inter se, ¢,—= the 
potential energy of the attractive forces, ¢,—= the kinetic energy. 
Only the first is a function of a, and it determines the A, which is 


1) Cf *Toepassing der Statistische Mechanica van Gress op molekulair-theoretische 
vraagstukken”. Leiden 1908. Further: ‘Calculation of the pressure of a mixture 
.of .two gases by means of Grpss’ statistical mechanics,’ These Proc. Vol. XVII, 
p. 116, and “Statistical theory of capillarity”, These Proc. Vol. XVII, p. 526. 

2) When we substitute at once V for a, there is some danger to overlook this. 
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de ds 
really — —, but which is now also represented by rie Now we 
a a 


notice that the energy of the repulsive forces is taken into account 
in the calculation of yw by simply excluding that part of the exten- 
sion where the molecules would have penetrated into the wall of 
the vessel or into each other. We may also say «, and ¢, are put 
= 0 when the molecules do not yet touch the walls, and if they 
do, put as o. 

So the «, and ¢, have a discontinuous course, and yet it is just 

i : : Berge 
on the assumption that a certain extension exists with finite oa 
a 

with respect to which it is integrated after multiplication by the 


y—e 
density ¢ 7 , that the author is based. So it is certainly desirable 
to question the validity of this method of calculation. Disregarding 
the repulsive and attractive forces between the molecules inter se, 


we have to ee 


¥ 
a J Tl To¢ 
A= = UT Sges ae é eC de a Se 
J 1 


a 
when we have RA with respect to the velocities. So also: 


A=CTe — le da, «» ss dey. 


Is it now allowed to take for this integral fi dx,...dz, integrated 


with respect to the extension limited by the walls of the vessel? 

Let us consider the simplest conceivable case of an ensemble of one 
‘ ‘, 

molecule with coordinate of height # In fig. 1 e I ig given as 

J (x). AC indicates the distance at which the molecule still repulses 

the wall. When now the piston is moved over a distance Aa, the 

line AB moves to A’B’ (with or without change of form). The limit 


AB BiA' Pe ee : 
Of cee ee represents ma be Vde. In fig. 2 the distance 


§ 
AC is reduced to 0, so that ¢, == o if «>a, and ¢, = 0 and e T=1 
if «<a. The figure ABB'A' now becomes a rectangle, which therefore 
also represents 4 extension with basis Aa. When the area of these 
two figures becomes equal with decreasing Oa, we may take 


Tr J ~~ 
J da = - be Pa! (then both =1). This is the case when in fig. 1 


Ja Ja 


ee | ee oe ae ee ee ee 
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AB is moved parallel to itself, and it is easy to see that this will 
not be the case if simply ¢,—=/(zx,a), but it will if ¢, = f(a—z2). 
This may be assumed here, so the reduction is permissible. 

When there are more molecules the reasoning continues to be 
valid if ¢,—=/f(a—a,,a—a, etc.), at least for so far as only the 
piston is considered. 

We meet with a second difficulty, if we take also ¢, and ¢, into 
account; now we may put: 


eH ¢ tee a 
ace ‘ oda — C0" fe = — dy..dty = 
a 
~4~f9~ 6 ¢ S's _atertss 
gfe fF ed Dad Ad A Pe ne fe eat eee 
da da 


Now we may take account of ¢, and «, by regulating the limits 
in accordance with them in the way discussed, and further by 


putting «, and ¢, 0 within these limits, while C —s may be put 


for ¢,. It seems, however, to me, that this method comes to this 
that for ¢, and e, not /(#,...2,) is taken, as should have been done, 


g, 
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but 7(V) or f(a), as instead of all possibilities only the most probable 
distribution is considered. When, however, ¢, and «, are f(a), the 


; Je d(s,+e,+6 
above reduction is not allowed, since there aac: (F; ae :) has 


been put. 

So it seems to me that two errors have been made in this reduction, 
which have yet made it possible for us to arrive finally at the 
correct result. First of all ¢, and ¢, have been taken constant over 


the ensemble, which would have the result that A would be the 
: O65. . 
same as if e, and «, did not exist, because A=—— is independent 
. a 


of «, and «, for a certain piase. It is just in consequence of the 


change in phase-distribution which they cause, that ¢, and ¢, have 


- 53 
influence. In the second place e 7 and e 7 should now have been 


Jd 
put as constant factors before the sign ai’ in consequence of which 
a ° 


we should, in fact, have again obtained the same value as without 
e, and «s,. At al] events I think I may be justified in calling in 
question the strictness with which the method has been applied up 
to now. 


Physiology. — “Contributions to the study of serum-anaphylaxis.” 
By Dr. J. G. Stereswisk, Foreign Member of the Pastnur 
Institute at Brussels. (224 Communication). (Communicated by 
Prof. C. H. H. Spronok). 


(Communicated in the meeting of February 27, 1909). 


To experimentally bring about the phenomenon of serum-anaphylaxis 


(Ricner) — which with other related forms of changed power of 
reaction of the organism is denoted by the general name of Allergy 
(v. Pirqvuer) — consequently at least twu serum-injections are neces- 


sary. For the first, the sensitizing injection, spores of serum are 
sufficient, whilst, however, at the end of the ineubation-stage a larger 
dose is wanted to bring about intoxication (which, however, is 
different again, according as the injection is given intraperitoneally 
resp. subcutaneously, or into the circulation resp. into the brain). 

It has of course been asked, whether these two functions, the 
sensitization and the intoxication, have to be attributed to the same 
material or to two different constituents of the serum, Now without 


; 
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entering into the detailed theoretical considerations put up with 
reference to this, I only wish to point out that in more than one 
way serum can be deprived of its toxicity for sensitized animals, 
without at the same time losing its sensitizing power. This also holds 
good especially for the fluids described in my last communication: 
serum treated with washed guineapig-blood and the filtrate of dialysed 
serum, which have both lost their toxicity for sensitized guinea pigs, 
are nevertheless able to render normal aniinals sensible to a later 
injection of horse-serum. 

The same is the case with the new method, to be described here 
after, to deprive the horseserum of his toxicity with the aid of 
bariumsulphate. Therefore this may be laid down as a general rule. 
A priori there is no doubt something to be said for the opinion 
that the sensitizing and the intoxicating principle of horse-serum are 
represented by two different substances, which apparently may be 
dissociated with the help of divers biological and physico-chemical 
processes. I myself, however, should for the present prefer to take an 
cther standpoint, and that for the following reason: taking for granted 
the fact that for the sensitizing action only traces of serum are 
required, we may safely assume that in the different methods of 
destroying the toxic serum principle so much of the active matter 
is destroyed or fixed, that intoxication can no longer be brought 
about, but that there is a sufficient quantity left to cause sensibility. 
Because (and here. we have' a parallel): for not a single immunebody, 
whose function can be made to disappear from the serum by heat, 
there exists a limit for which holds good that after a certain time 
and for a definite temperature the substance should be altogether 
destroyed. Even though we can no more prove the presence of such 
a material by a reaction in vitro, yet the curve, of which the ordinate 
represents the time and the abscis the temperature, theoretically never 
reaches zero. And such theoretical possibilities ought to be taken 
into consideration (as moreover experience has shown in heating 
horse-serum), when -— as appears from serum-sensitization — we 
can cause a biological reaction with such extremely small quantities 
of a substance. Therefore I do not see why we should in this respect 
depart from our generally accepted opinions and why we should 
not identify the sensitizing antigen with the toxical, if only we bear 
in mind that the organism reacts upon small doses otherwise than 
upon large doses. But in this communication we do not want to 
enter into a more detailed description of the theoretical part of the 
problem and we will now revert to the facts. 

The serum rendered atoxic in one of the above mentioned ways 
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has now, besides its sensitizing power, retained another quality: it 
has remained vaccinating; i.e. that sensitized guinea-pigs, treated 
with it, are already within a few hours immune against an other- 
wise mortally large dose of horse-serum not treated beforehand. Also 
fresh serum itself, in the usual toxical dose (4—5 cM*) has vaccinating 
action, but this is a two-edged sword, because in the majority of 
cases the animals are killed thereby. BrsrepKa,’) however, was able 
to prove, that already with a very small dose of serum (e.g. 
0,05 ecM*), injected into the abdomen, a sensitized animal could be 
vaccinated without showing symptoms of disease. Now this fact 
— it seems to me — may be said to be on a par with the vaccinating 
action that I found of larger doses of serum rendered atoxical, and 
at the same time it suggests the following explanation: for the 
dissensitizing (vaccinating) of an animal rendered sensitized a definite, 
very small quantity is wanted of a substance found in fresh horse- 
serum. The latter, administered at once and in larger quantity, acts 
moreover toxically (sudden dissensitization, shock); a small dose of 
serum, however, (BrSREDKA), or — as we have seen — a larger 


quantity of serum from which the greater part of this substance has — 


been eliminated, contain stil] enough of it to dissensitize gradually 
and without toxical by-actions. In passing it may be remarked here 
that for a probable practical application in the re-injection of thera- 
peutic sera only such a method is practicable, in which is obtained 
an atoxical and dissensitizing serum, which at the same time has 
retained a sufficient quantity of antitoxine-units 


Further I have asked myself whether it would be possible, in a — 


simple way to get a closer determination of the generally chemical 
nature of the antigen of anaphylaxis (by this I mean the toxical and 
vaccinating matter which I consider identical with the sensitizing 
principle). Does this material belong to the proteins or to the lipoids? 

I have tried to answer this question by means of a method which 
by Borner and the present writer in a still unfinished investigation 
about the causes of specificity is applied in the splitting of antigens 
into a soluble part and another part insoluble in absolute methyl- 
alcohol free from aceton, Now we take 5 ¢M* of horse-serum (conse- 
quently a toxical dose for sensitized guinea pigs), it is dried, rubbed 
into powder and repeatedly extracted with methyl-alcohol, The 
alcoholic extract is then, by its being taken up again into a small 
quantity of alcohol — in which the salts do not dissolve — almost 


ly) GC. R. Soc. de Biol, 23 Jan, 1909, 
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entirely freed from it. Both the extract and the residue are now, 
each in their turn, treated with 5 cM* of physiological salt-solution 
and thus reduced to the original volume. The extract yields an homo- 
geneous fatty emulsion; the residue with the water forms into a 
thick liquid, jelly-like mass’). Now the first is quite indifferent to 
sensible guinea pigs; not only is it absolutely unpoisonous, but the 
animals remain also after the injection of it as sensible to an injection 
of fresh serum as before. Meantime the part of the serum not soluble 
in alcohol, wholly injected into sensitized animals, does not give, or 
hardly gives, rise to symptoms of poisoning, but vaccinates against 
a later, in itself toxical, injection with normal serum. For this vacei- 
nation, however, very small doses of the residue, as BesrEDKA found 
them sufficient for intact serum, do not suffice. Therefore the active 
part of the serum has, through the action of the alcohol, lost together 
with its toxicity also a part of its vaccinating power. At any rate 
the proteine-nature of the antigen of anaphylaxis seems in my opinion 
to be well proved by what is said above. 

In continuation of the methods explained in my former commu- 
nication to eliminate the toxical principle of horse-serum for sensitized 
guinea pigs (fixation upon pig-blood, dialysis), | am now able to add 
to them a third process? It is based upon recent and very important 
investigations of Grnegou*). The latter proved among others, that, 
while water possesses no capacity of suspension for bariumsulphate, 
in consequence of which this powder rapidly subsides, this sedimen- 
tation changes into a dissemination in the presence of some stable 
colloids. This dissemination is based upon a molecular adhesion, a 
real adsorption of the colloid by the powder. To the colloidal solu- 
tions that show this quality, belongs among others the serum. From 
an oral communication of Grencou which has not yet been published 
it further appeared to me that this investigator had succeeded, by 
contact of fresh serum with BaSQ, in salt-solution, in depriving this 
serum of its alexine. This led me to try if perhaps also the toxical 
principle of horse-serum would be absorbed by this powder. It really 
appeared to be the case. For this purpose is used a suspension of 
bariumsulphate in physiological salt-solution containing about 70 m.gr. 
BaSO, per 1 cM*. Three parts of this (or the sediment of it) are 
treated with 1 part of serum. If, however, instead of physiological salt- 
solution, distilled water is taken as vehicle for bariumsulphate — or 
the dry powder, when there is no salt-solution — then the serum 


1) Neither is able to fix alexine in vitro, in the presence of anaphylactic pig serum. 


®) “Contribution a l'étude de l’adhésion moléculaire et de son intervention dans 
divers phénoménes biologiques.” Arch. internat. de Physiol. 1908, Vol. VIL, 
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remains toxical. The presence of NaCl-solution is therefore necessary, 


though a very small quantity (some tenths of 1 ¢M®* to the 5cM?*- 


serum) appears to be sufficient. Some titrations of diphtheria-serum 
treated thus, tavrght me already that the quantity of antitoxines 
decreases thereby only to a very low percentage. (Conversely, barium- 
sulphate, which as a dry powder leaves the anaphylactic powder 
intact, is able, in this same form, to fix the antitoxines). So where 


the serum-principle, toxic to hypersensible individuals, and the anti-_ 


toxical power of antidiptheria-serum can be dissociated according to 
this process, it seems to me that a priori a practical application 


thereof is not impossible. It is a purely technical probiem to we 


out these data more closely. 

About the reactions of immunity, which are enacted in the hy per- 
sensible organism, I hope to be able to give further information on 
a following occasion. 


Mathematics. — “Continuous one-one transformations of surfaces 
in themselves.” By Mr. L. E. J. Brouwer. (Communicated 
Prof. D. J. Korrrewesc). 


' 
(Communicated in the meeting of February 27, 1909). 


We shall treat in this paper an arbitrary surface, which in the 
sense of analysis situs is equivalent to a sphere, i. 0. w. which isa 
continuous one-one image of a sphere. We shall submit that surface 
to an entirely arbitrary continuous one-one transformation in itself 
and we shall investigate whether this is possible without at least 
one point remaining in its place. 

To simplify we shall consider a continuous one-one image. of the 
surface in a Cartesian plane; the infinity of it then of course forms 
an exception, because there the continuity of the correspondence 
is disturbed, and because it must answer as a whole to a single 
point; for that point we choose a “ange not remaining invariant in 
the transformation. 

In the Cartesian plane we indicate the points of the untransformed 
figure by letters without a dash, the corresponding point of the 
transformed figure by equal letters with a dash. In particular we 
shall indicate infinity by 7 and XK’, 

We now construct in the untransformed figure the system of the 
circles around A as their centre. These closed curves & lie outside 
each other, expand from K to H and to each of those curves there 
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is uniform convergence’) by the preceding ones as well as by the 
succeeding ones. 

In the transformed figure to this answers a system of single closed 
curves *) k’, which, lying inside each other, contract from XK’ to H’, 
whilst there is again uniform convergence to each of the curves &’ 
by the preceding ones as well as by the succeeding ones. 

Let us now regard, starting from A and stopping in H, each curve 
k, together with the corresponding curve &’,; here a@ represents the 
radius of the circle &,. 

We shall assume that the transformation in the surface leaves the 
indicatrix invariant; then in & and &’ opposite senses of circuit 
correspond to each other. 

For values of « under a certain limit «, the curve & lies inside 
k’; beyond a certain value « however the curve £’ lies continually 
inside &. Between a, and @, there can be values for which the inner 
domains of & and &’ lie entirely outside each other; these then have 
an upper limit @,, situated between a, and «,. 

Between a certain nethermost limit «@, (which with @, existing 
coincides with «,, otherwise with «,) and an upper limit a,, the 
curves / and k’ must continually penetrate each other. 

If «, and a@, coincide, &,, and k’,, do so too, and, opposite senses 
of circuit corresponding for the transformation on this curve, we 
find two points invariant for the transformation. 

We now assume that a, and «, do not coincide. Then &,, and 
k’,, touch each other in one or more points or ares, without pene- 
trating each other, whilst for the rest they lie either outside each 
other, or k,, lies entirely inside 4’,,. In the former case one domain 
is determined lying outside /,, and inside £’z,, in the latter case one 
or more domains. 

We can now choose among the domains determined by k, and 
k', in the following way for a certain segment of values a, starting 
at a, and stopping at ay, every time a domain y, lying outside 
k, and inside £’,, in such a way, that to the boundary of each yz 
inside there is uniform convergence by the boundaries of the succeeding 
y.8, so that the domain y, continually contracts until at ay it vanishes 
and its boundary is reduced to a point or are of single curve. 

To this end we choose in y,, an arbitrary point, and fartheron 
we choose y, in such a way that this point lies inside it; this will 
be possible up to a certain value a’; we then stop at '/, (a, + a’) =a". 
Next we choose inside the domain y,”, determined: in this way, an 


1) Scnoenrus, Jahresber. d. D. M. V. XV, p. 560. 
2) id., Mathem. Ann. 62, p. 300. 
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arbitrary point and for values of a, consecutive to a”, we determine 
y. in such a way, that the latter point lies inside it; if this is 
possible up to y®, we stop at '/,(a”-+ a®) = a, and we continue 
this process in the same way until it leads after a denumerable 
number of steps to an end. 

This series of y,’s can in general be chosen in different ways; 
the value ay, where it ends, lies then either before a,, or it coin- 
cides with a,. 

We shall now investigate such a series of domains y, more closely 
and we shall suppose that from-e, as far as and inclusive of e@, no 
invariant point is situated on the curve &, resp. k’'z. 

If we describe the boundary of a domain y, in opposite direction 
of the hands we find it consisting alternately of arcs and points 
belonging to both &, and to #’, and which we shall call dividing 
arcs (which are of course closed sets of points) resp. dividing points, 
of ares belonging only to & (being not closed sets of points) which 
we shall call inner arcs of kz, and of curves belonging only to k',, 
which we shall call znner arcs of k',. To the above mentioned circuit 
of y. corresponds an order of succession of the inner ares of k,, 
belonging to a circuit of 4, with the hands, and an order of succes- 
sion of the inner ares of £',, belonging to a circuit of £', in opposite 
direction of the hands. 

The part of /, resp. X’,, not belonging to the dividing ares, dividing 


fF? 
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points, and inner ares, consists of arcs (not closed sets of points), 
which we shall call outer arcs of kz resp. k',. Between the end- 
points of an inner are of /, runs an outer are of £',, and inversely. 

Each inner are of &, encloses with the corresponding outer are 
of k', a domain lying inside /, and inside k',, thus outside yz. 

Each -inner are of s', encloses with the corresponding outer are 
of k, a domain lying outside 2 and outside X',, thus likewise 
outside y,. To this however one inner are of 4’, forms an exception: 
it encloses with the corresponding outer arc of 4: a domain con- 
taining the inner domain of &, and also the domain yz. 

We shall now run along the boundary of y. in opposite direction 
of the hands, starting somewhere on that special inner are of 2: in 
this way the row of dividing points and dividing ares, or, as we shall 
eall it, the row of elements of y. gets a first and a last element. 

Accordingly in fig. 1. (which is special in as far as the elements 
appear only as dividing points and only in finite number) the elements 
are numbered from 1 to 8. 

We look upon all those dividing points and dividing arcs as 
elements of i, and we determine their images on 4’. After that we 
suppose each outer are to be laid along the corresponding inner are 
by a continuous One-one representation ; in this way all the images 
of the elements of y find their places on its boundary and we inves- 
tigate for each element of y., whether when describing the boundary of 
y. in the opposite direction of the hands we find it gaining or losing 
on its image on 4’,*). (That a dividing are as a whole gains or as 
a whole loses, follows from the absence of an invariant point). To 
an element of the first species we assign the sign d; to one of the 
second ‘species the sign p. These signs are unequivocally determined, 
except in the case, that all the elements should have to have the 
same sign, for which we can then take either p or d. 

We divide this row of elements into a succession of groups as 
extensive as possible, containing each only equal signs ; then before 
the first and after the last element of each group &, and kX’, lie out-. 
side each other during ares, whose extension does not fall below a 
certain minimum. 

If such a group lies between two inner arcs of the same curve, 

1) True, the difference in argument between an element and its image is deter- © 
mined only save an entire number of circuits; however a fixed choice for one 
of the elements includes a fixed choice for all. We can arrange that difference 
to be for all elements in absolute value smaller than a circuit; this is possible 
either in one or in fwo ways. In the first case is determined unequivocally, which 


elements gain on their images and which lose. In the second case they may be 
regarded arbitrarily as all gaining or as all losing on their images. 


. 
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we call it an even group, and we represent it by two signs; if it 
lies between two inner ares of different curves, we call it an odd 
group, which we represent by one sign. 

The number of the groups must of necessity be finite; thus be- 
longs to each « a row of signs containing an even number of signs 
p or d, of which not more than two equal ones follow on each other. 

Let us now first consider a value e,, for which the curve k',, possesses 
in the immediate vicinity of each of the dividing points and dividing 
ares points on both sides of &,,. On either side of such a value a, 
there is a segment of values—of @, to each of which belongs the 
same row of signs as to @,. For when e«-converges to a,, the 
corresponding set of dividing points and dividing arcs converges 
uniformly to the whole set of elements belonging to a,. 

Let us next regard values a,, where 

y} in the immediate. vicinity of the 

o elements which do not possess the 
just-mentioned property, the boundary — 


Mbeya HOY of y., belongs exclusively to k,, or 
h-- N ' exclusively to &',, (see fig. 2). For 
: Ve values a differing sufficiently little 

/ from that «@, the corresponding set of 

Fig. 2. elements uniformly differs indefinitely 


little from a part of the set of elements corresponding to @, (which 
part can be different for different «’s). However, in such a part 
only even groups can be non-represented, and farther even groups 
belonging to that part are approximated by even groups and odd 
ones by odd ones. . 

Thus for the two regarded species of values a, within a certain 
vicinity each row of signs is obtained out of the row of a, by 
suppression of a certain number of pairs of equal successive signs. 

We shall now understand by the reduced row of a given row of 
signs that one, which is obtained out of it by checking off a pair 
of equal successive signs, and repeating this process, until it is no 
longer possible. ') ; 

Thus eg. of pdpdd pal pp 
the reduced row of signs is p. 


1) That this reduced row of signs is determined unequivocally is evident e.g. as 
follows: Let in a plane with rectangular system of coordinates p mean: semi- 
revolution about the point (4+-1,0), and d:; semi-revolution about the point 
(— 1,0), and let an arbitrary row of signs represent the product of the opera- 
tions indicated by the sigus. Different reduced rows of sign then furnish different 
results, and an arbitrary row of signs is equivalent to ils reduced one. 


A aa 
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We can now resume our results concerning the two regarded 
species of values a, as follows: 

For each of these values a, the reduced row of signs is invariant 
within a certain vicinity. 

We have now still to investigate a third species of values a,, 
namely those for which dividing points appear, in whose immediate 
vicinity &,, and ’',, do not intersect each other, whilst the boundary 
of y., belongs on one side of that dividing point to /,,, on the other 
side to X',, . 

Such a dividing point may be endpoint of a recurrent are, i. e. of 
an are along which k,, and /’,, coincide, but in a direction, which 
corresponds for one of the two, but not for the other, to the sense of 
circuit of yz, . : 

We shall now confine ourselves first to such values a, of the 
third species, as for all dividing points characterizing them as such 
possess that recurrent are, and that in such a manner that in the 
immediate vicinity of it &,, and &',, come on either side of each 
other (comp. fig. 3, where PQ is the recurrent are and to the 

left of P the curves &,, and k',, can 

‘ be supposed to wind an_ infinite 

§ number of times round about each 
. ‘ other, when approaching to P). 


? \ fe For values a differing sufficiently 
ot little from a, the corresponding set -of 
Ni elements uniformly differs indefinitely 
4, little from the sum of a part (with 


the same properties as for values a, 

Fig. 3. of the second species) of the set of 

elements corresponding to @, and a part of the recurrent arc. On account 

of the absence of an invariant point on that are here again the 

reduced row of signs must within a certain vicinity of «, be the 
same as that of «,. 

There remain still the values «, of the third 
species having dividing points characterizing them 
as such, which either possess no recurrent arc, 
or such a one that in its immediate vicinity the 
; 7s, curves k,, and k',, lie only on one side of 
ger4 each other (See fig. 4). 

/ | We here see clearly, that the proof for the 
vA s invariability of the reduced row of signs does 

° 

4 


t 


hold for a segment -of values @ following on 
a,, but not for one preceding a@,. 
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We can however regard in this case of exception the domain yz, 


as belonging to a set of domains G,,, whose character is that of a 


domain yz, not being in that case of exception, on whose boundary 
in one or more points or arcs an inner arc of £, and an inner are 
of X, touch each other without intersecting each other. An example 
is given in fig. 5, where y., with y',, and y’., composes the indicated 
set of domains G‘,,. 


4, 
Fig. 5. 


In the same way as for a domain y, we can define for a G, the 
row of signs and the reduced row of signs. 

For values of @ preceding «, and converging to @, the boundary 
of y, converges uniformly to that of G,, and Sor a certain segment 
of values a preceding a, the reduced row of signs of Ya is the same 
as that corresponding to Gz. 

The end we have in view is to prove that we can choose the 
successive domains y, in such a way, that for not one of those domains 
the reduced row of signs becomes p d. 

If k,, and #,, strike against each other on their outside, then we 
have for y,, only one choice, for which the row of signs is pp 
(or dd) and the reduced row of signs zero, thus not pd. 

If k,, lies entirely on or inside /’,,, then there is among the choices 
possible for y,, certainly one whose row of signs is either pp 
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or dp, and the reduced row of signs either zero or dp, so again 
not pd. 

We can thus at all events take care that for y., the reduced row 
of signs is not pd. 

We now continue the succession of y.’s in an arbitrary way accord- 
ing to the method given above, until after a certain finite segment 
of values «@ a first a appears, for which the reduced row of signs 
changes. Then we have certainly there a value @ which is in the case 
of exception, and which we call a,,. We there have a G,, , which 


breaks up into a set of domains Ya, , and with each of these we 


may continue the succession of the y,’s. We know that the reduced row 
of signs of Ga, is not pd, and we shall show how from this ensues 
1 ’ 


that for at least one of the Ya, ’s the reduced row of signs is not p d. 


As a breaking up of G, into several y.'s by contact points or 
contact arcs can always be reduced to divisions into two y,’s by 
contact in a single point, we have but to show that if in the latter 
case the two composing domains y, possess the reduced row of signs 
pd, G, must also have that same reduced row of signs. 

Let to that end in fig. 6 R be the point of contact which makes 
the division; let / be the composing domain whose boundary with 
the assumed sense of circuit passes in R from k, to kz; then in JJ 
it passes in # from &', to ky. 

On the boundary of J two elements P, and P, can now be indi- 
cated, whose images on k', lie between P, and P,. 


Fig. 6. 


_ Likewise on the boundary of // we can choose two elements Q, 
and Q, whose images on £’, lie between Q, and Q,. 
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The element P, cannot coincide with R; for then it would be 


evident when describing the boundary of G, as a whole, that all the 
elements of JJ had their images on #’, on the same outer are of JJ. 
Neither can Q, coincide with R. 
Now the image of R lies on k', between P, and Q,, thus within 


the are P, R as well as within the are RQ, of kL. So R gets for - 


the domain / the sign d and for the domain // the sign p. 

We must now distinguish three cases: the special inner are of k'z 
namely appears as such either in J or in J/ or (if it contains R) 
in neither of the two. We shall continue the proof only for the 
first case; the other two can be treated analogously. 

By the point R the row of signs of G, is broken up into three 


successive parts, which we shall call eg, o and tr; then 7 row of 


signs of I becomes 


o dt, 
and that of II 


p 6. 

The reduction of the row of signs of II, ie. of po, having to 
give pd, the reduction of o must give d. 

Thus by substituting in an arbitrary row of signs a o for a d, 
its reduced row of signs remains unchanged. 

However, pd being the reduction of the row of signs of I. i.e. of 
edt, it is also the reduction of gor, ie. of the row of signs of 
G,, the property which we had to demonstrate. 

So we can choose Ya, in such a way, that its reduced row of 


- signs is not pd, and, starting from that, we can continue the succession 
of y.’s arbitrarily until in this way after a certain segment of values 
@ the row of signs would change for the first time for «,,. However, 


we can then again choose Ya, in such a way that its row of signs - 


is not pd, and we can keep going on in this way. If an ay, is 


reached as the limit of the a@,’s, then if the case of exception appears 
also for that, it can be treated similarly; we can choose Ya, thus, 
0) 


that its reduced row of signs is not pd, and we can continue the 
succession of y,’s with this property till a value q, 41 is reached, 


The whole set of a,’s must, however, be denumerable, and finally 
ap i8 reached with a Ya,» Whose reduced row of signs is not 


pd, thus whose row of signs itself is not pd. 
On the other hand: of ay, on whose boundary lies no invariant 


\ ee 

Clr, 

“ ain 
aot 
2 
jul 


( 797 ) 


? 


point, the row of signs must precisely be pd. Thus the assumption, that 
from «, up to and inclusive of ef no invariant point appears, leads 
to an inconsistency, and we have proved: 

Turorem 1. A continuous one-one transformation in itself with 
invariant indicatrix of a singly connected, twosided, closed surface 
possesses at least one invariant point. 

The above given proof fails for a transformation with inversion 
of the indicatrix; on the contrary, according to that proof we can 
show how such transformations may easily be constructed without 
invariant point. 

For then the curves &, and k, have the same sense of circuit, 
and with the aid of a method of representation of SCHOENFLIEs *) 
we can arrange them to possess for all values @ between @, and 
a, only two points of intersection whilst originally &,, lies inside 
k',,. Let us now regard the part of the boundary of y. belonging 
to k,, then fig. 7 shows how the image of that are can begin to 


1) Mathem, Ann. 62, p. 319—324. 
54 
Proceedings Royal Acad. Amsterdam. Vol. XI. 
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have its endpoints on the boundary of y,, but how it can lateron 
withdraw its endpoints from that boundary and fartheron remain 
entirely outside it, without an invariant point having to appear. 

We thus formulate: 

THrorEM 2. A continuous one-one transformation in itself with 
inversion of the indicatrix of a singly connected, twosided, closed 
surface does not necessarily leave a point variant’). 

An elementary special case of theorems 1 and 2 is furnished 
by a sphere in ordinary space, having always two invariant points 
for congruent transformations ~in itself, but not necessarily one for 
symmetric transformations in itself. 

In the formulation of theorem 1 the restriction implied in the word 
closed is not superfluous; for, an ordinary Cartesian plane has in an 
arbitrary translation a continuous one-one transformation in itself 
with invariant indicatrix, without an invariant point. 


Neither is superfluous the condition of single connection; for 


the ordinary tore of Euclidean space has in an arbitrary rotation 
about its axis a continuous one-one transformation in itself with 
invariant indicatrix without an invariant point. . 

The restriction of twosidedness, however, can be cancelled. 

We can, namely, bring the points of a onesided, singly connected, 
closed surface into a continuous one-two correspondence with those 
of a twosided one; to an indicatrix on the onesided surface then 
correspond two opposite indicatrices on the twosided one. On the 
ground of such a correspondence answer to a continuous one-one 
transformation in itself of the onesided surface two such transfor- 
mations in itself of the twosided one, so that for one of them the 
indicatrix remains invariant, whilst it is inverted for the other one. 


As for the former at least one point remains invariant, for both 


at least one pair of points and for the transformation of the 
onesided surface at least one point remains invariant. 

As farthermore for that transformation of that onesided surface 
we cannot speak of remaining invariant or inversion of the indica- 
trix, we can formulate: 

Tuvorym 38. A continuous one-one transformation in itself of a 
singly connected, onesided, closed surface leaves at least one point 
invariant. 

An elementary special case of theorem 3 we find in an arbitrary 
plane, 1 real- “projec tive transformation having at least one invariant point. 


1) For a closed line of theorems 1 and 2 exactly the contrary holds: here a 
transformation with invariant indicatrix can exist without an invariant point; but 
with inverted indicatrix such a transformation is impossible. 
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Physics. — “On the course of the isobars for binary systems LI.” 
By Prof. Pu. Konnstamm. (Communicated by Prof. J. D. van 
DER WAALS). 


(Communicated in the meeting of February 27, 1909). 


8. The point e=2,, v=0, the signification of which for the 
d, d 
course of the lines = =0 and = = 0 we set forth in the preceding 
v & 
paper (These Proc. 599), is also an exceptional point for the isobars 
themselves. If we approach this point along the line « = z,, coming from 
large volumes, the pressure is first zero, ascends then to a maximum, 
at least for positive a, after which it passes again through zero, and 
continues to descend to — o, as appears easily from the formula 
MRT 
_ = If, on the other hand, we arrive at the point «= «,, 


v 
v =O along the line v= 4, we find for the pressure the value + o. 
Also all the intermediate isobars pass through a See appears 


db 1 db d?v ; 
when we substitute 6 = Pe e+ Fe 7 and v = ia), 


in the equation for the isobar, so assuming the “ot s= a pple 
ee d db 
as origin of coordinates. If further we put Bs we get, 
dz}, da 
disregarding the higher powers: 
Seek, a ee a 


go EN 


and so, however small x be taken, we can find a point for every 
value of p satisfying the equation. When a is positive the condition 


so that the isobar touches »= 6, and 


ae db dv 
for this is that Birger 


dv_ d*b 
further 5 eZ so the isobar has a smaller radius of curvature than 


v=, and so has greater volume with equal «. 

9. What was said in 7 and 5 enables us to indicate the course 
of the isobars in the neighbourhood of «= .,, v= 0. Coming from 
the said point and touching there v= 0 (and so also - = 0) an 

v 


isobar for a high negative value of p will soon intersect the line 
54* 
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d, d, 
- = 0. For as was proved in 5, = 0 lies here at smaller volumes 
v v 


d d . 
than - = 0, and so in the region where is positive. The line 
L & 


d Si ‘ 
= =O gives the minimum value of the pressure for every definite 
& 

x, and so this minimum value becomes constantly higher towards the 
right, or in other words an isobar of a certain negative value of p 


cannot penetrate further to the right than that a, for which this 


d. d. 
value is reached on - =0. At the intersection with = = Othe 
v a 


isobar is // the z-axis,. and afterwards it reaches the line «= a,. 


The course outside this quadrant has no physical sign:ficance. So we 


get a course as fig. 10 presents for an isobar very close to 7=2,. 


Fig. 10. 


But not all the isobars originating from «= .2,, v =O will present 
this course. The question, however, what the shape of the others is, 
and where the limit lies between the different kinds, can only be 
discussed when we have gained a complete survey of the points of 


d d 
intersection of = = 0 and = =0, also of those lying at a great 
v 
distance, 


10. The results obtained up to now are pretty well independent 
of the question whether 4 is a linear, or a quadratic function of 
x, but now we must distinguish between these two suppositions. 
For it is clear that for points lying considerably to the right many 


7 a 6 ie Bi ri 
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quantities will get an entirely different value depending on whether 
b increases with z or with 2’. Thus the critical temperature becomes 
infinite in the first case, in the second it approaches a finite amount, 
the critical pressure becomes finite in the first case, zero in the 
d Ad. 
second, and also the situation of = =0 with respect to — =0 
es v r] 
is quite different in one case from that in the other. For if we 
substitute in the equation: 


dp MRT 2a 


ok ag dv (vu—by wv 


d 
the value of v—4, as it holds for - = 0, we get: 


da 
dz 


F (v= 


v 


Now we may put a, z* for a for very great value of «, 2a,x for 


da 


db 
a’ and 26,2 or 6, for = depending on whether we assume the 


quadratic or the linear form for 6. In the latter case: 


d d 
SO positive, so that ~ = 0 is found in the region where 4 is negative. 
v 
In the former case we get: 


a, (v—2b,2' 


po Fo=— =) 


d, d. 
_ so that = = 0 is found in the region were = is negative (the stable 
” 


region of the mixtures taken as homogeneous) only if v > 2h, which 
according to the known properties of the isotherm comes to the 


a ae : as d : 
same thing as that the pressure in the minimum (F = ) is positive, 
v 


27 
or the temperature higher than ea of the critical temperature. 
li. Let us for the present confine ourselves to the supposition of 


a quadratic function. So in the case which is still under considera- 
tion that there is minimum critical temperature and yet a*,, > a,a,, 
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d d, eerie 
no point of intersection of “P —0 and © —0 will oceur for very 
wv v 


low temperature in the region on the right of «,. For, as VAN DER 
Waats has demonstrated (These Proc. June 1908) for such a point 
of intersection the equations 


da | ats ) 
wat = 2 Ag eo 
bv v db db 
: as aa 
(1) 
db 
2a — 
dx 
i ea 
da 7 / 
dex ! 


hold, so for very low temperature a point of intersection is only 


5 d 
possible in the neighbourhood of an 2, where either “—0 or the 
. & 


critical pressure is stationary. Both these possibilities, however are 
not realised here, for as we shall show later on, a minimum critical 
temperature at the same time with a?,, > a,a, is only possible for 
a relative position of the lines a@ and 6 as indicated in fig. 11, i. e. 


Fig. 11. 


da db 
the point a, on the left of 6, and med on the right of 7, = 0. 


Now for 4, and 4, the eritical pressure is infinite, for a, and a, it 


( 803 ) 


is zero; also for «—=-+ wand a —=— om. The equation p, = = being 


of the fourth degree in z, no more than 4 values of w can ever be 
found for a certain value of py. So no maximum or minimum of 
the critical pressure can occur on the right of 4,. 

Here we interrupt the train of our reasoning for a moment, to 
show that in the case considered a minimum critical temperature 
must occur. As the equation: 

da . db 
dT, = da . daz 

roe eee * 
gives an equation of the third degree, we might expect that 3 values 
of « which make 7, stationary, could be found for every system in 
the complete diagram of isobars. But as for very great values of « 
always be aah’, one root appears always to lie at 
infinity, and there are at most two roots for finite 7 One of them 


= 0 


lies between a, and a,, where 7; becomes = 0, the other lies on 


the right of 5,. For in our case we may write the equation for 
a and b: 


a= a, (#—~2,)* —a, b=b,2* — b, 
80 
db 
a = 80, (4 — #) a. = 2, #- 
dT; da db 


one has the sign of eg fem and so of: 


2a, b, #* (a — w,) — 2a, b, «(x — z,)*? = 2a, b, a* «, — 2a, b, x2’, 
80 is positive for high values of 2, which proves the presence 


of a minimum critical temperature’ in connection with the value 
+o for d=—0. 


12. Let us now return to our diagram of isobars. We can now 
represent it fully for low temperatures, now that we have seen 
that there will be no intersection of =0 and ® 9 in this case. 
We have only to add the observation that the value of the pressure 
on the line * —0 approaches indefinitely to zero for very great 
value of a, however small the value of 7 is, if only not quite zero. 
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MRI 

v— 
this that all the negative isobars starting from the point z= ~.,, 
v=O will have the shape we indicated before. The line p=O will 


For 


. - . . a ° . r L 
is in inverse ratio to xz, and — to 2°. So it follows from 
v 


d 
intersect the line = = 0 at infinite distance. To this isobar, however, 
Uv 


also the branch belongs starting from the point »—0O on the line 
«= x,, and also the line v=o. For a positive pressure the isobar 
consists of two separate branches. One of them, starting from the 
point a= .2,, v =O remains confined to smaller volumes than p = 0, 
the other starting from a point on the line «= a,, arrives some- 


d 
where on the vapour branch of = =0, with ascending value of v 
v : : 


and 2, has a tangent there parallel to the v-axis, and returns again 
to the line «= .wz,, now on the other side of the maximum pressure. — 


So we get fig..10 for the complete course of the isobars. 


13. How will this figure be modified with increase of temperature. 
dae ay iy 

Let us consider the temperature which 8 of the minimum critical 

temperature. From equation (1) on page 802 follows that we may expect 


, 27 
a point of intersection at a volume v= 2) and a temperature Ty 


ras ay db da 
for the mixture with minimum critical temperature { where a— = 6 — 


dx day’ 

_ ap ; . dp 3 

The line ate 0 lying at smaller volumes than the line aor 0 for 
v wv 


very great values of «, as we saw in 10, there must be another 
point of intersection more to the right. It is clear that these points 
of intersection have arisen by a contact of = and? = 0, and 
that the two points of intersection have moved from this point of 
contact in opposite direction. For as the equations for the points of 
intersection are of the first degree with respect to 7’ and », it is 
not possible that two points of intersection lying beside each other 
move in the same direction; for then we should find different values 
of 7 for the same value of a. In the point of intersection lying 
most to the left the pressure is 0, from which it already follows 
that there must be another point of intersection; for the pressure 
finally verging again to zero towards the right, there must be a 
point between where the pressure has reached its lowest value on 


7 : : <f ‘ “ “n bee ico ; . 
a ee es a ee - 2 - a oe E 
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the line 20, So this point is really a minimum of pressure. Now 
v 


the diagram of isobars has changed in this (fig. 12) that a loop-line 


dp-0 


+ ttH+H+ tere 
hee? TPO Peeing 
“Fre 
eeey 


. 
. 
ee. 


has made its appearance, as we see immediately from the fact that 
the direction of the tangent of the isobar p= 0, passing through the 


d d 
point of intersection of = = 0 and : = 0 becomes indeterminate 
v & 


in this point. The two branches of this loop-line start, of course, 


one from the point «—2,, v =O, the other from the point on the 


line «=.2,, where p=0O. They pursue their course through the 


double point towards infinity, just as the branches of p=O in 


figure 10. Now too, the positive isobars have the same course as 
indicated there. The negative isobars, however, at least part of them, 


have broken up into two parts, a branch on the left of the mixture 
with minimum critical temperature, which has again the same course 


eon as in fig. 10, and a branch on its right, forming a closed curve round 


= foyer , . . ° d, d - : 
the second point of intersection of =, = O and" =0. Only for isobars 
ba & v 


for a larger negative value than that in the last-mentioned point 
there exists only one branch. 

Tt is clear what will be the course for intermediate temperatures. 
It follows then again from the given equation that the pressure will 


be negative in the double point lying then at a value of x where 


db 
0 ae a. So we have a loop-line, which itself runs again as a 
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d, d, 
closed line round the second point of intersection of - = 0 and - aod 
x Uv 


PO ye Tene ae 


27 
14. At a temperature higher than re of the minimum critical . 
temperature, there is positive pressure in the double point. For a 
the double point continually proceeds in the same direction; so 9 
da | 3 
b— es 
a elses constantly decreases during this movement and now the 4 
a— ‘ : a 
dae “a 
expression : F 
4% 5 dan * a 
MRT 27 dex : de 27 (5 Y 
pence ag OIE fees Cais — ae Teal | =n 
MRT; 8 db db 8 
a— 2a — 
dx | daz 
é 2 
has a value 0 for n=O and n= 2, a maximum for n=~—; 


3 
Ss si 2 
tween n= 1 (the 2 of the minimum critical temperature) and x ce 


‘ 


1 
the righthand member is, therefore, greater than z and so T > 55h 


2 
so that the pressure in the double point is positive. For = 


double point lies exactly at 7’= 7; or v= 38, so in the point of 


d ; 
“P —0 where this line, which then has split up, has its tangent 
v 


//v-axis. At still higher temperature the double point of p gets on 


d, 
the vapour branch of = 0, and disappears at the temperature at 
v 7K 
da 
which —— MRT — for «=a,, as is indicated in fig. 9. So long as a 
v i 


the double point continues to lie on the liquid branch, that branch 
of the isobar, which comes from w= .«,,v = 0, passes through the 


double point, meets the vapour-branch of 7 =0 at larger x, where 
its tangent becomes // v-axis, and then runs back to a point of the 
line «=~, for greater value of v than that of the maximum pressure 
on the straight line mentioned. The other branch of the loop-isobar 
comes from a point of this line with smaller pressure than the 
maximum pressure, and having passed the double point it remains at 
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dp 


4 smaller volumes than Sige 0. The course of the other isobars only 


av 


: undergoes modification as regards the isobars which intersect the line 
e = = 0 on the right of the double point. Near the double point posi- 


a tive isobars are found at this temperature. They come from a point 
on the line «= 2, at larger volume than the largest that the loop-isobar 


has in common with this line. They are // v-axis on the vapour 


as: d 
branch of = 0, then they run back to smaller 2, they are again 


v 


a d d 
_ // v-axis on the liquid branch of - =0, and // a-axis on = = 6, 
5 v 


~ after which they proceed towards infinity between the last-mentioned 
line and the loop-isobar. So we have again got isobars here as in 


the rigthand part of Van par Waats’ diagram of isobars (Fig. 18). 


Fig. 13. 


dp 


.. When we ascend above the critical temperature, so that = = 0 


v 
breaks up into a righthand part and into a lefthand part, this involves 
only that part of the isobars no longer possess the retrograde portion, 


: nae Sr 
because the two points of intersection with = = 0 have coincided, 
v 


and then have become imaginary. The last isobar which has the 
shape described here, is that for p= 0, the line at infinity included. 


It then runs from the line «=, to the vapour branch of Po 
° : v 
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on the extreme right side of the figure, returns to a point on the 


d d | 
liquid branch of r= 0, and then intersects = =0 The negative ~ 
© 


av 
isobars, which have their point of intersection with the liquid branch of 


d, 
= 0 still further to the right, again form closed rings round 
v ; 


; ‘ d, d 
the second point of intersection of = = 0 and = 0. These closed 
v & 
rings do not disappear until the temperature has been raised so 
27a, + a, -— 2a,, | 


high that the value — has been reached, which may 


$2 b, +6, — 2b,, 
take place either above the minimum critical temperature of the 
system or not above it, in the first case again either at higher tem- 
perature or not at higher temperature than that at which the point 


: d, d ; ; am 
of intersection of = 0 and = 0 has shifted from the liquid — 


Vv & 
branch to the vapour branch. So different combinations may 
present themselves, which, however, do not differ in essential points, 
and which the reader can easily imagine for himself. 


15. At temperatures at which the double point lies on the vapour. 


branch, the loop-isobar, starting from v=0,2= a, passes first 
through the liquid branch of -= 0, where its direction is // v-axis, 
v 


then through the double point, after which it reaches the line z= a. 
The second branch of the loop-isobar comes from the line z= a, 
and after having passed through the double point, it pursues its 


d d 
course always at smaller volumes than = = 0 and = = 0. In the 
v " v 


isobars with higher value of the pressure only this change has come 


that now a retrograde part appears in the branch at the small 


volumes for a number of isobars, whereas part of the isobars with 
lower value than the loop-isobar fail to have the retrograde portion 
in the branch starting from the line «= a,. They do not get it 
until the value of the pressure has fallen so low that the righthand 

P a, + a, — 2a, 


eek of 2 =x) las teiee ted. Wl the temperature 
p f= is intersected. 1en the peratur ; 3 ee 


1 
has been reached, this part of = = 0 has vanished, and so also the 
v 


retrogression of all these isobars. (fig. 14). 
The last modification which our diagram may finally undergo, is 
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da 
when the temperature at which = MRT - for «= a,, is reached. 


Our diagram then passes into the usual one, when this is drawn 
above the critical temperature, and as we have now to deal with 
the case of fig. 9, into the usual figure after the intersection of 


Fig. 14. 
dp dp 
— —0 ——0 , 
qs and re has disappeared 


16. Now the course of the isobars for the case that a minimum 
critical temperature occurs at the same time with a,,? > a,a, is 
completely determined. Only this complication might possibly be 
met with — I have at least not succeeded in proving that it is 


d, 
impossible — that besides the discussed contact of s = 0 and 
v0 


 =0, by which two points of intersection arise, another contact 


is found. As we saw before the points of contact which then arise 


will again have to move to opposite sides. Of the four points of 
‘intersection which there are in this case, the two inner ones will 


again coincide at still higher themperatnre, and give rise to contact. So 
the difference is confined to the region between the two temperatures 
of contact, and it has only influence on part of the isobars at 
small volumes. Thus of the series of isobars which pass round the 


; ; ae d, 
point with minimum pressure on = = 0 as closed curves, there will 
; v 
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e.g. be one which assumes the shape of a o, and the isobars of 


still smaller value of p will have broken up into two branches 
each closed in itself (apart from the closed portion starting from 


#2=x,, v=0). C and D (fig. 15) are then the points of intersection 
which have newly appeared; the complication vanishes again in 


N 


Fig. 15. 


consequence of the coincidence of B and C. If the second point of % 
contact should arise on the left of the point of intersection lying — 
to the extreme left instead of on the right of Ba similar result would — 


be met with. 


17. At first sight the diagrams of isobars obtained above seem to ; 
deviate considerably from the figure given by van per Waats. This _ 


d, Oy 

is of course partly due to the different course of - = 0. PartlyyS 
F} 1. 

however, also to the fact that the figure loc. cit. only holds for 
27 i 

temperatures, lying between 35 of the critical temperature and the 


critical temperature itself. Therefore we find the closest resemblance 4 
with the figure loc. cit. in our figures for higher temperatures. That the 


resemblance also continues to exist at lower temperatures is imme- 


diately seen when we examine to what changes the figure l.¢. is — 
subjected with lowering of the temperature. First of all we have 


then the temperature: 
27 a, + a, — 2a,, 
$2 6, + 6, — 26,, 


l 
As we saw above another point of intersection of = 0 and 
v 
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* =0 is found on the right below this temperature, round which 


— av 
point of intersection branches of isobars with negative value of the 


: : pressure pass as closed curves. For = of the minimum critical tem- 
___ perature the loop-isobar will hold for the pressure 0, as we saw 
4 above. So it reaches the vapour branch of #0 only at infinity 
‘ ] (fig, 16). For still lower temperature also the loop-isobar in the case 
‘iB 

vk v 


Fig. 16. 
- of vAN DER Waats is no longer closed round the point of intersection 


~~ 


iit d d 
ma. of = =0 with the vapour branch of — =0, but round the third 


v 
point of intersection. Of course closed rings continue to run round 
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the first-mentioned point of intersection, which continues to distin- 
guish the figure from the figures given by us. At still lower tempe- 


d, 
rature the two points of intersection with the liquid branch of a 
v 


_may coincide. ‘It is true that this clashes with the thesis concerning 


d, d, 
the contact of = = Oand — = 0, mentioned in the beginning of 
& v 


the previous communication, which gave rise to this investigation, 
but then this thesis holds only if 6 is a linear function of 
and in this case the said point of intersection on the right does 
not make its appearance. If the two points of intersection have 
coincided, the loop-line and the closed rings at small volume have 


disappeared and only those at large volumes remain. (fig. 17). It is, — 


however, also possible that the points of intersection continue to 
exist down to the absolute zero point, viz. when a minimum anda 
maximum occurs in the critical pressure. That this is possible for a 
quadratic function for 6 is shown by fig. 18, if we bear in mind 


Ld ‘ 
bd ‘ 
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Fig. 18. 
that a and so the critical pressure never become zero now. In this 
case the points of intersection in the liquid branch continue to exist 
down to the lowest temperatures, their limiting situation is the value 
for # at which the critical pressure is stationary. 
With this exception and with those exceptions which arise by the 


d ‘ 
modified course of = =0, this diagram and ours harmonize. 
‘av 


In a following communication I hope to show that so long as 
no maximum critical temperature occurs, no other diagrams of isobars 
but those diseussed are possible in the realizable region (also the 
unstable one) for whatever values of a, 6 and a,, we combine. 
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_ Mathemathics. — “On «a class of differential equations of the first 
order and the first degree.” By Prof. W. Kapreyn. 


1. In the last meeting of this Academy Prof. J. pr Vrirs gave a 
geometrical criterion for determining whether or nota given differen- 
tial equation of the first order and the first degree may be reduced 
by a homographic substitution to a linear equation or to an equation 
of the form 


dy _ Nay + Pat) es (1) 
dat R(x)y+-S(a) 

The object of this paper is to examine the general form of all 
those equations which by a homographic substitution may be 
reduced to the equation (1). It is evident that this general form will 
give at the same time all the equations which are reducible either 


to the general equation of Riccati, or to the linear form. 


2. Let the substitution be 


__ autavt+a, «@ __byu-+bv+), 8 9 
~— Ot-+e,v-+6, + fn CU eve, a“ ay. 


a where a,,¢ are constants, then the equation (1) is 
do Of N*+ByP'+7°Q"]—Ay[BR +75") 


5 ee Pe Tos he 
du ~ yBIBR 7S |—DiP N+ BP +O] se 


A=b,y—o,8 C=a,y—¢,a 
B=b,y—c,6 D=a,v—¢,@ 
and 


D an() a1) e=e(8) = 0(9) =) 


Transforming now to parallel axes, taking as the new origin o 
coordinates the point where the lines e—0O and y=O meet, we 
‘find the new equation by substituting 


__ (@,¢5) au (a,c, 
~~ (a,¢,) athe =e) me 
(a,c,) = a,c, — a,c,, ete. 
In this way, we get 
aau+av',@=—b,uv+b),r7 +o=—P+e, ym u! wide v! 


@ being a constant, and 


| 

: 
§ 
x 
= 
d 
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A= (b, ¢,) v' — ce, @ C = (a, ¢,)-v' 
B=—(b,¢,)u—cyeg@ D=— (a, ¢,)u' 


' t 
n(2)=n aS TSP ly ee 
Y cu tov Y ; 


where JN, P, etc. are homogeneous functions of w' and v' of degree zero. 
Hence, if we arrange according to the degrees of u' and v' the 
numerator takes the form - 


(a, a) v LN, 8” + Ya By + Q, yal 

— (5, C4) v, [R, By + S, y*] 

+ o(a, ¢,) o' [2 N, 8 + P,y] 

ry (2, Cy) R, vy 

+ e¢, [RB y + S,y7] 

+ @’ (a, ¢,) N, v' 

+ Qe’ ¢, Ry 

and in the same way the denominator may be written 

(a,¢,)u[N, 8° +P, ey+Q7] ° 

“A (d, C4) w' [R, es ig + S, y’] & 

+ @ (4, ¢) uw [2 N, 8 + P, y] 

bans (0, C,) h, w' Y 

—@Q°¢, [R, By + S, ae 

+ @’ (a, c,) NV, w' 

a 9° C, R, Y- 


If we examine these values it is evident that the equation (3) reduces to 
dl’ =K,+M,+2(N,+0) 

dui H,+L,+u(N,-bo) (4) 

where c represents a constant, H, and H, homogeneous functions 

of the first degree and L, M, N, homogeneous functions of the 


second degree. 
From the values 


H, = — ec, hy 
K,= 9%, fy 
c = e%(a,0,)N, 


we may readily induce that if, in (1) Ra) is absent H, and K, 
must be zero and if in (1) M(#) is absent, we have c= 0. 

The preceding considerations furnish the inference that every 
homographic substitution applied to an equation (1), followed by a 
transformation to parallel axes through the point «= y= 0 gives 
necessarily an equation of the form (4). 


ot =. fe D ale a oe 


oe ae ee 


( 815 ) 


3. Now we will show that where a differential equation of this 
form (4) is given, there always exists a homographic substitution by 
which this equation may be reduced to the form (1). 

For let 


then we have 


K= KW) =K,(<, = =" x, (1 , 2) 
y y 


M, = M, (u'’) = u,(<, “)=5 m0 >) 
etc. Thus (4) reduces to 


dy {H,(a) dy +-Z,(1,0)y-+N, (1,2) 
dx {e#H,(1,2)—K,(1,@)y+#L,(1,0)—M,(1,2) 


which is of the same form as the differential equation (1). 


(5) 


4. Therefore we have proved this: 

Theorem. The necessary and sufficient condition that a differential 
equation of the first order and the first degree, having a singular 
point in the origin of coordinates, may be reduced by a homographie 
substitution to an equation (1) is that it may be written in the form 

dy _K,+M,+yN,+9) an 
7 du Byt+Lj+qNjt9° = 

Corollary 1. The necessary and suflicient condition that a diffe- 
rential equation of the same kind may be reduced by a homographic 
substitution to an equation of Riccati is that it has the form 

dy _M,+y(N,+¢) 
EAN ER ees (7) 

Corollary 2. The necessary and sufficient condition that a diffe- 


3 rential equation of the same kind may be reducible by a homographic 
substitution to a linear equation is that it has the form 


dy M,+yN, 


dz L,+a#N, - . . . . . . (8) 


5. With respect to the equation (8) we may remark that it is 
equivalent with 
; dy poe M, +y N 1 
de” L,+e#N, | 
as the numerator and the denominator of the second member may 

590* 
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be divided by the same homogeneous function of the first degree. 
In the special case that L, = a,x -+ b,y, M,=a,2+ b,y, N, =¢c,e+d,y 
the tangents to. the integral curves in the different points of the line 
y = ma, meet in the pole 

4 +b m y a, + b,m 


c, + d,m rs c¢, + d,m 
Hence the locus of these poles for all the rays of the pencil y= ma 
is the polar line 


A= 


me Fol 
a, a, —c,| =0 
|b, b, —d, 


This is the ease in the examples II—VI given by Prof. pr Vriks. 
As io the examples I and VII we have respectively 


Di se a M,=« + 2y Nien ee 


Physics. — ‘Contribution to the theory of binary mixtures.” XIV. 
By Prof. J. D. vAN Der WAALS. 
(DoUBLE RETROGRADE CONDENSATION). 


Before proceeding to the discussion of the significance of negative 
value of ¢, and «,, I shall make a few remarks to elucidate what 
was mentioned in the preceding contribution — and that chiefly on 
the shape of the surface of saturation in the cases represented by 
figs. 39 and 40, and the relative position of the three-phase-pressure 
with respect to the sections of that surface for given value of x. 

In case of complete miscibility such a section of the surface of 
saturation consists of a vapour branch and a liquid branch, which 
have a continuous course, in which the pressure gradually increases 
with ascending 7’, and, which for certain value of 7’, which may 
be indicated by 7’, pass into each other continuously. The pressure 
must then before have had a maximum on the liquid branch, and — 
then decrease. It passes into the pressure of the vapour branch at 
7’. This gradual merging of the two branches into each other con- — 
tinues to exist also for non-complete miscibility. 

In the case of fig. 39 the upper sheet of the surface of saturation 
undergoes, however, first of all a modification, which, however, is 


a ae we ee ee ee ee rn eT, 
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confined to values of x between ‘x,), and («,),, when (z,), denotes 
the value of x for which on the righthand side of the closed dotted 
curve the tangent is normal to the z-axis, and in the same way 
_(@,)y the same thing on the lefthand side. 

For a section between (2,), and (#,), the modification remains 
restricted between the two values of 7’ which are determined by the 
closed dotted curve of fig. 39 for the temperature. Outside these values 
of « and 7’ the upper sheet is, if not quite unmodified, yet of the 
usual shape. If we call the concentration of the vapour phase w,, 
and that of the coexisting liquid phase x,, this usual shape of the 
upper sheet is determined by the equation : 


Vie dp = CH eae: #,) (jes) a. + 4,47. 


And if it were our purpose to determine the situation of the sheet 
of the three-phase-pressure with respect to the metastable and un- 
stable sheet of the coexisting equilibrium between vapour and liquid, 
the above equation might serve this purpose. For along the circum- 
dx, 
dT 
known. Thus to give an example, this quantity is positive in the 
lower part on the right hand of Q,. And »v,, being positive and 
®,—w, negative, we find from: 


d, 0 
(Gr )=— + (5%), 


ference of the closed dotted curve of fig. 39 the value of is 


d 
*)< (3%). Hence in the righthand part the sheet of the three- 
128 2 


phase-pressure lies below the metastable sheet — which, however, 
might be considered as having been known beforehand from the 
shape of a p,a-line at constant temperature for the equilibrium 
vapour-liquid. In the lefthand part the sheet of the three-phase- 
pressure lies on the other hand above the metastable sheet. ) 

In a section normal to the z-axis just through Q, the sheet of 
the three-phase-pressure begins at Q, touching the metastable sheet, 
and in a section just through Q, there is contact at the end. But 
it would lead us too far to include all the metastable and unstable 
sheets in our consideration. To examine what the shape is of the 
stable part of the liquid sheet inside the dotted ring, and so of the 
upper part of the surface of saturation is, however, very necessary 
indeed. | 

If we take two points of the dotted ring lying on a level and if 
we call the value of x for the point lying on the right x, and for 
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the point lying on the left 2,, then 


v,,dp = (#, — #5) ( 


2 


S 
aa + 4,542) 


=(32),.a7 + (or), 
= Ox /.5 oT 


holds for the equilibrium between these two liquids for the point 
lying on the right. 


or 


0 
In the second member the second term (55) holds for the section 
X98 


for constant value of z, the shape of which section we will determine 
— in the first term of the second member we have omitted the 
index 7 to avoid great complication in our notation. The shape of 
the line of equilibrium between the two liquids is known of a 
p-e-section of the surface of saturation, if three-phase-pressure occurs. 
It is a curve which ascends steeply in the points 2 and 3, and 


0 
reaches a maximum value between them. In the point (3?) has a 
& 


, da, . ce sh ye nee 
high negative value, and if ar 8 positive, which is the case on the 


d 
lower side of the righthand half of the dotted curve, is smaller 


123 


than (=) . On the lefthand part of the lower side! ta negative, 
OT’) x5 dT 
Ow 
there. On the upper side we come to the opposite conclusion. So if 
we draw the upper branch of the section of the surface of saturation, 
such a modification must be applied between the limits of the tempe- 
rature, which are to be derived from the dotted curve of fig. 39, 
that the three-phase-pressure lies below this curve — which was, indeed, 
a priori to be expected. And by a comparison of the two equations: 


dp __ (Op da, , (op 
i, = (ie), at * (37), 
dp _ Op oe Op 
dT 5, =(5:),a7 (sr ne 


from which follows: 
Op & 
(aos of 


Op -(¥ ss dit, 
7). OL dai AT 


0 : ist 
but there @ is positive, so that we arrive at the same result - 
233 


and 


a  ?. one 
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not only the sign, but also the value of the abrupt change of direction 
in the course of the upper branch is determined. But this modification 
remains restricted between the two indicated temperatures-— and 
neither of the lower sheet nor of the remaining part of the upper 
sheet does the shape change in any respect. Only the lower sheet 
undergoes some modification, but in sections of quite different values 
of z, namely those which are found between the values of «x of the 
points Q’, and Q’,. And this modification occurs only for one single 
value of 7’, at least so long as the curve Q’,Q’, has the property 
of being cut only once by a line normal to the a-axis. 

The modification in the course of the lower branch consists in 
this that for certain value of 7’, to be derived from the curve Q’,Q,, 
the lower branch begins to rise less steeply. The three-phase-pressure 
ascends then even more rapidly than the first direction of the lower 
branch did. Below the temperature at which this change in the course of 
the lower branch appears, the three-phase-pressure is already found, 
but for the considered section it may be considered only as a parasitic 
branch. The part of the three-phase-pressure that belongs to higher 
temperatures lies and terminates in the unstable region, i.e. above 
the lower sheet of the surface of saturation. At least if Q’,Q’, is not 
intersected for the second time at the same value of x. In this case 
a second, higher temperature occurs, for which the three-phase-curve 
runs below the lower sheet, and again a part of this curve becomes 
a parasitic part. But for all the sections between Q’, and Q, the 
upper sheet is not subjected to any change. The proof of what was 
said here about the modification of the lower sheet, is again found 
in the equations, which now with change of the indices, assume 


the form: 
dp dp) de, Op 
a yap =(x). ar" +(3 a 


ip__ (2) dey, (ap 
ar. \Oeha? Nate 


If, as is the case on the curve Q’,Q, the three-phase-pressure 
aa inside the heterogeneous region with ascending temperature then 


: >($ r)y an a (3), being negative on the whole lower sheet 
a 138 


now that the second component is assumed to have higher 7; than 


\ 


and 


da, . 
the first component, aa is necessarily negative, as was drawn for 


the curve Q,Q,. But as we see from the properties of a p.« or 
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v,2-section of the surface of saturation at given temperature, © 2) 
1] 5 


op d 0 
is in absolute value greater than (zt). Hence z — (37) 
21 


Ow dT, NOP Jge 
ter than “© & ) 
greater than —— — | — 
phere at MOTE, 


So the section of the surface that holds for the equilibrium 3,1 
ascends less rapidly than the section 1 for the equilibrium 2,1. And 
in consequence of the retrogression of # to smaller value at rising 
temperature the sheet 3,1 comes in the place of the sheet 2,1. If at 
a second, higher temperature the three-phase-curve should again leave 
the heterogeneous region, and become a _ parasitic below the 

dp 
aT 4 


0 (Op: \.s: 
because (=) continues to be negative. Then Be Rs -( r.) and 
0 T aT; aT’ X31 


& 


lower sheet, then 


<(% meh Hence the value of ca is positive, 


dp 


dT,,, \O1 


0. 

—(37) are negative; but the first difference is greater in 
rs dp Op 

absolute value than the second. So (sa) then smaller than( $7 ae 


73) 
There is then another break in the section of the lower sheet, but 


yet in consequence of this this section begins to ascend less rapidly, 
because on account of x, running to the right with rising Lenipers aay 
the sheet 2,1 takes the Inte of the sheet 3,1. 

But though it is good that these circumstances have been examined 
in detail, all this is not necessary if we only want to know what 
will be the shape of the line at higher temperatures with regard to that 
at lower temperatures, if a break appears in the lower branch. The 
simple remark that the two branches which meet, must have such 
a position with respect to each other that their continuations repre- 
senting metastable branches may not lie in the stable homogeneous 
region, is then sufficient, and evidently this rule could not be satisfied 
if on the lower branch the line occurring at higher temperatures 
ascended more rapidly than the preceding one. But for the upper 
branch this rule leads to the conclusion that on the contrary a 
branch appearing at higher temperatures, must ascend more rapidly. 

The systematically sustained application of this rule, therefore, does 
not present any difficulty in the case of fig. 40, and does not reveal 
anything new so long as P,» lies higher than A, as in the case 
with the mixtares of ethane and alcohols. But in the cases of 
Bicuner, mixtures of CO, and organic liquids where /,, lies lower 
than Zy,, it will have to give rise to what we may call: double 


= eee ey 
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retrograde condensation. So long, namely, as P,, continues to lie 
higher than 7), the three-phase-line Q,Q,Q’,Q,' can lie entirely on 
the upper sheet of the surface of saturation, and can then give only 
rise to the more rapid ascent of the upper branches of the sections 
at given value of «. Above the temperatures at which this more 
rapid rise sets in, the section has then its usual shape, merging 
continuously into the vapour branch, there being only one point 
where the tangent is normal to the 7'-plane. The temperature at 
which the upper branch suddenly begins to rise more rapidly is 
given for every section by the value of 7’ for the points of the 
dotted curve, which, however, must then be broken off before the 
point with minimum value of x. Sections on the right side of Q,' and 
the left side of Q,' present the wholly unmodified shape. Sections 
between Q,' and Q, get the break in the upper sheet at ever lower 
temperature as the point Q,' is approached. In each of these sections 
‘part of the line of intersection with the three-phase-sheet, i, e. a part 
that belongs to lower temperatures lies above the upper branch. 
The higher part of this line of intersection lies and terminates in the 
heterogeneous region. For the section of Q, this line of intersection 
lies .over its full length in this region, and the initial direction at 
Q, then touches the upper branch of the section of Q,, as it proceeds 
unmodified at lower temperatures. For sections between Q, and Q, 
the point of intersection of the upper sheet with the three-phase-line 
lies at ever higher temperatures as we approach Q,. The lower part 
of the three-phase-line then lies below this upper branch, and the 
upper part would project above it; but the abrupt change of direction 
taking place at the intersection is so great that even the upper part 
of the three-phase-line remains in the heterogeneous region. So if 
we want to keep a section between Q, and Q, in homogeneous . 
liquid state, the pressure must always be greater than the three- 
phase-pressure with the exception of the liquid represented by the 
point of intersection. For the section of Q, the three-phase-line lies 
entirely in the unmodified heterogeneous region, and in the highest 
point it touches the upper branch. For the sections on the left of 
Q, the upper part of the three-phase-line lies again above the upper 
branch, and as such it has lost its significance. Then these sections, 
‘too, have the sudden change of direction, at which they begin to 
ascend more rapidly, but at ever lower temperature the more we 
‘go’ to. the left. For the section of the point Q’, the whole of the 
three-phase-line lies then above the upper sheet. 

So when the three-phase-line over its full width intersects, only 
the upper sheet, there is no further complication ; and this may be 
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the case if P., > 7j,. Also in this case, however, the possibility 
remains that on the lefthand side the intersection takes place in 
points of the lower sheet. But the latter must iake place if Pa, > 7%, . 
And in the transition of the point of intersection of the upper sheet 
to the lower sheet we meet with the complication which I am now 
going to discuss, but which will perhaps be easier to understand, 
when I shall discuss the properties of the p,a-sections of the surface 
of saturation, so sections at constant temperature. 

If we think such a p,#-section at a temperature only little lower 
than 7;,, the upper branch has, leaving the line of the equilibrium 
between the two liquids out of consideration, the known shape with 
a minimum and a maximum between 2, and 2,, because the three- 
phase-pressure exists, P,, being < 7%,. The third phase then lies on 
the lower branch at 2, < #,< a,, and if at higher temperatures 


d a d ) 
a <(3F) , the value of oF is then already positive. At a tempe- 
' 133 x 


rature somewhat above 7%, the p,a-curve has got detached from the 


d, 
‘=o, and so v,,=—090. But 
& 


axis (2 (), and has a point where 


then the point 1 still lies on the lower sheet. Now we might suppose 
and I have held this opinion myself, and 1 think I have given 
diagrams in accordance with this view, that on further rise of the 
temperature the critical point of contact for the equilibrium 2,1, 
would proceed so far towards greater value of 2, that it would 
coincide with the coexisting vapour phase, but that then at the same 
time this third coexisting phase would be critical point of contact 
for the equilibrium 3,1, to render it possible for the metastable branches 
to be contained in the heterogeneous region. If this were possible 
the third phase would have come on the upper sheet at still 
higher temperature — and in this case there would be no question 
of complication. But that this concurrence of circumstances cannot take 
place we see when we examine its signification. First of all 1 observe 
that we cannot put that v,, = 0 coincides with v,, = 0 without proof, 
and that “else we get other complications” cannot be accepted as a — 
proof. But we may also directly see that v,, 0 cannot exist in the 


me d 
same point as v,, = 0. Then od hd SS (=) = 0 would have to hold, 
1 


a,—®, pr 
: v,—?, dv, 
and at the same point also ————|{——}] =0. Or the tangent to 
&,—a, da, pT’ 


the isobar in the point #, would have to pass both through the 
point w, aud through the point #,, and this isobar would have to be 
at the same time the isobar of these two latter points, and the three points 
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1, 2 and 3 would have to lie in a straight line in the 2,v-diagram. 
If we follow the course of the isobar separately for the condition 
v,,==0, the possibility for this condition to be satisfied at temperatures 
above 7), follows at once. In the same way separately for the con- 
dition v,,—0. But for these two conditions to be fulfilled simultane- 
ously the isobars would again have to possess points of inflection, 
which we should certainly have to consider as quite abnormal cases. 


But there is more. Then 


would have to be = o, for the deno- 
123 
minator is then equal to zero; and if we wish to avoid this, we 


_ should have to make again an entirely arbitrary supposition, viz. 


ach would be —"—"h Therefore I do not hesitate 
t,—2, w,—2, 


to reject the thesis that v,,—0O coincides with v,, = 0 as entirely erro- 
neous. Then there remains no other possibility than to assume that 
the sheet of equilibrium 2,1 when contracting with rising tempera- 
ture, passes through the critical point of contact of the sheet of 
equilibrium 3,1, before having got hidden under this sheet. Then the 
third phase passes from the lower part to the upper part of the 
sheet 3,1. But this implies that at still somewhat higher temperature 
for a value of z which is somewhat higher than that of the critical 
point of contact of 3,1 a vertical line can intersect the whole, sheet 
of saturation 4 times. And if the circumstances are chosen in such 
a way that the chosen value of x is also smaller than that of the 
plaitpoint of the equilibrium 2,1, retrograde condensation must occur 
twice. 

In fig. 44¢ I have drawn the p,a-line in the neighbourhood of 7;, 
schematically. The discontinuity in the two vapour branches inter- 
secting each other in the point 1 is such that the branch which 
belongs to the equilibrium 3,1 descends more rapidly than that 
which belongs to the equilibrium 2,1. 


ae ele and also (2 ?) ae 
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that then also 


If 


has become 0, (2) has got equal to —o, and 
1/7 31 


&,— 2, 
coy” has then a large negative value. Or in other words if 
37 321 


v;, = 90, »v,, has still negative value, though it be a small one. But 
then it is exactly this that follows from the known course of the 
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Fig. 41. 


isobars. The isobar which passes through the point 3, has its convex 
side turned towards the v-axis in this point, has a point of inflection 
in its course to the point 1, and touches the line joining the points 
3 and 1 in this point. But then the point 2 lies in such a way that: 


ON A= Ogte es dv, AeA bom 6 Oe. whet 

v,—#, a,—@; ie) = @—2, @—4, 
is negative. In fig. 41° the p,a-line is drawn for the temperature for 
which this is the case. At again a somewhat higher temperature the 
p,«-line has the shape of fig. 41°. Then mixtures for which the value 
«<#, can show the double retrograde condensation. A favourable, 
if not the most favourable case occurs if the points for which 
v,,=0 and v,,=0, lie in the same line normal to the a-axis. 
At somewhat higher temperature, i. e. when the p,a-line has the 
position of fig. 41¢, the opportunity is past. Then v,, = 0, and 
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v dv v,—v v,—v, . mes : 
“__|{—*+}——_*_ ~__* ig then positive. So the denominator 
aging 1JpT %—%, &,—%, 
of 
aT’,,, 


But now that 


has always the same sign, and does not pass through zero. 


U3 


d, 
is positive, (2) has also become positive. 
1/7 31 


@,—2, 
The figs. 41¢ and 41/ do not call for further elucidation. 

Whether the experiment will succeed in showing this double retrograde 
condensation, the investigation will have to prove. The fact that it 
only undoubtedly exists for such small values of « which do not 
only lie below 2, but must moreover be smaller than the value of 
w of the plaitpoint of the equilibrium 2,1, and the circumstance that 
for such small differences in the value of # the condensed part is 
exceedingly slight, will certainly impede the observation greatly. 
Moreover we shall have to’find cases in which the occurrence of 
the solid state is no impediment. We might begin to try and show 
that after the termination of the first retrograde condensation of the 
equilibrium 3,1 another condensation makes its appearance with 
further raised pressure. The very appearance of this new conden- 
sation after the first is finished, might be considered as a not unim- 
portant addition to our knowledge of the complex phenomena of not 
perfectly miscible binary mixtures. And it must be called surprising 
that if the possibility of splitting up into two phases differing so much 
in concentration as the states 1 and 3 is past, at still higher pressure 
the possibility of splitting up reappears for phases differing as little 
d — : 


— might be 


| as the states 1 and 2. A value of n=4 am 9 


serviceable. 

To attain these results we might also have made use of the 
properties of the p,7 sections of the surface of saturation; and it is 
even by the consistent application of the rules for the change in 
direction when such a p,7-section is intersected by the three-phase- 
sheet that I have arrived at these results. The complication only 
occurring in sections on the left of Q,, we shall confine ourselves 
to the discussion of these sections in what follows. Thus at a value 
of « somewhat smaller than that of Q, the upper branch will be. 
cut by the three-phase-curve, and that at a temperature somewhat 
higher than that of the plaitpoint of this section. In such a point 


(3) is either small, or perhaps already negative. But whatever 


may be the value of this quantity, .the upper branch will suddenly 
change its direction at the temperature of the intersection with the 
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line p,,;, and that in such a way that a7) '8 greater after the 


0 
intersection than before the intersection. If (#) should be equal to 


zero before the intersection, this quantity is again positive after the inter- 
section. If it should be negative for a section of still smaller value of 
x, it is negative but smaller in absolute value or perhaps even positive 
after the intersection. If the intersection should take place in the critical 


0 
point of contact, and so (# be —o, so that the whole of the 
x 


upper branch has been entirely completed when the break appears, 
then — and the properties of the following sections depend on the 
conclusion at which we arrive — the following direction either 


0 
coincides with the preceding one, so that (5) remains = — o, or 


it is negative. Now the former supposition is excluded, for it requires 
that in the same point v,,=0 and v,,=0. But for foliowing 
sections the point of intersection with the three-phase-line must then 
lie on the lower branch of the sheet 2,1 and on the upper branch 


of the sheet 3,1. This continues till the value of (=) =o in the 


or 3) 
point of intersection. So there are sections for which a line normal 
to the 7’z-plane can intersect the surface of saturation 4 times. 

If fig. 42 I have drawn the quantity 7—7j, as function of x on 
a large scale for the plaitpoint line, for v,, = 0 (the point of contact 
line for the equilibrium 2,1), for v,, =O (the point of contact line 
for the equilibrium 3,1), and for the vapour phase of the three- 
phase-curve. Only for the value of w contained between the points 
in which v,,=0 and v,,=0 intersects the dotted curve (vapour 
phase), the discussed phenomenon occurs. 

Where the curves v,, =O and v,, = 0 intersect the value of x 
is the same, but the value of the pressure is different for the value 
of 7—Tj, belonging to the point of intersection. For v,,=0, p is 
larger than for v,,=0. And this is in perfect harmony with what 
is known of the course of the isobars, which I shall set forth at 


d, 
some length. As the line = =0, because we are dealing with tem- 


peratures above 7%, is closed in a critical point, there is a locus 
for the points of inflection of the isobars which passes through this 
critical point, and speaking roughly, about coincides with the critical 
points of the mixtures with smaller value of w. If we now think 
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successive isobars drawn, starting with that of the point in which 


=0 is closed, they all have their points of inflection at ever 
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Fig. 42. 


smaller value of x. If we now take the point in which v,, —0, 
and if we draw the isobar of this point, and the tangent to this 
isobar, this tangent must pass through the point 3, which is only 
possible when the point of inflection lies between 1 and 3. If we 
then take the point in which v,, 0, so on a higher isobar, and if 
we again draw a tangent to that higher isobar in that point, this 
tangent will point at a point 2 which lies nearer 1 than 3 lies near 
it, the point of contact now being nearer the point of inflection. 


It appears from the diagram of the considered case that the three- 
phase-pressure is always smaller than the vapour tension of the first 
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component at the same temperature. Observations, however, have 
repeatedly been made which would on the contrary give a greater 
value for the three-phase-pressure. If this result is real, and not the 
consequence of errors of observation, the circumstances must be 
different from those supposed above. Accordingly I have tried if it 
could be ‘possible to account for such a phenomenon. If we think 
three-phase-pressure also possible for a system with minimum value 
of 7%, Piz; must really always be larger than the vapour tension of 
each of the components at the same temperature. And though objections 
might be advanced against this possibility which I do not consider 
as entirely devoid of importance, I have set these objections aside, 
and examined what would be then the further circumstances of the 
course of the three-phase-pressure. . 

The first representation of the w-surface, which I gave already in 
my Théorie moléculaire ete., supposed this possibility, and in figure 11 
of these contributions I have expressly pointed it out. | will, how- 
ever, immediately state that then the highest temperature at which 
three-phase-pressure is still possible, must lie below 7%,. 3 

At lower temperature the p,a-figure consists of two branches which 
start from p, and point upward. In the same way of two branches 
starting from p,, in which p, must be thought much smaller than p,. 
At the point where the two vapour branches intersect, the coexisting 
vapour phase is found. Let us again call the concentration of this 
phase «,. An horizontal line drawn through this point of intersec- 
tion, contains the points which represent the two coexisting liquid 
phases with concentrations 2, and a,. Then we have v7, << a, << a,. 
Let us complete this figure by tracing the rapidly ascending line for 


the equilibrium 2,3. We always have then tl ys Oped 
@,—@,” &,—a, 

With rise of temperature the branches starting from p, contract, 
and close to 7), they must have almost entirely retracted into the 
axis 2—=Q, and so have got clear from the other part of the p,a- 
figure. So there is a temperature and that below 7), , at which the 
three-phase-pressure has vanished. What has been left on the right, 
is a continuous curve for the equilibrium 38,2. If we examine the 
circumstances occurring when the branches get detached more in 


details, we observe that if the line for the equilibrium 2,3 is vertical, 


v d ; oe 

and so v,,=0, — is positive, and hence (z) is positive. 
a, —&, dw, 13 

Where the curve retracting into the a-axis, is vertical, the value of 


d 
= is negative for the equilibrium 2,38. And when the two points 2 
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and 1 coincide, there is again a point where —_ 0 and - = 0 
in the righthand part, but in contrast to what took place before this 
point now lies on the lower branch. At a temperature somewhat 
higher than that of the branches geiting detached, there are now 
again values of 2, for which a line normal to the «-axis has four 
points of intersection in common with the two detached branches. 
At lower pressure we then meet with phenomena of condensation 
for the equilibrium 1,2 and at higher pressure for the equilibrium 
3,2. Then there is homogeneity between these pressures. 

If we also inquire into the course of the 7'x-projection of the 


laitpoint line and the three-phase-line in this case, a difference can 
‘immediately be pointed out compared with fig. 40 that on the left 


side the vapour branch does not belong to smaller but to greater 
value of « than the liquid branch. I have drawn a schematical 
representation of the two lines in fig. 48, assuming that the three- 
phase-pressure does not continue to exist as far as 7’=0. The full 
line which begins in A, descends to Q,, rises again to P.7, then 
descends to /, after which it rises to the critical point of the 
second component, is the plaitpoint line. So compared with fig. 40 
the ascending part AP.¢ of this figure has still a minimum, and 
further it bas been considered as possible that the descending branch 
of this figure has a maximum and a minimum value of «. The part 
AQ, contains the realisable plaitpoints of the branch which retracts 
into the a-axis, after it has got detached from the righthand part 
of the p,a-lines. At the temperature indicated by Q, the two parts 
join, which, however, may not be called contact. Then the spinodal 
curves and the binodal curves intersect in one point, whereas above 
Ta, these lines remain at a distance from each other. So here the 
same circumstance is met with which occurs for mixtures with 
minimum 7}, but for another value of 7’ and x. With rise of the 
temperature from below 7'g, to above it two realisable plaitpoints 
appear. One of them was mentioned before, but the other lies in the 
considerably larger righthand part. Though we have called it realisable, 
it does not show itself but remains covered under the more stable 
equilibrium 3.2. If phenomena of retardation could appear, it would 
be realisable — a circumstance which always occurs if splitting 
up of the spinodal line takes place for three-phase-equilibria. These 
plaitpoints lie on the branch Q, P.a- 

For the discussion of the remaining part of the plaitpoint line we 
shall begin with /,,. At the temperature of this point an heteroge- 
neous double plaitpoint arises and with rising temperature these plait- 
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points get further apart. This yields the branch which runs upward 
on the right of ?., and terminates in the critical point of the second 
component, and the lefthand branch which contains the hidden plait- 
point. At first we can consider this hidden plaitpoint as belonging 
to the realisable part of the righthand branch, till the temperature 
is reached at which occurs what I have called: “Transformation of 
of a branch plait into a main plait and vice versa” (These Proc. 
March 25 p. 621). Now at the beginning and long after, the liquid 
sheet 2,3 is the branch plait, and then a hidden plaitpoint always 
belongs to the plaitpoint which lies at the top of this sheet, But at 
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temperatures which draw near to 7; the equilibrium 2,3 will have 
become the main plait, and the sheet 2,1 must be considered as a 
branch plait and then the hidden plaitpoint belongs to this sheet, and 
the plaitpoint lying on the branch Q, P., and the hidden plaitpoint 
form together a pair. 

So at the temperature of the splitting up of the spinodal line the 
points forming this pair must still be a certain distance apart. At 
higher temperature, in the drawing at 7’ of P.@, they coincide. A 
consequence of this transformation of the lefthand part to a branch 
plait, and reversely of the righthand part to a maim plait is among 
other things that at higher temperatures on the lefthand side the 
metastable and the unstable branch of 2,3 form a line which pro- 
ceeds continuously, with a minimum pressure on the side of 2, and 
a maximum pressure on the side of 1, whereas these branches have 
for the equilibrium 2,1 the intricate shape known of a branch plait, 
and on which a hidden plaitpoint then occurs. 

The three-phase-pressure is represented by the dotted line Q,'Q,Q, Q,’ 
in fig. 43. The branch Q,' Q, is the vapour branch. With regard to 
some particulars, a difference must be made depending on whether 
the 1st component, viz. that for which 7), < 7%, has also the 
smallest value of 6. But as far as these and other particulars are 
concerned, it is perhaps better to wait if direct experimental inves- 
tigation yields data for this. 

With regard to the p,«-projection of the plaitpoint line and the three- 


dT dP 
phase-line it suffices to state that if = —9; also a = 0. While 


moreover a maximum for P,; can occur’ on the side of the 2°¢ com- 
eee. 
dT 

And now in conclusion this remark. If the three-phase-pressure 
begins above 7), it depends on the following circumstance whether 
double retrograde condensation occurs or not. Let us think the well- 
known looplike p,e-curve drawn at 7. If now the three-phase- 
pressure appears on the upper sheet in a point that lies lower than 
the critical point of contact, it must occur at higher temperature. 
In the other case not. ~ 
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Physics. — “New methods of stereoscopy”. By Dr. P. H. EYKMAN. 
(Communicated by Prof. K. F. WenckeBacs). 


In a paper of mine, which was recently published, entitled : ‘‘stereo- 
Rontgenography” (Nederl. Tijdschr. voor Geneeskunde, March 13, 
1909), I pointed out that from a mathematical point of view stereos- 
copy by means of the Réntgen rays is much simpler than ordinary 
stereoscopy by means of a photographic camera with lenses. With 
Réntgen rays both the object and its projection are on the same side 
of the centre of projection, whereas with the camera they lie one on 
either side of the centre of projection and moreover the image is 
reversed. With the camera owing to the relative position of the 
conjugate foci the ratio of the distances is fixed. With the Réntgen 
rays this is not the case. With the camera the photographic plate 
must be perpendicular to the principal axis, otherwise the image 
will be hazy in parts. With the Rontgen rays the plate may be at 
any angle, but I have only considered the “normal case”, so as to 
simplify the construction. I pointed out the mistake of applying the 
laws of lens-stereoscopy to Roéntgen-stereoscopy, whereas in my 
opinion the better way is to derive ordinary stereoscopy from Réntgen- 
stereoscopy. The so-called ‘“pinhole-camera” is a transition between 
the two, as in this case the law of conjugate foci does not apply, 
and there is no principal axis. VAN ALBADA understood this, and 
when treating the theory of stereoscopy, placed the object and the 
picture on the same side of the centre of projection, e.g. the observer 
looking out of a window, the window-pane representing the plane 
of projection. For the mathematical reconstruction, the two Réntgen 
plates or their virtual images must be superimposed exactly at the 
same spot, and in the same position with regard to the two anti- 
cathodes. Further since the anticathodes must be replaced by the 
eyes, the distance between the two anticathodes (base of exposure) 
must be equal to the distance of the optical centres of the two eyes 
(visual-base). In practice this distance may be fixed at 65 millimeters. 

The following conditions are requisite for the normal stereoscopic 
exposure : 

1. In the two exposures one plate must be placed exactly in the 
same place as the other, in other words, the plates must be congruent. 

2. The base of exposure must be°65 millimeters. 

3. The nearest point of the object must be at least 25 centi- 
ineters from the anticathode, since at a lesser distance the eyes do 
not see stereoscopically, 

4. The base must be parallel to the photographie plate, the middle 
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point of the base being opposite the middle of the plate. We may 
call the perpendiculars from the extremities of the base the principal 
axes, and their intersections with the plate the foot-points. 

All other cases may be considered as deviations from the normal 
exposure and may be easily derived therefrom. 

For the mathematical reconstruction the mirror-stereoscope is the 
best. The double mirror-stereoscope after the model of the HeELMHoLrz 
telestereoscope is to be preferred, since with this instrument the 
illumination of the plates is the most equable. 

When viewing the reduced pictures of the original negatives, a 
lens stereoscope is best, fitted with plan-convex lenses of 10 Dioptries. 
This is to be recommended, because simple formulae are obtained for 
the mathematical reconstruction. From these formulae, which I have 
already ‘given, it ensues that there exists a simple connection between 
the length of the principal axis (exposing-distance) and the number 
of times ‘the original image must be diminished. If for instance the 
exposure has been made with the normal base, the number of times 
the picture is to be diminished is exactly one more than the length 
of the exposing-distance expressed in decimeters. Thus with an ex- 
posing-distance of 5 decimeters the size of the original exposure 


1 
negative is reduced to oy From the degree of diminution we 


can calculate the distance there must be between the image and 
the lens. 

For convenience’ sake I have always spoken of the left half-image 
as belonging to the left eye, and the right half-image to the right 
eye. Properly speaking however this applies only to landscape- 
photography, since we never require to view a landscape upside 
down. With ordinary objects however, and this applies both to 
common light as well as the Réntgen rays, it is often of advantage 
to view an object upside. down. This is easily accomplished with 
a lens-sterescope by simply turning round the plate on which the 
two half-images are impressed, so that the so-called left half-image 
is placed in front of the right eye and the right half-image in front 
of the left eye. The same thing of course occurs with the original 
plates, if they are turned round in the same manner. Mathematically 
speaking, the image is not altered by turning it upside down. 
Psychically however this is not necessarily the case, and in some 
cases this distinction may be of importance. In what follows I shall 
regard the matter exclusively from a mathematical stand-point, 
the two half-images being considered as a single stereo-image. 


( 884 ) 


I. Polyphany. 


The images we have to consider are central projections. The 
connection between the two stereoscopic half-images is expressed by 
the fact that the exposing-distance is the same for both, the centres 
of the two projections being separated by a definite distance which 
we call the base length. It will be readily understood that we may 
make any number of half-images, from any number of points which 
satisfy these requirements. Any given half-image is not limited to 
only one corresponding half-image, but the number is unlimited. 
The question thus arises, whether it may not be of advantage in 
practice, to make a stereoscopic exposure from more than two points. 
A simple experiment will answer this question in the affirmative. 

If we hold a cylindrical stick in a horizontal position at a short 
distance before the eyes, both eyes receive one and the same image 
of the stick and that what is hidden behind the stick from one eye, 
is also hidden from the other eye. . 

It is quite different however, if we hold the stick in a vertical 
position, for then the left eye sees behind the stick what is hidden 
from the right eye, and the right eye sees what is hidden from the left. 
A similar phenomenon may be observed with the Réntgen rays. If 
in taking a skiagram of any object we place a thick wire parallel 
to the base, there will be no representation on either plate of what 
is situated before or behind the wire. Hence it is impossible to decide 
whether this wire is placed before or behind the object. If however 
we place the wire perpendicular to the former direction, one is 
able to see with perfect clearness, at what depth the wire is situated. 

Figure I shows a skeleton hand, in which the fingers are placed 
in a very unnatural position. Four exposures have been made, the 
respective projection-centres making a square of 65 millimeters in a 
plane parallel to the plate, Under the hand in a transverse direction 
is a metal staff. Holding the plate so that the fingers point upwards 
and examining the two lower images through the stereoscope, one 
cannot distinguish whether the metal staff is behind or in front of 
the hand. ; 

Likewise if we look at the two uppermost pictures, one is also 
in doubt as to the position of the metal staff. Mathematically speaking 
we has obtained all the information derivable from these four pictures, 
Psychically speaking however this is not the case. When we turn 
the plate on its side and examine the upper pair of pictures by 
the stereoseope, we obtain at once an accurate impression of the 
position of the metal staff. We may in the same way examine the 
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other pair, with a like result, and we shall find that other details 
such as the shape of the fingers, are also shown much more clearly. 
In my opinion such series of four skiagrams, which may be viewed 
two by two in various ways, has a decided advantage over the 
usual pair of stereographic pictures. I have given the name “Tetra- 
phany” to this method. 

The result is almost as good if we make three such negatives 
as in Figure 3 with the centres of projection at the angles of 
an equilateral triangle (Triphany). In practice a threefold exposure 
will probably be sufficient. Having regard to the usual oblong shape 
of the photographie plate, it is advisable to place the foot-points of 
the principal axes in the position shown in Figure 4. 

It may in special cases be advantageous to place the three anti- 
cathodes in a straight line instead of a triangle. We may thus 
obtain a stereoscopic view of any two of the negatives. The 
outer pair give a stereo-image of half size and at half the original 
distance. | 

With the ordinary mirror-stereoscope, the breadth of the plate 
should not be more than the distance of exposure, whereas the length 
of the plate is not limited. In Tetraphany (in the form of a square) 
the length as well as the breadth of the plate is limited by the 
exposure-distance. 

In Triphany (equilateral triangle) the mirror-stereoscope may easily 
be adopted for viewing the negatives. A third set of mirrors is 
added, so that each pair of images may be examined without having 
to interchange the plates. If the exposure has been made according 
to figure 4, the length of the plate must not exceed the exposing- 
distance, whereas the breadth must not exceed 43 of the exposing- 
distance. (This number is the ratio of the vertical to the sides of 
an equilateral triangle, i. e 56: 65). 

For the examination of the images it is simplest to have a lens- 
stereoscope with three lenses, the centres of which make an equilateral 
triangle having sides of 65 millimeters. 

The principle of Polyphany which I have thus described for 
Roéntgenography, may also be made use of for any other variety of 
stereoscopy. 


II. Symphany. 
In drawing the mathematical reconstruction of a mirror-stereoscope, 


the virtual images must coincide with the original position of the 
negatives. The stereo-image appears on the exact spot where the 
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object lay of the same size and in the same place, so that we 
may say that the stereo-image is congruent with the original 
object. Figure 5 is a representation of the course of the rays in 
the double mirror-stereoscope corresponding to the HeLmxor7z tele- 
stereoscope. It is evident that the eyes at L and R are unable to see 
the object lying before the plate P, firstly because the small mirrors 
S*; and S', are opaque and secondly because the photographic plates 
P, and P. obstruct the view. The first difficulty may be obviated by 
using semi-transparent mirrors of thin plate-glass. The second difficulty 
may be obviated by making the plates somewhat narrower, or 
placing them farther apart. By this means we are able to see at 
the same time the original object and the stereo-image on the same 
spot. In the human body one may see the bones through the skin 
in their exact relative position. This may serve as a guide to the 
surgeon during an operation, since he is able with mathematical 
accuracy to apply his scalpel to the actual spot. The course of the 
rays is represented in fig. 6. The great drawback for the surgeon 
from a practical point of view is that the two plates ?, and P; impede 
the field of operation. This may be easily remedied however, for 
the mirror-stereoscope admits of all sorts of variations. For instance 
in fig. 7 the negatives are situated above the observer instead of 
below, and at such a distance apart as not to interfere with the 
surgeon’s head. This has another advantage in that the photographic 
plates lie horizontally above the surgeon and are therefore well lit 
up since the operating-theatre is as a rule lighted from above. 
It depends merely upon the degree of illumination, whether the 
Rontgen-image is more visible than the part to be operated upon, or 
whether the reverse is the case. The degree of illumination may 
easily be regulated, by diminishing the transparency of the small 
mirrors by a screen of smoked glass, enhancing the relative clearness 
of the Réntgen stereo-image. This method, i.e. the contemporaneous 
presence of the object itself together with its Réntgen-image may 
be termed Symphany. 

An important province of Réntgenology is stereogrammetry, the 
measurement of the depth of a foreign body. For this purpose I 
have designed an instrument which I may call the Symphanor, 
fig. 7. Let us suppose, that we cannot get at the object itself but 
that in its stead we have the virtual stereo-image. We may place a 
divided rule across any diameter of this virtual stereo-image, and 
thus measure the exact distance between any two points. This method 
I call Symphanometry, a method, which should prove of use for 
the record of scientific measurement as for instance in craniometry, 
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if we have a pair of stereoscopic skiagrams of a cranium we may 
measure the diameter of the stereo-image in various directions by 
means of the symphanator. We thus possess in the stereogram a 
means not only of reproducing the general psychical impression, but 
also a means of registering its mathematical properties. An orthogonal 
parallel-projection of this virtual image, which in Réntgenology would 
correspond to the orthodiagram, may be made by tracing taking care 
to hold the pencil vertically. Similarly a wax or clay image may 
be modelled by placing the plastic mass in just a position with the 
stereoscopic image and this either under the Rontgen skiagram or 
an ordinary stereoscopic image. These Symphanoplastics will of course 
require a certain amount of technical skill, but it should be possible 
to guide the stylet in this way, so as to shape a model in all respects 
identical with the original object. 

In certain cases it may be of advantage to superimpose a stereo- 
skiagram and an ordinary photographic stereogram. To do_ this 
effectually, the centre of projection of the Réntgen rays must coincide 
exactly with the centre of projection of the photographic camera. 
This centre may be taken as the optical centre of the lens-system. 

Fig. 8 is a diagram of the Symphanator. A is the anticathode, 
DH the object and P' the Réntgen-plate. 5S is a reflector, making an 
angle of 45° with the principal axis. The photographic camera with 
the lens L is placed at the side, at such a distance that Lm is equal 
to Am. The image on the plate P* is smaller than that at P’, but 
corresponds exactly with it in perspective. The Réntgen exposure and 
the photographic exposure may be made simultaneously by making 
the mirror 5 of a material which allows the passage of the Réntgen 
rays. If preferred one exposure may be taken at a time, by 
using an ordinary mirror, which can be temporarily moved on one 
side. After the first set of stereoscopic negatives are taken, both the 


‘anticathode and the photographic camera are moved to one side over 


a distance of 65 millimeters. In the figure this displacement is in a 
direction perpendicular to the paper. We thus obtain two stereoscopic 


pairs which will give us an ordinary photographic stereogram and 


a Réntgen stereogram. These may be used in various ways. We may 
magnify the ordinary photographic negatives to the natural size of 
P', and then place, the Réntgen-plates at P, and P, and the photo- 
graphic pictures at /, and / of figure 7. Of course in that case 
the large mirrors S* and S*, must be transparent, whereas the small 
mirrors may be opaque. In this way we get the two stereo-images 
superimposed at P so that we may compare one with the other 


_ with mathematical accuracy. The R6ntgen and the pbotographic 
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negatives need not necessarily be taken with the same angle of | 
aperture. The skiagram may be taken of only a small area, while 
the photographie picture may comprise the whole surroundings. We 
are thus enabled to use small R6éntgen plates, a matter of some 
importance from an économical point of view. 

Symphany may also be earried out by using skiagrams that have 
been reduced in size, the photographic negatives being reduced in 
the same proportion. By using a ‘“Verant lens-stereoscope’ these 
reductions may be reconstructed of the original size. This is done 
by placing one pair of pictures beliind the lens, and the other pair 
on the upper part of the stereoscope (see Figure 9). The symphany 
is effected by means of a transparent mirror placed at an angle of 45°. 

It is evident that we may combine symphany with polyphany. 

We may now proceed to describe the methods suitable for radios- 
copie examination with the fluorescent screen. 


Ill. Metaphany. 


It is often too much trouble for the Réntgenologist to make two 
stereoscopic pictures. Davipson’s method is but seldom employed in 
practice, probably because it is too laborious and requires a separate 
apparatus. According to this method the right and the left half-images 
appear alternately on the screen in rapid succession, the eyes being 
alternately eclipsed in synchrony, so that each eye sees only the 
corresponding half-image. This appears to be the only method suitable © 
for stereoscopic vision on the screen, if we adhere strictly to the notion 
that the.stereoscopic sensation consists of two slightly different central 
projections. We have already shown that this definition is too narrow, 
since the impression of relief is enhanced if we take more than 2 
centres of projection. This is also the case in ordinary vision, where 
the sensation of relief is produced by the movements of the head. 
It is not however, the only way in which an impression of relief is 
brought about psychically, for a one-eyed person is also able to gain 
the sensation of relief by moving his head to and fro, so that the 
object may be viewed from more than one side. These different 
impressions are translated psychically into the relief-image. This 
resembles to the monocular stereoscopy described by Srraus. It may 
also be observed in the kinematograph, where an image, such as a 
ship, is not shown up in good relief, until it is seen turning round 
on the sereen. 

In figure 10 | have depicted the formation of the stereoscopic 
image on the screen. In Davupson’s method the eyes must be exactly 


Dr. P. H. EYKMAN. “New methods of stereoscopy. 


Fig. 1. 


Tetraphany. Plate with a set of 4 images. 


Proceedings Royal Acad. Amsterdam. Vol. XI. 


Dr. P. H. EYKMAN. ‘New methods of stereoscopy.” 


Fig. 3. 


Triphany. Plate with a set of 3 images, 


Proceedings Reyal Acad. Amsterdam. Vol. X{. 
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opposite the anticathodes and the same distance in front of the 
sereen, as the anticathodes are behind it. In this way we may 
obtain a complete mathematical reconstruction with this difference, 
that the stereo-image is a mirror-image of the original object. 

A little consideration will show that using one eye only when this 
eye moves from L’ to R’ to and fro, while the anticathode R 
follows the movement from L to R, the eye receives the same 
impression, as if there were a relief-image on this side of the screen. . 
Psychically one receives a correct impression as to the position of 
objects, which lie in front and which behind. The distance between 
R and IL, which we supposed to be 65 millimeters may be varied. 
the displacement may be increased in any direction, transversely, or 
vertically, backwards or forwards, so long as we are careful to keep 
the eye exactly opposite the anticathode and the distance of them 
from the screen identical. When one has realized the fact that we 
are not looking at the object itself, but at the mirror-image on the 
screen the appearance of depth and relief is really surprising. 

The simultaneous movement of the eye-piece and the anticathode 
would require a rather complicated apparatus, but the matter may 
however be simplified, if we restrict the forward and backward — 
motion and permit the anticathode to move only parallel to the 
screen. The ordinary orthodiagraph may be adapted for this purpose. 

In the orthodiagraph the focus tube always moves parallel to the 
screen. The eye-piece may be connected to the focus tube in such 
a manner that its aperture is always opposite the anticathode, both 
focus-tube and eye-piece moving together. 

The apparatus may be still further simplified by restricting the 
downward movement and simply hanging the focus tube by two 
strings, which only permit a pendulum movement. By this device one 
may obtain a good impression of the depth and of the relief, when 
the head follows this pendulum movement of the focus-iube and 
eye-piece. In figure 11, S is the screen, A,, A, and A, are the anti- 
cathodes and O,, O, and O, the eye-piece in various positions. It is 
evident that whatever the position of the anticathode the point B 
which is in contact with the screen, always retains its position. The 
point D however, which lies nearer, is projected in turn at d,, d, 
and d, and the eye, following the movement, receives the impression 
that whereas B is situated on the screen, the point D lies at a 
different depth viz. at D’. 

This method serves not only for making a psychical relief-impres- 
sion, but also for the stereogrammetrical determination of distance. 
If we suppose the eye to be at O, and we direct the line of vision 
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to a point d, on the screen, then the point D’ which is the image 
of the foreign body D, will be in the line of vision. We may now 
bring two points P, and P, on a wire to coincide with this line of 
vision. If now the eye is moved to another point, O,, these two 
points P, and P, will no longer be in the line of vision directed to 
d,. If now the wire P,P, be moved parallel with itself so that 
P, touches the new line of vision, then the point P will indicate 
the position of the foreign body. Wherever the eye moves, so long 
as the anticathode follows the movement, the point P, will coincide 
with the image of D’ and is, so to say, closely connected with it. 
We have now only to measure the distance of P, from the screen, 
in order to know with mathematical accuracy, how far D lies behind 
the screen. This method I have called Metaphanometry. 

We may go even further. Let us suppose D to be a foreign body, 
a bullet for instance. We may place a similar bullet at D’. If now 
we replace the screen S by a plate-glass mirror, we shall see the 
reflected image of the bullet D apparently in the patient’s body at 
D, that is in exact coincidence with the bullet in the body, so that 
the surgeon can proceed to operate as if he had the bullet actually 
’ before him. This method we may call Metasymphany. 


I have come to the above conclusions on theoretical grounds but 
I have convinced myself by simple models and experiments that the 
method holds good in practice. | made’ my first experiments in 
polyphany and metaphany in Frreprich Derssaurr’s laboratory at 
Aschaffenburg, the first symphanator exposure in Prof. WrENCKEBACH’S 
laboratory at Groningen. How far the method may prove of service 
in practice,can only be determined by long experience and_ the 
adaptation of Réntgen instrumentation for the purpose. 


(April 22, 1909). 
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Geophysics. “On LockyEr’s 35-year period in the solar activity.” 
By C. Easton. (Communicated by Dr. J. P. vAN DER Stok). 


(Communicated in the meeting of March 27, 1909). 


In These Proceedings Vol. XI p. 674 the results were communi- 
cated of an investigation by Prof. Eve. Dusors on the oscillations in 
the subsoil water of the dunes of Holland. 

From his well known investigations on the flora of the dunes 
Dr. Vutcx had concluded that almost the whole region of the dunes 
on our coast is considerably more arid than it was formerly. He 
supposed that this fact must not be attributed to modifications in the 
climate, but to several other influences *) ; Prof. Dusois, on the contrary, 
thinks that we are justified in assuming a periodic rise and fall of 
the subsoil water. The period of these oscillations would agree in a 
remarkable way with that which was found by Prof. E. Brickner 
in many of the meteorological phenomena and which seems to extend 
over 35 years. 

Dr. W. J. S. Lockyer tried to show, in 1901,*) that a similar 
period exists in the fluctuations of the solar activity and in terrestrial 
magnetism. He derived the period mainly from the form and ampli- 
tude of the sunspot-curve since 1834: 1. from the modifications. in 
the interval between minimum and maximum in consecutive 11 year 
periods; 2. from the changing frequency of spots as expressed by 
the ‘total spotted area”. As the curves for the elements of the 
terrestrial magnetism are fairly parallel to the sunspot-curve, we 
have to see in Lockygr’s period merely the oscillation in the solar 
activity. The data, used by Lockygr, are the following: before 1870 
those of R. Wor; then, up to the sunspot-maximum of 1894, those 
of Enis and finally the observations of the Solar Physies Observatory 
near London. From the epochs of the minima and maxima of the 


1) L. Vuyex, The flora of the dunes, Leyden, Adriani, 1898, p, 186 and p. 301 sq. 
In this discussion I think that too little weight is attached (even by Dr. Vuycx 
himself) to the difference, fully established by V., between the dune-region of our 
coast (on the mainland) and that of the North-Sea islands. The former is much 
the more arid. It seems likely that the choking up with sand of the pools in the 
dunes, which is considered by V. as the main cause of the desiccation of the dunes 
(not as the only one, as Prof. D. thinks), as well as the climatic changes, must 
have nearly the same influence on the two regions. — Does not, therefore, this 


difference vather lead us to consider such technical works as canals, aqueducts. 


elc. as being the main cause of the greater desiccation of the coast region, as 
compared with the islands ? 


2) W. J. S. Locxyen, The Solar Activity 1883.-1900, Proe. Roy. Society LX-VHI- 


1901, p. 285, 
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solar activity he derives a period of 34.4 years. From the maxima 
of the magnetic curve this period is found to be 35.25; from the 
total spotted area 35.5. The total mean is 34.89. For further particulars 
Lockyer’s article must be consulted. 

The result agrees fairly well with the most probable period 
derived by Brickner’) from several meteorological phenomena, viz. 
34.8 +0.7 years. 

Now it would certainly be extremely important if BriicKner’s 
period were confirmed by the results of an independent investigation. 


For, though this period — after having been long contested — has 
become rather popular of late and has been adopted by a great 


number of meteorologists, particularly in Germany, it still cannot in 
my opinion be considered as being firmly established. Investigations 
such as those of Prof. Dusois are certainly important for this reason, 
though of course there may be a difference of opinion about the 
question whether a 35-year period can really be made out in the 
series communicated by Prof. Dusors. 

The 35 year period found by Lockyer in the solar activity seemed 
very remarkable therefore. So, for instance, prof. JuLius Hann. writes 
in his excellent text-book *): “Durch die neuerdings aufgestellte 33 bis 
«35-jihrige Sonnenfleckenperiode scheint nun auch eine Ursache fiir 
“die 35-jahrige Bricknersche Periode gefunden zu sein.” Similarly 
prof. Dusors*) writes: “Since W. Lockyer proved, that in the amount 
“of spotted area of the sun also a 35-year period could be traced, 
“from 1833 till 1900, Beacnian's discovery surely has still gained 
‘in importance’’. 

Now, however, we can prove clearly, not only that the 35-year 
period, which Lockyrr thinks to be traceable in the solar phenomena, 
is ill founded — this was already pointed out by the author some 
years ago*) — but that the facts which have become known in 
the last few years have already shown that the English astronomer 
must be in the wrong. 

We will consider successively the two elements: (A) /—m (interval in 
time from a minimum to the next following maximum) and (B) 7.S.A., 
from which Lockyrr derived his period. For the reasons mentioned 
above, the magnetic curve can be left out of consideration. There is, 
of course, a relation between A and B. In general the intervals 


!) Ep. Brickner, Klimaschwankungen seit 1700. Wien. Ed. Hélzel, 1890, p. 272. 
2) Jut. Hann, Handbuch der Klimatologie Bd I, 3e Aufl. (1908) p. 363. 

8) Dupois l.c. p. 677. See also Supan, Grz. Phys. Erdk. 1V Aufl. p. 232. 

4) C. Easton, Oscillations in the solar activity etc. Proceed. Amst. 26 Nov. 1904. 


p. 368. : 
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between minimum and maximum become shorter at the time of 
greater solar activity (highest ordinates of the spot-curve, i.e. greates. 
Total Spotted Area), and conversely. It is W. Lockyrr’s merit to 
have pointed out the importance of the former quantity 1/—m for 
several phenomena on may have some connection with the solar 
activity. 

A. — In figure 1 the abscissae represent the years, the ordinates 
the values of AM—m. So for instance the ordinate 5.0 for the year 
1884.0 represents, according to Lockysr, the interval between the 
minimum of 1879.0 and the maximum of 1884.0. A similar “mini- 


mum to maximum curve” is given by Lockyer for the period 1834— . 


1890, in a figure agreeing with our diagram. L. prolongs his curve, 


beginning from 1900, by a dotted line, in the expectation that in — 


conformity with the course of the curve between 1867 and 1870) 
the fluctuation will rise to a maximum soon after 1901. The real 
course, however, of the solar activity since the time (1900) at which 
L. established his period, is contrary to his expectation. | now make 
use of Wotrer’s results based on all the principal series of solar 
observations *). It needs no demonstration that the results of these very 
carefully compared observations — lately 22 series obtained at places all 
over the earth have been included — furnish the best, or rather the 
only reliable basis for discussion and cannot be superseded by any 
single series of observation, such as that of the Solar Physics Obser- 
vatory. For the rest Wo.rrr’s results agree in the main with those 
obtained independently in another way and from different materials 
by Gurtaume in Lyons*), by Mascari and Riccd at Catania‘) and 
by Epstem at Frankfurt on the Main‘). 

Now the mean values of Wo.rer for the years since 1867, lead 
to the following values of the intervals of time M—m in the four 
last sunspot-cycles : 


') Lockyer’s diagrams in Knowledge and Scientific News Vol Il. Jan. p. 35, 
and Fe p. 7, 1905, may be consulted: the predictions quoted above are still more 
clearly set forth in these passages. 

*) A. Woxren, Astron. Mitteilungen XCIII (V. J. 5. Naturf. Gesells, Ziirich XLVI, 
1902) tables Il and 1V and diagram. 

*) J, Guittaume, successive volumes of the Gomptes-Rendus de |'Ac. d. Sciences, 
Paris, 

*) A. Mascant, afterwards A, Riced, Memorie della Societa degli spettroscopisti 
Italiani, successive years. 

*) Tu. Erorem, V. J. S. Astron. Gesellschaft 1880—86, and Astr. Nachrichten 
4237 (1905). For Epsrem's important and too little noticed “Intensivzahlen” see 
especially: Die Sonuenflecken, Frankfurt a, M., Gebr. Fey. 1904, p. 139, 
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min. to max. months years 
Sy 5 3.4 
1878—1883 ..... | pee 5.2 
1889—1894 ..... Bees its aes 4.4 
1901—1906 ..... Lewes. 5.2 


The uncertainty in these values is small for the two first periods, 
but considerable for the third, because Dec. *88 and Feb. 90 can be 
equally well taken as the real epoch of the minimum’). We have 
adopted the mean of the two. As to the last maximum: Prof. WoLFER 
does not as yet venture to fix its epoch definitively, but it appears 
from already existing data*) that it cannot be earlier than 1906.7. 
It may easily turn out to be still more retarded by half a year. 

The value 5.2 which | assume for M@M—m must be a minimum, 
therefore *. . 

If, in Lockyrr’s diagram, we draw the latest part of this curve, 
it appears to be in contradiction with what was expected by L. 
Instead of falling steeply it still rises. In my figure | have traced 


1) A. Worrer, |. c. vol. XCLII (1902) p. 90 sq: 

*) A. Wotrer, XCIX (1908) p. 288. 

Though the author thus anticipates on the results of a still unfinished inves- 
tigation, he ventures to make the following remarks. 

According to Worrer the present eleven-year period of the sun most clearly 
resembles that of 1523—34. 

The agreement of the highest elevations of the curve is indeed very striking. 
But we may also compare it to the period 1810—23, which is only still some- 
what lower (perhaps as a consequence of incomplete observations) but which 
in its general form, and with its more advanced centre of gravity, still more 
closely resembles the present period If we have to do with a real periodicity, and 
I assume that this is the case, then it will be interesting to ascertain whether 
the next period (1911—1922 norm.) runs in the same way as the flattened one - 
of 1823—33. About the year 1913 such must be sensible already in the course 
of the ascending line (the very low values near the minimuin too will furnish 
an indication). 

Such indications may prove to be also of importance for terrestrial phenomena. 
After the maximum we must expect very low winier-temperatures, as in 1830 and 1740. 

5) It is true that Epsrein (Astr. Nachr. 4237 p. 205) finds a gradual diminution 
from the latter half of the year 1905 to the beginning of 1908, but, on account 
of their inferior coaipleteness, his observations have little weight as compared to 
Wotrer’s series. lor the rest, what is particularly important is the “table-form” 
of the smoothed curve 1905—O8 as opposed to the summit-form of the curves 
near 1837 and 1870. : 

This strong retardation of the observed phase relatively to.the computed phase 
(Newcoms, Aph. Journal XIII, 1901, p. 1) was foreseen for the end of a 
89-year oscillation of the solar activily. See: Proceed. Amst. 27 May 1905, especially 
the table of p. 159, in connection with p. 371 and diagram Ill. These Proc, 
Noy, 1904. 
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the curve M—m for about a century baekwards.-Though the relia- 
bility of the observations of the sun. before the time of Scuwasr’s 
countings must be relatively poor, we are yet justified in expecting 
that, if the 35 year period really exists, it must still be traceable 
with some approximation before 1833. The lowest points of the 


curve ought therefore to coincide approximately with the crosses at | 


the bottom of our diagram, which crosses indicate the epochs of 
Locxyer’s period. As I have shown already on a former occasion *), 
however, there is no trace of such a coincidence. 


B. In considering what precedes we feel some surprise at the 
fact that it has been deemed possible to derive a 35-year period 
from mutually dependent series of observations, which do not even 
extend over fully 70 years, i. e. over rather less than two periods. 
The same remark holds, still more strongly, for the other element: 


the total spotted area. For even in the diagram of Lockyer himself — 


the curves for 1847—56 and 1879—90 show but little similarity. 
Meanwhile it would have been significant (although this would not 
have demonstrated the existence’ of the period) if the period 1901— 


1912 (?) had imitated in form and height those of 1834—1843 and 
1867—1879. We have already shown that such cannot be the case . 


as far as the slope of the ascending line is concerned. Further, 
though the 11-year cycle is not yet complete, the fact has already 
been established that the curve representing the present period agrees 
least of all with the two just mentioned ones (as would be required 
by the 35-year period), nay that it resembles more nearly any 
other earlier 11-year period. 

In order to show this | have reproduced the curves of Lockygr 
on the same scale and | have completed them in accordance with 
Wo.rer’s curve in the A. M. XCIII*) — ‘ausgeglichene Relativ- 
zahlen” — further for the years 1901 to 1908, the curve has been 
drawn from the yearly averages, which have been published afterwards 
in the A. Mitt. The ordinates thus represent Worrrr’s Relativzahlen 
(100 Lockyer = 118 Wo.rer). For the very latest period I have 
made use of communications scattered in different papers. 

The smoothed yearly “RZ” sinee 1901 (2.7) are as follows; 


1902: 5.0 1904: 42.0 1906 ; 53.8 
1903 ; 24.4 1905 ; 63.5 1907 : 62.0 


') C. Easton, Zur Periodizitit d, solaren und klimatischen Schwankungen, Peterm. 
Mitteilungen 1905, 8, p. 169. 


*) Also in the Monthly Weather Review, Apr, 1902, 
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In 1908 (3d quarter of the year) another strong increase of 
the solar activity has taken place, which almost reached the highest 
monthly averages of 1907 (Woxrer |.c.). On the other hand accord- 
ing to Guim.AuME the 4 quarter of the year showed less than half 
the spotted area of the preceding three months. 

Along with the dotted curve 6—7 (fig. 2) obtained in this way 
which thus represents the (sufficiently established) true course of the 
solar activity in this century, | have given a curve (7) consisting 
of separate dashes. It represents the course which the curve would 
have shown, if, as required by a 35-year period, N°. 7 had agreed 
with N°. 1 and 4. *) 

I need not insist that there is not the slightest agreement. 

This shows sufficiently that Lockyer’s opinion, according to which 
a 35-year period should be traceable in the materials now at hand, 
is untenable. 


Mathematics. — “A family of differential equations of the first order.” 
By Dr. Z. P. Bouman. (Communicated by Prof. Jan pk Vrixs). 


(Communicated in the meeting of March 27, 1909). 


Prof. JAN pe Vries has pointed in These Proceedings Vol. XI 
(Febr. 27, 1909 p. 756) to a family of differential equations of the 
first order which are reducible by a projective substitution to a linear 
equation 


d 
= Play + Qa). 


Such an equation has the property that the singular point is the 
vertex of a “critical” pencil of rays, which means that the tangents of 
the integral curves in the points of each ray meet in one point, the 
“pole” of that ray. 

The general form of the equations 


dy _f (#9) 

dz g(«,y) 
belonging to the indicated family can be found in the following 
manner, in the supposition that / and g are integer algebraical functions. 


1) “As we are now approaching another maximum of sunspots, which should 
correspond with that of 1870.8, it will be interesting to observe whether all the 
solar, meteorological and magnetic phenomena of that period will be repeated” 
(LockyER, Proc. R. S. LX VIII, p. 300). 


ie 
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1. Let «=0, y=O be a singular point, so that we have 


F(0,0)=0 and g(0,0) = 0 
The tangent to the integral curve in the point (a, mz) is represented by 


Y — mux oe (X—z), 
Ix 


where f; = f (a, mz), gz = g (2, m2). 

If this tangent is to pass. for each value of « through a fixed 
point, it must be possible to determine 2, and y, in such a way, 
that for all values of x 

&y fx ef 9x si (mgz — fr) % =.0 
is satisfied. 

The left member of this equation must therefore after division by 
a power of x be linear in 2 So we can put 

Jr = Ax’! + A'x", 

92 = Bat— + B'x, 
and we have then still the condition that (mg, — /f,) may contain 
only at". 

As f, and gr originate from / (x, y) and g (2, y) by the substitution 
y= maz, we Can put 

f=A,y®*+ A, ye +...+ Are + Ae) (y, 2), 
= By" +B, ys a+... + Bia + Avy, a), 
where H, and H, represent homogeneous polynomia of order (n—4). 

Then mg, — fr becomes equal to 
(Bymrtl + Bomn +... + Bym) — 

Sta. m* + Aymr—!l + ...+ An); w + (mB—A)x"—), 

As (mg,— fr) must be, independent “s m, of order (n— 1) we 
have the conditions 

Bo=0, Beppe ArOGkSn), A= 9. 
So = 
f= (Agy"—! + Ayy™? @ 4 26. + Ania") y + H,C—" (y,@), 
g = (Ayy"—! + Ay? @ 4 ee $ An ele + HO) (ya), 
So we can put 
dy meee H,—D(y ya) 4-H, (ya) (1) 
daw Hy*—")(y,a) + H,—" (ya) 

Now that the general form of the differential equation has been 
found, we can easily give the substitution indicated by Prof. pn Vrins, 

We can replace (1) by 


y 
dy H,-)) ae Ss (n—1) 


ls Ia 
dx @ Ee Lee 
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Let us divide numerator and denominator of the last fraction by 
v—!, we then find an equation of the form 


me 
monroe 
x x 2 


Now 


By the substitution 


the equation (1) passes into the linear equation 


dv Fu) + eF (u) 
ring Flu) S| URE Fe a ae Se erraae b 


3. Out of (2) we find at the same time, when the original equation 
is separated by the substitution : 


a. lf Fy(u) = 0, we have H, = 0, therefore 
dy H,e—) (y,a) 
dz =H, (y,a)’ 
i.e. a homogeneous equation. 
b. If F,(u) =0, so H, =0, we have 
dy A" Wy ,x) 


“da. - | BG Wy,a). 
and 
do Fi _ 
dus“ F’(u) 
ce. If F,(u)=0, we have simply 
sel ere 
dz a 
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4. If we approach along the ray y= mz the singular point (0,0) 
then the tangent of the integral curve is indicated by 


dy F(m) 
——=m+ 2 
dx Fm) + «F,(m) 
So in (0,0) we have 
dy (m) 
dx - F(m) 


5. If the differential equation has the singular point « = a, y =), 
with critical pencil, then the investigation is reduced to the preceding 


by a substitution ec=—2+a, y=y+b. 


Mathematics. “On continuous vector distributions on surfaces”. By 
Dr. L. E. J. Brouwer. (Communicated by Prof. D. J. Kortewsze), 


(Communicated in the meeting of March 27, 1909). 


d 
The theorem, that a differential equation = = / (# y), in which we 
Hi 


suppose f to be univalent and continuous, possesses through each 
point (z,, y,) one integral curve was proved for the first time by Cavcny ') 
for a field, in which / possesses a continuous partial differential 
quotient with regard to one of the two variables, and then by 
Lirscnitz*) for a field in which the difference quotients of / with 
regard to one of the two variables for increases of that variable 
below a certain maximum do not exceed in absolute value a certain 
maximum. 

Prano’) finally has done away with all restrictions for f with 
the exception of its continuity, and has proved, that then still through 
any point at least one (but now in general more than one) integral 
curve exists. It is this result of Pskano of which we shall make use 
to deduce a property of continuous vector distributions on a sphere 
(or on a surface equivalent to it in the sense of analysis situs, after 
it has been made measurable by a net of curves which is continuous 
one-one image of the net of principal circles of a sphere). 


1) Exerc. d’anal, |, 1840, p. 327; comp. also Moreno, Leg. sur le calc. diff. et 
int., Tm Ll (Paris 1844), leg. 26, 27, 28, 33. 

*) Bull. des sc. math, 10, 1876, p. 149. 

*) Mathem. Ann. 87, 1890, p. 482; the proof has considerably been simplified by 
Anzea, Sull’esistenza degl'integrali nelle equazioni differenziali ordinarie, Memo- 
rie della Acc. di Bologna (5) 6, 1896, p. 83. 
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We shall suppose that the vector becomes nowhere zero or infinite; 
in any point the direction is then univalently determined, and that 
direction varies continuously from point to point. By placing the 
sphere into a Euclidean space and by projecting there an arbitrary 
spherical shell upon its base plane, we then deduce from the theorem 
of Prano that in an arbitrary point of the sphere we can at 
least start one single curve, which is tangent curve to the vector 
distribution. Let 7 be such a tangent curve; we shall then say, that 
we pursue r if we deseribe it in the direction of the vector and that 
we “recur” it, if we describe it in the direction opposite to the vector. 

We now introduce a spherical distance 3 with the property, that 
within an arbitrary circle described on the sphere with radius ~ the 
angle’) of any two vectors is < *‘/, 2. ’). 

Let us now start the curve r ia A, and let us pursue it up toa 
point P in such a way, that all points of the described are A,P 
have a distance < 8 from A,, then the radius vector drawn from A, 


to an arbitrary point of the are A,P will enclose with the direction 


of the vector in A, an angle <'*/,. For, if one of the two ares 
of principal circles, which in A, make an angle ‘/, 2 with the vector, 
were transgressed by 7 between A, and P, then according to the 
supposition the vector is directed in that point of intersection to the 
inner side of the angle formed by those two circular ares; so if we 
pursue + from A, to P, it can enter the just-mentioned angle, but 
it cannot leave it; then however it must always remain inside that 
angle. 

It is likewise evident, that, if 7’ is an arbitrary point on the are 
A,P, the radius vector drawn from 7’ to an arbitrary point of the 
are 7’P encloses with the vector direction in 7’ an angle < '/, x. 

Let @Q now be an arbitrary point of r between A, and P, we 
then know that the vector direction has in Q a component in the 
direction of the radius vector A,Q; thus, if Q moves along r from 


1) For the definition of the angle between two vectors not starting from the 
same point in an arbitrary non-Euclidean space, comp. these Proceedings Vol. 
IX, 1906,: page 121, 122. To determine that angle here on the sphere we transfer 
the two vectors to a point of the principal circle, which joins them, maintaining 
their angle with that circle. 


2) That such a spherical distance @ can always be indicated, is evident as follows: 

If a point D approaches indefinitely to a point C, in which the vector is not 
zero, then on account of the continuity of the vector distribution also the angle 
between the vectors in D and C converges to zero, and farthermore that con- 
vergence takes place for different points of convergence C uniformly, the vector 
distribution being uniformly condinwouws on account of the sphere being a closed 
set of points. 
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A, to P, the length of the radius vector A,Q and likewise that of 
any radius vector 7Q (if J is an arbitrary point already passed) 
increases continually. 

From this we conclude in the first place that between A, and P 
the curve r cannot meet itself and then that, when pursuing 7 from 
A,, certainly a point B, is arrived at, possessing a distance 8 from A,. 

For, if such a point were never reached, we could point out on 
r a series of points 

Gs Gy hs Tea so es 
which would not end at any number a of the second class of 
numbers, which points would possess from A, the distances 


E19 Ege es Bay Sots. ++ Ex seeee 


which would continually increase in this order, but remain smaller 

than 8. This however is impossible because the set of the differences 
€et1 — x 

must be denumerable. 

' Any point A, is followed by a well-determined point B,; such an 

are A,B, we shall call a B-arc; the distance between the end points 

of a f-are is B; its length lies between 8 and #2, as is easily seen. 

Now in the first place it can occur that the pursuing branch and 
the recurrent one after a finite number of 8-ares have met either 
each other or one of the two itself. 

In that case we possess a closed single tangent curve to the vector 
distribution, 

If not, the pursuing branch and the recurrent one can be continued 
over an infinite number of @-ares without a meeting taking place; 
this case we shall investigate more closely. 

Let y be ='/,8 and let A,,A,,A,,.... be a series of points on 
rin such a way, that each are A,A,4; is a y-are. We are now 
sure that this series of points can reach each finite index. Let farther- 
on p be an integer greater than the quotient of the spherical surface 
by the surface of a circle of radius */,y on the sphere. 

Let us pursue r from A, and let us describe round each 
point A, a circle with radius */,y, then two consecutive ones of those 
circles touch each other on their outside, and any four consecutive 
circles lie entirely outside each other ; however, when A, is reached, two 
circles intersecting each other must have appeared, and at the same 
time or already before, a first point / on 7 must have been reached 
possessing a distance y from a point G lying more than a p-are behind 
it. If G lies between Aj,—; and A,, then Aj,4; and Aj,+2 have a 
distance from G which is > y, whilst A, is separated by less than 
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a pare from G; so G and F are separated on r by at least three 
points A. 
Let FE be a f-are, then on FE lies a point H not coinciding with 


A 


FE in such a way, that no other point of that are has a smaller distance 
‘from G. The are of principal circle GH is then in H perpendicular 
to 7, and as the vector directions in G and A form with each other 
an angle < '/, 2, they are directed to the same side of that are of 
circle. The are of circle and the are GH of r have farthermore 
only their endpoints in common, and they form together a closed 
single curve k, of which the length is smaller than (p+-3)7yV2, and 
which divides the sphere into two domains. 

If we pursue rv from G, it first runs to H along the boundary of 
those two domains, and then at H enters one of those domains g,, 
and will leave it no more, for it no more meets, its own are GH 
according to the supposition, and if it were to meet the arc of 
principal circle GH, that would be at a distance <p trom H, 
thus with a pursuing tangent direction, which would lead it into 
g,, but could not make it leave that domain; so this meeting will 
never be able to take place either °). 

And analogously, if we recur r from H, it first runs to G along 


1) On the same grounds it is clear that for 7, independent of the choice of Ap, 
G and H, certainly a minimum distance 3 can be pointed out, under which, 
afler the §-are beginning in H, r will never be able to approach, between the 
two 6 ares beginning in G and in H, the are of principal circle GH.__ 
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the boundary of the two domains, to enter at G the other domain g, 
and leave it no more. 

Let now y' be =} y and A’, (coinciding with H), A’,, A’,,.... 
a series of points on 7 in such a way, that each are A’,A’n41 
is a y’-are. In the same way as we have constructed the curve 4, 
we now construct a single closed curve £’ consisting of an are G’ H’ 
of r, and an arc of principal circle G’H’, which is smaller than y’. 

This curve <’ lies entirely inside g,; for after the preceding the 
only way in which it might still leave it, is that the two ares of 
principal circles GH and G’H’ should meet in two points, which 
is impossible, both arcs being <2. 

So the curve &’ divides g, into 1. an annular domain (which 
only in the special case that H and G"’ coincide becomes singly 
connected), in which lies the are HG’ of r, and 2. a singly connected 
domain g’,, within which lies the pursuing branch of 7 past A’. 

Repeating this process indefinitely and taking every time y+!) = } y), 
we construct a type of order w of single closed curves, of which 
each following one lies within the preceding ones, and it is easily 


proved, that as soon as 7) has fallen under a certain maximum '), 


the following curves £@ have all a length smaller than (p+ 3) yV2. 
Hence the lengths of a// curves £®) lie below a.same finite limit. 

We can now regard the place on the sphere of a variable point 
of as a function of the length of are s between G) and that 
point. The different k’s are then represented by a system of 
uniformly continuous functions. Thus according to ArzeLi*) a 
fundamental series 

m7), kia), kira), iets 

can be indicated, converging uniformly to a continuous limit function . 

The differential quotients of the functions determining the curves 
7) ave in any point indicated by the vector direction in that point; 
they are uniformly approximated by the functions of s determining 
the difference quotients with respect to s, and they are themselves 
uniformly continuous functions of s. 

So they converge uniformly to a continuous limit function represent- 
ing the differential quotient, i.e. the tangent direction of A), 


') Such a maximum is the quantity 3 mentioned in the preceding note. For if 
we then take G() as Ag, and if we construct the corresponding curve 4, then 
the length of the arc between G and the point H belonging to that curve k is 
smaller than (p-+-2)7V2. We know here however for sure, that, if before this 
point HT no point on 7 has been reached possessing a distance smaller than 5 from 
Gm), such a point will not appear farther on either, 

2) ,Punzioni di linee”’, Rendiconti Lincei (4) 5, 1 (1889), p, 842; *Swlle funzions 
di linee’’, Memorie della Accademia di Bologna (5) 5 (1896), p. 226. 
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So, as any point of K) is limit point of points of Kk”) lying on vr, 
the limit curve kk” is a tangent curve to the vector distribution. 

Farthermore s also represents the length of are of 4 and as the 
lengths of the Ms remain below a same finite limit, A”) also 
returns into itself after having described a finite length of are. 

The curve ) cannot reduce to a single point, for then the 
whole of the directions of the tangents to a curve contracting to a 
single point would converge to a single direction, namely the vector 
_ direction in that limit point, which is impossible. 

Neither can a point of K” belong to two different values of: s, 
unless after a whole cireuit; for otherwise /) would consist of a 
single closed curve plus points in its “inner domain” (if we call 
its “outer domain” that in which all curves & lie); which is 
likewise impossible. 

So it is evident that A” is a single closed curve to which the 
pursuing branch of r spirally converges uniformly. 

In the same way it is evident, that also the recurrent branch of r 
spirally converges uniformly to a single closed curve #@) lying 
entirely outside £). 

The tangent curve r has therefore for analysis situs the character 
of a double circular spiral circuit, whose two asymptotic closed 
curves are likewise tangent curves to the vector distribution. 

So we possess for continuous vector distributions having in any point 
a definite direction, at any rate a single closed tangent curve, 

Possessing now such a closed tangent curve r,, we can. start 
another tangent curve in one of the domains determined by the former, 
which domain we shall call its “inner domain”. This curve ean 
behave in different ways: 

A. When sufliciently pursued on one side and recurred on the 
other side, it finally returns into itself without having met 7. 

In this case we possess a single closed tangent curve r, bounding 
a singly connected “inner domain’ forming a part of the inner 
domain of 7,. 

&. It does not return into itself inside 7, ; here the following cases 
are possible : 

a, When recurring we find it starting somewhere on r,; when 
we pursue it, it does not meet r,. Then according to what precedes 

the pursuing branch converges spirally to a single closed tangent 
curve 7,, bounding a singly connected “inner domain” , which is a 
part of the inner domain of 7r,. 

8. When recurring we do not find it starting on r, ; when we pursue 
it however it ends somewhere on 7,. Then the recurrent branch 
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furnishes a single closed tangent curve 7, with the same property 
as above. : 

y. Neither when we pursue, neither when we recure it meets 7,. 
It then converges on both sides to a single closed tangent curve. 
One of these can coincide with 7,; the other however is a single 
closed tangent curve r, with the same property as above. 

dé. When we pursue as well as when we recure it meets 7,. The 
are lying between the first meeting-points on both sides forms then 
with an are of r, joining those same points a single closed tangent 
curve 7, with the same property as above. 

In the same way we can now again enclose a part of the inner 
domain of r, by a single closed tangent curve 7,, and we can 
construct in this way a fundamental series of single closed tangent 
curves a 

oy His Pia ees Pei ees 


for which we show, in the same way as above for the curves h\), 
that there exists an upper limit for their length of are and 
fartheron, that they converge uniformly to a single closed tangent 
curve 7, whose inner domain is a part of that of any curve 7p. 

But we can still again let 7, lose a part of its inner domain by 
a single closed tangent curve 7.41, and again 7,4, by. rye, and 
this process can be continued after any index of the second class 
of numbers. 

On the other hand, however, this is an absurdity, as the system 
of those losses of domain must remain denumerable. 

The supposition, that the vector direction should be determined in 
any point, has thus proved to be impossible, so that we can formulate : 


Tuxorem 1. A vector direction varying continuously on a singly 
connected, twosided, closed surface must be indeterminate in at least 
one point. 

And from this follows directly : 


Tueorem 2. A vector distribution anywhere univalent and continuous 
on a singly connected, twosided, closed surface must be zero or 
infinite in at least one point. 

If we represent the complex plane stereographically on the NeEuMANN 
sphere, a complex function becomes a vector distribution on the sphere, 
So we can also interpret our result as follows: 


Tavorem 3, A univalent, continuous function of a complex variable 
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being nowhere zero or infinite and without singular points cannot 
exist *). 

Between the above theorem 2 and the property deduced in a 
former communication *) that every continuous one-one transformation 
with invariant indicatrix of a sphere in itself shows at least one 
invariant point is a close connection. At first sight one might even 
suppose that they can be directly deduced out of each other. However 
this is not the case; on the contrary: they complete each other. 

Let us namely suppose on one hand the theorem about the vector 
distribution to be proved. If then is given a continuous one-one 
transformation of the sphere in itself, we can join each point 
P with its image P’ by an are of principal circle PP’, and consider 
that are of circle in size and direction as a vector in P. But 
the univalence and the continuity of such a vector distribution is 
now assured only, if for no point the image lies in the anti- 
podic point; and as this may not be assumed for an arbitrary 
continuous one-one transformation, a direct appearance of the 
theorem of the invariant point is excluded. 

Let us on the other hand regard as proved the theorem of the 
invariant point, and let a continuous vector distribution be constructed 
on the sphere. If we then make the points of the sphere undergo 
infinitesimal displacements proportionate to the vectors, and if we may 
suppose these displacements to generate at the limit a one-one trans- 
formation (of itself continuous and leaving the indicatrix invariant), 
we can conclude from it that the vector distribution must of neces- 
sity be somewhere zero or infinite. We are, however, sure of the 
one-one correspondence of that transformation only if by inde- 
finite decrease of the vectors we can make the vector variation 
anywhere smaller than the corresponding point variation, thus 
if the infinitesimal difference quotients of the given vector 
distribution do not exceed a certain maximum. And as in general 
this condition is not satisfied, the theorem of the vector distribution in 
its general form does not appear directly as a consequence of the 
theorem of the invariant point. 

A continuous vector distribution on the elliptic plane through a 
one-two correspondence determining a continuous vector distribution 
on the sphere, the two following theorems also hold : 


1) For monogenous complex functions this. is a well-known theorem; for, a 
constant has in the point of the Neumann sphere representing the infinite a 
singular point. 

2) These Proceedings, page 797 of this volume. 
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Turorem 4. A vector direction varying continuously on a singly 
connected, onesided, closed surface must be indeterminate at least in 


one pornt. 


TurorEM 5. A continuous vector distribution anywhere univalent - 
on a singly connected, onesided, closed surface must vanish or become 
injinite at least in one point. 


By the following elementary example theorem 4 is illustrated : 

If we wish to adjoin in the projective plane by linear relations 
between the respective coordinates to any point P a straight line 
- passing through that point, this is only possible by taking for that 
line the line which joins P with a fixed point Q. Theorem 4 informs 
us that if we wish to select in any point P one of the two half 
lines joining P and Q, this cannot be done continuously. 

We really see that if moves along a straight line and if at the 
same time the half line PQ varies continuously, after a circuit of P 
that half line has not remained the same. 


Finally we notice that theorem 5 has as a direct consequence the 
theorem of the invariant point for the elliptic plane. *) 

For, for a continuous one-one transformation of the elliptic plane 
in itself the two straight line segments, which join ? and its image 
P’, determine, it is true, two oppositely directed vectors, but a 
selection out of them for one point determines a selection everywhere, 
varying continuously in the whole plane. This is immediately proved, 
if we let P move along a unilateral curve; /” describes then like- 
wise a unilateral curve, and the selected segment PP’, after having 
varied continuously during the circuit, has remained the same as 
before. ; | 

As farthermore the vector distribution, constructed in this way, 
becomes nowhere infinite, it must vanish at least in one point; this 
point is invariant for the transformation. 


') These Proceedings, page 798 of this vol. 
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Physiology. — “Contributions to the study ef serum-anaphylaxis.” 
(3 Communication). By Dr. J. G. Sieeswisk, Foreign 
Member of the Pasrxur Institute at Brussels. (Communicated 
by Prof. C. H. H. Spronck). 


(Communicated in the meeting of March 27 1909). 
About Immunity-reactions in serum-anaphylaxis. 


It may be assumed on sure grounds that only an intentional 
application of the methods of the doctrine of immunity will serve 
to give us some insight into the mechanism of anaphylaxis. Already 
in my first communication | said something about this subject: 
among others, that, with the reaction of sensitized animals on the 
toxic serum-injection alexine is fixed in the organism, and also that 
already normal blood of the guineapig is able to fix the toxie prin- 
ciple of horse-serum. I then thought I was entitled to put forth the 
assuinption that also other tissues or organs of the guineapig should 
he capable of such a fixation, a supposition that had also occurred 
to other investigators, but for which they had found no proofs in 
their experiments. 

However, it is quite possible that the blood corpuscles in this case 
take up a peculiar position, and that for the supposed fixation of the 
toxie matter on other organs (e.g. cerebral tissue) the intervention 
of the bodily fluids of sensitive animals is necessary. Such experiments 
— as far as | know — have not yet been made. Yet they promise 
favourable results, especially now that in the meantime I have 
sueceeded in giving a more firm experimental basis to the supposition, 
likewise put forth in my first communication, that in the sensitized 
animal the cellular affinity for the here active elements of horse- 
serum should still be enhanced. 

Here we had namely to do with the part of serum and corpuscles 
of sensitive guineapigs in the anaphylactic reaction. I have herein 
applied the toxic seruminjection directly in the circulation (carotis), 
one or a few minutes later I bled the animals to death, and left the 
blood to itself for some length of time. I surmised namely that, 
seeing that with this treatment the animals react much quicker and 
much more violently than with the intraperitoneal injection, probable 
changes in the biological qualities of the cells or fluids would then 
also be most striking. 

_ Now if we compare the bloodserum of a sensitive guineapig, treated 
thus, before and after the intravascular injection with that of a 
58* 
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normal animal treated likewise, we see that in the former a strong 
haemolysis has manifested itself, which in the latter is hardly percep- 
tible. The hypersensibility, therefore, of the organism is really — 
and that by the intervention of the anaphylactic guineapig-serum — 
localized in the red corpuscles, a fact by which a localization also 
upon other bodily cells is of course by no means excluded, on the 
contrary rendered probable. 

By the side of this haemolysis we now meet with another pheno- 
menon. I have already pointed out “before that the disappearance of 
alexine in vivo ean be proved only in intraperitoneally intoxicated 
animals which do not die, or survive at least half an hour; in other 
words, to bring about this process some time is necessary. For 
guineapigs getting the second injection directly into the circulation *) 
and perishing within a few minutes show no loss of alexine. If, 
however, the blood of an animal: treated thus, — defibrinated or 
not — is for some length of time left to itself in the incubator, 
the complement may, also under these circumstances, be seen to 
disappear. In the normal guineapig this process is hardly present, 
but in the sensitized animal it is much more distinct. This reaction, 
therefore, if commenced in‘vivo and set going, also spreads in vitro, 
only somewhat more slowly. 

Now the following question may be asked: does, while these 
phenomena are coming about, the serum of the hypersensitive animal 
play an active or a passive part? In order to study this question 1 
was in a position to avail myself of an immunity-phenomenon — 
the so-called Conglutination-reaction — of which I may as well 
point out in a few words the origin and the signification. 

Enriich and Sacus*) were at the time the first who drew attention 
to a peculiar reaction, which takes place between red corpuscles of 
the guineapig, fresh horse-serum and inactivated cattle-serum. Herein 
the erythrocytes show a peculiar conglomeration, which can be 
distinguished from the ordinary agglutinationtype (conglutination), 
followed by a haemolysis. The explanation of this phenomenon has 
led to a controversy between the schools of Eurticn and Borprr 
about the action of amboceptors (sensibilisators) and complement 
(alexine) a question with which we do not wish to meddle here. 
From the publications concerning this subject, by Borper and Gay *), 


1) + 1 cM, The injection-tube with the serum has previously been brought 
lo 37”, 

*) Berl. Klin. Wochenschr, 1902, 

* Ann, Pasteur, 1906, 
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Sacns and Baver'), Borper and Srrene*) (the last gave the pheno- 
menon the name of “Conglutinationreaction’’) it has meanwhile appeared 
that for .the influence of the conglutinating cattle-serum on the 
guineapig-blood a previous fixation of the horse-alexine to this blood 
is necessary. Accordingly e.g. the relative complementary power of 
a horse-serum may in this way be easily determined. But besides it 
will also be clear that, if in some way or other this fixation of the 
horse-alexine to the guineapig-erythrocytes can be influenced (either 
furthered or checked), the course and the result of the whole process 
may thereby be altered. Now where the just mentioned elements 


play such an important part in the anaphylactic complex of symptoms, 


and where we wanted to trace the importance herefor of the serum 
of sensitized animals, it was also a matter of course to study the 
influence of such a serum — both before and after the toxic injection — 
on the course of the conglutinin-reaction. For it was to be expected 
‘a priori that the bodily fluids of the guineapigs specifically hyper- 
sensitive with respect to horse-serum also in reference to this serum 
would show some alterations in their qualities. 

To bring about the reaction discussed just now, we add together: 
*/,, eM.* fresh horse-serum with about the double volume (‘/,,) of 
the guineapig-serum, then a little physiological solution of sodium- 
chlorid (*/,,), ‘/2. ‘washed normal guineapig-blood and finally */,, 
cattle-serum (during */, hour warmed to 55—56°). 

Merely through the presence of normal guineapig-serum the reaction 
is now somewhat retarded ; but important for us is only the compar.son 
of the course of the reacfion in the tubes with the anaphylactic 
guineapig-serum before resp. after the toxic injection. In the main 
the following facts may be observed: 

After the intraperitoneal injection of a toxic dose the serum of 
sensitive guineapigs gets a strong antialexic power with regard to 
horse-serum, i.e.: it hinders the fixation of the horse-alexine on the 
guineapig-blood, which is necessary to bring about the conglutination- 
reaction. Now it is a well-known fact — which I pointed out in 
my previous communication — that a sensitized guineapig which 
remains alive after the second intraperitoneal serum-injection (and 
this depends only on the dose), is rendered immune against a following 
injection. It may therefore be surmised that the explanation of this fact _ 
lies in the just mentioned quality directed against the horse-serum, 
with which the serum of the animal defends the sensitive elements 


1) Arb. a. d. KGnigl. Inst. f. exp. Ther. zu Frankf. a. M. Heft 3, 1907. 
2) Centralbl f. Bakt. Bd. 49, 1909. 
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of the organism (of which the red corpuscles are for us the paradigm) 
against a toxic injection of the antigen, 

After the injection of the horse-serum directly dnto the circulation 
the serum of the sensitized guineapig shows just the reverse. In the 
above proportions with the other ingredients brought together to the 


conglutination-mixture it appears — compared with its action before 
the toxic injection — to further the fixation of the horse-alexine 


upon the guineapig-blood. Whence that sharp contrast ') in the results 
of the injections into the abdomen or into the circulation? The con- 
tradiction, however, is only a seeming and a relative one. For, it 
has further appeared to me that, if the last mentioned serum (viz. 
that of a sensitive animal after the second injection into the cireu- 
lation) is previously fcr some hours left in contact with the horse- 
serum before guineapig-blood and cattle-serum is added — the re- 
action in this mixture is then strongly retarded in comparison with 
another mixture, in which all these ingredients are directly added 
together without any previous mutual contact. It appears therefore 
that also in this serum after the intravascular injection there are 
still slumbering wnneutralized antihorse-serum qualities, which can 
be brought to light only in the way just pointed out. 

The principal theoretical conclusion which I should like to draw 
from the above investigations is, that ir the (serum-)janaphylaxis we 
have to do with two contrasting principles: one is the basis of the 
hypersensibility, the ‘other represents the immunity-principle, and 
both play a part in the mechanism of the anaphylactic complex of 
symptoms. ; 


Identification of blood-spots with the aid of anaphylaais. 


Finally 1 am in a position to communicate here the foundations 
of a new method to distinguish the blood of man from that of 
animals and that of different kinds of animals from each other. 

I came to this on the ground of what follows. By former investi- 
gators if had been proved that with all kinds of sera a specific 
liypersensibility could be brought about: the same thing in general 
holds good for the most different proteins, among others also haemo- 
globin. Because moreover traces of these substances are sufficient, 
and also granted the facet that the sensitizing principle resists in- 


') This does not seem so strange if it is borne in mind that from the abdomen 
the resorption takes place gradually, whilst with injection into the carotis the 
cweulation is suddenly overflowed by a relatively large quantity of the alien serum, 
Hence also the different reaction of the organism, 
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fluences from without, it stood to reason for me to try whether 
these data were to be used for the identification of blood-spots. 

Now | have first ‘dried some drops of blood fronr different animals 
(horse, cattle, rabbit) upon small pieces of linen, then extracted 
them by means of salt-solution and injected the extract subcutaneously 
into guineapigs in quantities equal to one drop of blood per animal. 
After the lapse of the usual incubation-stage of 12 or 14 days or 
longer the animals —- as was indeed to be expected — had become 
hypersensitive to an intraperitoneal injection of 4 or 5 cM.’ of the 
corresponding serum, and that in a quite specific sense. A guineapig 
e.g., which has been sensitized with the extract from a cowbloodspot, 
and does not in the least react upon an injection of 5 ¢M.* of horse- 
serum, is as sensitive to an injection of the same quantity of cow- 
serum the day after, as a test-animal — likewise sensitized with 
extract from a cowbloodspot — but which previously has not been 
tried with another serum. | 

Then | have also anaphylactised guineapigs with the extract from 
spots of human blood. Now as for trying these animals in the sub- 
cutaneous or intraperitoneal way rather a great deal of human serum 
would be necessary, | have examined them upon hypersensibility in the 
intraterebral way or by preference by intravenous injection. Thus 
they can very well stand '/, cM.* of serum from horse, cattle or 
rabbit, but the same quantity of human serum, injected into the 
carotis, kills these animals certainly within a few minutes. 

1 am busy continuing this investigation, in the hope of rendering 
the method simpler and more practicable. Meanwhile I have already 
now intended to point out the principle of this method, because I 
think it may perhaps find a place by the side of the well-known 
methods of judicially medicinal investigation of blood: 


Physics. — ‘Researches on the Joute-Kuivin-effect, especially at low 
temperatures. 1. Calculations for hydrogen.” By J. P. Dauton, 
M.A., B.Sc., Carnegie Research Fellow. Communication N°. 109¢ 
from the Physical Laboratory, Leiden. 


(Communicated in the meeting of March 27, 1909). 


§ 1. The present calculations form part of a research which was 
undertaken *) with a view to devising an apparatus for determining 
the JouLE-KeLvin-effect obtained in expanding helium at the temperature 
of liquid hydrogen, and thus to lead to some decision regarding the 
1) The beginning of the research was already referred to in Comm. N°. 108 
(Proc. Aug. 1908). 
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possibility of liquefying helium an open question at that time. 
To test the apparatus, expansion experiments were first to be made 
with air at ordinary temperature, and with hydrogen at the temperature 
of liquid oxygen; but in the construction of the apparatus it had 
always to be kept in view that it was eventually to be used in 
liquid hydrogen. Preliminary experiments showed that the apparatus 
in its: original form did not give a true JouLn-Ke.vin-effect, and thus 
led to a special investigation of the thermodynamics of expansion 
through a valve and how a valve apparatus has to be arranged so 
that the enthalpy‘) before and after expansion remains the same. 
The results of this investigation will be published in this and following 
communications, for they lose none of their interest by the cireum- 
stance that the original object of the research has been disposed of 
by the liquefaction of helium. *) © 


§ 2. Since the experiments of JouLE and Kxtvin*) of 50 years 
ago very little experimental work upon similar expansions of gases has 
been published. This lack of confirmation is rather surprising when 
we consider the importance of the JouLE-KELVIN experiments in gas- 
thermometry and the frequency with which their results are employed 
in various theoretical thermodynamical investigations. With the 
exception of some rough experiments by ReGnavLt*) upon various 
gases, and the work of E. Naranson ‘) and Kester‘) upon CO,, no 
further measurements of the JouLE-KeLvin effect seem to have been 
made. Recnavuit did not obtain results sufficiently definite to lead to 
any theoretical conclusions, and the results obtained by the other 
experimenters are not in agreement. 


§ 3. Although JouLe and KeLvin began their experiments by 
allowing the expansion to take place through a small aperture, they 
soon abandoned that form of apparatus, and used instead a porous 
plag so as to ensure, by friction in the plug, the immediate conver- 


t) This 1 name has been suggested by Kamertinan Onnes to indicate the function 
(e+ pv) — the ‘Heat function” of Gress, H. L. Cattenpar (Phil. Mag. [6]. 5. 
p. 48. (1903)) calls this expansion *Adiathermal”. 


*) H. Kamentinon Oxnes: Comm. Phys. Lab. Leiden, N’, 108, (Proc, June 1908), 


*) Joure and Ketvin: Phil. Mag. [4]. 4. p. 481. (1852); Phil, Trans 143. p. 357. 
(1853); 144. p. 321, (1854); 152. p. 579. (1862). 


‘) V. Reanavuct: C. R. 69, p. 780 (1869), 

*) E. Natanson; Wied, Ann. 81 p, 502 (1887), 

*) ¥. E. Kearen: Physik. Zeits. 6 p, 44 (1905), 
Phys. Rev. 21 p. 260 (1905). 


at ee 


2 


_ (865 ) 


sion into heat of the energy generated, and also to ensure that the 
expanded gas should issue in a “quiet’ tranquil stream without jets 
or rapids”. (See § 6, note 1). Natanson and Kester also used a 
porous plug. 

More recently Otszewski has determined ‘‘inversion-points” for 
various gases, and has returned to the original reduction-valve form of 
apparatus; but while JouLe and Kertviy’s highest initial pressure was 
not greater than 6 atmospheres, OLszewski expanded from considerably 
higher pressures. Since the apparatus to be used in my research 
resembled that used by Otszewski, a careful examination of his 
experimental results and of the criticisms concerning them which 
have been published was necessary. 


§ 4. Oxszewski’s first determination ') was of an “inversion-point” 
for hydrogen. This result was subsequently used by PorTER®*) as a 
means of discriminating between the validity of certain equations of 
state. Later Oxszmwski investigated *) the dependence of inversion 
temperature upon initial pressure in the case of air and nitrogen, 
and found that the inversion temperature decreased with falling initial 
pressure. The results of this research have been criticised in a 
theoretical investigation recently published by Haminron Dickson. *) 
Dickson reached the conclusion that Orszewski’s experiment differs 
fundamentally from that of JouLk and Ketvin. This difference he 
attributed to the different kinetic energies possessed by the gas in 
the OLszewski experiment before and after expansion. It will be shown 
in a subsequent paper that conduction of heat and loss of pressure 
in Otszewski’s experiments are probably much more important factors 
in the result than the change of kinetic energy. 


§ 5. Dickson’s criticism was based upon calculations made from 
VAN DER WaAals’s equation of state, but, as this equation is not 
quantitatively correct, the results obtained are of doubtful value. 
But if we calculate from the real isothermals of the experi- 
mental gas, we ought to obtain close correspondence between the 
calculated and experimental values of the JouLE-KeLvrn effect, in 
so far as no uncertainty is introduced by errors in the experimental 


1) K. Ouszewsk1: Phil. Mag. [6]. 8. p. 535. (1902). 
3 Ann. Phys. 7. p. 818. (1902). 


2) A. W. Porter: Phil. Mag. [6]. 11. p. 554 (1906). 
8) K. Ouszewsk!: Phil. Mag. [6]. 13. p. 723 (1907). 
4) 1. D. Hammron Dickson: Phil. Mag. [6]. 15. p. 126. (1908). 
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data. To effeet. such calculations Kammrtincn OnNes ') has given 
empirical equations of state, which, if specialised for the experimental 
gas, and, if necessary, between definite limits of temperature and 
pressure, represent the actual isotherms of the gas to the limits of 
accuracy of the observations, and in a form easy to manipulate. In 
this equation the product pv is expressed as a series of five powers 
of the density; thus 


po=At— Shes cat Sens “pith aa a 


where p is expressed in Re v in terms of the theoretical 
normal volume as unit, and the “virial-coefficients’ A,B,C, ete., are 
calculated as@functions of the temperature from the experimental 
isotherms of the gas in question, in conjunction with the isotherms 
of other substances which are brought into relation with the one 
investigated by means of the law of corresponding states. On this 
account the equation is ergs ane in the so-called reduced form : 


eo) € 8 > 
av CRUE CC Cec °) 
Py | : 
where 2 is equal to -—— , pand»v the reduced pressures and volumes 
PRY: 
respectively, and 
‘ Ae B : C 
41= 7; SS FG Pk = Te Pk 3 ete 


§ 6. If the two following experimental conditions are fulfilled, viz. : 
1. that the difference between the kinetic energies of the gas 
before and after expansion is negligible; and 


2. that the conduction of heat from the apparatus to the expanding | 


gas is also negligible; 
then the expansion process will be represented by the equation 
8. bh P0y SS by Dy hee oe i 
(where « = internal energy of the gas, and the subscripts 1 and 2 
refer to the initial and final states respectively) quite independently 
of whether the expansion has taken place through a valve or a 
plug*), or from a high or low initial pressure. Equation (3) repre- 


ee 


') H. KAMERLINGH Onnes: These Proc. June 1901, and Arch, Néer!. 5. Il, T. V1, 
1991. Comm, Phys, Lab, Leiden, No, 71 and 74. 

*) In expansion through a valve, since in parts of the jet the kinetic energy 
temporarily reaches values which are not negligible, intermediate stages of the 
process are not characterised by equal values of the enthalpy; in expansion 
through a plug the process, if it agrees with the theoretical suppositions, becomes 
wenthalpic, 
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senting an expansion which is characterised by equal values of 


enthalpy in the initial and final states may by the usual methods *) 
be transformed into 


0-7, = S| tr)? | dot prt. - - 4 
oT ), 

mart < (dv 

C7 —T)= =f} (sn) -° |# A . . . . (8) 

Be . 

Cla Z) ree aT. 


Since 7’, and 7’, never differ much in value, and since, in any 
case, C varies very slowly with temperature, the difference between 


C and C must be extremely small. 

- For the present calculation equation (4) seems at first sight more 
directly applicable than (5), but the evaluation of v, would necessitate 
the use of successive approximations; it is, therefore, better to use 
equation (5). For this purpose, the following transformation, valid 
as long as excessive densities are not reached, may be applied to 
equation (2); this equation may be written in terms of reduced 


or 


where 


pressure as 
Apo Me) + Bop + Cy? + Dp? + EM pt 4+ ee. . (6) 
if 
Oy MF pa ee ee ee 
AP) ee ie erat is we achiy, Sa ete 
‘ ¢4—_B? 
Gop) —— ar Vee . . . . . . . . - . (9) 
* 2B°_3 ABE 
ie so (10) 
ye 
abe Dw 5 O- 2 U*S?7+10ABE 
Ile Ney Baaly Schi Soh EG (11) 
etc. ow 


Equation (5) in reduced magnitudes becomes 


> ; a A Ov 
60,1) =— Tea f | eG) —0 ap ees Mer) 
dr J; 


1) See: J. P. Kuenen Die Zustandsgleichung, pp. 106—9 Vieweg 1907. 
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Since 
dN ne os 
ae Ye ee eg oe ee 
equations (12) and (6) give the relation 
T, ~ dC (P) 
G(T 1) = GB ep) + ea te \eostned 


1. dD'?) 3 3 
ee aoe thy —p,*)+ ete. . . (14) 


Hence, if we return to the original coefficients by means of (8), 
(9), (10), (141) and (13), we obtain an expression for the heat-effect 
in terms of the virial-coefficients, and the initial and final pressures ; 
and if the expansion takes place against atmospheric pressure, this 
relation becomes 


a4 
t di 23 ; 
“ : di T¢ 
(7,—T,) = . a (py 1) 
Yt Cp Pk 
dG MBiese 
<< —3€)—28( 7-3) ae 
2 pi. Ghee 
a(« = —23) (239 16) BB ( - Me ae) EX : 
SS. s_] 
3 pe C, pp ey 
20( +— 23) a66- ey +(1F-8E Joye 4126) 4- (2a) 
+: ANT pp? 
PX. 
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which is the equation to be used in calculating the heat-effects. 


§ 7. As a first example | have taken hydrogen, and from equation 
(15) have caleulated the heat ‘effects produced when hydrogen is 
expanded against atmospheric pressure under various conditions of 
initial temperature and pressure. The values of the virial-coefficients, 
specialised to fit the isotherms of KammriincH ONNes and Braak ') 
down to —217°C. and not yet published, were kindly placed at 
my disposal by Professor Onnes. These coefficients are 


') H. Kamentinou Onnes and C, Braak: Comm. Phys, Lab, Leiden, No’s 95—101, 
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10° 3 = 168-982 : — 435°381 — 722-848 — + 
t 


1 1 
+ 420-696 — — 118-456 — 
ty r° 
1 
10''¢ = 50-3923 t + 131-386 + 131-2531 zs + 18) 
1 1 
+ 199-2748 >rihge 50-6347 Ai 


1 
10'°D = 434-680 t — 131-462 — 903-004 3 a 


1 1 
+ 367-7055 — — 178-5625 — | 
t® t® 5 


The values of the critical constants used in the reduction were 
pe = 15 atm. and 7), = 29° abs.; but as the reduction is ultimately 
reversed the accuracy or otherwise of these constants is immaterial. 


The Wiepemann value of C, = 3.41 cal. has been used. An estimate 


of the change of C, with temperature was obtained by combining 
equation (2) with the well-known thermodynamical relation 

Gar to Os ee 
‘and regarding C, as independent of the temperature.') This showed 
that down to —190° C. the variation in C, at 1 atm. was less than 
1°/,; hence it appeared that a sufficiently high degree of accuracy 
was reached by retaining the constant value 3.41 throughout these 
calculations. 

For the calculations four terms of equation (2) were. found suffi- 
cient, for the greatest influence of the D-term on the values shown 
in Table | of 7,—7, at 100 atm. pressure was not greater than 
0°.15. Table I*) contains the results of the calculations; from it has 
been constructed the series of (7,—T7’,, py—1)r=const, Curves shown 
in fig. 1 and also the series of (7,— 77, 7,),, const. curves of fig. 2. 


') Cf. A, W. Wrrxowsk1: Bull. de Acad. d. Sciences de Crac. Oct.-Nov. 1895. 

The comparatively great change of Cy and C, with temperature deduced by 
H. te Cuarevier and E, Mautarp. (Séanc. Soc. de Phys. p. 308. (1888)) from ex- 
periments at high temperatures cannot be applied to low temperatures without 
further investigation. 


2) The calculation is not extended beyond the limits of density at each 


temperature at which powers higher than those occurring in (15) must be taken 
into account, 


60 
70 
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—186 


+ 0.2 
++ 1.466 
+ 2.954 
+ 5.957 
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§ 8. Considering the a of his equation as a function of the tem- 
perature, VAN DER WaAats') deduced the following expression for the 
JOULE-KELVIN effect : 


9 ie mp 
T,—-T,= nG, « 278 E R(T) — 1.7 (7) - —5 |. Sa 
and drew attention to the fact that “at'a given value of 7’, we 
may give p, such a value that the cooling has a maximum value’. 
The foregoing calculations, the results of which.are embodied in 
Table I, lead to the same conclusion, and show that as the initial 
pressure increases, the cooling effect (if any) increases, reaches a 
maximum, diminishes, and finally at high pressures (as long as t,>1) 
changes into a heating effect. They show moreover that except in 
the neighbourhood of temperatures determined by the relation 
dd 


trae 8B a5'0-, ip) are jae oy anal es kane 


or at very high pressures, the subsequent terms of the right-hand 


member of equation (15) are very small compared with the first, 
and it is therefore only under these circumstances that the progressive 
change from cooling to heating could be experimentally realised ; 
but if the -eritieal pressure of the gas is low, as in the case of 
hydrogen, high reduced pressures are easily attainable, and these 
changes become of importance. In fact, this warming effect obtained 
in expansions from high pressures explains the fact that Travers *) 
found hydrogen ‘a perfect gas down to very low temperatures”’; 
for, in his experiments expansions were made from the comparatively 
high initial pressure of 200 atm. And in this connection it is also 
worth remarking that in the liquefaction of helium KamerLineH Onngs*) 
found that if the expansion pressure exceeded a certain value, the 
expanding gas no longer showed a cooling effect. The curves (fig. 1 
and 2) further show that at lower pressures and at temperatures 
not in the neighbourhood of those defined by equation (19), the 
cooling effect remains practically proportional to the pressure-difference, 
and decreases in magnitude as the temperature of the compressed 
gas is increased. It was under conditions such as these that the 
JouLE-KELVIN experiments were carried out, and their results embodied 
in their well-known empirical equation 


1) J, D. van per Waats. Proc. Kon. Akad. van Wetens. Amsterdam II. p. 379. 
(1900). 
2) Morris W. Travers : Experimental Study of Gases; p. 197 (1901). 


3) loc. cit. 


( 872 ) 
‘y? a] A 
T, — T, = Fs @.—-?s) Pt eet: Oph Sone earns (20) 


are in agreement with the foregoing conclusions. The value of A 
for hydrogen at + 5° C. was given by JovuLr and Kenvin as — 0.03 
which is somewhat greater than the above calculated value of 
— 0.023; but numerical non-correspondence is in this case of no 
great importance seeing that JouLE and Ketyin’s results for hydrogen 
were very irregular, and the authors declared them to be less trust- 
worthy than those obtained with other gases. 


§ 9. With regard to “inversion-points’, it is at once evident that 
the inversion temperature is a function of the initial pressure, and 
that it does not reach the value 7;,,—= 77). (see table I).. From the 
curves of fig. 2 have been read the following inversion temperatures 
corresponding with various initial pressures. 


TABLE Ik 
Pressure-difference Inversion temperature. 

1 atm. — 72°.6C. 

eer — 73 .2,, 
10. ig, — 74 1,, 
20: 5s — 775 8,, 
BO 443 —i77 8,, 
40, — 79 9,, 
50 - ,,  —81 9,, 
GO” 75: — 83 .6,, 
1035 —85 9,, 
86. =; — 88 3,, 
00.:1,, — 90 .0,, 
100, — 91 .7,, 


Thus the relation between inversion-temperature and _pressure- 
difference is practically linear (fig. 3), and with increasing initial 
pressure the inversion temperature falls. If we extrapolate the above 
table we obtain for a pressure of 115 atm. an inversion temperature 
of — 95° C., where Oxszewski found —80°.5C. It is worth noting 
that Nakamura’) calculating from Remoanum’s equation of state found 


') S. Nakamona; refer. Journ, de Physique (4). 2 p. 704, (1903), 
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a value of —79° ©. for the inversion point; but in his calculation 
he seems to have taken no account of the influence of initial pressure 
and his result is valid only for 1 atmosphere. 

The results obtained by Otszewski for air and nitrogen are in 
marked contrast to those here obtained for hydrogen. The diagrams 
by which he shows graphically the relation between inversion- 
temperature and pressure, are lines that are strongly curved, and 
they exhibit, moreover, an inversion temperature increasing with 
increasing initial pressure. The calculations given above throw some 
doubt upon these results. For Jou.e and Keivin found for air at 
ordinary temperatures a linear relation between cooling-effect and 
pressure difference; this, compared with the foregoing result for 
hydrogen at — 215° C. renders it highly probable that air and hydrogen 
follow the law of corresponding states in the JouL-KELvin effect, 
as was to be expected from the facts that their equation of state 
follows that law, and that both gases are bi-atomie without any 
chemical complication in the molecule’). 

Keeping in view this thermodynamic similarity of hydrogen with air 
or nitrogen it may be inferred from equations (4) or (5) that the 
inversion temperature curves for all three gases must have the same 
general properties, and exhibit a relation between inversion temperature 
and pressure approximately linear; and it can be seen that the small 
uncertainty in the changes of specific heat with temperature for the 
different gases cannot account for Otszewski's finding an opposite 
effect of initial pressure. 

Thus we must conclude that expansion through a reduction-valve 
of the same construction as that used by OLszewski does not satisfy 
the conditions embodied in equations (3) and (15) governing a 
process at the beginning and end of which the enthalpy has the 
same value. 

A subsequent paper dealing with the experimental portion of this 
research will show that the cause of this discrepancy can lie in the 
conditions under which the expansions in OLszEwski’s experiments 
were carried out. 


1) Cf. H. Kameruinen Onnes: Zitt, Versl. Januari 1896, Comm. Phys. Lab. Leiden. 
No. 23. 


Danie, BertueLot: Journ. de Phys. Mars (1903); and 
Epne@ar Buckineuam: Bull. Bur. Stand. (3). 2. (1907). 
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Physics. — “Researches on the Joviu-Keivin effect, especially at 
low temperatures. U. The Joutn-Krnvin effect. for air at O° C 
and at pressures up to 42 atmospheres.” By J. P. Daron, 
M.A., B.Se., Carnegie Research Fellow. Communication 109¢ 
from the Physical Laboratory, Leiden. 


§ 1. In the preceding communication the conclusion was reached 
that the conditions under which OLszewski’s expansions took place 
were not those whose fulfilment is necessary for the realisation of 
a true JouLE-KeLvin process. The present communication offers further 
justification for that conclusion; it shows that special precautions are 
necessary before a reduction-valve apparatus, such as OLSZEWSKI used, 
will give a true JouLE-KeLvin effect, and deals with the experiments 
leading to, and with the construction of, a reduction-valve apparatus 
particularly adapted to a determination of JouLe-Kexvin effects at 
low temperatures. The results obtained with this apparatus in the 
ease of air at 0°C. are in good agreement with those caleulated 
from the isotherms, and also with those experimentally determined 
by JouLk and KELVIN. 


§ 2. The calculation from the isotherms was made in the same 
manner as that for hydrogen (see § 6 Comm. 109%). Three terms of 
the empirical equation of state seemed sufficient for the present 
purpose. It may, therefore, be written 


B.S 
PO Ae ee . . . . : . . (1) 


and leads to the relation 
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The values of the virial-coefficients for air were kindly placed at 
iny disposal by Professor KAMERLINGH ONNES; at present they are 
known only for individual isotherms, and, therefore, the evaluation 
of their rate of change with temperature cannot be made with the 
same degree of accuracy as was the case with hydrogen; it is, 


a — 
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however, sufficiently accurate for the purpose of checking the experi- 
mental results. The data employed in the calculation are 


Ape = 1.0006 
T BS< 10° C><10° 
0°? C. —0.57440 + 2.9594 
20° Cc. —0.40495 + 3.0178 


99°.4C. +0.25075 + 3.5669 


If the value of CG, = 0.2389 cal. is used, and if expansion always 
takes place against atmospheric pressure, equation (3) gives for the 
cooling effect in air at a temperature of 0° C. the relation 


T,—T, = 0.273 (p, — 1) — 0.000208 ( p,? — 1). 

This is in good agreement with the JovLe-KELVIN experiments which 

were carried out with pressures up to 6 atm. and satisfied the relation 
: 2 
TT, = 0.275 (p.—p))(=) 

§ 3. A diagram of the first apparatus used is shown in fig. 1, 
and it can be seen that it did not differ much from that described 
by Ouxszewski'). Two spirals of copper tubing, s, and s,, joined in 
series served to bring the gas to the required temperature; s,, in _ 
front of which was coupled a manometer, was 5 m. long and of 
3.5 mm. bore; s,, 7 m. long and of 1.25 mm. bore’), ended in 
a reduction valve A, which opened into a small silvered vacuum- 
vessel, y. This vacuum glass was enclosed in a german-silver box, 
B,, having free communication with the outside through a wide 
tube, B,, and was protected from radiation from above by felt 
faced with nickel-paper. Instead of a resistance thermometer as used 
by Otszewski, a thermoelement served to indicate the difference in 
temperature between the compressed and expanded gas. One junction, 
Th,, was in the liquid bath surrounding the spirals, and the 
second, 7h,, the wires of which were insulated by short glass 
tubes, 4, and 6,, soldered into the top of the box, was in the 


expansion chamber, y. By this means a direct measurement of the 
heat-effect was possible. 


1) K. Otszewski: Phil. Mag. |6). 3. p. 535. (1902). 
Ann. Phys. 7. p. 818. (1902). 
*) This cross-section was taken so small on account of the low temperature of 
the liquid hydrogen in which the apparatus filled with helium was to be placed, 
and because at that time pure helium was still very difficult to obtain. 
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§ 4. The thermoelement was Platinum-Constantin, the wires of which 
had been carefully annealed’). The Platinum-Copper junctions were 
“protected” by copper caps, according to the method generally adopted 
in this laboratory’). The electromotive forces were measured by 
compensation against a battery of five standard Werston-cells in 
parallel by means of the potentiometer arrangement already published.®*) 
The thermoelement was calibrated in steam, oil bath at ordinary 
temperature, liquid nitrous oxide, liquid air, and liquid hydrogen; in 
N,O and liquid air by comparison with a gold resistance thermometer, 
and in liquid hydrogen. by comparison with a platinum resistance 
thermometer. Both these resistance thermometers had been previously 
calibrated with the standard hydrogen thermometer. *) The sensitivity of 
this thermoelement is greatly diminished in the neighbourhood of 
liquid hydrogen temperatures; but at higher temperatures it proved 
sufficient for the present purpose. 


§ 5. Fig. 2 shows the arrangement of the apparatus used for 
producing the gas-stream and maintaining it at constant pressure. A 
BRoTHERHOOD-compressor, capable of compressing 10,000 litres per 
hour kept the cylinder C,, (capacity 25 1.) filled with dry air at a 
pressure of 70—80 atm., the pressure being indicated by a mano- 
meter VM. The pressure in the expansion apparatus was regulated 
by means of the valve X, and its value was indicated by a 
second manometer attached immediately in front of the first copper 
spiral.) To intercept any moisture that might have found its way 
inside the connections, a drying-tube, 3, filled with solid AOH 
was inserted after the valve A. A small pressure cylinder, C,, of 
2—3 litres capacity, surrounded with ice, proved of considerable 
advantage in keeping the expansion pressure constant and in mini- 
mising the disturbing influence of possible irregularities in the flow 
of gas. After C, was coupled the expansion apparatus of fig. 1 with 
a manometer. The cooling spirals were immersed in water contained 
in a glass vessel, and this was completely surrounded by ice in a 
large earthenware pot. Before making a series of experiments, the 
apparatus was allowed to stand in ice for 3—4 hours, so as to take 


') For experiments with helium at the temperature of liquid hydrogen, the 
thermocouple gold-silver would be preferable. (See Comm, N®, 107), 

*) Comm. Phys. Lab. Leiden N°, 27. 

*) Comm. Phys. Lab. Leiden, N°, 89 (These Proc. Feb, 1904). 

*) Comm. N’. 95¢ en 99¢ (These Proc, Sept. 1906 and Sept. 1907). 

*) It will be seen later that the pressure indicated by this manometer was not 
the actual pressure at which expansion took place. 
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up the same temperature throughout; the absence of current in the 
galvanometer showed when the temperature within the expansion 
chamber was the same as that of the surrounding bath. 

When an expansion was commenced, the deflection caused by the 
thermoelectric current in a Hartmann and Braun dead beat galvano- 
meter (Comm. N°. 89, Proc. Nov. 1903) was watched; when the 
deflection became constant — usually in 3—5 minutes — showing 
that a steady state was reached, the electromotive force was measured 
by the potentiometer, accurate compensation being obtained by switching 
in an astatic Dusois and Rupens protected galvanometer (cf. Comm. 
N°’. 89). When one measurement was completed, the valve A was 
altered until the next pressure in the series was reached, and the 


. Series of operations was repeated. 


§ 6. Expansions made with this apparatus were, however, some- 
thing unusual, as is at once evident from 


TABLE I. 
Series I. Brass valve A. Air at 0°C. 12/12/07. 
(p,—A) Psy. 
9.7 atm. warming effect 
19.4. ,, do. 
24.2 ,, + 0.86°C, 
29.0. 3; : + 1.49 ,, 
38.7 ,, + 2.76 ,, 
48.4 ,, +410 ,, 


~The fact that a warming effect was observed at lower pressures 
at once led to the suspicion that heat was being conducted along 
the valve to the expanding gas. During expansion, the gas-jet attains 
a high kinetic energy, and, correspondingly, an abnormally low 
temperature, and this kinetic energy is re-converted into heat only 


~ when the gas comes to rest after expansion; hence the expanding - 


gas can take up heat from the valve, which, when added to that 
given by the reconversion ofthe kinetic energy, causes the final 
temperature to become too high. 

To determine the influence upon the heat-effect of the quantity of 
gas issuing from the valve, this was opened wider and another series 
of measurements made. 


TABLE I. 


Series II. Brass valve A Air at OC. =: 12/12/07 

(p.—1) eS 

4.8 warming. 

9.7 420.34". 

eee 1.08 <j 

19.4 i ei eer 

24.2 + 2.58. s, 

29.0 +- 3.85, 


Hence, increasing the flow of the gas gave increased cooling effects. 
Further experiments showed that this was so only up to a certain 
point; at a given pressure difference the cooling effect observed as 
the valve opening increased soon attained a maximum and diminished 
as the valve reached its maximum opening; but this was due to the 
fall of pressure along the spiral, to which further reference will be 
made in $9. 

The assumption that the irregularity observed is due to heat conduction 
obtains further support from these experiments, for heat conduction for 
a given temperature difference between the compressed and expanded 
gas is constant, while the quantity of Cooled gas depends, for a given 
pressure, upon the opening of the valve. 


§ 7. At first it was thought that the conduction of heat was due 
to the construction of the valve, which was such that the expanded 
jet had to pass for a_ short distance along the brass walls of the 
valve immediately after its formation (see fig. 1). A second valve B 
was then constructed so that the contact of the expanded jet with 
the material of which the valve was made was reduced to a minimum. 
Further series of measurements were made with this new valve, but 
there was no improvement in the results. As before, warming was 
observed at the lower pressures, and, on opening the valve wider, the 
cooling observed at any given pressure increased, reached a maximum, 
and then diminished. The following are the maximum values: 


TABLE IIL. 


Series V. __ Brass valve B. Air at OPC. 18/2/08. 
(p,—1) i,--T, 
3.9 atm. warming. 
i pa “inversion” 
13:6. :,, -+- 0,67° C, 
196 <4: + 1.58 ,, 
1 es + 2.84 _,, 


$2.9, 4 3.80 ,, 


( 879 ) 


From this it was evident that heat was being conducted along 
the metal valve during the formation of the jet, and that as long as 
a valve made of conducting material was employed the proper adia- 
batic conditions of expansion could not be fulfilled. 


§ 8. It remained to repeat the experiments using a valve of non- 
conducting material. Preliminary attempts to construct a wooden 
valve failed, for the wood used was too porous to withstand a 
pressure of more than a few atmospheres without leakage. Glass was 
‘next tried, and gave considerable trouble, for though very carefully 
annealed, the glass valves frequently broke before a pressure of 20 
atmospheres was reached. Glass pins ground so as to close the valves 
proved quite useless, for the points got constantly broken off and 
plugged the valve. Eventually a glass valve closed by a wooden pin 
was used; it was tested up to 70 atmospheres, and although not 
quite pressure-tight, it closed sufficiently well for the purpose. The 
metal valve, A, was removed, and the glass one soldered in its place. 
The glass-copper junction was made according to the method of 
Caiutteret'), by first platinising the glass in the blowpipe, then 
coppering it electrolytically, and finally, soldering it in the usual 
way. The junction proved most effective, and successfully resisted 
a pressure of 70 atm. 


§ 9. It is evident from the following results which were obtained 
with this form of apparatus, that the warming effects previously 
observed at low pressures have been eliminated by the use of a 
non-conducting valve. 


TABLE IV. 
Series XII." Glass valve. Air at O°C. 30/3/08. 

(p.—1) Prord, 

6 atm. 0.92°° C. 
11:5", i i aes 
1S; y Bet. Meal 
21 ii 3.67 __,, 
aaa 5.47 ,, 
ate 4, al 3; 


That these results, although heat conduction has been successfully 
eliminated, by no means agree with the JouLe-KELVIN experiments 


1) Comm. Phys. Lab. Leiden. No. 27. (Zitt.versl. Mei en Juni 1896). 
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nor with the results caleulated from the isotherms in § 2, is due to 
the fact that the spiral s, was so narrow as to cause a considerable 
fall of pressure along the tube; and at this temperature the pressure 
fall is too great to allow of the correction being calculated with 
sufficient accuracy. ) 

This correction became smaller when the narrow tube, s,, was 
replaced by two of 2.5 mm. bore in parallel. The following results 
were thus obtained: | 


TABLE V. 
Saries XIV. Glass valve. Air at O°C, 6/4/08. 

(pi—-1) fetes 

6 atm. — -1.054°C. 
rie alae ps aan 
16, 3.35 ,, 
> | ae 4.62 ,, 
30 s—,, 6.34 ,, 


The correction, however, is still too great to allow of its being 
applied with sufficient accuracy. 

In order to ascertain exactly at what pressure expansion was taking 
place, the apparatus was so altered that a manometer might be 
attached directly to the expansion valve at the end of the second 
spiral. This, of course, does not show the true hydrostatic pressure, 
but calculations of the’ speed of the gas stream before expansion 
showed that the difference was negligible. 

In the series of expansions undertaken after this change, only one 
value was obtained, for, on raising the pressure, the valve, which 
up till now had worked admirably, gave way, and further experiments 
had to be abandoned.: That one value, however, viz. : 


Series XV. Glass valve. Air at 0°C. 8/4/08. 
(p,—1) (7,—T,) 
5 atm. 1.86°C. 


gave a cooling effect of 0.272? C. per atmosphere pressure difference, 
in good agreement with the Jounn-Kenvin and *caleulated values, 


§ 10. Advantage of the experience gained in these preliminary 
investigations showing the special difficulties to be guarded against 
was taken in the construction of a new apparatus. In fig. 3 the 
apparatus is shown im situ in the. cryostat into whieh liquid hydrogen 


inay be introduced, The gas whose JouLe-KeLvin effect is to be 


— ee 
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determined enters the apparatus by the tube s, which is well pro- 
tected from external sources of heat; it passes through the spiral s,; 
consisting of 10 m. of copper tubing of 3.5 mm. bore, doubly wound, 
and is there cooled by the vapour arising from the liquid gas in 
the cryostat: thence it passes to be spiral s,, which is in the liquid 
bath at the experimental temperature ; this spiral is also of 3.5 mm. 


- bore, and is 5.3m. long. The tube m leads toa manometer by which 


the expansion pressure of the gas is indicated. From the spiral s,, the gas 
enters the expansion valve, A, the flow being regulated by the wooden 
pin, p, and, expanding into the vacuum vessel, g, it escapes through 
the wide tube B,. As before, the vacuum glass, g, is enclosed in a 
german-silver box, 4,, and is protected from radiation from above 


_A thermoelement, one junction of which, 7/,, is in the liquid bath, 


and the other, 7/,, in the expansion chamber gives the difference 
between the temperature of the gas before and after expansion. The 
method of insulation has been altered, for the glass tubes (6, and 
b; in fig. 1) gave continual trouble by breaking at inopportune 
moments. In the new apparatus the thermoelement wires, enclosed _ 
in glass capillaries, are led down through the german-silver tubes 
4. and ,, from the top of the apparatus. By means of a stirrer, 2, 
worked by a string, ¢, passing over a pulley, 4, the liquid bath is 
agitated and the temperature kept constant. Heat conduction to the 
upper portion of the apparatus is minimised by enclosing it in a 
german-silver cylinder, c. 


§ 11. A new series of experiments was made with air at 0° C, 
using this apparatus and the arrangement of fig. 2. 


TABLE VI, 
Series XVIII. Glass valve. Air at O°C, 15/3/09, 
(p,—1) T,—T, 
2.29 atm. 0.621°C, 
4.19: ;, 1.207 ,, 
9.00 ,, 2.410 ,, 
14.63 5 4.030 ., 
18.45 _,, 5.136 ,, 
23.33 ,, 6.410 ,, 
28.09 ,, 7.643 ,, 
28.93, 7.888 ,, 
32.66 ,, 8.894 ,, 


37.46 ,, 10.026 ,, 
42.21 ,, 11.300 ,, 
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The results of this and the previous series of experiments are 
shown graphically in fig. 4, where the ordinates represent cooling 
effects and the abscissae observed pressure difference. Values caleu- 
lated from equation (3) are also plotted, showing good agreement 
between observed and calculated effects. 


§ 12. The question still remained if to the observed results a 
correction should still have to be applied for possible heat condue- 
tion to the gas during expansion. Further experiments were therefore 
made with a view to determining the influence upon the observed cooling 
effect of the quantity of gas issuing from the valve. At very small 

valve-openings, when the quantity of gas expanding was small, the 
thermoelement registered a temperature that was markedly higher 
than that obtained with greater valve openings; but as the valve 
opening increased, the cooling effect rapidly became greater, and a 
state was soon reached when further increase in the quantity of gas 
passed through the apparatus bad no further measurable influence 
upon the observed cooling effect. yf 


For instance, with air at O°C. expanding from a constant pressure 


of 5.16 atm. the following results were obtained : 


Litres per minute. Cooling. °C p. atm. 
5.5 0.244 
8.2 0.258 
11.4 i 0.272 
12.0 0.273 
12.8 ‘ 0.273 
14.0 0.273 


That too small a cooling effect was observed at small valve ope- 
nings may be result of conduction of heat along the glass valve, 
and of insufficient cooling of the thermoelement (which must constantly 
receive some heat from outside by radiation and heat-conduction), 
although, even with the smallest valve openings used, the air in 
the vacuum glass is swept out in less than a second. The fact, 
however, that a final condition is reached which is independent of 
the velocity seems to show that the correction to be applied for 
heat conduction decreases very rapidly with increasing velocity ‘), 
and does not come into account in my experiments. The explanation 
of this circumstance can be given only after further experiments. 


§ 13. From the foregoing it is apparent that: 
1. For experimental determinations of the Joun#-Kutvin_ effect 


') At the above pressure, the valve did not allow greater velocities to be used, 
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with a reduction valve apparatus special precautions must be taken 
to observe the true expansion pressure, and to ensure absence of 
heat conduction to the expanding jet. 

2. The special apparatus here described gives a JouLE-KELvin effect 
for air at O°C. agreeing with the experimental results of JouLe and 
Ketvin, and with those calculated from the experimental isotherms. 

It is perhaps worth noting that in the practical application of the 
JouLE-KeLvin effect in the Linpe-Hampson process for liquefying gases, 
in which a reduction valve which is a good conductor of heat is 
used, heat conduction fromthe valve to the expanding gas becomes 
of much less importance than in an accurate determination of the 
Joute-Kenvin effect, for in that case the valve and the tube which 
conducts the gas to it are themselves cooled in the process of regene- 
ration by the expanded gas. 

In conclusion, I gratefully acknowledge my indebtedness to Prof. 
H. Kameruincu Onnes, who invited me to undertake this research 
and to Prof. J. P. Kuenen for their continued interest in my work 
and for. their helpful advice, and also to the Carneaiz Trust for a 
grant in aid of the expenses of the research. , 


Physics. — “Methods and apparatus used in the cryogenic laboratory. 
XV. An apparatus for the purification of gaseous hydrogen ‘hy 
means of liquid hydrogen. By Prof. H. Kameriincu ONNgs. 
Communication 109° from the Physical Laboratory, Leiden. 


(Communicated in the meeting of March 27, 1909). 


In Communication 94/ (These Proc. Sept. 1906) a liquid hydrogen 
eycle was described, and attention was drawn to the fact that a 
continuous action of that cycle was possible only when a sufficient 
quantity of extremely pure hydrogen was available’). In section XI 
of the communication referred to the method of obtaining this supply 
was given, The commercial gas was purified by cooling to —-205° C. 


1) It can easily be seen that obstruction of the regenerator-spiral must neces- 
sarily occur when a little air (or oxygen) is present in the hydrogen. The tempe- 
rature at different heights of the spiral varies with changes in the velocity of the 
gas stream, which can scarcely be avoided, and, in any case, occur when the 
circulation is temporarily stopped. The result of this is that the air is alternately 
frozen, melted, carried lower down in the spiral and again frozen, until finally the 
opening of the tube is completely plugged. 
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and ') by means of a liquid-air (oxygen) separator to such an extent, 
that, when passed through the hydrogen liquefier it, gave a quantity 
of liquid) hydrogen (although comparatively small) before the 
liquefier became choked, and this liquid, by vaporisation, gave pure 
hydrogen. When the hydrogen liquefier had again been put in a 
workable condition, the operations were repeated with a new quantity 
of gas which had undergone preliminary purification in the liquid-air 
separator, and the various yields of pure hydrogen thus obtained 
were carefully collected and united, until the required quantity was 
available. en 

This method of operating was rather troublesome, and when once 
I was in possession of a sufficient quantity of pure hydrogen to — 
keep the cycle in continuous action it was an obvious advantage — 
to avail myself of this cycle for the purification of commercial 
hydrogen. In Suppl. N°. 19 the communication was already made 
that an apparatus was being constructed, in which the purification of 
the hydrogen was effected by means of its liquefaction, while another 
apparatus had already been constructed in which the impurities were 
frozen out of the gaseous hydrogen to be purified, by means of the 
pure liquid hydrogen of the cyele. 

The suitability of the latter apparatus has been proved by long 
use; it is represented in Pl. I and a description of it is here given. 

The chief portion of the apparatus is the spiral a,, in the lower 
end of which the liquid hydrogen is vaporised; it is placed in a 
vacuumyessel 4, which is closed by. means ofa cap g. The hydrogen 
which is to be purified flows through the tube c,, between the — 
vacuum glass 4, and the cylinder d,, and along the cooled spiral in 
the opposite direction to that in which the gaseous hydrogen flows 
away, which is formed by vaporisation inside the spiral. By this 
means the air contained in the hydrogen is deposited on the windings | 
of the spiral. The purified hydrogen escapes through the paper 
cylinder ¢, the copper tubes d, and d,, and the regenerator d,. 

The liquid hydrogen is supplied through «@,, and the insulated 
tube «a,a,, to the lower end of the vaporising spiral @,. ‘To ascertain 
how much liquid hydrogen must be supplied, the temperature of 
the purified gas as it enters the cylinder ¢, is determined by means 


') The air separator usually works at a pressure of 60 atm. and with a velocity 
of 2 M.® per hour; the impurities remaining do not then amount to more than 
','/, and the quantity of liquid air used is about 2 litres per hour, In Comm. 
M4 the value '/go"/, was given: to reach this value, however, the velocity must 
be much smaller, in order that none of the liquid that separates out should be 


carried along with the current, 


and apparatus used in the cryogenic 
laboratory. XV. An apparatus for the purification of gaseous hydrogen 
by means of liquid hydrogen” 
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of a hydrogen thermometer. (A resistance thermometer e, is also used ; 
e,, the cylinder on which the platinum wire is wound, e,, the leads). 

The hydrogen thermometer is arranged exactly the same as the 
helium-filled control thermometer in the apparatus for liquefying 
helium. (Cf. Comm. N*. 108 Suppl. to the Proc. June °08) /, is the 
german-silver reservoir, /,/, the steel capillary, /, the stem, /, the 
manometer reservoir. The pressure of the hydrogen at 0° C. is 
chosen so that at the boiling point of hydrogen, the mereury reaches 
a mark at the upper end of the stem. (The pressure is then 7 em.). 
The sinking of the mercury in the thermometer stem gives warning 
when ‘there is not sufficient liquid hydrogen in the spiral; the supply 
of liquid hydrogen is so arranged that the mercury oscillates between 
two fixed marks, : 

The german-silver cap, g, is attached to the vacuum vessel by 
means of a rubber sleeve, and projects so far over the vacuum glass 
that the rubber does not become cold. The upper portion of the 
cap, g, and the regenerator are protected from external sources of 
heat by capoe. 

As a rule the velocity, with which the hydrogen to be purified is 
supplied, is so regulated that 5 M*. per hour flow through the 
apparatus. In that case 4 litres of liquid hydrogen per hour are 
needed. This rate of production, however, cannot be kept up con- 
tinuously on account of the fall of pressure in the cylinders con- 
taining the hydrogen to be purified, and of various preparatory and 
auxiliary operations, such as analyses, the coupling and changing of 
vessels with liquid hydrogen, ete. The time necessary for the manu- 
facture of the liquid hydrogen and for compressing the purified 
hydrogen into cylinders must also be taken into account. The puri- 
fication of 10 M*. as a general rule is the work of one day i.e. 8 
working hours. On such a working day 25 litres of liquid air 
are used. 

Of course, the purer the hydrogen supplied to it the longer can 
the apparatus remain in action. Hence, if commercial hydrogen‘) is 
to be purified, the liquid air separator of Comm. No. 94 sect. XI 
is coupled to the apparatus here described. If that be done, the 
apparatus can be worked for hours without stopping. The gas which 
issues from the apparatus is practically perfectly pure. 

It has now become an easy matter to obtain pure hydrogen 
suitable for liquefaction in the hydrogencycle, if the precaution is 
taken that a certain minimum store (in Leiden 10 M’.) of pure hydro- 
1) The percentage impurity changes very irregularly, being sometimes quite 
small and sometimes very considerable in amount. 


( 886 ) 


gen is always available, which with the present apparatus is now a 
matter of no djfficulty. Formerly, when quite pure hydrogen was a 
costly commodity, many experiments were obstructed by the precau- 
tions necessary to properly collect the hydrogen that had evaporated ; 
but now one need no longer be afraid of sacrificing pure hydrogen, 
if necessary, and since this is the case, the great objection to its 
being sent away is removed. 


Physics. — “On the motion of a metal wire through a piece of ice.” 
By Dr. J. H. Merrsurc. (Communicated by Prof. H. A. Lorentz). 


(Communicated in the meeting of March 27, 1909). 
Il. 


A paper by G. Qurincke*) which had escaped my notice at the 
time of my first communication on the above-mentioned subject *) 
and which I happened to come across only some time ago, induced 
me take the subject up again. In this paper by Quincke the phenomena 
are dealt with, caused by occlusions of salt in the ice and it is 
shown that even with ice, formed from distilled water, these play a 
part. From this point of view the phenomena are also studied, that 
are observed when a metal wire sinks through ice; the turbidity 
where the wire has cut through, is ascribed *) to occluded salt-solution 
with a different refractive power from the ice between which it lies. 
If this view is right, differences must be expected in the velocity of 
descent with ice of different origin. For then the slower descent 
— slower than theory would lead us to expect —- is also a consequence 
of the fact that probably the salt-containing water does not re-freeze 
above the wire and this cause would be the more effective as the 
percentage of salt is greater. , 

So I repeated part of the experiments with ice, formed from 
distilled water. Boiled distilled water was frozen by means of a 
mixture of snow and common salt in a glass tube of about 4 em. 
diameter, the freezing progressing, after Bunsen’s advice *), from above 
downwards. If the freezing took place sufliciently slowly a quite 
clear rod of ice was formed in this way ‘). Undoubtedly even this 


1) G. Quincke Ann. d. Phys, 18, p. 1. 

*) These proceedings Vol, IX, p. 718. 

*) G. Quincke |, c. p. 46, 

*) G. Quincxe Lc. p. 14. 

*) Sometimes a turbidity appeared in the middle of the tube, starting as a plume 
in the axis, the fine ramifications extending upwards in gentle curves. It is curious 


ee 
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ice contained some salt-solution (dissolved from the glass), according 
to Qurcke’s observations, but certainly less than the common arti- 
ficial commercial ice. One experiment was made with ice, formed 
from water which had been distilled directly through a metal cooler 
into a vessel of sheet copper, had next been boiled for an hour and 
then been placed at once outdoors during a frosty night. Of this 
ice a layer near the wall was clear as glass; nearer the middle it 
contained small bubbles. Hence the water had not been sufficiently 
freed from air by boiling or had taken up air again. In the experiment 
the clear part only was used. 

The experiments were made as in my former communication, with 
a steel wire of 0,4 mm. thickness, cut from the same piece from 
which | had taken the wire, used in the former measurements. This 
steel wire had been greased and kept since; it showed no pereapsitite 
changes, also under the microscope. 


The results of the different measurements are given in the following 
table '). 


i eo ad. Sa C Remarks : 
1. 2150 3.8 23 76° 0.037 Ice frozen from distilled water 
in glass tube, perfectly clear. 
2. 2150 2.2 36 80° 0.034 Ice frozen from distilled water 
. in glass tube, perfectly clear. 
3. 1150 1.2 28 81° 0.027 As before; had lain outdoors 
during the morning with thaw 
and so was certainly at O° at 
the interior. 
2150 2.3 34 83° 0.034 As number one and two. 
2150 2.0? 32 83°. 0.028 Lower part of the piece of number 
. 4, not quite clear, descent 
irregular. 
6. 2150 0.71 91 82° 03027 Ice from distilled water, frozen 
in metal vessel. 


+ 


that such a plume formed each time the tube had for a moment been removed 
from the freezing bath, in order to see how far the freezing had proceeded. Thus 
it could afterwards be seen from the number of plumes how many times this had 
been done. 

1) The notations are the same as in the former communication. I avail myself 
of this opportunity to correct an error in the formulae of that communication. In 
formulae (1) and (3) the factor 2 in the numerator must he dropped. Jn the paper 
by Dr. Orysrety, from which the formulae had been taken, P denoted the weight 
at either side of the wire; in mine P is the total weight. The values for C are 
correctly calculated, however; the 2 was dropped in the calculation, so that the 
mistake had no further cousequences,. 
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oe uae GC Remarks : 
7. 2150 2.7 28 79° 0.083 |Perfectly clear ice, formed from 
8. 2150 2.3 30 79° 0.030 ;distilled water with very little 
Na, SO,. 
Perfectly clear ice, formed from 
distilled water with more Na,SO,,. 


9. 2150 2.3 33 80° 0.033 
10. 1150 1.2 28 80° 0.028 


In the former measurements we found for steel wire of this thickness 
(’= 0.029. Here we find as an average (only for ice from distilled 
water) ('— 0.031. This difference is scarcely noteworthy, since the 
theoretical value is about 2.5 times greater. Moreover the values 
found are slightly too large here, since the fall caused by the piece 
of ice melting away as a whole, could not be taken into account 
as in the former experiments, because these pieces contained no 
bubbles. The ice from the Na, SO,- solution gives the same value 
for C. : 

In the former communication it was suspected that one. of the 
causes why the calculated value differs from the theoretical one, 
would be found in a lateral escape of the melting-water. This induced 
me to observe the wire microscopically during its descent. The 
microscope used had a magnification of 80; the wire sank at a 
distance of a few millimetres from a terminal plane of the small 
ice column and was observed in the microscope with reflected or 
transmitted light. This at once shows the spots with a refractive 
power, different from the surrounding parts, mentioned by QuiINcKE 
and explained by him as “solidified foam-bubbles of oily salt- 
solution’. I was able to state distinctly that these spots consist of 
liquid. Immediately above the wire and at the sides from halfway 
the height, i.e. where the water is released from pressure, one sees 
numerous small bubbles which are bright in reflected light and 
consequently reflect totally. These bubbles are vacua. They often 
grow and shrink rapidly. As a rule they disappear quickly, but 
sometimes they grow over a distance of as much as several tenths 
of a millimetre when the wire sinks, and then are more or less 
quickly compressed. Also they detach themselves from the wire, 
rising as globules until they are stopped at a place where by a 
difference in refractive power an edge is visible. Hence they are 
stopped by ice that has formed, In a few cases these bubbles are 
not compressed but remain in existence by being enclosed all round 
by ice, so that no liquid can flow in. Then they are also distinetly 
visible macroscopically. The vivid motion of these bubbles over a 
fairly long distance from the wire proves that liquid is found there 
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and no ice. Although a network of ice is formed in the immediate 
neighbourhood of the wire, a great part of the water does not freeze, 
It is exactly for this reason that empty spaces are formed. 

Also in the following manner I convinced myself that above the 
wire much liquid is found. By slightly pulling the wire sideways, 
putting some cotton-blue on it and then letting the wire go back 
again, some colouring substance is carried into the block of: ice in 
the immediate vicinity of the wire. If not too much has been intro- 
duced, one only sees those spaces coloured where the empty bubbles 
occurred ; the network between them is colourless, since by the 
formation of ice the colouring substance is excluded. Sometimes a 
space in which a bubble occurs is seen to shrink near the wire, so 
that the freezing process can be directly observed. To be sure the 
introduction of the colouring matter will interfere with the freezing 
of the melting-water, but very little of the colouring substance is 
already sufficient for the experiment. 

If there are empty spaces above the wire, then — contrary to 
the former supposition — a flow of water in the piece of ice must 
be expected from the sides inwardly. In fact I could state this 
inward flow in a few cases by observing the small solid particles 
that had entered with the colouring substance. (Experiments with 
fine chalk particles gave no result). Where a narrow channel existed 
in the network of ice, the particles were forced through with great 
velocity and in an inward direction. 

-The path of the wire consequently consists for a great part of 
liquid with a network of ice. The liquid is enclosed in this network, 
for a little cotton-blue, put on the piece of ice where the wire had 
sunk in, does not penetrate, whereas otherwise this colouring sub- 
stance enters through the finest channels. If a piece of ice is taken 
which is not perfectly clear and if then a little of the colouring 
substance is put on it, the whole piece is in a short time coloured 
blue all through. 

The heat necessary for the melting under the wire is consequently 
only partly furnished by the solidification above it. The question arises 
whence the rest of the heat is derived. We may not assume that 
it is by conduction through the ice. It is not impossible that radiation 
plays a’ part here. The foilowing experiment supports this view. If 
a strong solution of cotton-blue is made to freeze not too slowly in 
a freezing mixture, the ice which is formed is not clear and has a 
red-violet tint*), the colour of the colouring substance when dry. 


1) When the freezing is slow the ice is in this case also perfectly clear and 
colourless. 
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Hence the colouring particles are occluded in the ice in a dry con- 
dition. Now if this lump of ice is taken from the freezing bath in 
which it certainly had a temperature of several degrees below zero 
and is placed in a heated room, it is coloured blue in a few minutes. 
Hence the colouring particles have caused the ice round them to 
melt and have dissolved. This change occurs so rapidly that we 
cannot think of heat conduction. If now a metal wire is present at 
the interior, this wire will also receive heat through radiation. (At 
the same time it then becomes clear why a silver wire, as was 
found in the former experiments, sinks less quickly through the ice 
than a steel one’). I must add that in my experiments an incan- 
descent gas-burner was placed at a short distance from the piece of 
ice for illumination. 

QuinckE sees in the spots with different refraction above the wire 
solid masses of foam and oily salt-solution. My experiments show 
that if it be allowed to speak of salt-solution, it certainly is not | 
solid. But these experiments do not support the view that we have. . — 
salt-solution here, for then a difference in the rate of descent would 
certainly have been found between the ice from the salt-solution’ 
and the ice from carefully distilled water. The difference in refraction 
between water and ice is great enough to render the separating 
surface between them visible. Of course this does not affect the 
whole of Quinckr’s theory which is founded on.an extensive experi- 
mental material of which the phenomenon dealt with in this paper 
is- only a subordinate part. 


Physics. — “Contribution to the theory of binary mixtures’, XV. 
By Prof. J. D. van per WaAats. 


SPLITTING UP OF THE SPINODAL LINE. 


In the two preceding contributions I have given a description of 
some shapes of plaitpoint lines for not perfectly miscible liquids. I 
lad suspended the investigation how these shapes depend on possible 
values of ¢#, and «, in order to deseribe more fully the shapes 
of plaitpoint lines obtained by the aid of the theory. And in this 
description [ have for a moment, especially in the case of fig. 41, 
no longer anxiously questioned whether this plaitpoint line can actually 
occur on the supposition of positive e, and ¢,. So I shall have to 
revert to this question later on. But as another very important case 
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of not perfect miscibility can occur, and is at least partially known, 
I shall, before returning to the interrupted subject, first describe this 
form, and subject it to a closer investigation. 

The case that the spinodal line splits up into two parts, is fre- 
quently met with for binary mixtures. In this case two homogeneous 
plaitpoints arise, according to Korrewre’s terminology. And the first 
example of such a splitting up we met long ago also for perfectly 
miscible liquids, if minimum 7% occurs. I may consider this case as 
perfectly known. Then there is also minimum plaitpoint temperature 
which does not lie much higher than the minimum value of 7%, 
and occurs for a value of # and v which differs little from that for 
which this minimum value of 7) occurs. At the moment at which 
these two plaitpoints originate, we may consider them as a pair, 
but further there is no reason whatever to consider them as conjugate. 


d a 
Then — for the plaitpoint line is equal to a, because ae te 0; 
dT dic’, 
dT dp __dp dT . 
further ges 0. But oe ee equal to 0X o, and phas neither 


minimum nor maximum value. I shall leave undiscussed the case 
that 7’ would have maximum value, in which case the plait would 
contract to a single point, as this case is unknown for normal 
substances. As the differential equation of the spinodal line, as I 
showed in Contribution II, may be written in the form: 


(a),z Za (%y 


and in the double point (=) is undetermined, both (£2 a), a(S 3, 


© J spin 
will have to be equal to 0. The condition for a double point of the 
spinodal line is therefore, that in such a point both the p-lines and 
the g-lines present points of inflection. And so, if we wish to know 
the cases in which splitting up of the spinodal line can take place, 
we must know the course of the points of inflection of the p- and q-lines, 


ascertain where the loci represented by (= 3) = and (=) =O) 
intersect, and solve the question whether also the spinodal line can iad 
eroner such a point of intersection. Both (= 3)= 0, and Ga): = 0, 


has, expressed in #, v, and 7’, such an intricate form that it seems 
60* 
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hardly possible to me to derive the course of these curves from 
them; but if our purpose is only to form an idea of the points in 
which these curves intersect, fig. 1 of these Contributions in which 
the general course of the p-lines is represented, and the following 
figures, in which the general course of the q-lines is represented, 
yield sufficient data for this. Most of the properties which I have 
to discuss, have already been discussed somewhere in these Contri- 
butions, and for my purpose it is now only required to collect these 
scattered observations and perhaps define them a. little closer here 
and there. 


d? : 
With regard to the curve ($3) = 0 it is known that the point in 
wp 


v/v U/z 
section with the smallest value of v, is a double point for this curve. 
From this point starts a branch to the left and one to the right, 


d, d, 
which (7) = ( intersects the line (7) = 0, viz. the point of inter- 


d 
which remains inside (2) = 0, but which also passes through the 


U/xz 
d, Es : na 
double point of (2 = 0 if the temperature is equal to the minimum 
US x 
value of 7, and also continues to pass on regularly if 7’ is higher 


d, ; , ; 
and (f)=0 has broken up into two separate branches: in this 
U/x 
= ca . dp 
case it passes through the critical points of = =0. At not too 
US x 


‘ d* 
small a distance from the double point of (=) = 0 the branch 
Pp 


which we diseuss here, passes about through the critical points of 
the mixtures taken as homogeneous. But from this same point of 
d d 
intersection of (Z) = 0 and (3) = 0 two more branches proceed 
v US 2 
to the side of the small volumes. These branches lie on the right 


d, 
and on the left of the curve (j= and this curve will finally 
a“) y 


cause them to move to the righthand side. 
The righthand branch always passes through the point in which 
‘dp ‘ ; 
/) bas minimum volume. A line p =e turns its concave side to 
©} y 
the z-axis between the points in which it intersects these two branches 


d*y 
of (=a) = 0. But if for sufficiently high value of p these two points 
V 
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3 d 
coincide, in which case the part of (Z3)=0 which runs from the 
p 
double point towards smaller values of v, forms a closed curve — 


this coinciding depends on the shape of the line v = bd. If the latter 
is a straight line, as we have assumed in our calculations for the 


sake of simplicity, coincidence is either excluded or at least very 
3 


d*b 

doubtful. But if, what is really more probable, ie shouldbe positive, 
; & 

the whole p-line over its full width turns its convex side to the 


d*v 
x-axis for p==o, and it no longer intersects the line (3) =U. 
wisp 


dad? 
We then conclude that the part of (Z3)=0 which runs from the 


af, 
double point to smaller volumes, is closed, and that the whole curve 


d*v : ; 
oe =0 forms one continuous curve, with a double point in the 
s 


above mentioned point. With rise of the temperature this curve 
undergoes a change of shape, which it is not necessary for our 
present purpose to examine in details. 


Let us in the same way describe the course of (3) = in its 
general features. Also for the course of this curve the presence of 
(2) =0 is of the highest importance. If this line is present, and 

dy 


intersects (SS) = 0, which then takes place in two points, the 
& ” 


d*v 
lefthand point of intersection is again double point for (=) = 0, 
wry 
From this double point two branches start, which remain in the 


d " 
region in which (#) is negative. So the lefthand branch, which 


v 
runs to the high values of v, continues on the righthand side of 
dp mee 
= 0, and moves further apart from this line, and the righthand 
, v 


dy 


‘a? 


branch passes through that point of ( ) == 0, in which this latter 
curve has maximum volume, and continues to follow the line 


d; Ge ; 
=) = 0 in its course at a certain variable distance. The two other 
v 


i 
branches, which start from the double point of eS = 0, again 
a 
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d 
form a closed curve, which lies on the left of (2) = 0 and which 
US) y : 


2 


") = 0 has its minimum 
is 


must pass through the point in which (5 
& 


ad? d 
volume. In fig. 25, in which & *) = 0 lies on the left of (2) =n. 
av v v 


2 


adv 
the case has been drawn, in which =) = 0 no longer forms a 
wi 4 


loop-line. The closed curve, the loop, has then got detached from 
the other part. This latter part, which, however, has not been 
represented in fig. 25, then forms a continuous curve in the region 


dp ; 
in which & < 0, always following the line & a = 0 ata certain 
da v » 


Uv) v ; 
variable distance. The loop then passes through the maximum volume 


ad? 
and the minimum volume of (5 *) = 0'), and probably closes on 
“sy 


the lefthand side of this curve. In fig. 44 I have drawn the course 
d? d? ; 

of the two curves Ga = 0 and (S) = 0 for the case that 
dx? Pp dx? qd ; : 


2 


<7 =0, while in fig. 25 


dx Us x 


d d d 
eS) = 0 intersects both = = 0 and 


the double point of ee has disappeared, and so a closed, 


portion of this curve has detached itself from. the ities part, and 


d 
lies entirely on the lefthand side of (2) ak 


av 


/ d’v d’v : 
If we now ask where | — |=O and | —— | = 0 intersect, we see 
dz? p da* ‘ q 
that this can only take place more or less in the neighbourhood of 


(Z)=o. on the left of the point in which this curve has mini- 
as) y : f 


mum volume. And this being also the place where minimum value, 


of 7; occurs, we may expect the splitting up of the spinodal line 
for aeiato which have minimum value of 7%. 
A first possibility of intersection of the two curves we have below 


— ee 


a? 
') In fig. 25, however, this particularity has been overlooked, and (: 4 =: 0) 
9. : 


/; 2 
d*w 
has been drawn erroneously on the right of a = Q,,. 
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d, d 
the upper branch of ?) =0 on the righthand side of = 0. 
dv x dx v 


And this occurs in the case which has long been known of minimum 
plaitpoint temperature for perfectly miscible substances. That also the 
spinodal line can pass through this point of intersection, and so the 
p-lines and the g-lines can touch each other, we see when we consider 
that in that point the g-lines run almost vertically, and that the 


d 
p-lines in the neighbourhood of (= = 0 also run almost vertically. 


U/x 
But also for not perfectly miscible substances this case occurs, viz. 
in the case of the preceding contribution represented by fig. 438. By 
assuming a great value of m in connection with «, and e, below 
certain limits, we had non-perfect miscibility, while farther minimum 
value of 7; was assumed. | have already pointed out, that the figure 
given there might undergo some modification according as the com- 
ponent with the smallest value of 7; was also that with the smallest 
size of the molecules or the reverse. The given figure remains 
unmodified if the substance with the smallest value of 7), is that 
which possesses the largest molecule, and might, therefore, serve for 
mixtures of ether and water. As with increase of the size of the 
molecules the value of 7), decreases, we must choose from fig. 1 a 
region lying to the left and as we still assume minimum 7%, we 
have to put it at a value of # which is only little smaller than 1. 


dv 
Then the discussed point of intersection of = 0 and (i= 
av 


gets very near to the component with the smallest value of T;. Let 
us take ether for this. The splitting up then takes place in such a 
way, that, as is drawn in fig. 48, the small portion that has got 
detached contracts into the axis (c= 1) with increase of 7. So the 
double. point now too almost coincides with the # at which 7%, is 
minimum and lies near the value of x; for that mixture. Accordingly 
it would have been better if | had omitted the words (Contribution 
XIV p. 829) “but for other value of 7’ and 2’. It is noteworthy 


d 
that in this ease, in which the line =) = 0 has been quite forced 
LX 


back to the neighbourhood of «= 1, the closed detached portion of 


3 


d d 
the line i) =O lies far apart from () =; it lies viz. at 
Hae v 


ax wv 


T= must be found in the 


small value ‘of 2, because the curve 
$ aX 


dv d 
lefthand half. So a point of intersection of re Ve O andl ex Fees 0, 
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on the left of 63) = 0 and which has been drawn in fig. 44, is 
not to be expected here. A third point of intersection of these lines, 


also drawn in fig. 44, on the right of (2). = 0 and for smaller 


volume than (3 = 0, is of no importance for the splitting up of 
x 
the spinodal curve — because no points of this line can be present 
there. There the p- and q-lines can, namely, not touch. The p-lines 
run there almost parallel to the a-axis, and the qg-lines, on the other 
hand, almost parallel to the v-axis. It follows from all this that if - 
7; has a minimum value, the splitting up of the spinodal line will 
take place into what we might call, a righthand branch and a lefthand 
branch — at least in the case in which the component with the 
greatest value of 6 possesses the smallest value of 7). But this will 
also be so in the opposite case. Then, however, we must first make 
the observation that fig. 43 must be modified, or rather that we have 
then almost entirely the case of fig. 40 back. Then we have to choose 
a region from the general fig. 1, which begins just before the point, 
in which 7 has minimum value and further greatly extends to the 
right. Of course we have also to choose the values n, &, and e, in 
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such a way that not only minimum 7;, but also the intersection of 


dy dp : - 
= 0 and (; =0( takes place, and so incomplete mixture is 
a 


dx’ v 

found. If for such a case we draw a p,a-curve for given 7’, we are 
already past the maximum pressure at «= 0, and the pressure already 
decreases at «= 0. On a cursory examination we might think that 
7;, continually increases. So the p,e-curve has the same shape and 
the same properties as for the case of fig. 40. But a difference appears 
in the neigbourhood of the minimum plaitpoint temperature; then 
the figures 41” ete. must be modified. Thus e.g. fig. 41/is the shape 
of the righthand part at the moment of this temperature, but then 
there still exists a small closed branch starting from «0, and only 
at 7),, which is higher than (7),,) minimum, this branch has entirely 
retracted into the axis. Then the 7'x-projection of the plaitpoint line 
has, indeed, the descending portion AQ,, which belongs to the little 
branch which retracts into the axis a— 0, but the three-phase-pressure 
has been modified in so far that the vapour branch, just as in fig. 40, 
possesses the smallest value of 2, and that, therefore, the point of 
intersection of vapour and liquid branch does not occur at lower 
temperature. As for «0 we approach nearer to the «z of the 
minimum plaitpoint temperature, the line AQ, is smaller and the 
value of 2, at which the splitting up of the spinodal line takes place, 
is smaller. Not until the initial value of x lies beyond the point with 
minimum plaitpoint temperature, we get back fig. 41¢ ete. The obser- 
vations made for the mixture CO, and urethane suggest the question 
if for this mixture the initial value perhaps coincides with (7),) 
minimum. 

In the discussed cases the spinodal line always splits up into a 
righthand part and a lefthand part, and the splitting up takes place 
2 
in that point of intersection of (is) = O and = 0, which is 

p 
denoted by A in fig. 44. As mentioned above the intersection 


of these curves in the point & never gives rise to splitting up 

of the spinodal curve, because the latter cannot pass through in B. 

But the intersection in the point C can give rise to this, but then 

into what we may call an upper and a lower part. After the 
2 


is 


d 
splitting up the lower part surrounds the space inside which = 


negative, and the upper part the space, inside which is negative. 


dx? 


: d 
But as a spinodal line can never intersect the curve ar 
: v 


( 898 ) 


; : i a? 
unless in a point in which either = 0, or —* =0, it is required 
Uv & 
2 


” = 0 lies 
= 


for the possibility of the splitting up that the curve 


d. 
entirely on the same side of (#) = 0 as the point C, which had 


already been taken into account in fig. 25. It is true if the position 


d? 
of — = 0 should be as drawn in fig. 44, a very complicated course 
L 


for the spinodal line might be-imagined, in which this line passes 


dx* 
with other difficulties, we meet then with the following. objection. 


d d 
twice through (Z)=o every time touching F cai but besides 
v 


In this case there must be a point in which (Z) =o on the right 
spin 
$ 2 

of oF Ly for the spinodal line, which would require e :) =e 

dx* . de? ), | 
And such a point cannot be pointed out there. At all events we 
shall assume, if it were only for simplicity’s sake, that the position 
@w : 
dx” 
this figure C' represents the double point. At higher temperature the 
two parts of the spinodal line are quite separated, and they behave 


independently of each other. On increase of 7’the spinodal line which 


of =O is as indicated by the small figure P in fig. 457). In 


d, 
belongs to (F)=0 moves to greater volumes, and the spinodal 
> | 


1) To the solution of the question whether, if the spinodal line belonging to the 
equilibrium liquid-vapour, is found at a certain value of x, there can occur again 
a point of a spinodal line for smaller volume, the following equation may 


contribute 

da? 

a(S 
da* }y1 ue dv 
dp Mi & 1 

‘ : dv : 
Following the line «= constant, op dp € :) suet be =0. If dp is always 
av p' ’ 


d*v : 
positive, the quantity € 3) rat reverse ils sign between two such points. 
an Jp’ 


From this follows also that a detached closed longitudinal plait can only occur in 


; d*y 
a region of fig. 1, where the circumstance occurs that for small volumes (s3) 
Py AY 


is negative. . 


r 
4 
i. 


ee a ne 


Fig. 45. 


¢ 
line which runs in the neighbourhood of = =O, contracts. 
Ae 


If the point C is to exist, in the first place the point A, the point 
d dp 

of intersection of (2) i and ( °) =: 0 must occur; and from this’ 
v av /xr 

follows that the value of 2, in which 7), is minimum, is not too 
small. In the case that we supposed above, the value of 2 for 7}, 
minimum was so small, that the point A did not exist for it, or. 
would have to be supposed to occur for negative values of 2. In 
other words: this splitting up of the spinodal line is only possible 
if the value of a, for which 7), is minimum, is not very small. 


7 . . * d 
Moreover, the condition is, of course, that = 
a“ 


=0 shall disappear 


a . 
outside the region in which . is positive. But this splitting up of 
v ; 


the spinodal line again requiring that 7; has minimum value, we. 
may put as a general rule that only if 7% shows minimum Nec 
splitting up of the spinodal line can occur. 

But not only the point A must be present, if the discussed splitting 
up of the spinodal line is to take place, but of course also the point 
C itself; and the existence of the entire detached closed portion of: 
the spinodal curve even demands that the point C shall occur for 
not too small a value of « —- though the limiting value is not to 
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be indicated, and though it will diverge greatly for the different cases. 

At the temperature of the splitting up the point C lies on the 
binodal line of the equilibrium liquid-vapour. This point is then at 
the same time the plaitpoint of the detached plait, which we may 
call longitudinal plait, and which: also possesses a binodal curve for 
the equilibrium of two liquids. If a 0; in accordance with which 
I have drawn the line v= 6 curvilinear, this longitudinal plait is 
closed. Then the spinodal line of this longitudinal plait, which has 


also been drawn in fig. 45, has a point with minimum volume, 


v 
where it passes through & =O. There are also points where 
v 


d dv d 
=) =o, ie. where it cuts a = 0. The sign of (=) is 
da Spin dx* }, Spin 

determined by the given differential equation, and quite corresponds 


dv d*v 
with the values of — Am = 0 and GS, = 0 in fig. 45. The 
dx, dx? 


dv\ . 1 gee pay 
value of (32) is always positive, because this spinodal curve lies in 
& 
P 


ad. ; 
the region where (=) > 0. And the signs of the two other quantities 


wv Jv 
are negative inside and positive outside the limits for which they 
are 0. For this longitudinal plait there is indeed equilibrium between 
two liquids, but not with a third phase. So it lies altogether outside 
the region of three-phase-pressure. 

If we trace the p,z-line for the equilibrium liquid-vapour, both 


d da’ 

, and sh is equal to 0 for the point C. At somewhat lower tem- 
a a 

perature, viz., longitudinal plait and transverse plait overlap slightly, 


as they both extend with decrease of temperature. Then there is, 
indeed, three-phase-pressure; then there is coexistence of 2 liquids 
and vapour. The metastable and unstable branch, which exists for 
this equilibrium between the two coexisting liquids, has a minimum 
and a maximum. In the point (' not only the two points of equal 
pressure coincide but also the minimum and the maximum pressure. 
In the v,v-projection of the binodal curve for the equilibrium liquid- 
vapour we have in the point C: 


(a) = (ze), 
(ae) = (ae) =" 


and 


. nd eee 
PS ee ae ee ee 


ar 
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Though these equations hardly require a proof, I may point out 
that they can also be directly derived from: 


Gz (@). it ©, 


© @e@)ChelBOl 2 E)22) 
meecione 


© QO. OHO HO) 2I 
(B= [Cc] wt w= 8 « 
@)a().m (2) (Es C)] 


2) mae (<2 ef) : oa © 
— ) en progr —_- —— z an as e 
es bin dix* Jin \ da? }), atter quantity 


d’v 
is zero in the point C, also ()=° 


In the point for the equilibrium liquid-vapour, in which the two 

d d* 
phases have equal concentration, (2) is indeed = 0, but (32) is 
d: dx* } bin 


US bin 


dv do : : 
nezative. For this point (= )=(z): but taking into account that 
bin \é : 


lb 
(7t) is negative, we find for this point ( <)> é 3); 
v bin 


But at the same time we may now also draw attention to the 
following important property. The point in which for liquid and 


dp 
vapour the concentration is the same, so where (2) = 0, or p 
bin 


maximum, lies at smaller value of « than that of the point C. This 
property holds certainly if we may assume it to be of general 
validity that if a p-line touches a binodal curve of a plait, the curva- 
ture of this p-line is always such that the plait lies on its concave 
side. For a plaitpoint this is certainly the case. But the question 
is whether we may also accept it as valid for that point of a binodal 


v 
line in which the value of p is maximum. Then (3) and a fortiori 
Pp 
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oi ; 
as) is positive on the side of the small volumes. On the side of the 


€ bin 


Bo) . sc 
great volumes =) is also positive, and so turned from the plait, 
& 


bin 
d° 
but 3 is negative there. For the proof it would be necessary to 


examine how a cone differing little from a plane, resting with its 
apex in an horizontal plane, and the generatrices of which ascend 
towards the side of the small volumes, envelops two convex-convex 
— : Lv 

parts of a surface. The points of contact give the value of el 

UJ bin 
If we examine besides how a cylindre the generatrices of which run 
parallel to the generatrix of the cone, as it is in the plane parallel 
to the v-axis, envelops the two parts of the convex-convex surface, 


d? 
we find the value of (=). I draw attention to the fact that for 
Pp . 


the mixture water and phenol Scurememakers has experimentally 
shown that at the temperature at which the point C exists, the 
relative situation of the two points is, as is given here as a rule of 


: d, 
general application. On the liquid side Se is so large negative that 
v/)x | 


a? 
unless [aa is also very great negative, the difference between 
@ } bin 


d*% 2 
(z3),am ea is scarcely appreciable. And the first of these 


quantities being positive, this is also to be expected for the second. 

But yet thermodynamically or purely mathematically this property 
is not to be generally proved. It follows, however, if the equation 
of state is applied. If we namely draw the locus of the points of 


d d 
intersection of the two curves (=) = 0 and (3) = 0, we find 


dv )» da 
1 db 
r b da ; x k : 
; =i and for the locus of the points on the binodal line, where 
6 
a da 
1 db 
, | _ vo bda 
p is maximum, we find for very low temperatures br de 
a dw 


In fig. 46 PA represents the first-mentioned locus and PA’ 
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the last-mentioned. As is known from the properties of mixtures 
with minimum 7), the point P lies at a value of 2 for which 


I= 0 X=1 


tb 
1 dastdh 1 Aa.o4 Le 
\/ @dxrh ax a ax ¢ ae 
Fig. 46 
ee ik ss true that 1 | before that if | 
- Tae wer is true 1a lave snown ore lt we also 


2 
take the variability of 4 with v into account, the factor must be 


increased. But for our investigation for which we do not lay claim 
to quantitative accuracy, this is not essential. Let us now also draw 
the locus of the points where the binodal line is intersected by 


d*v 
a) =? At very low temperatures, when v is almost equal to 4, 
dx’ },, . 


a’ 
the loop of (=) = 0 is either contracted to a single point or has 
& Pp 


disappeared altogether, as will be the case if} is a quadratic funetion.. 
But if it originates, it takes place in the neighbourhood of a point 
of PA. Therefore | have made the dotted line which is the loeus 
d?v 
dx? 
in a point of PA. As may be supposed as known, it also passes. 
through P. That this locus before arriving at -P, would also intersect: 


of the points in which ( ) = 0 intersects the binodal line, start 
i iy 
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PA’, is not to be expected. If this intersection took place, the j 
demonstrated property only holds at lower temperatures. ; 
In fig.47 I have represented the 7’x-projection of the plaitpoint 


Naz 


Fig. 47. 


line. The point C again indicates the double point of the spinodal 
line and so also of the binodal line. So at the temperature of Ca 
couple of homogeneous plaitpoints arise. So at higher temperature 
there are two, the lefthand point of which belongs to the detached 
closed longitudinal plait, and the righthand point of which remains 
hidden under the equilibrium liquid—-vapour, and vanishes only at 
the temperature of the point D in consequence of its coinciding 
with the hidden plaitpoint. At temperatures below 7), when the 
longitudinal plait intersects the transverse plait, there is of course 
a plaitpoint which does not vanish at the same time as the point 
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C' is formed. So here again we meet with a circumstance to which 
I had directed the attention already before, also in the previous 
Contribution. 

The part CDF yields the whole series of hidden plaitpoints. Here 
too we have again assumed that not 7’=O for the point /’; but 
also in the description of this plaitpoint line I have not anxiously 
questioned whether it can occur for positive ¢, and ¢,. The. line CE 
contains the plaitpoints of the longitudinal plait which lies closest 


d*b 
to the equilibrium liquid-vapour. As we have assumed eee, the 
uv 


point E will lie at the highest temperature at which the longitudinal 
plait still exists, and at a value of » larger than 6. The line LK 
contains the plaitpoints of the longitudinal plait on the side which 
is turned towards v=, and at temperatures above 7. and KF 
these same plaitpoints below 7. The supposition that the longitudinal 
plait should not be closed on the side of the small volumes, would 
therefore, cause the whole line LAF to disappear. 

The three-phase-pressure lies between 7’, and 7'q; the coexisting 
liquids form a closed curve, and the vapour branch always lies on 
the left of this curve. This has been drawn thus in accordance with 
the supposition that also at the lowest temperatures the maximum 
pressure on the p,c-line will occur, and will not have got hidden 
under the three-phase-equilibrium. Though I incline to this view, 
and then the objection which I mentioned in the preceding contri- 
bution to the assumption of three-phase-pressure for mixtures with 
minimum 7; would have been removed, this particularity requires 
confirmation. The vapour branch has been drawn in such a way 
that with increase of temperature the value of « becomes larger and 
approaches the value for which 7% is minimum. The first component 
has namely the smallest value of ¢. 

Besides in fig. 47 the course of 7,= /(z) and P,;= F(x) has also 
been represented. The points of intersection of this curve with CEK 
must not be considered as real points of intersection because the 
value of p will differ. 

And now in conclusion this remark. Just as fig. 39 passes into 
fig. 40 if we make /P., increase till this point gets in the neigh- 
bourhood of 7), = /(x) — fig. 47 will pass into fig. 43 if we make 
the point C rise, till 7) — /(#) is reached or approached. Whether 
this is only a mathematical particularity, however, will have to be 
settled chiefly by experimental data. 
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Physics. — “On the course of the tsobars in binary systems” U1. 
By Prof. Dr. Pa. Koxnnstamm. (Communicated by Prof. J. D. 
VAN DER WAAIS.) 


18. We showed in § 3 of the first communication (These Proc. 
of Jan. 1909, p. 599) that the equation =O has always two real 
roots; whether the equation a=O will have real roots or not will 
depend on this whether a’,, is greater or smaller than a,a,. We 
shall get all possible cases for the isobars when we give the line 
which represents a as function of « (and which we shall briefly 
eall the q-line) all possible positions with respect to the 0-line. Let 
us first investigate the supposition a*,,< a,a,. We first consider the 
case that the minimum of the a-line lies on the right side of 6,. 
(We call the two points where /=0, from the right to the left 6, 
and 4,, and shall afterwards apply the same notation also for a). 
Then we have the position of the two lines represented by fig. 18°), 
That in this case there is always a minimum critical temperature, 


follows from the considerations of § 11. For these teach that = 
must always be positive for «= -+ o, as soon as the minimum of 
the a-line lies on the righthand of that of the 4-line. We need not 
dwell on the course of the isobars in this case; it is the usual ease, 
further illustrated for low temperatures by the figs. 16 and 17. 

If the a-line moves to the left, so that the minimum gets on the 
left of 4, but still continnes to be on the right of the minimum of 
the b-line, we shall only notice a difference in the shape of the 
isobars at lower temperatures. There ‘we shall namely get the course 
of the figs. 12 and 10 instead of that of fig. 16 or 17 according as 
the maximum and the minimum of the critical pressure drawn in 


fig 18 is present or not. At higher temperature — viz. that tem- 


da 
perature for which M7’ = —- for the point 6, — the modifica- 


da da 


ap oi ct 
tion in the course of the line hag Q sets in, in consequence of 
wv 


which these figures pass into those of the first case, This transition 
may take place both above the minimum critical temperature of the 
system and not above it, hence figures as figs. 18 and 14 will be 
possible, but it is just as well possible that already before the line 


') CL preceding communication, Inthe diagram the minimum of @ lies more 
lo the left than we intended; this is, however, not of influence on the course of 
the other lines, 


rs 


OE ee ae Re eS ee ee 


4 
: 
L 
‘ 


( 907) 


d, , d ‘ 
=== 0 splits up, the line 0 assumes the shape as drawn in 
v 
fig. 16. This will depend on how far the a-line has been displaced 
da 
to the left, and the degree in which os increases with «. 
ve 
If at last the a-line has moved so far to the left, that the minimum 
has got on the left of that of 6, no minimum critical temperature 
will occur in the system under consideration, however far we may 
think the diagram of isobars extended, provided not for negative b. 
We need not give a separate drawing as an illustraiion for this 
course, for it is clear that this figure is obtained when fig. 18 is 
turned 180° round a line «= C as axis. So in the region to be 
considered no stationary values will occur in the critical pressure. ') 
So we shall have the course of fig. 10 for the isobars at low tempera- 
27 a, 4+-a,—2a,, 


tures. At a temperature of 32 b, +b, 2b, a point of intersection of 
dp 


dp dp 
—_—= —=0 "Ss, as accordi | 0 —_=—0 
7. 0 and = appears, as according to § 1 = enters the 


stable region at this temperature. So we get the course of fig. 19. 


a, + a,—-2a,, 


d. 
At the temperature the curve — = 0 closes on the 


b, + 6,—26,, dv 


Fig. 19. 


1) It will not require any further explanation that we need only examine the 
portion on the right of the negative b’s as we have fixed by definition that } will 
increase with <r, 
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righthand side and we get the lefthand part of fig. 13 and then 
fig. 14 or one of the corresponding figures derived from the original 
figure of isobars of VAN DER Waats according as we are below or 
db d 


above the temperature for which MRT a = for the point 6,.: 


19. Let us now examine the different possibilities ensuing from, 
the supposition a@,,° > a,a,. Here we shall have to distinguish a greater 
number of cases because we have now not only to reckon with the 
situation of the minimum of the-a-line, but also with the two points 
where a0. When we think a?,, only little larger than a,a, these 
points will lie close together, at least closer together than 6, and 4,. 

As first case we assume that a, lies on the right of 0,. Fig. 20, 
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which does not call for any further elucidation, shows that in the 
region of positive a and 4 no stationary point of 7), and a maximum 
of py occurs. 7), =0 for a,. So at very low temperature the line 
dp 


=0O will already be closed on the left side, while a point of 
adv ; 


dp dp 
intersection of =O and 7 = 9 will be found near the w, where 
a“ av 


pe becomes maximum. This is in accordance with what we showed 

, he d ae 

in § 10, that viz. for low temperature = =30 lies in the unstable region 
ae 


at very great v! So we get fig. 21 for the course of the isobars, i.e. 


i titin™ Pinel ee eS a a a el eS a J 


( 909 ) 
the right half of the diagram of isobars of van per Waa.s, when 
we think it drawn above the minimum critical temperature and 


Fig. 21. : 


27a, -+ a,—2a,, 
below the temperature 325, + b,— 20, (ef. §17). At the latter tem- 


: d d 
perature the point of intersection of = = 0 and = =0 has vanished, 
Le v 


a, + a,—2a,, 
b, = b, —26,, 


and so also the closed isobars round it; at the temperature 


d, 
the line xs = 0 itself has left the region under consideration moving 
v 


continually to the right. | 

2n¢ Case. If the a-line is shifted to the left, we get fig. 22, 
from which the course of 7), and p, follows naturally. This case is 
distinguished from the preceding one only in this, that we get fig. 23 
instead of fig. 21 at low temperature. This figure presents a close 


‘ resemblance to the right half of fig. 13; we have reproduced it 


separately here to draw attention to the fact that now none of the 
isobars of high pressure, as is the case in fig. 13, reaches the point 


v=0, e=-2,. All the isobars of fig. 23 reach the line «=x, fora 


positive value of v. This is in accordance with a remark which we 
already made in §8. For in the case now under discussion the a 


dv db f h 
daz? ae or the 


is negative for « =, and this involves that ( 


isobars passing through the point »=0, «= 2,. So these isobars 


910 ) 
| 
it 
i | ; 
ee i 
Fe ae I 
7 iR Ti 
be * ‘ 7 
os. = ‘ / 
et ee - ’ + / 
, ‘ / poe eT eeay 
af 5 / ss ms Th 
R. ak pe ee 
ae ne Sav Dae ee 
8 ee oe 
/ \ ’ 
1 UE 4 
/ " os 
/ dies 
/ sft 
! fe 
| yl x 
i 
Fig. 22 


Fig. 23, 


run at smaller volumes (for equal «) than v= 6, and have there- | 
fore no physical signification, . ‘Ae 

3° Case. Vf the a-line is shifted still more to the left, we obtain 
fig. 11 with minimum critical temperature, the case fully discussed 
in the preceding communications. As soon, bee Rin minimum — 


~~ 


\rably bound to a negative value of a, + a, — 2a 
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The minimum in the critical temperature vanishes again from the 


ryr 


: og ere 1; ; 
region which has physical signification, raz becoming negative for 
av 


“2—=-+o. We have now decrease of the critical temperature with 
increase of the size of the molecules. It is again unnecessary to 
give a separate diagram for 7), and p,;, as the required figure is 
obtained by revolving fig. 141 180° round an axis eC. At low 


d, d 
temperature there is no intersection of = ==0 and = =; we have 
& v 


27 —2 
the course of fig. 10. At the temperature nd etal, Soe a point of 
325, +b, — 2b, 


intersection arises, so we get again fig. 19, which passes again into 


d 
the left part of fig. 13 and fig. 14. The detaching of == 6 and 
“ 


= 0 now always takes place according to fig. 9 in contrast to the 
other case mentioned for which fig. 19 holds, in which case either 
fig. 9 or fig. 8 can hold. . 

5 and 6t cases. If we think the a-line displaced still more 
to the left, we get for the course of p, and 7’, the figures originating 
by turning fig. 22 and tig. 20 180° round an axis «= C. For the 
region of physical signification this course is the same as that of 
the 4' case, and this holds also for the isobars. 


20. If we make a,, increase a little more without making this 
quantity reach the value 4 (a, + a@,) the points a, and a, will move 
further apart. If the distance between them has become greater than 
that between #, and 4,, it is clear that the situation of the third 
and the fourth case of the preceding § is no longer possible. Instead 
of fig. 22 we get then fig. 24, which, however, presents the same 
thing as fig. 22 in the region on the right of a,, and so leads to 
the same results. A new feature, however, appears when we think 
the a-line still somewhat more displaced to the left, or in other 
words if we think fig. 24 rotated over 180°. For the minimum of 
a now lying on the left of that of 6, or becomes negative for 
&=-+o, and so a maximum of 7; must appear, a circumstance, 
which | think had up to now been always considered as insepa- 
12° 

Of course the diagram of isobars will undergo a modification also 
now; it will constitute the transition to the figure holding for a 
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negative value of a, + a,— 2a,,, which is derived from VAN DER 


Waats’ diagram of isobars by making the points of intersection of 
d, d 
= = 0 and ss = 0 interchange their rdles of isolated point and double 
& v 


point (Cf. van per Waaus These Proc. IX p.629). But so long as the 
experiment has not given us any case of maximum plaitpoint tempe- 


rature, it does not seem desirable to me to dwell any longer on this. © 


For it follows immediately from this that in all the examined cases 
certainly no maximum critical temperature of the mixture taken as 
homogeneous can occur. In this respect the circumstances for a 
maximum differ from those for a minimum. As VAN DER WAALS 


already observed (These Proc. XI p. 157) a minimum value of ; need 


not necessarily be attended by a minimum plaitpoint temperature. 
It might be that above the minimum 7%, the plait continues to exist 
for a long time till in the meantime the point that indicates the 
critical temperature of the mixture taken as homogeneous has reached 
w==0 ov #1, a case which is not to be considered as impossible 
especially when the minimum 7), is to be found very near one of these 
values. But when there is a maximum 7%, i.e. when at the higher 
of the two. eritieal temperatures of the pure substances tnere are 
still mixtures which are below their 7), there are sure to be still 
mixtures which are below their plaitpoint temperature, and so’ 
there will be a maximum plaitpoint temperature. This in connection 
with the fact that the limits of the coexisting phases and of the 


a fie od tel AS 


: 
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‘Unstability are always further apart for the real mixture than those 


for the mixture taken as homogeneous, except for the case #2, = «,, 
in which case they coincide. So long, therefore, as not a single 
mixture. has been found with a maximum plaitpoint temperature, it 
is unnecessary to examine the different cases for the course of the 
isobars, with which a maximum 7; might be accompanied. 

In § 10 we have mentioned a number of points in which the 
supposition that 6 is a quadratic function of 2 is distinguished from 
the supposition of a linear function. After the foregoing it will, 
however, be easy to apply in the given figures for the course of 
the isobars the comparatively slight modifications which would be 
the consequence of this second supposition. 


Physics. — “On the phenomena of condensation for mixtures of 
carbonic acul and urethane, in connection with double retrograde 
condensation.” By Prof. Pa. Kounstamm and J. Cur. Reepers. 
(Communicated by Prof. J. D. van per WaAats). 


In these Proceedings of March 27 1909, p. 816 van per Waats 
showed that under certain circumstances the phenomenon of double 
retrograde condensation must occur. We have set ourselves the task 
to test this result of the theory by the experiment. For this purpose 
we chose carbonic acid and urethane as a first system. For according 
to Bicuner') a solution of 4°/,*) urethane splits up into two layers 
at 307.5%), and according to p. 29 lot. cit. the succession of the 
phases is GL,L,'‘). So the three-phase-pressure will certainly exist 

1) Thesis for the doctorate, Amsterdam 1905, p. 113. 

2) Percentage by weight according to an oral communication from Dr. Biicuner. 

8) This temperature depends, of course, on the degree of filling of the sealed tube 
used, and the pressure in the tube which depends on this; it does not imply by 
any means, that a mixture of 4 percentages by weight of urethane could not split 
up below 30°.5. Compare the table of three-phase-pressures at the end of this 
communijcation. 

*) It is not quite clear on what ground BiicHNER arrives at this conclusion; it 
does not follow from his experiments, as it seems to us. But it is undoubtedly 
plausible to. assume that the gas phase consists here of almost pure carbonic acid, 
which will really appear to be the case. We may point out in passing that the 
existence of a lower critical point of mixing to which BiicHNeR concludes on 
p. 113, is proved neither by BiicHNER’s experiments nor by ours. As this point 
is not to be reached directly (we too always found crystallisation of the urethane), 
this would only be possible by an accurate investigation of the change of x and 
x3; with the temperature. 
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above the critical temperature of carbonic acid, and also the second 
condition mentioned by van per WaAAats, is fulfilled. 

Our carbonic acid was prepared from commercial carbonic acid 
by a process of drying by means of P,O,, of condensing by liquid 
air, and of removing the volatile components (air) by blowing off at 
low temperature. For the urethane we used commercial urethane ; 
the quantity of it being so small compared with that of the carbonic 
acid, it seemed superfluous to purify it further. 

As it is of the highest importance in these experiments, as will 
appear, to regulate the concentration of the mixture very accurately, 
we must give a description of the way in which our, Cailletet tubes 
were filled. A quantity of urethane shaped into a rod by melted 
urethane being sucked up in a capillary tube, was weighed off (once 
we used about 15 mg., the other times about 5 mg.). The rod was 
put in a Cailletet tube and spread over the wall by being melted; 
after a stirrer had been applied the tube was placed in a pressure 
cylinder as usually; then the mercury was pumped up in the tube so as 
fill it half, and then the cock which led to the pump, was closed 
so that the mercury got a constant position. The Cailletet tube passed 
into a narrow capillary at the upper end, to which a steel capillary 
was fastened by means of sealing-wax, which led to a steel high pres- 
sure cock of a model specially prepared with a view to quantitative 
conveyance of measured gas quantities for the Amsterdam Laboratory 
by the firm Scndrrer and Bupenserc. The two requirements (apart 
from the ordinary requirements which are in connection with perfect 
closure) which such a cock must fulfil, are: 1. Absence of all 
recesses or places where gas might be left behind. 2. Absence of 
all that might contaminate the passing gas. The model represented 
in fig. 1 meets both requirements, as all packing material has been 
avoided for the joints of the leading tubes A and &B. A steel cone 
(’, which is soldered ‘) to the leading capillary tube is tightly pressed 
against the conical wall of the cock by the nut YD, and thus forms 
a perfectly tight closure of steel on steel. As the borings of the 
cock are made perpendicular to each other, in which care is taken that 
when the horizontal boring is being made, the borer does not pene- 
trate into the wall of the vertical one, a cock is obtained, in 
which the gas tinds nowhere an opportunity of entering a recess 


') To prevent the solder from being attacked by the mereury a raised rim is 
left when the steel conus C is pierced (see fig.), against which the capillary is 
lightly pressed. So the solder which is poured between the capillary and the cone 
cannot come into contact with the mercury, 
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from which it cannot be removed by mercury. Of course the cock 


must be used in a vertical position, i.e. with the pivot / turned 
upwards and the cavity / turned downwards as indicated in the 


w amen 22“ 


Wty it 


See 


Fig. 1. 


figure, The cock being tilled with mercury before use, the cavity 
F is filled with mercury up to the horizontal tube, and the 
passing gas is thus entirely shut off from the inevitable packing 
material at G. The handling of these cocks is greatly facilitated by 
the construction of the pivot /. Instead of consisting in a single 
cone, as it generally does, it consists in a broader cone, which 
terminates at the top in a very steep, truncated cone, which is 
almost as wide as the bore of the cock. In this way we achieve 
that when turning the handle, the opening only very slowly increases, 
which renders a very fine regulation possible. Particularly when 
first mercury is to pass through the cock, and then gas which has 
much less friction (this takes place in different manipulations see 


below, p. 9416) it is of great importance that the width of the 


opening can be very accurately regulated. 
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By means of such a cock (A, fig. 2) and 
ihe glass cock £4 the Cailletet tube is in 
carbonic acid connection with the calibrated space D, 
which according as the mercury reservoir 


E 
[, ee E is raised or lowered, is closed by mer- 


an ae air pump 


cury or is brought in connection with the 
tube F, which leads with a T-joint to the 
airpump and the carbonic acid reservoir. 
We now start with exhausting the whole 
space, then close B and introduce a quan- 
E tity of carbonic acid into D, which is 
measured by the difference in pressure in 
A D and F, and the temperature of the 
waterbath, in which D is found (omitted 
in the figure). Now the Cailletet tube is 
Fig. 2. : cooled by means of liquid air‘) and the 

cock B opened, which causes all the carbonic acid to be distilled 
over, and the whole conduit C, with the cock A and the steel and 
glass capillary to be filled with mercury in consequence of the dimi- 
nished pressure. To prevent the mercury from filling the whole 
Cailletet tube, the glass capillary *) has also been cooled with 
liquid air, so that the mercury congeals in it, and does not fall. 
Now A is closed and the carbonic acid thawed. To prevent the 
mercury from no longer adhering to the steel and the glass capillary 
and from falling in consequence, it is kept frozen in the glass capillary 
till the carbonic acid is thawed, and a sufficient pressure in the tube 
is ensured. As it is very easy to enclose a desired quantity of car- 
bonic acid by regulating the pressure in the measuring vessel D, 
we can in this way easily obtain every required concentration with 
great accuracy. Moreover this arrangement has the advantage that 
we can inerease or decrease the quantity of carbonic acid without 
being obliged to take the apparatus to pieces. To admit more carbonic 
acid we have only to open A very slowly so that the compressed 
yas drives the mereury before it almost to the cock B; then A is 
closed again. We then measure the required quantity in DD, join the 
two quantities of carbonic acid, which are still separated by the 
mereury above B, to each other, and lead all the carbonie acid into 


-- 


') With a view to these repeated great refrigerations the Cailletet tube has 
been made of borosilicate glass (Schott 59 IIL); bursting of these tubes hardly 
ever occurs, 

*) Not before all the carbonie acid has passed, to prevent the capillary from 
being stopped. i 


( 917 ) 


the Cailletet tube as above. If we wish to diminish the quantity of 
carbonic acid, we leave A, after it has been carefully opened, open 
till the vessel D has filled with carbonic acid under the desired 
pressure. We then close the two cocks, exhaust D, and deliver the 
carbonic acid above B again into the Cailletet tube. 

The further method of observation does not call for a detailed 
discussion. We shall only remark that the temperature was obtained 
by an ordinary waterbath with toluol regulator, and the pressure 
measured with a spring manometer of the model constructed by 
Scnirrer & bBupenserG for accurate measurements for the Amsterdam 
Laboratory. As we intend shortly to publish a separate communication 
on the experiences with these instruments, it may suffice here to state 
that they are excellently adapted to reach the required accuracy of 
no more than 0.1 per cent, provided they are used in connection 
with a pressure-balance which enables us to test them from time to 
time with very little trouble. 

As a first mixture we investigated a mixture of the concentration 
x = 0,042. It appeared already at the outset that the system urethane- 
carbonic acid fulfils the condition that at equal temperature the three- 
phase-pressure lies below the pressure of saturation of carbonic acid. 
For a temperature of 26°.1 we find a three-phase-pressure of 65.15 Kg. 
per ¢M*, = 62.95 atms., while Krxsom gives 64.4 atms. as pressure 
of saturation for 25°.55. At 32°.05 we found 74.35 Kg. per em? 
= 71.85 aims. Kresom gives 72.93 for 30°.98 (critical point). The 
purity of the prepared mixture appeared from the constancy of the 
three-phase-pressure which from the beginning to the end of the 
existence of the three phases only increased about 0.25 Kg. per em’. 
Also for the other mixtures to be discussed presently this condition 
was fulfilled. Perhaps even a better warrant of the absence of 
impurities (air) was furnished by the fact that the different values 
for the three-phase-pressure obtained for different mixtures at the 
same temperature, harmonized perfectly. Thus we found: 

‘ Kg. per eM.? 
at 31°.9 for mixture I 74.10 mixture III 74.20 IV 74.20°) 


34 9 Ill 79.15 VI 79.10 
35.9 I 80.80 II 80.85 VI 80.85 
3 I] 82.85 III 82.80 


1) Cf. the table containing all the three-phase-pressures noted down by us. They 
- always give the mean value, i. e. the value for which none of the three phases 
has almost disappeared. In thé text we have taken those values for a comparison 
which could be reduced to the same temperature with the slightest inter-, 
or extrapolation, in which 0.15 increase per 0°.1 is assumed. But also for nearly 
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But at the same time this mixture taught us that we had taken 
the concentration still much too great. For with increase of the 
pressure the topmost of the three phases always disappeared first, so 
that two liquid layers remained. Instead of on the left side of the 
point 1 of van per Waats’ fig. 41, (which we reproduce below) as 
is required for the observation of the double retrograde condensation, 
we were all the time on the right side of the point 2. This appeared 
also to be the case, at least for higher temperature (I regret to say 
that we have neglected to observe this condensation at the lowest 
temperature to be reached before the solid substance makes its 
appearance) with the mixture II of concentration # = 0.0245. With 
this mixture we determined the point of maximum three-phase-pressure, 
i. e. the point, at which in the presence of the third, dense phase 


d i Ne 
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all the other values a similar concordance is found by interpolation, except for 
the three placed between parentheses in which the stirring has apparently not 
been suflicient to reach complete equilibrium, or for which another error of obser- 
vation made itself felt, 


( 919 ) 


the meniscus vanishes between the two other phases in the middle 
of the tube under critical phenomena. So it is this temperature and 
pressure which are indicated by fig. /. These appeared to be 37°.3 
and 83.145 Kg. per cM*. The «x of the point with horizontal tangent 
is, therefore, smaller than 0.0245. 

As mixture III taught us, however, this 2 is greater than 0.0100. 
For this mixture of the concentration mentioned yielded the three- 
phase-pressures mentioned in the table up to 37°.1, but at 37°.2 
three-phase-pressure was no more observed. The dense liquid (3), 
(which distinguished itself so greatly from the other liquid by its 
viscosity, colour, and refractivity that they could not possibly be 
confounded) which formed already at very low pressure, increased 
to a maximum, then decreased, and had entirely disappeared at 
83.00. Then the mixture remained homogeneous up to the highest 
attainable pressures. So at 37°.2 and «= 0.0100 we are clearly in 
the case of fig. ¢, on the left side of 1. At 37°.1, however, three- 
phase-pressure appeared again, so the point 1 moves from left to 
right between 37°.1 and 37°.2 past the concentration «= 0.01. At 
37°.2 no double retrograde condensation can, of course, be observed, 
because then the line for the equilibrium 1, 2 no longer inclines to 
the left, which is by no means astonishing, as it has already entirely 
disappeared 0°.1 higher. The point with horizontal tangent of fig. 7 
lies, therefore, evidently between « = 0.0100 and «= 0.0245, and 
that probably much closer to the first-mentioned than to the last- 
mentioned value, as already at 37°.1 with increase of the pressure 
the meniscus disappears in the top of the tube, i.e. the plaitpoint lies 
already on the left side of «= 0.0100. 

As a fourth mixture (« = 0.00765) did not reveal anything new, 
we immediately passed on to a fifth of «= 0.00540 and then to a 
sixth of «= 0.00375. In both we could very clearly ascertain the 
retrograde condensation of the dense liquid observed already for the third 
mixture, but we did not succeed in finding double retrogade con- 
densation. For in order not to get on the line of the three-phase- 
pressure, the temperature had even to be raised above 36°.15 for 
the mixture of «= 0.00375. Then, however, after the dense liquid 
had disappeared everything remained homogeneous up to the highest 
pressures. At 36°.10 the three-phase-pressure reappeared. The point 
1 of figure ¢, where the tangent to the branch plait is vertical for 
the three-phase-pressure is, therefore, still on the left of 0.00375. 
We have resolved, at least for the present, not to continue our 
investigations. at still smaller «. Not because the preparation of 
such mixtures would give rise to difficulties, in the way described 
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we shall easily be able to reach the value 0.001 and smaller. But 
the maximum quantity of the dense liquid, which was even difficult 
to observe for our last mixture, gets so small at still smaller a that 
it is lost to sight. Already for quantities as they are found in our 
mixture VI we were in danger of being misled about the appearance 
of the homogeneous state by the exceedingly slight quantity of liquid 
being spead over the wall of the tube by the stirring, which is 
necessary for the equilibrium. Only when after violent stirring we 
waited a long time, we saw a trace of liquid slowly collect again 
on the bottom of the tube. Perhaps .we may succeed by special 
experimental contrivances (e.g. by increasing the quantity of sub- 
stance without enlarging the wall of the tube in the same proportion 
nor the diameter of the tube at the place where the liquid 
collects) to surmount this difficulty. For the present we prefer to 
try and ascertain the double retrogade condensation in other systems 
where it may not take place with such a small 2 as in the 
investigated one. As such, systems of ethane and nitrous oxyde with 
little volatile substances suggest themselves in the first place. 

If the phenomena described up to now are in perfect concordance 
with the theoretical anticipations — and not the least in this that 
double retrograde condensation is a phenomenon exceedingly difficult to 
observe — in one respect the obtained experimental result was 
different from what we had expected. On p. 825 loc. cit. VAN DER 
Waats says: “We might begin to try and show that after the 
termination of the first retrograde condensation of the equilibrium 
3.1 another condensation makes its appearance with further raised 
pressure.” This sentence and the preceding one: “The fact that 
it only undoubtedly exists for such small values of « which do 
not only lie below 2, but must moreover be smaller than the 
value of « of the plaitpoint of the equilibrium 2.1 ete.”, suppose 

a supposition which naturally suggests itself — that it will 
be comparatively easy to realise the retrograde condensation of 
the second liquid, but very difficult to realise the circumstances in 
which after this the condensation of the lighter liquid takes place in 
a retrograde way. To our surprise it appeared, however, that for 
the condensation 2.1 the retrograde phenomenon appears with a 
distinctness as is only met with for very concentrated mixtures as a 
rule, Not only did it wppear that for the mixture « = 0.00375 the 
point of contact and the plaitpoint were still about 1°.65 apart (or 
more; the plaitpoint lay at 34°.5, and it is the question whether we 
lave really reached the temperature of the point of contact, this may 
remain in the metastable region); but also the increase of the liquid, 
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which may be obtained in a very large quantity, and its subsequent 
decrease, were to be ascertained with exceeding clearness. This may 
be in connection with the fact that in this case the p,v-loop is very 
steep and very narrow, so that comparatively high above the plait- 
point still a very great quantity of liquid is to be found. At any 
rate these phenomena prove again, how enormous an_ influence 
a small quantity of admixture may have on the behaviour of a 
substance. A quantity of not quite 0.4°/, admixture first gives three- 
phase-pressure, then a very pronounced retrograde condensation, and 
thus modifies the phenomena of condensation of the pure carbonic 
acid altogether. 


THREE-PHASE-PRESSURES OF THE SYSTEM URETHANE-CARBONIC ACID. 
(The Roman figures denote with which of the above-mentioned 
mixtures the determination was made). 


r+ TK _ OS  ogl | KG fe cm? Mixture 
26.1 65 15 1 | 3 | 78.90 V 
2879 69.55 IV | 34.9 79.10 VI 
(29.7) (70.35) V | 34.9 79.15 tI 
(34.6) (73.35) WO | 35.95 79.85 V 
31.7 73.85 | wis 80.65 I 
31.8 74.05 Vv | «35.85 | 80.80 VI 
31.9 74.20 m | s64° | 81.20 VI- 
32.05 74.35 Sg ee ie oa ame 
(32.05) | (74.20) mt. s74 | e880 iI 
32.4 75.00 yo Ms. | 4 88,16 Il Maximum 
33.0 75.70 m | | 
33.4 76.30 Bee] | 
33.95 71.35 11 | 
Amsterdam. Physical Laboratory of the University. 
(May 24, 1909). is 
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